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� [1] ¡ë«¨ ¨§ãç¥­ë  ¢â®¬®àä¨§¬ë ¯à®¨§¢®«ì­ëå à áá«®¥­­ëå ¯à®áâà ­áâ¢, ®â­®á¨â¥«ì­®
ª®â®àëå ¨­¢ à¨ ­â­  �-áâàãªâãà ; ­ ©¤¥­® áâà®¥­¨¥ â¥­§®à®¢ ªà¨¢¨§­ë ¨ ªàãç¥­¨ï ¤«ï à á-
á«®¥­­®£® ¬­®£®®¡à §¨ï, ¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã  ¢â®¬®àä¨§¬®¢; à áá¬®âà¥­ë  ¢-
â®¬®àä¨§¬ë ¡®«¥¥ á¯¥æ¨ «ì­®£® â¨¯ , ¯à¨ ª®â®àëå á®åà ­ï¥âáï â ª¦¥ ¨ § ¤ ­­ë© ®¡ê¥ªâ «¨-
­¥©­®© á¢ï§­®áâ¨. � [2] à áá¬ âà¨¢ îâáï âà¨ £àã¯¯ë ¤¢¨¦¥­¨© ¢ ª á â¥«ì­®¬ à áá«®¥­¨¨ á®
á¯¥æ¨ «ì­®© ¬¥âà¨ª®© â¨¯  � á ª¨: ¤¢¨¦¥­¨ï, á®åà ­ïîé¨¥ à áá«®¥­­ãî áâàãªâãàã; ¤¢¨¦¥-
­¨ï, á®áâ®ïé¨¥ ¨§ ¯à®¤®«¦¥­­ëå ¯à¥®¡à §®¢ ­¨©, ¨ ¯à®¨§¢®«ì­ë¥ ¤¢¨¦¥­¨ï. � ©¤¥­ë ¬ ªá¨-
¬ «ì­ë¥ à §¬¥à­®áâ¨ íâ¨å £àã¯¯ ¤¢¨¦¥­¨©.

� ¤ ­­®© à ¡®â¥ ¨§ãç îâáï ¤¢¨¦¥­¨ï ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ á ¯à®¨§¢®«ì­®© à¨¬ ­®¢®©
¬¥âà¨ª®©, ­¥ ¢ëà®¦¤ îé¥©áï ­  á«®ïå, á®åà ­ïîé¨¥ ®àâ®£®­ «ì­ãî ¨ ª á â¥«ì­ãî áâàãªâãàë,
¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¬¥âà¨ç¥áª ï á¢ï§­®áâì ï¢«ï¥âáï ª ­®­¨ç¥áª®©,   à á¯à¥¤¥«¥­¨ï H ¨ V
J-¨§®¬¥âà¨ç­ë. �ëç¨á«¥­¨ï ¯à®¢®¤ïâáï ®â­®á¨â¥«ì­® ­¥£®«®­®¬­®£® ¯®«ï à¥¯¥à®¢. �à¨ íâ®¬
¨á¯®«ì§ã¥âáï  ¯¯ à â â¥®à¨¨  ¢â®¬®àä¨§¬®¢ ¢ à áá«®¥­­ëå ¯à®áâà ­áâ¢ å, ¯®áâà®¥­­ë© ¢ [1].

� áá¬®âà¨¬ ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ TM à¨¬ ­®¢ã ¬¥âà¨ªã ¯à®¨§¢®«ì­®© á¨£­ âãàë,
­¥ ¢ëà®¦¤¥­­ãî ­  á«®ïå. � ¤ ¢ «î¡®¥ (¢®®¡é¥ £®¢®àï, ­¥£®«®­®¬­®¥)  ¤ ¯â¨à®¢ ­­®¥ ª �-
áâàãªâãà¥ ¯®«¥ à¥¯¥à®¢ feAg ¨ á®¯àï¦¥­­®¥ ¥¬ã ¯®«¥ ª®à¥¯¥à®¢ f�Ag: �A(eB) = �AB , ¡ã¤¥¬ ¨¬¥âì

d�2 = GAB�
A�B; (1)

£¤¥

GAB =
�
G1 G4

G3 G2

�
; G1 = (Gij); G2 = (Gi j); G3 = (Gij); G4 = (Gij):

�ãáâì ­  TM § ¤ ­® ¯à®¨§¢®«ì­®¥ ¢¥ªâ®à­®¥ ¯®«¥ v = vAeA, ®¯à¥¤¥«ïîé¥¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥
¯à¥®¡à §®¢ ­¨¥

XA0

= XA + vA�: (2)

�à¥®¡à §®¢ ­¨¥ (2) ®¯à¥¤¥«ï¥â ¤¢¨¦¥­¨¥, ¥á«¨ ®­® á®åà ­ï¥â ¬¥âà¨ªã, â. ¥. ¢¥ªâ®à­®¥ ¯®«¥ v
ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬ �¨««¨­£ 

D
v
GAB = 0: (3)

� §®¡ì¥¬ ¨å ­  âà¨ £àã¯¯ë

D
v
Gij = 0; D

v
Gi j = 0; D

v
Gij = 0: (4)

�ãáâì r | ¬¥âà¨ç¥áª ï á¢ï§­®áâì á § ¤ ­­ë¬ â¥­§®à®¬ ªàãç¥­¨ï [3], â. ¥. r ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î rCGAB = 0. �®£¤  ãà ¢­¥­¨ï �¨««¨­£  (3) ¯à¨­¨¬ îâ ¢¨¤

2v(AB) = vAB + vBA = 0;
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£¤¥ vBA = rAvB + SBACv
C , S | â¥­§®à ªàãç¥­¨ï á¢ï§­®áâ¨, vB = vAGAB. � ª¨¬ ®¡à §®¬,

rBvA = vAB + SACBv
C : (5)

�¥­§®à ªà¨¢¨§­ë ª á â¥«ì­®£® à áá«®¥­¨ï (TM;G) á ¯à®¨§¢®«ì­®© à¨¬ ­®¢®© ¬¥âà¨ª®© G,
¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, ®¡« ¤ ¥â áâàãªâãà®©

KA
BCD = �ABCD + TABCD; (6)

£¤¥ �ABCD = Q

N(N�1)
(�ADGBC � �ACGBD) | â¥­§®à ªà¨¢¨§­ë à¨¬ ­®¢®© á¢ï§­®áâ¨,

TABCD = rCP
A
BD �rDP

A
BC + PA

MCP
M
BD � PA

MDP
M
BC �

1
2
PA
BM (P

M
CD � PM

DC);

PABC = SABC + SBCA � SCAB;

QBC = QA
BCA = KBC +rFP

F
BC �rCPB � PFP

F
BC + P F

BMP
M
CF ; PB = PM

BM ;

(7)

KBC | â¥­§®à �¨çç¨.
� áá¬®âà¨¬ ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ TM á ¯à®¨§¢®«ì­®© ¬¥âà¨ª®© (1) ¤¢¨¦¥­¨ï, ®â­®-

á¨â¥«ì­® ª®â®àëå ¨­¢ à¨ ­â­  § ¤ ­­ ï ®àâ®£®­ «ì­ ï �-áâàãªâãà  [3].
�ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ £®à¨§®­â «ì­®£® à á¯à¥¤¥«¥­¨ï à á¯à¥¤¥«¥­¨¥ ?H, ®àâ®£®­ «ì­®¥ á«®-

ï¬, â. ¥. ?H?V . � íâ®¬ á«ãç ¥ ­  TM ®¯à¥¤¥«ï¥âáï �-áâàãªâãà , ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì [3]
®àâ®£®­ «ì­®©. � ¤ ­¨¥ íâ®© áâàãªâãàë á¢®¤¨âáï ª § ¤ ­¨î  ää¨­®à  F , ¬ âà¨æ  ª®â®à®£® ¢
¯à®¨§¢®«ì­®¬  ¤ ¯â¨à®¢ ­­®¬ ª �-áâàãªâãà¥ ¯®«¥ à¥¯¥à®¢ feAg ¨¬¥¥â ¢¨¤

F =
�
E1 0
0 �E2

�
; E1 = (�ij); E2 = (�i

j
) = (�ij):

�ää¨­®à F á®åà ­ï¥â áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥, â. ¥. (Fu; Fv) = (u; v), £¤¥ u, v | ¯à®¨§¢®«ì­ë¥
¢¥ªâ®à­ë¥ ¯®«ï ­  TM , ¨ ¬¥âà¨ç¥áª¨© â¥­§®à ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥ feAg ¨¬¥¥â ª®¬¯®­¥­âë

(GAB) =
�
G1 0
0 G2

�
; (8)

â. ¥. Gij = 0. � ª ¨§¢¥áâ­® [1], ¯à¥®¡à §®¢ ­¨ï (2) á®åà ­ïîâ á«®¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¢¥ªâ®à­®¥ ¯®«¥ v ï¢«ï¥âáï ¯à®¥ªâ¨àã¥¬ë¬, â. ¥. ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥ vi = vi(xk).

�¥®à¥¬  1. �á«¨ ¯à®¥ªâ¨àã¥¬®¥ ¢¥ªâ®à­®¥ ¯®«¥ v ï¢«ï¥âáï ¤¢¨¦¥­¨¥¬ ¬¥âà¨ª¨ (8), â®
®­® á®åà ­ï¥â £®à¨§®­â «ì­®¥ à á¯à¥¤¥«¥­¨¥ ?H.

�®ª § â¥«ìáâ¢®. �ãáâì ¯à®¥ªâ¨àã¥¬®¥ ¢. ¯. v ¥áâì ¤¢¨¦¥­¨¥, ?H | £®à¨§®­â «ì­®¥ à á-
¯à¥¤¥«¥­¨¥, ®àâ®£®­ «ì­®¥ á«®ï¬. �®£¤  ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥Gij = 0 ¨ ¢â®à®¥ ¨§ ãà ¢­¥­¨©
(4) ¤ ¥â Grjv

r

i
= 0, ®âªã¤  ¢ á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ ¡«®ª  G2 = (Grj) á«¥¤ã¥â v

r
i = 0, çâ® à ¢­®-

á¨«ì­® [4] ãá«®¢¨î D
v
FA
B = 0.

�«ï ¨­¢ à¨ ­â­®áâ¨ § ¤ ­­®© �-áâàãªâãàë ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï (2) ­¥®¡å®¤¨¬® ¨
¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï [1]

D
v
FA
B = 0: (9)

�â® ãá«®¢¨¥ ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥ ¤«ï ¯à®¥ªâ¨àã¥¬®£® ¢¥ªâ®à­®£® ¯®«ï v § ¯¨è¥âáï ¢ ¢¨¤¥

rvF
A
B � FC

B v
A
C + FA

C v
C
B = 0:

�á«¨ á¢ï§­®áâì ¢¯®«­¥ ¯à¨¢®¤¨¬ , â. ¥. rvF
A
B = 0, â® FA

C v
C
B = FC

B v
A
C . �®£¤  ¢  ¤ ¯â¨à®¢ ­­®¬

à¥¯¥à¥ ¬ âà¨æ  vAB ¨¬¥¥â ¢¨¤

vAB =
�
vij 0
0 vi j

�
; (10)
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£¤¥ ¡«®ª¨ ª®á®á¨¬¬¥âà¨ç­ë, çâ® íª¢¨¢ «¥­â­® á®®â­®è¥­¨ï¬ v(ij) = 0, v(i j) = 0. �®íâ®¬ã

­ àï¤ã á N = 2n ­¥¨§¢¥áâ­ë¬¨ ª®¬¯®­¥­â ¬¨ ¢¥ªâ®à­®£® ¯®«ï vA(vi; vi) à áá¬®âà¨¬ â ª¦¥
n(n� 1)=2 + n(n� 1)=2 = n(n� 1) ª®á®á¨¬¬¥âà¨ç­ëå ª®¬¯®­¥­â vij , vi j . �®àï¤®ª £àã¯¯ë ¤¢¨-
¦¥­¨© (TM;G) á ¬¥âà¨ª®© (8), ®â­®á¨â¥«ì­® ª®â®àëå ¨­¢ à¨ ­â­  § ¤ ­­ ï �-áâàãªâãà , ­¥
¯à¥¢®áå®¤¨â, á«¥¤®¢ â¥«ì­®, ç¨á«  r = n(n� 1) + 2n = n(n+ 1).

�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �®àï¤®ª £àã¯¯ë ¯à®¥ªâ¨àã¥¬ëå ¤¢¨¦¥­¨© ª á â¥«ì­®£® à áá«®¥­¨ï (TM;G) á
¬¥âà¨ª®© (8) ­¥ ¯à¥¢®áå®¤¨â ç¨á«  r = n(n+ 1).

�à ¢­¥­¨ï (9) ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨© �¨««¨­£  ¤«ï ¬¥âà¨ª¨ (8). �à ¢­¥­¨ï �¨«-
«¨­£  (4) ¢ á¨«ã á®®â­®è¥­¨ï (9) ¯à¨­¨¬ îâ ¢¨¤

D
v
Gij = 0; D

v
Gi j = 0: (11)

�â® ª á ¥âáï ãà ¢­¥­¨©D
v
Gij = 0, â® ®­¨ ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­®. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â

¬¥áâ®

�¥®à¥¬  3. �«ï â®£® çâ®¡ë ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯   ¢â®¬®àä¨§¬®¢ ®àâ®£®­ «ì­®©

�-áâàãªâãàë ¡ë«  ¤¢¨¦¥­¨¥¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªâ®à­®¥

¯®«¥ v ã¤®¢«¥â¢®àï«® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (11).

� ¤ «ì­¥©è¨å à ááã¦¤¥­¨ïå ¤«ï ã¯à®é¥­¨ï ¢ëç¨á«¥­¨© ®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ ª ­®-
­¨ç¥áª®© á¢ï§­®áâ¨, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ [3]

rF = 0; rJ = 0; Pijk = 0; Pi j k = 0:

�ëïá­¨¬ áâà®¥­¨¥ â¥­§®à®¢ ªà¨¢¨§­ë ¨ ªàãç¥­¨ï íâ®© á¢ï§­®áâ¨. � ª ª ª á¢ï§­®áâì ª ­®­¨-
ç¥áª ï, â® ¤«ï ä®à¬ë ªà¨¢¨§­ë 
 íâ®© á¢ï§­®áâ¨ ¨¬¥¥¬ 
i

j
= 0, 
ij = 0, 
ij = 
i

j
, â. ¥. â¥­§®à

ªà¨¢¨§­ë ®¡« ¤ ¥â ®â«¨ç­ë¬¨ ®â ­ã«ï ª®¬¯®­¥­â ¬¨

Km
jei = Km

jei
; Km

jei
= Km

jei
; Km

jei
= Km

jei
: (12)

�ç¨âë¢ ï íâ¨ á®®â­®è¥­¨ï, á®£« á­® (6) ¤«ï â¥­§®à  ªà¨¢¨§­ë KA
BCD ª ­®­¨ç¥áª®© á¢ï§­®áâ¨

¯®«ãç ¥¬ ®â«¨ç­ë¥ ®â ­ã«ï ª®¬¯®­¥­âë

Km
jei = Qm

jei + Tmjei; Km

jei
= Qm

jei
+ Tm

jei
; Km

jei
= Qm

jei
+ Tm

jei
; (13)

£¤¥ á®£« á­® (7)

Tmjei = Pm
rjP

r
ei � Pm

ri P
r
je � Pm

jr (P
r
ei � P r

ie);

Tm
jei

= reP
m

ji
� Pm

reP
r

ji
� Pm

reP
r

ji
� Pm

ri P
r
je �

1
2
Pm
jr (P

r

ei
� P r

ie
);

Tm
jei

= reP
m

ji
�riP

m
je + Pm

ceP
c

ji
� Pm

ci
P c
je;

Qm
jei =

Q

n(n�1)
(�mi Gje � �me Gji):

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  4. �¥­§®à ªà¨¢¨§­ë ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ª á â¥«ì­®£® à áá«®¥­¨ï (TM;G) á
¬¥âà¨ª®© (8), ¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, á®åà ­ïîé¨å ®àâ®£®­ «ì­ãî

�-áâàãªâãàã, ¨¬¥¥â ¢¨¤ (13).
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�¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ªà®¬¥ § ¤ ­­ëå ãá«®¢¨© Pijk = 0, Pi j k = 0 ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬, ¢ëâ¥ª îé¨¬ ¨§ á®®â­®è¥­¨© (12),

Tm
jei

= 0; Tmjei = 0; Tm
jei

= 0; Tm
jei

= 0; Tm
jei

= Qm

jei
;

Tm
jei

= �Qm

jei
; Tm

jei
� Tmjei = Qm

jei; rrT
m

jei
= 0;

Tm
jei

= Tm
jei
; Tm

jei
� Tm

jei
= Qm

jei
; rrT

m

jei
= 0;

P k
rm(P

r
ke�

m
i � P r

ki�
m
e ) = 0; P r

km
(P k

ri
�me � P k

re�
m

i
= 0;

(14)

£¤¥ à §«¨ç­ë¥ ª®¬¯®­¥­âë â¥­§®à  TABCD ¢ëç¨á«ïîâáï á®£« á­® (7),  

Qm

jei
=

1
n� 1

(�m
i
eQje � �me

eQj i); eQje = Qm

jem
:

�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ª á â¥«ì­®£® à áá«®¥­¨ï (TM;G) á
¬¥âà¨ª®© (8), ¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, á®åà ­ïîé¨å ®àâ®£®­ «ì­ãî

�-áâàãªâãàã, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (14).

� ç áâ­®áâ¨, ¥á«¨ ª ­®­¨ç¥áª ï á¢ï§­®áâì r à¨¬ ­®¢ , â® P = 0, T = 0. �®£¤  KAB =
QAB = 0, â. ¥. KD

ABC = 0. � íâ®¬ á«ãç ¥ [3] ª á â¥«ì­®¥ à áá«®¥­¨¥ TM , ¤®¯ãáª îé¥¥ ¢¯®«­¥
¯à¨¢®¤¨¬ãî à¨¬ ­®¢ã á¢ï§­®áâì, âà¨¢¨ «ì­® ¨ ¯®íâ®¬ã ï¢«ï¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¤¢ãå
à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ á ¬¥âà¨ª ¬¨ Gij(xk), Gi j(x

k). � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

�¥®à¥¬  6. �¥­§®à ªà¨¢¨§­ë ª ­®­¨ç¥áª®© à¨¬ ­®¢®© á¢ï§­®áâ¨ ª á â¥«ì­®£® à áá«®¥­¨ï

(TM;G) á ¬¥âà¨ª®© (8), ¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, á®åà ­ïîé¨å ®àâ®-

£®­ «ì­ãî �-áâàãªâãàã, à ¢¥­ ­ã«î.

�á®¡¥­­®áâìî ª á â¥«ì­®£® à áá«®¥­¨ï ï¢«ï¥âáï ­ «¨ç¨¥ ¨§®¬®àä¨§¬  ¢¥ªâ®à­ëå ¯®¤à á-
á«®¥­¨©

J : ?H ! V;

®¯à¥¤¥«ï¥¬®¥  ää¨­®à®¬ ª á â¥«ì­®© áâàãªâãàë J (J2 = 0), ¬ âà¨æ¥© ª®â®à®£® ¢ ¨­¤ãæ¨à®-
¢ ­­ëå ª®®à¤¨­ â å ¡ã¤¥â

J =
�
0 0
E 0

�
; E = (�ij); Ker (J) = Im (J) = V (TM):

� áá¬®âà¨¬ ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ (TM;G) á ¬¥âà¨ª®© (8) ¤¢¨¦¥­¨ï, á®åà ­ïîé¨¥
ªà®¬¥ â®£® ¨ ª á â¥«ì­ãî áâàãªâãàã. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¨­¢ à¨ ­â­®áâ¨
ª á â¥«ì­®© áâàãªâãàë ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï (2) ï¢«ï¥âáï à ¢¥­áâ¢®

D
v
JAB = 0: (15)

�«ï ¯à®¥ªâ¨àã¥¬®£® ¢¥ªâ®à­®£® ¯®«ï v ãá«®¢¨ï (15) ¯à¨­¨¬ îâ ¢¨¤

rvJ
A
B + JAC v

C
B � JCB v

A
C = 0:

� ª ª ª á¢ï§­®áâì ª ­®­¨ç¥áª ï, â® rvJ
A
B = 0. �®íâ®¬ã JAC v

C
B = JCB v

A
C . �®£¤  ¢  ¤ ¯â¨à®¢ ­­®¬

à¥¯¥à¥ vij = vi j ¨ ¬ âà¨æ  (10) ¯à¨­¨¬ ¥â ¢¨¤

vAB =
�
vij 0
0 vij

�
;

£¤¥ ¡«®ª¨ ª®á®á¨¬¬¥âà¨ç­ë ¢ á¨«ã ãà ¢­¥­¨© v(AB) = 0, ª®â®àë¥ íª¢¨¢ «¥­â­ë á®®â­®è¥­¨î
v(ij) = 0 ¨ ¯®íâ®¬ã vij = v[ij]. �®£¤  ­ àï¤ã á N = 2n ­¥¨§¢¥áâ­ë¬¨ ª®¬¯®­¥­â ¬¨ ¢¥ªâ®à­®£®
¯®«ï vA(vi; vi) à áá¬®âà¨¬ ¥é¥ n(n � 1)=2 ª®á®á¨¬¬¥âà¨ç­ëå ª®¬¯®­¥­â vij . � ª¨¬ ®¡à §®¬,
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¯®àï¤®ª £àã¯¯ë ¤¢¨¦¥­¨© ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ (TM;G) á ¬¥âà¨ª®© (8), ®â­®á¨â¥«ì­®
ª®â®àëå ¨­¢ à¨ ­â­ë ®àâ®£®­ «ì­ ï ¨ ª á â¥«ì­ ï áâàãªâãàë, ­¥ ¯à¥¢®áå®¤¨â ç¨á« 

r = 2n+ n(n� 1)=2 = (n2 + 3n)=2: (16)

�â ª, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  7. �®àï¤®ª £àã¯¯ë ¤¢¨¦¥­¨© ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ (TM;G) á ¬¥âà¨ª®© (8),
á®åà ­ïîé¨å �-áâàãªâãàã ¨ ª á â¥«ì­ãî áâàãªâãàã J , ­¥ ¯à¥¢®áå®¤¨â ç¨á«  r = (n2+3n)=2.

� áá¬®âà¨¬ ¯à¨¬¥à. �á«¨ ª á â¥«ì­®¥ à áá«®¥­¨¥ TM ï¢«ï¥âáï ¥¢ª«¨¤®¢ë¬ ¯à®áâà ­áâ¢®¬
E2n, â® ¤«ï ¥¢ª«¨¤®¢®© ¬¥âà¨ª¨ GAB = �AB ãà ¢­¥­¨ï �¨««¨­£  (3) ¨¬¥îâ ¢¨¤ @AvB + @BvA =
0. � íâ®¬ á«ãç ¥ § ¤ ç  ­ å®¦¤¥­¨ï ¤¢¨¦¥­¨© ­  (TM;G), á®åà ­ïîé¨å ®àâ®£®­ «ì­ãî �-
áâàãªâãàã ¨ ª á â¥«ì­ãî áâàãªâãàã J , á¢®¤¨âáï ª ¨­â¥£à¨à®¢ ­¨î á¨áâ¥¬ë ãà ¢­¥­¨©

@ivj = @ivj ; @ivj + @jvi = 0; @ivj = 0; @ivj = 0:

�­â¥£à¨àãï, ¯®«ãç¨¬

vi = cijx
j + ci; cij = �cji; vi = cijx

j + ci; vi = vi(xk); vi = vi(x
k):

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ ¤ ­­®© á¨áâ¥¬ë § ¢¨á¨â ®â 2n ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå ci, ci ¨
n(n� 1)=2 ­¥§ ¢¨á¨¬ëå í«¥¬¥­â®¢ ª®á®á¨¬¬¥âà¨ç­®© ¬ âà¨æë cij , â. ¥. ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª
£àã¯¯ë â ª¨å ¤¢¨¦¥­¨© â®ç­® à ¢¥­ ç¨á«ã ¢ (16).

�ëïá­¨¬ áâà®¥­¨¥ â¥­§®à®¢ ªà¨¢¨§­ë ¨ ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨. �ç¨âë¢ ï (12),
¨§ á®®â­®è¥­¨© (6) ¯®«ãç¨¬ ¤«ï â¥­§®à  ªà¨¢¨§­ë KA

BCD ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ®â«¨ç­ë¥ ®â
­ã«ï ª®¬¯®­¥­âë

Km
jei = Qm

jei + Tmjei; Km
jei = Qm

jei + Tmjei; Km

jei
= Qm

jei
+ Tm

jei
; (17)

£¤¥ Tmjei, T
m
jei, T

m

jei
¢ëà ¦ îâáï á®£« á­® (7),

Qm
jei =

Q

n(n� 1)
(�mi Gje � �me Gji);

Qm
jei =

1
n
f(�mi

eeQje � �me
bQji) + (Tm

jei
� Tjei

m
� � Tji

m
� e)� (Tjei

m
� � Tmjie � Tjei

m
� )g;

eeQAB = Qm
ABm;

Qm

jei
=

1
n
f(�m

i
bQje � �me

bQji) + (Tje
m
� i � Tm

j ie
+ Tj ie

m
� )� (Tijem� � Tm

jie
+ Tje

m
� i)g;

bQAB = Qm
ABm:

�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. �¥­§®à ªà¨¢¨§­ë ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ª á â¥«ì­®£® à áá«®¥­¨ï (TM;G) á
¬¥âà¨ª®© (8), ¤®¯ãáª îé¥£® ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, á®åà ­ïîé¨å ®àâ®£®­ «ì­ãî

�-áâàãªâãàã ¨ ª á â¥«ì­ãî áâàãªâãàã, ¨¬¥¥â ¢¨¤ (17).

�¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ªà®¬¥ § ¤ ­­ëå ãá«®¢¨© Pijk = 0, Pi j k = 0 ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬, ¢ëâ¥ª îé¨¬ ¨§ á®®â­®è¥­¨© (12),

Tmjei = 0; Tm
jei

= 0; Tm
jei

= 0; Tm
jei

= 0; Tm
jei

= 0;

Tm
jei

= 0; bTie = eTie; bTek = �

T ke; bTki = eeT k i; bTei = bTie; (18)
�

T ei =
eeT ei; eeT ie = eeT ei; eTei = eTie; bTei = bTie;

£¤¥ eTAB = TmABm,
eeTAB = TmABm, bTAB = TmABm,

�

TAB = TmABm,   ª®¬¯®­¥­âë TABCD ¢ëà ¦ îâáï
á®£« á­® (7). �âáî¤  á«¥¤ã¥â
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�¥®à¥¬  9. �¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ (TM;G)
á ¬¥âà¨ª®© (8), ¤®¯ãáª îé¥¬ ¬ ªá¨¬ «ì­ãî £àã¯¯ã ¤¢¨¦¥­¨©, á®åà ­ïîé¨å ®àâ®£®­ «ì­ãî

�-áâàãªâãàã ¨ ª á â¥«ì­ãî áâàãªâãàã, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (18).
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