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Ax � x(t) + (Kx)(t) = y(t) (0 � t � 1);

Kx �
Z 1

0

K(t; s)[u(s)]�1x(s)ds; u(t) � tp1(1� t)p2 ;
(1)

£¤¥ pi 2 R
+ (i = 1; 2), K ¨ y | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ äãªæ¨¨, ®¡« ¤ îé¨¥ ®¯à¥¤¥«¥ë¬¨

á¢®©áâ¢ ¬¨ \£« ¤ª®áâ¨" â®ç¥ç®£® å à ªâ¥à , x | ¨áª®¬ ï äãªæ¨ï,   ¨â¥£à « ¯®¨¬ ¥âáï
¢ á¬ëá«¥ ª®¥ç®© ç áâ¨ ¯® �¤ ¬ àã ([1], á. 144{150). � ãà ¢¥¨ï¬ ¢¨¤  (1) ¯à¨¢®¤ïâ ¬®£¨¥
£à ¨çë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨, ¢ ç áâ®áâ¨, § ¤ ç¨ à¥è¥¨ï ¥ª®â®àëå  £àã¦¥-
ëå ¨â¥£à®¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [2] ¨ â¥®à¨¨ ãà ¢¥¨© á¬¥è ®£® â¨¯  [3], [4]. �®-
áª®«ìªã ¨§ãç ¥¬ë¥ ãà ¢¥¨ï â®ç® à¥è îâáï «¨èì ¢ ®ç¥ì à¥¤ª¨å ç áâëå á«ãç ïå, ®á®¡¥®
 ªâã «ì®© ï¢«ï¥âáï à §à ¡®âª  íää¥ªâ¨¢ëå ¬¥â®¤®¢ ¨å ¯à¨¡«¨¦¥®£® à¥è¥¨ï.

�â¬¥â¨¬, çâ® ãà ¢¥¨¥ (1) ¢ ç áâ®¬ á«ãç ¥ p1 = 0 ¨áá«¥¤®¢ «®áì ¢ [2] ¨ [5]. � [2] ¯à¨
¦¥áâª¨å ®£à ¨ç¥¨ïå (â¨¯  âà¥¡®¢ ¨© £« ¤ª®áâ¨)   K ¨ y ¯®ª § ®, çâ® ¤«ï (1) ¯à¨ p1 = 0,
1 < p2 < 2 á¯à ¢¥¤«¨¢ë ¢á¥ â¥®à¥¬ë �à¥¤£®«ì¬ . � [5]   ®á®¢¥ á¢ï§¨ ¨áá«¥¤ã¥¬®£® ãà ¢¥¨ï
á ¨â¥£à «ìë¬ ãà ¢¥¨¥¬ âà¥âì¥£® à®¤  ¤«ï (1) ¤®ª § ë â¥®à¥¬ë �à¥¤£®«ì¬  ¯à¨ p1 = 0,
p2 2 R

+ .
� ¤ ®© áâ âì¥   ¡ §¥ à ¡®â [6]{[10] ¨áá«¥¤®¢ ë ¢®¯à®áë à §à¥è¨¬®áâ¨ ãà ¢¥¨© ¢¨¤ 

(1). �¬¥®, ¯®áâà®¥  â¥®à¨ï �à¥¤£®«ì¬  ¢ ®¡é¥¬ á«ãç ¥ (p1; p2 2 R
+), ¯à¥¤«®¦¥ ¨ ®¡®á®¢ 

¢ á¬ëá«¥ ([11], £«. 1) á¯¥æ¨ «ìë© ¯àï¬®© ¬¥â®¤, ¯à¨á¯®á®¡«¥ë© ª ¯à¨¡«¨¦¥®¬ã à¥è¥¨î
ãà ¢¥¨ï (1), ãáâ ®¢«¥®, çâ® ¯®áâà®¥ë© ¬¥â®¤ ®¯â¨¬ «¥ ¯® ¯®àï¤ªã â®ç®áâ¨   ª« á-
á¥ F , ¯®à®¦¤¥®¬ ª« áá®¬ Hr

!, áà¥¤¨ ¢á¥å ¯®«¨®¬¨ «ìëå ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï
ãà ¢¥¨© ¢¨¤  (1).

1. �¡ ®á®¢®¬ ¯à®áâà áâ¢¥. �ãáâì C � C(I) | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå   I � [0; 1]
äãªæ¨© á ®¡ëç®© max-®à¬®© ¨ p1 2 R

+ . �«¥¤ãï [12], áª ¦¥¬, çâ® g 2 C
fp1g
0 (I) � Cfp1; 0g,

¥á«¨ áãé¥áâ¢ãîâ ¯à ¢ë¥ â¥©«®à®¢áª¨¥ ¯à®¨§¢®¤ë¥ gfig(0) (i = 1; [p1]) ¢ â®çª¥ t = 0, ¯à¨ç¥¬ ¢
á«ãç ¥ p1 6= [p1] ([�] | æ¥« ï ç áâì) áãé¥áâ¢ã¥â ª®¥çë© ¯à¥¤¥«

lim
t!0+

��
g(t)�

[p1]X
i=0

gfig(0)ti=i!
�
t�p1

�

(áç¨â ¥¬, çâ® Cf0; 0g � C).
� «®£¨ç® ®¯à¥¤¥«ï¥¬ «¨¥ « Cfp2; 1g � C

fp2g
1 (I) � C. � ¨¬¥®, ¡ã¤¥¬ £®¢®à¨âì, çâ®

g 2 Cfp2; 1g, ¥á«¨ áãé¥áâ¢ãîâ «¥¢ë¥ â¥©«®à®¢áª¨¥ ¯à®¨§¢®¤ë¥ gfig(1) (i = 1; [p2]) ¢ t = 1,
¯à¨ç¥¬ ¯à¨ p2 6= [p2] áãé¥áâ¢ã¥â

lim
t!1�

��
g(t) �

[p2]X
j=0

gfjg(1)(t � 1)j=j!
�
(1� t)�p2

�
:
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�¢¥¤¥¬ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®

X � Cfp1; p2g � Cfp1;p2g(I) � Cfp1; 0g \Cfp2; 1g:

� ¡¤¨¬ ¥£® ®à¬®©

kgkX � kgk1;2 � kTgkC +
2X

j=1

�jX
i=0

jgfig(tj)j; (2)

£¤¥

Tg � [g(t)� Um�1(t)]=u(t) � G(t) 2 C; (3)

Um�1(t) � Um�1(g; t) �
2X

j=1

�jX
i=0

gfig(tj)Rji(t); m � �1 + �2 + 2;

U
(i)
m�1(tj) = gfig(tj); G(tj) � lim

t!tj
G(t) (i = 0; �j ; j = 1; 2; t1 = 0; t2 = 1);

�j � �(pj) (j = 1; 2); �(p) �

(
p� 1 (p = [p]);
[p] (p 6= [p]);

Rji | äã¤ ¬¥â «ìë¥ ¯®«¨®¬ë �à¬¨â  áâ¥¯¥¨ m � 1 (á¬.,  ¯à., [13]). � ¬¥â¨¬, çâ® í«¥-
¬¥âë ¯à®áâà áâ¢  X � Cfp1; p2g áãâì äãªæ¨¨ ¢¨¤ 

g(t) = u(t)G(t) +
2X

j=1

�jX
i=0

bjiRji(t); (4)

£¤¥ G = Tg 2 C, bji = gfig(tj) (i = 0; �j , j = 1; 2). �âáî¤  ïá®, çâ® X á ®à¬®© (2) ¯®«® ¨
¢«®¦¥® ¢ C.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ãáâ  ¢«¨¢ ¥â ªà¨â¥à¨© ª®¬¯ ªâ®áâ¨ ¬®¦¥áâ¢ ¢ ¯à®áâà áâ¢¥X.

�¥®à¥¬  1. �®¦¥áâ¢® M � X ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ X â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤ 

(i) M ®£à ¨ç¥®;
(ii) á¥¬¥©áâ¢® T(M) ¥¯à¥àë¢ëå   I äãªæ¨© à ¢®áâ¥¯¥® ¥¯à¥àë¢®.

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¨ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2.2 ([9], á. 31). �â«¨ç¨¥
§ ª«îç ¥âáï ¢ â®¬, çâ® à®«ì ¯à®áâà áâ¢  Cfm; 0g ¨ ®¯¥à â®à  T , ä¨£ãà¨àãîé¨å ¢ â¥®à¥¬¥
1.2.2, ¨£à îâ á®®â¢¥âáâ¢¥® X ¨ T.

�ãáâì K 2 C(I2) ¨ ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ s 2 I äãªæ¨ï K(t; s) 2 Cfp1; p2g. �ª ¦¥¬,
çâ® K(t; s) ¯à¨ ¤«¥¦¨â ª« ááã C

fp1;p2g
t (I2), ¥á«¨ TtK 2 C, £¤¥ Tt ®¡®§ ç ¥â ®¯¥à â®à (3),

¯à¨¬¥¥ë© ¯®  à£ã¬¥âã t. � «®£¨ç® ®¯à¥¤¥«ï¥¬ ª« áá Cfp1;p2g
s (I2). �®£¤ 

Cfp1;p2g(I2) � C
fp1;p2g
t (I2) \ Cfp1;p2g

s (I2):

2. � â¥®à¨¨ ¯à¨¡«¨¦¥¨ï ¢ ¯à®áâà áâ¢¥ X � Cfp1; p2g. �ãáâì

H n � spanftign0 ; H
T

n+m�1 � U(H n�1)� Hm�1 ; Uf � (uf)(t);

ET

n+m�1(y) � inf
yn2HTn+m�1

ky � ynkX (y 2 X):

�¥®à¥¬  2. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i) 8y 2 X 8n 2 N 9zn 2 H
T

n+m�1 : ky � znkX = ET

n+m�1(y);
(ii) ET

n+m�1(y) = En�1(Ty) (y 2 X),

£¤¥ El(g) |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ g 2 C ¯®«¨®¬ ¬¨ ¨§ H l (l � 0).
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�®ª § â¥«ìáâ¢® ®áãé¥áâ¢«ï¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.5.2 ([9], á. 50) á ãç¥â®¬
â®£®, çâ® §¤¥áì à®«ì ª®íää¨æ¨¥â  l(t) ¨ ®¯¥à â®à  T ¨£à îâ u(t) ¨ T á®®â¢¥âáâ¢¥®.

�¥¯¥àì ®¡áã¤¨¬ ¢®¯à®á ®¡  ¯¯à®ªá¨¬ æ¨¨ äãªæ¨© ¨§ X í«¥¬¥â ¬¨ ¨§ H Tn+m�1 (n 2 N) ¯à¨
¯®¬®é¨ «¨¥©ëå ®¯¥à â®à®¢. �ãáâì �n : X ! H

T

n+m�1 | ¯à®¨§¢®«ìë© «¨¥©ë© ®¯¥à â®à,
áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ¢áïª®© äãªæ¨¨ y 2 X ¥ª®â®àë©  £à¥£ â ¢¨¤ 

�ny � �n+m�1(y; t) � u(t)
n�1X
i=0

bit
i +

m�1X
i=0

bi+nt
i = u(t)

n�1X
k=0

bkt
k +

2X
j=1

�jX
i=0

jiRji(t); (5)

£¤¥ bk = bk(y), ji = ji(y) 2 R (k = 0; n� 1, i = 0; �j , j = 1; 2). �®£¤    ®á®¢ ¨¨ ¯à¥¤áâ -
¢«¥¨© (4) ¨ (5) ïá®, çâ®  ¯¯à®ªá¨¬ æ¨ï í«¥¬¥â  y 2 X á ¯®¬®éìî ®¯¥à â®à®¢ �n ¢ á¬ëá«¥
¥áâ¥áâ¢¥®© ¬¥âà¨ª¨ (2) à ¢®á¨«ì  à ¢®¬¥à®¬ã ¯à¨¡«¨¦¥¨î äãªæ¨¨ Ty ¯®áà¥¤áâ¢®¬
«¨¥©ëå ¯®«¨®¬¨ «ìëå ®¯¥à â®à®¢ Pn : C ! H n�1 ¨ ¯à¨¡«¨¦¥¨î ª®íää¨æ¨¥â®¢ yfig(tj)
(i = 0; �j , j = 1; 2) § ç¥¨ï¬¨ «¨¥©ëå äãªæ¨® «®¢ ji(y) (i = 0; �j , j = 1; 2). �«¥¤®¢ â¥«ì®,
¯à¨¡«¨¦ îé¨¥ ®¯¥à â®àë �n ¨¬¥îâ á«¥¤ãîéãî áâàãªâãàã:

�ny = (UPnTy)(t) +
2X

j=1

�jX
i=0

yfig(tj)Rji(t): (6)

�¥¬¬ . �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i) �2
n = �n () P 2

n = Pn;
(ii) ¥á«¨ �n | ¯à®¥ªâ®à, â® k�nkX!X � k�nk = kPnk � kPnkC!C .

�®ª § â¥«ìáâ¢® ¯®«ãç ¥âáï à ááã¦¤¥¨ï¬¨,   «®£¨çë¬¨ ¯à¨¢¥¤¥ë¬ ¯à¨ ¤®ª § â¥«ì-
áâ¢¥ «¥¬¬ 1.5.1 ¨ 1.5.2 ([9], á. 54{55) á®®â¢¥âáâ¢¥®.

�¥¯¥àì ¨§ «¥¬¬ë ¨ â¥®à¥¬ë 2 «¥£ª® á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥, ãáâ  ¢«¨¢ îé¥¥ ®¤® ¨§  ¯¯à®ª-
á¨¬ â¨¢ëå á¢®©áâ¢ \¯®«¨®¬¨ «ì®£®" ®¯¥à â®à  �n ¢ ¯à®áâà áâ¢¥ X.

�¥®à¥¬  3. �á«¨ �2
n = �n, â® ¤«ï «î¡®© äãªæ¨¨ y 2 X á¯à ¢¥¤«¨¢  ®æ¥ª 

ky � �nykX � d1kPnkEn�1(Ty) (n 2 N)

(§¤¥áì ¨ ¤ «¥¥ di (i = 1; 9) | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ ª®áâ âë, § ç¥¨¥ ª®â®àëå ¥ § ¢¨á¨â
®â n).

�®áâà®¨¬ ®¤¨ \à ¡®ç¨©" «¨¥©ë© \¯®«¨®¬¨ «ìë©" ®¯¥à â®à, ¤«ï ª®â®à®£®  ©¤¥®
¤ «¥¥ ¢ ¦®¥ ¯à¨¬¥¥¨¥.

�ãáâì �0
n : X ! H

T

n+m�1 | «¨¥©®¥ ®â®¡à ¦¥¨¥, ¢áïª¨© ®¡à § �0
nf ª®â®à®£® å à ªâ¥à¨§ã-

¥âáï á¢®©áâ¢ ¬¨ Z 1

0
Wk(t)(T�

0
nf � Tf)(t)dt = 0 (k = 1; n);

(�0
nf � f)fig(tj) = 0 (i = 0; �j ; j = 1; 2);

£¤¥ Wk | ®¤  ¨§ á«¥¤ãîé¨å \¢¥á®¢ëå" äãªæ¨© ¢ ®¡®¡é¥ëå ¬¥â®¤ å ª®««®ª æ¨¨ (���),
¬®¬¥â®¢ (���), ¯®¤®¡« áâ¥© (���):

(���) Wk(t) = �(t � �k) (� | ¤¥«ìâ -äãªæ¨ï �¨à ª , �k = �(n)k 2 I | ã§«ë �¥¡ëè¥¢ 
¯¥à¢®£® (¨«¨ ¢â®à®£®) à®¤ ),

(���) Wk(t) = �(t)Tk�1(t) (fTk�1g | ¯®« ï ®àâ®®à¬¨à®¢  ï   I ¯® ¢¥áã �(t) = 2�1(t�
t2)�1=2 á¨áâ¥¬  á¬¥é¥ëå ¯®«¨®¬®¢ �¥¡ëè¥¢  ¯¥à¢®£® à®¤ ),

(���) Wk(t) = �[�k�1;�k](t) �

(
1 (t 2 [�k�1; �k]);
0 (t =2 [�k�1; �k]);

£¤¥ f�kgn0 | á¨áâ¥¬  ã§«®¢ �¥¡ëè¥¢  ¢â®-

à®£® à®¤ , ®¡®£ é¥ ï ª®æ ¬¨ ¯à®¬¥¦ãâª  I.
� ááã¦¤ ï   «®£¨ç® ¨§«®¦¥®¬ã ¢ ¯¯. 5.3, 5.4 ([9], á. 55{58), ¢ë¢®¤¨¬, çâ® í«¥¬¥â �0

nf
¨¬¥¥â ¢¨¤ (6), £¤¥ P 0

n : C ! H n�1 ®¡®§ ç ¥â ®¯¥à â®à � £à ¦  ¢ á«ãç ¥ (���), ®¯¥à â®à
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�ãàì¥ ¯à¨ \¢¥á¥" (���) ¨ ®¯¥à â®à ¬¥â®¤  ¯®¤®¡« áâ¥© ¤«ï (���) \¢¥á®¢®©" äãªæ¨¨ Wk.
�®£¤  ¨§ «¥¬¬ë, â¥®à¥¬ë 3 ¨ å®à®è® ¨§¢¥áâëå á¢®©áâ¢ ®¯¥à â®à  P 0

n á«¥¤ã¥â

�¥®à¥¬  4. �¯¥à â®à �0
n ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

(a) (�0
n)

2 = �0
n,

(b) k�0
nk � lnn (n� 1 2 N),

(c) kf � �0
nfkX � d2En�1(Tf) lnn (f 2 X � Cfp1; p2g),

£¤¥ á¨¬¢®« � ®§ ç ¥â, ª ª ®¡ëç®, á« ¡ãî íª¢¨¢ «¥â®áâì.

3. �à¥¤£®«ì¬®¢®áâì ¨â¥£à «ì®£® ãà ¢¥¨ï (1). � áá¬®âà¨¬ ãà ¢¥¨¥ (1), ¢ ª®â®à®¬ K
¨ y | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ äãªæ¨¨ á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

K 2 Cfp1;p2g(I2); 'ji(s) � K
fig
t (tj ; s);  ji(t) � Kfig

s (t; tj) 2 X

(i = 0; �j ; j = 1; 2); y 2 X � Cfp1; p2g;
(7)

x 2 X | ¨áª®¬ ï äãªæ¨ï.

�¥®à¥¬  5. � ãá«®¢¨ïå (7) ®¯¥à â®à K : X ! X ¢¯®«¥ ¥¯à¥àë¢¥.

�®ª § â¥«ìáâ¢®. � á¨«ã (1) ¨ (3) ¨¬¥¥¬

(Kx)(t) =
Z 1

0

K(t; s)(Tx)(s)ds +
2X

j=1

�jX
i=0

xfig(tj)
�
Gji(t) +

2X
l=1

�lX
k=0

�lkji lk(t)
�
; (8)

£¤¥

Gji(t) �
Z 1

0
Rji(s)(TsK)(t; s)ds; �lkji � P.F.

Z 1

0
[Rji(s)Rlk(s)=u(s)]ds:

�¤¥áì § ª \P.F." ãª §ë¢ ¥â   ª®¥çãî ç áâì ¨â¥£à «  ¯® �¤ ¬ àã ([1], á. 144{150) (¢ ¤ «ì-
¥©è¥¬, ¤«ï ªà âª®áâ¨, íâ®â § ª ¡ã¤¥¬ ®¯ãáª âì). �  ®á®¢ ¨¨ (7), (4) ¨ (3) äãªæ¨ï K
¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

K(t; s) = u(t)u(s)h(t; s) + u(t)
2X

j=1

�jX
i=0

	ji(t)Rji(s) +
2X

j=1

�jX
i=0

'ji(s)Rji(t); (9)

¯à¨ç¥¬ h = TtTsK 2 C, 	ji = T ji 2 C. �«¥¤®¢ â¥«ì®, ¢ á¨«ã (9), (7) ¨ (4) ¯®«ãç¨¬ Gji 2 X
(i = 0; �j , j = 1; 2). �¥¯¥àì á ãç¥â®¬ (8) ¨ (7) ïá®, çâ® Kx 2 X (x 2 X) ¨ kKxkX � d3kxkX ,

d3 � kTtKkC +
X
j

X
i

k'jikC +max
i;j

n
kGjikX +

X
l

X
k

j�lkji j k lkkX
o
;

â. ¥. K ¤¥©áâ¢ã¥â ¢ X ®£à ¨ç¥®.
�ãáâì L � fxg � X | ¥ª®â®à®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®: kxkX � r (x 2 L). �®£¤  ®ç¥¢¨¤®,

çâ® ¬®¦¥áâ¢® M � K(L) � X â ª¦¥ ®£à ¨ç¥®.
�®ª ¦¥¬, çâ® ¤«ï M ¢ë¯®«ï¥âáï ¨ ãá«®¢¨¥ (ii) â¥®à¥¬ë 1. �à¥¤¢ à¨â¥«ì® § ¬¥â¨¬ á«¥-

¤ãîé¥¥. � ª ª ª äãªæ¨¨ H � TtK, h � TtTsK ¨ 	ji � T ji (i = 0; �j , j = 1; 2) à ¢®¬¥à®
¥¯à¥àë¢ë   ª®¬¯ ªâ å I2 ¨ I á®®â¢¥âáâ¢¥®, â® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â � = �(") > 0
â ª®¥, çâ® ®¤®¢à¥¬¥® ¢ë¯®«ïîâáï á®®â®è¥¨ï8><

>:
jH(�1; s1)�H(�2; s2)j < "=(r);
jh(�1; s1)� h(�2; s2)j < "=(r);
j	ji(�1)�	ji(�2)j < "=(r);

(10)

ª ª â®«ìª® j�1 � �2j < �, js1 � s2j < � (�i; si 2 I, i = 1; 2). �¤¥áì

 � 1 +max
i;j

kRjikC +max
i;j

X
l

X
k

j�lkji j:
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�ãáâì y 2M | ¯à®¨§¢®«ìë© í«¥¬¥â, â. ¥. y = Kx (x 2 L). � ãç¥â®¬ (8), (10) ¨ (2) ¯®á«¥¤®¢ -
â¥«ì®  å®¤¨¬

j(Ty)(�1)� (Ty)(�2)j =
����
Z 1

0

[H(�1; s)�H(�2; s)](Tx)(s)ds +

+
X
j

X
i

xfig(tj)
�Z 1

0

Rji(s)[h(�1; s)� h(�2; s)]ds+

+
X
l

X
k

�lkji [	lk(�1)�	lk(�2)]
����� � "(r)�1kxk � ";

ª®«ì áª®à® j�1 � �2j < � (�1; �2 2 I). �«¥¤®¢ â¥«ì®, ®¯¥à â®à K 2 L(X), ¯¥à¥¢®¤ïé¨© ¯à®¨§-
¢®«ì®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® L ¢ ®â®á¨â¥«ì® ª®¬¯ ªâ®¥ ¢ X ¬®¦¥áâ¢® K(L), ¢¯®«¥
¥¯à¥àë¢¥.

�«¥¤áâ¢¨¥ 1. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (7) ®¯¥à â®à A : X ! X, ®¯à¥¤¥«¥ë© à ¢¥áâ¢®¬
(1), ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬.

4. �¡®¡é¥ë© ¬¥â®¤ ¢§¢¥è¥ëå ¥¢ï§®ª (����). �ãáâì ¤ ® ãà ¢¥¨¥ (1). � ¤¨ ¯à®-
áâ®âë ¢ëª« ¤®ª ¨ ä®à¬ã«¨à®¢®ª ¡ã¤¥¬ áç¨â âì p1 = 0, â. ¥. à áá¬®âà¨¬ ãà ¢¥¨¥ ¢¨¤ 

Ax � x(t) + (Kx)(t) = y(t) (t 2 I); Kx �
Z 1

0

K(t; s)(1� s)�p2x(s)ds; (11)

£¤¥ ¨áå®¤ë¥ ¤ ë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

K 2 Cfp2g
1 (I2); 'i(s) � K

fig
t (1; s);  i(t) � Kfig

s (t; 1) 2 Cfp2; 1g (12)

(i = 0;m� 1; m � �2 + 1); y 2 Cfp2; 1g;

x 2 Cfp2; 1g | ¨áª®¬ ï äãªæ¨ï. �à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (11) ®¡à §ã¥¬ ¢ ¢¨¤¥
 £à¥£ â 

xn � xn(t; fcig) � (1� t)p2
n�1X
i=0

cit
i +

m�1X
i=0

ci+n(t� 1)i: (13)

�¥¨§¢¥áâë¥ ¯ à ¬¥âàë fcig
n+m�1
0  ©¤¥¬ á®£« á® ���� ¨§ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥-

áª¨å ãà ¢¥¨© (����) Z 1

0
Wk(t)(TAxn � Ty)(t)dt = 0 (k = 1; n);

(Axn � y)fig(1) = 0 (i = 0;m� 1);
(14)

£¤¥ T : Cfp2; 1g ! C | \å à ªâ¥à¨áâ¨ç¥áª¨©" ®¯¥à â®à ª« áá  Cfp2; 1g, ®¯à¥¤¥«¥ë© ¢ (3) ¯à¨
p1 = 0 (�1 � �1),   Wk | «î¡ ï ¨§ \¢¥á®¢ëå" äãªæ¨©, ¢¢¥¤¥ëå ¢ ¯. 2.

�«ï ¢ëç¨á«¨â¥«ì®£®  «£®à¨â¬  (11){(14) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �ãáâì ®¤®à®¤®¥ ãà ¢¥¨¥ Ax = 0 ¨¬¥¥â ¢ Cfp2; 1g «¨èì âà¨¢¨ «ì®¥ à¥è¥-
¨¥,   äãªæ¨¨ h � TtTsK (¯® t), T i (i = 0;m� 1) ¨ Ty ¯à¨ ¤«¥¦ â ª« ááã �¨¨{�¨¯è¨æ .
�®£¤  ¯à¨ ¢á¥å n 2 N (n � n0) ���� (14) ®¡« ¤ ¥â ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ fc�i g, ¨ ¯®á«¥¤®-
¢ â¥«ì®áâì ¯à¨¡«¨¦¥ëå à¥è¥¨© x�n � xn(t; fc�i g) áå®¤¨âáï ª â®ç®¬ã à¥è¥¨î x� = A�1y
¯® ®à¬¥ ¯à®áâà áâ¢  Cfp2; 1g á® áª®à®áâìî

kx�n � x�k = O

��
Et
n�1(h) +

m�1X
i=0

En�1(T i) +En�1(Ty)
�
lnn

�
; (15)

£¤¥ Et
n�1(�) ®¡®§ ç ¥â äãªæ¨® « En�1(�), ¯à¨¬¥¥ë© ¯® t.
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�®ª § â¥«ìáâ¢®. �â¥£à «ì®¥ ãà ¢¥¨¥ (11) ¯à¥¤áâ ¢«ï¥â á®¡®© «¨¥©®¥ ®¯¥à â®à®¥
ãà ¢¥¨¥ ¢¨¤ 

Ax � x+Kx = y (x; y 2 X � Cfp2; 1g): (16)

�®®â¢¥âáâ¢ãîé¥¥ ª®¥ç®¬¥à®¥ ¯®¤¯à®áâà áâ¢® ¢ë¡¥à¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

X � Xn = H
T

n+m�1 :

�®£¤  á¨áâ¥¬  (13), (14) íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

Anxn � �0
nAxn = yn (xn 2 Xn; yn � �0

ny 2 Xn); (17)

£¤¥ �0
n : X ! Xn | «¨¥©ë© ®¯¥à â®à, ¢¢¥¤¥ë© ¨ ¨§ãç¥ë© ¢ ¯. 2.

� ©¤¥¬ â¥¯¥àì ¬¥àã ¡«¨§®áâ¨ ®¯¥à â®à®¢ A ¨ An   Xn. � á¨«ã (16), (17) ¨ â¥®à¥¬ë 4 ¤«ï
«î¡®£® xn 2 Xn ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kAxn �AnxnkX = kKxn � �0
nKxnkX � d2En�1(TKxn) lnn: (18)

�  ®á®¢ ¨¨ (11), (12) ¨ (3) ¨¬¥¥¬

(Kx)(t) =
Z 1

0
(TsK)(t; s)x(s)ds+

m�1X
i=0

�i(x) i(t);

R 3 �i(x) �
Z 1

0

(Tx)(s)(s � 1)i(i!)�1ds+
m�1X
k=0

xfkg(1)�ik ;

�ik �
Z 1

0
(s� 1)i+k(i! k!)�1(1� s)�p2ds (i = 0;m� 1; k = 0;m� 1):

�«¥¤®¢ â¥«ì®,

TKxn =
Z 1

0

h(t; s)xn(s)ds+
m�1X
i=0

�i(xn)(T i)(t): (19)

� æ¥«ìî ¯à¨¡«¨¦¥¨ï äãªæ¨¨ TKxn 2 C ¯®áà¥¤áâ¢®¬ ¯®«¨®¬®¢ ¯®áâà®¨¬ á«¥¤ãîé¨©  £à¥-
£ â:

(Qnxn)(t) �
Z 1

0
htn�1(t; s)xn(s)ds+

m�1X
i=0

�i(xn)	
i
n�1(t); (20)

£¤¥ htn�1 ¨ 	i
n�1 ®¡®§ ç îâ ¯®«¨®¬ë áâ¥¯¥¨ n � 1  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï

¤«ï h (¯® t) ¨ T i á®®â¢¥âáâ¢¥®. �® ¢¨¤ã (20) ïá®, çâ® Qnxn 2 H n�1 . � á¨«ã á®®â®è¥¨©
(19), (20) ¨ (2) ¯®á«¥¤®¢ â¥«ì® ¢ë¢®¤¨¬

En�1(TKxn) � kTKxn �QnxnkC �

� max
t2I

����
Z 1

0

(h� htn�1)(t; s)xn(s)ds+
m�1X
i=0

�i(xn)(T i �	i
n�1)(t)

���� �
� kxnkCE

t
n�1(h) +

X
i

j�i(xn)jEn�1(T i) �

�
�
¨á¯®«ì§ã¥¬ á®®â®è¥¨ï kxkC � kxkX ; j�i(x)j � (1 + �i)kxkX (x 2 X);

�i � max
k=0;m�1

j�ikj (i = 0;m� 1)
	
�

� kxnkXE
t
n�1(h) + kxnkX

X
i

(1 + �i)En�1(T i) �

�
�
¢¢¥¤¥¬ ®¡®§ ç¥¨ï � � max

i=0;m�1
(1 + �i); d4 � maxf1; �g

	
�
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� d4
h
Et
n�1(h) +

X
i

En�1(T i)
i
kxnkX : (21)

�§ (18) ¨ (21) á«¥¤ã¥â

"n � kA�AnkXn!X � d5

�
Et
n�1(h) +

m�1X
i=0

En�1(T i)
�
lnn: (22)

�  ®á®¢ ¨¨ ¥à ¢¥áâ¢ (22) ¨ (c) â¥®à¥¬ë 4 ¨§ â¥®à¥¬ë 7 ([11], £«. 1) ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨e
â¥®à¥¬ë 6 á ®æ¥ª®© (15).

�«¥¤áâ¢¨¥ 2. �á«¨ h (¯® t), T i;Ty 2 Hr
�(E), â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 6 ¢¥à  ®æ¥ª 

kx�n � x�k = O(n�r�� lnn) (r + 1 2 N; � 2 (0; 1]);

£¤¥ Hr
�(E) � ff 2 C(r)(I) j !(f (r);�) � E��; E = const > 0g, !(f ;�) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨

äãªæ¨¨ f ¢ â®çª¥ � (0 < � � 1).

5. �®áâ ®¢ª  § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¯à®¥ªæ¨®ëå ¬¥â®¤®¢. �ãáâì X ¨ Y | ¡  å®-
¢ë ¯à®áâà áâ¢ ,   Xn ¨ Yn | ¨å ¯à®¨§¢®«ìë¥ ¯®¤¯à®áâà áâ¢  ®¤¨ ª®¢®© à §¬¥à®áâ¨
N = N (n) < 1 (n 2 N), ¯à¨ç¥¬ N ! 1 (n ! 1). �ãáâì Tn = f�ng | ¥ª®â®à®¥ ¬®¦¥áâ¢®
«¨¥©ëå ®¯¥à â®à®¢ �n, ®â®¡à ¦ îé¨å Y   Yn. � áá¬®âà¨¬ ª« ááë ®¤®§ ç® à §à¥è¨¬ëå
«¨¥©ëå ®¯¥à â®àëå ãà ¢¥¨© ¢¨¤ 

Ax = y (x 2 X; y 2 Y ); (23)

�nAxn = �ny (xn 2 Xn; �n 2 Tn; n 2 N) (24)

á®®â¢¥âáâ¢¥®. � «¥¥, ¯ãáâì x� 2 X ¨ x�n 2 Xn | à¥è¥¨ï ãà ¢¥¨© (23) ¨ (24) á®®â¢¥âáâ¢¥®,
  F = ffg | ª« áá ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï (23), ¯®à®¦¤ îé¨© ª« áá X� = fx�g ¨áª®¬ëå
í«¥¬¥â®¢.

�«¥¤ãï ([11], á. 40), ¢¥«¨ç¨ã

VN (F ) � inf
Xn;Yn

inf
�n2Tn

V (F ; �n;Xn; Yn); (25)

£¤¥
V (F ; �n;Xn; Yn) � sup

f2F
V (f ; �n;Xn; Yn) = sup

x�2X�

kx� � x�nkX ;

 §®¢¥¬ ®¯â¨¬ «ì®© ®æ¥ª®© ¯®£à¥è®áâ¨ ¢á¥¢®§¬®¦ëå ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ (�n 2 Tn)
à¥è¥¨ï ãà ¢¥¨ï (23)   ª« áá¥ F .

�¯à¥¤¥«¥¨¥ ([11], á. 40). �ãáâì áãé¥áâ¢ãîâ X0
n � X, Y 0

n � Y à §¬¥à®áâ¨ N (n) < 1 ¨
®¯¥à â®àë �0

n : Y ! Y 0
n (�0

n 2 Tn), ¯à¨ ª®â®àëå

VN (F ) � V (F ; �0
n;X

0
n; Y

0
n ) (N !1): (26)

�®£¤  ¬¥â®¤ (23), (24) ¯à¨ Xn = X0
n, Yn = Y 0

n , �n = �0
n  §ë¢ ¥âáï ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã  

ª« áá¥ F áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ �n (�n 2 Tn) à¥è¥¨ï ãà ¢¥¨© (23).

6. � ®¯â¨¬¨§ æ¨¨ ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï ¨áá«¥¤ã¥¬ëå ãà ¢¥¨©. � áá¬®âà¨¬
®¯â¨¬¨§ æ¨î   ª« áá¥ ®¤®§ ç® à §à¥è¨¬ëå (à ¢®¬¥à® ®â®á¨â¥«ì® K 2 F ) ãà ¢¥¨©
¢¨¤  (11) ¯à¨ TsK (¯® t),  i (i = 0;m� 1),

y 2 Cfp2g
1 Hr

! � fg 2 Cfp2; 1g j Tg 2 Hr
!g;

£¤¥ Hr
! � ff 2 C(r) j !(f (r);�) � !(�)g, ! = !(�) | ¥ª®â®àë© § ¤ ë© ¬®¤ã«ì ¥¯à¥àë¢®-

áâ¨. �®£¤ , ®ç¥¢¨¤®, ¨¬¥¥¬

X� � fx� 2 X j Ax� = y; TsK; i; y 2 C
fp2g
1 Hr

!g = C
fp2g
1 Hr

!�;

!� � e�! (1 � e� = const):
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�ãáâì X0
n = H

T

n+m�1 ,   T
(2)
n = f�ng | á¥¬¥©áâ¢® ¢á¥å «¨¥©ëå ¯à®¥ªæ¨®ëå (�n = �2

n)
®¯¥à â®à®¢ �n : X ! X0

n, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

k�nkn
�r!(n�1) = o(1) (n!1):

�ë¬¨ á«®¢ ¬¨, ¡ã¤¥¬ à áá¬ âà¨¢ âì ®¯â¨¬¨§ æ¨î \¯®«¨®¬¨ «ìëå" ¯à®¥ªæ¨®ëå ¬¥â®¤®¢
à¥è¥¨ï ãà ¢¥¨ï (11) ¢ ¯à®áâà áâ¢¥ X � Cfp2; 1g. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �ãáâì F = C
fp2g
1 Hr

! ¨ Tn = T (2)
n . �®£¤ 

VN (F ) � N�r!(N�1) lnN (N = n+m); (27)

¨ ¯à¥¤«®¦¥ë© ���� ®¯â¨¬ «¥ ¯® ¯®àï¤ªã   ª« áá¥ F áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢
�n 2 T (2)

n à¥è¥¨ï ãà ¢¥¨ï (11) ¢ ¯à®áâà áâ¢¥ X.

�®ª § â¥«ìáâ¢®. �â¥£à «ì®¥ ãà ¢¥¨¥ (11) ¯à¨ K = 0 ¯à¨ ¤«¥¦¨â ¨áá«¥¤ã¥¬®¬ã
ª« ááã ®¤®§ ç® à §à¥è¨¬ëå ¢ X ãà ¢¥¨©. �®íâ®¬ã ¤«ï ¯®«ãç¥¨ï ®æ¥ª¨ (27) ¬®¦®
¨á¯®«ì§®¢ âì á¯®á®¡, ¯à¥¤«®¦¥ë© ¢ ([11], á. 171). � ãç¥â®¬ (25), (4), (6), (2) ¨ á®®â¢¥âáâ¢ãî-
é¨å à¥§ã«ìâ â®¢ ¯. 2 ¨¬¥¥¬

VN (F ) � inf
�n2T

(2)
n

sup
x�2C

fp2g

1 Hr
!

kx� � x�nkX =

= inf
�n

sup
y2C

fp2g

1 Hr
!

ky � �nykX = inf
Pn2P

(2)
n

sup
Ty2Hr

!

kTy � PnTykC ; (28)

£¤¥ P(2)
n � fPn j Pn : C ! H n�1 ; P

2
n = Pn; kPnkn�r!(n�1) = o(1) (n ! 1)g. �  ®á®¢ ¨¨ (6) ¨

«¥¬¬ë ®ç¥¢¨¤®, �n 2 T (2)
n () Pn 2 P(2)

n . �§¢¥áâ® ([11], á. 171), çâ®

inf
Pn2P

(2)
n

sup
z2Hr

!

kz � PnzkC � d6n
�r!(n�1) lnn;

®âªã¤  ¨ ¨§ (28)  å®¤¨¬ ¨¦îî ®æ¥ªã

VN (F ) � d7N
�r!(N�1) lnN : (29)

� ¤àã£®© áâ®à®ë, á®£« á® à¥§ã«ìâ â ¬ ¯. 4 ���� ¯®à®¦¤ ¥â á¢®© ¯à®¥ªæ¨®ë© ®¯¥à â®à
�0
n : X ! X0

n, ¯à¨ç¥¬ ¢ á¨«ã (a) ¨ (b) â¥®à¥¬ë 4, ®ç¥¢¨¤®, �0
n 2 T

(2)
n . �«¥¤®¢ â¥«ì®, ¡« £®¤ àï

â¥®à¥¬¥ 6 ¨ â¥®à¥¬¥ �¦¥ªá®  ( ¯à., [14], á. 86), ¯®á«¥¤®¢ â¥«ì® ¢ë¢®¤¨¬

VN (F ) � V (F ; �0
n; H

T

n+m�1) = sup
x�2C

fp2g

1 Hr
!�

kx� � x0nkX �

� d8n
�r!(n�1) lnn � d9N

�r!(N�1) lnN (�0
nAx

0
n = �0

ny): (30)

�¥¯¥àì ¨§ (26), (29) ¨ (30) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 7 á ®æ¥ª®© (27).

�«¥¤áâ¢¨¥ 3. �á«¨ F = C
fp2g
1 Hr

�(E), â® ¢¥à  ®æ¥ª 

VN (F ) � EN�r�� lnN (N = n+m)

¨ ���� ®¯â¨¬ «¥ ¯® ¯®àï¤ªã   ª« áá¥ F áà¥¤¨ ¢á¥å \¯®«¨®¬¨ «ìëå" ¯à®¥ªæ¨®ëå ¬¥-
â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (11) ¢ Cfp2; 1g.

7. � ª«îç¨â¥«ìë¥ § ¬¥ç ¨ï.

� ¬¥ç ¨¥ 1. �®áª®«ìªã Cf0; 1g � C, ¯à¨ p2 = 0 ¨â¥£à «ì®¥ ãà ¢¥¨¥ (11) ¯à¥¢à é ¥â-
áï ¢ ãà ¢¥¨¥ ¢â®à®£® à®¤  ¢ C,   ¯à¥¤«®¦¥ë© ¬¥â®¤ (14) | ¢ á®®â¢¥âáâ¢ãîé¨© ¨§¢¥áâë©
¬¥â®¤ (ª®««®ª æ¨¨, ¬®¬¥â®¢ ¨«¨ ¯®¤®¡« áâ¥© á®®â¢¥âáâ¢¥®), ¯à¨ç¥¬ Ty � y ¨ h � K. �®íâ®-
¬ã ®æ¥ª  â¥®à¥¬ë 6 å®à®è® á®£« áã¥âáï á á®®â¢¥âáâ¢ãîé¥© ãà ¢¥¨î ¢â®à®£® à®¤  ®æ¥ª®©
(á¬.,  ¯à., [15], [16]).
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� ¬¥ç ¨¥ 2. � § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ãà ¢¥¨¥ (1) ¬®¦® ¨áá«¥¤®¢ âì ¨ ¤àã£¨¬ á¯®á®-
¡®¬. �¬¥®, ¯ãâ¥¬ § ¬¥ë ¨áª®¬®© äãªæ¨¨ ¨áå®¤®¥ ãà ¢¥¨¥ ¯à¨¢®¤¨âáï ª ¨â¥£à «ì®¬ã
ãà ¢¥¨î �à¥¤£®«ì¬  âà¥âì¥£® à®¤ , à¥è¥¨¥ ª®â®à®£® ®âëáª¨¢ ¥âáï ¢ ¥ª®â®à®¬ ¯à®áâà -
áâ¢¥ ®¡®¡é¥ëå äãªæ¨©. �®£¤  âà¥¡ã¥¬ë¥ à¥§ã«ìâ âë ¬®¦® ¢ë¢¥áâ¨ ¨§ á®®â¢¥âáâ¢ãîé¨å
à¥§ã«ìâ â®¢  ¢â®à  ¯® ãà ¢¥¨ï¬ âà¥âì¥£® à®¤ . �à¨ íâ®¬ ¢®§¨ª îâ ¤®¯®«¨â¥«ìë¥ ãá«®-
¢¨ï   ï¤à®K(t; s) ¢ ¢¨¤¥ âà¥¡®¢ ¨© â®ç¥ç®© \£« ¤ª®áâ¨" ¥ª®â®àëå ¨â¥£à «®¢. Kà®¬¥ íâ®£®,
¥®¡å®¤¨¬® ¯à¥¤¢ à¨â¥«ì® ¯®«ãç¨âì ®ª®ç â¥«ìë¥ ¢ á¬ëá«¥ ([11], á. 40) à¥§ã«ìâ âë ¤«ï á®-
®â¢¥âáâ¢ãîé¥£® ¨â¥£à «ì®£® ãà ¢¥¨ï âà¥âì¥£® à®¤ .
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