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1. �§¢¥áâ­ë© ¬¥â®¤ � à¡ã ¨§®¬¥âà¨ç¥áª¨å ¯®£àã¦¥­¨© ¢ E3 ¤¢ã¬¥à­®© ¬¥âà¨ª¨ ds2, § ¤ ­-
­®© ¢ ¨§®¬¥âà¨ç¥áª®¬ ¢¨¤¥ ¢ ­¥ª®â®à®© ¯«®áª®© ®¡« áâ¨ D,

ds2 = �2(x; y)(dx2 + dy2); � 2 C2(D) (1)

á®áâ®¨â ¢ á«¥¤ãîé¥¬ (á¬, ­ ¯à., [1]) 1). �ãáâì X = X(u; v), Y = Y (u; v), Z = Z(u; v) | ¨áª®¬®¥
¯®£àã¦¥­¨¥ ¬¥âà¨ª¨ (1) ¢ âà¥å¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® E3 á ¤¥ª àâ®¢ë¬¨ ª®®à¤¨­ â ¬¨
X;Y;Z. �®£¤  ¨§ ãá«®¢¨ï ds2 = dX2 + dY 2 + dZ2 ¯®«ãç îâ, çâ® ¬¥âà¨ª 

d�2 = (�2 � Z2
x)dx

2 � 2ZxZydx dy + (�2 � Z2
y)dy

2 = dX2 + dY 2 (2)

¤®«¦­  ¡ëâì «®ª «ì­® ¥¢ª«¨¤®¢®©,   ¤«ï íâ®£® ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë £ ãáá®¢  ªà¨-
¢¨§­  fK ¬¥âà¨ª¨ d�2,

fK =
K[�4 � �2(Z2

x + Z2
y)]� (Z11Z22 � Z2

12)

[�2 � (Z2
x + Z2

y)]2
; (3)

à ¢­ï« áì ­ã«î; §¤¥áì K | ªà¨¢¨§­  ¯®£àã¦ ¥¬®© ¬¥âà¨ª¨ (1),  

Z11 = Zxx � �111Zx � �211Zy;

Z12 = Zxy � �112Zx � �212Zy;

Z22 = Zyy � �122Zx � �222Zy;

£¤¥ �k
ij | á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª¨ (1). �á«®¢¨¥ fK � 0 ¤ ¥â ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨

Z(x; y)

Z11Z22 � Z2
12 = K�2[�2 � (Z2

x + Z2
y)]; (4)

ª®â®à®¥ ¨ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ � à¡ã. �á«¨ Z 2 C2(D) | ¥£® à¥è¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î

(�2 � Z2
x)(�

2 � Z2
y)� Z2

xZ
2
y > 0;

â® ª¢ ¤à â¨ç­ ï ä®à¬  d�2 ¨§ (2) ¡ã¤¥â ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®© ¨ «®ª «ì­® ¥¢ª«¨¤®¢®©.
�®£¤  ®­  ­¥ª®â®àë¬ ¤¨ää¥®¬®àä¨§¬®¬ X = X(x; y), Y = Y (x; y) ¯à¨¢®¤¨âáï, ¯® ªà ©­¥© ¬¥à¥
«®ª «ì­®, ª áâ ­¤ àâ­®¬ã ¢¨¤ã dX2+dY 2, ¨ âà®©ª  äã­ªæ¨© X;Y;Z ¤ ¥â ¨áª®¬®¥ ¯®£àã¦¥­¨¥.

� ¬¥ç ­¨¥. � ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå à áá¬®âà¥­¨ïå, ­¥®¡å®¤¨¬ëå §¤¥áì ¢ á«ãç ¥ Z 2
C2, ­® Z =2 C3, á¬. à ¡®âã [3]; ® ¯à¨¢¥¤¥­¨¨ «®ª «ì­® ¥¢ª«¨¤®¢®© ¬¥âà¨ª¨ ª áâ ­¤ àâ­®¬ã ¢¨¤ã
¢ æ¥«®¬ ¢ ¯à®¨§¢®«ì­®© ®¤­®á¢ï§­®© ¨«¨ ¬­®£®á¢ï§­®© ®¡« áâ¨ á¬. à ¡®âã [4].

1) �¥â®¤ � à¡ã ¯à¨¬¥­ï¥âáï ¨ ¤«ï ¯®£àã¦¥­¨© ¬¥âà¨ª ®¡é¥£® ¢¨¤  ds2 = Edu2 + 2Fdu dv + Gdv2;
¯à¥¤¯®«®¦¥­¨¥ ® á¯¥æ¨ «ì­®¬ ¢¨¤¥ (1) ¯®£àã¦ ¥¬®© ¬¥âà¨ª¨ ­¥ ï¢«ï¥âáï áª®«ìª®-­¨¡ã¤ì á¥àì¥§­ë¬
®£à ­¨ç¥­¨¥¬, â. ª. ¯à¨ ¢¥áì¬  á« ¡ëå ãá«®¢¨ïå à¥£ã«ïà­®áâ¨ «î¡ ï ¬¥âà¨ª  ®¡é¥£® ¢¨¤  ¯à¨¢®¤¨âáï ª
¢¨¤ã (1) (á¬. [2], £«. 2).
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�¥«ì ­ áâ®ïé¥© à ¡®âë | § ¬¥­¨âì ãà ¢­¥­¨¥ � à¡ã (4) â¨¯  �®­¦ -�¬¯¥à  ­¥ª®â®àë¬
¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬, ¢ ª®â®à®¬ ãç áâ¢ãîâ â®«ìª® ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ®â Z(x; y). �â® ª -
á ¥âáï ¢®§¬®¦­ëå ¯à¨¬¥­¥­¨© ¯®«ãç¥­­®£® ­¨¦¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (6), â® §¤¥áì ®£à ­¨-
ç¨¬áï «¨èì ãª § ­¨¥¬, çâ® á ¯®¬®éìî (6) ¬®¦­® ¯®«ãç âì ¯à¨¬¥àë ¬¥âà¨ª, ­¥ ¯®£àã¦ ¥¬ëå ¢
E3 ¢ ª« áá¥ ¯®¢¥àå­®áâ¥© á â¥¬ ¨«¨ ¨­ë¬ ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬ ­  ¨å ¢­¥è­îî £¥®¬¥âà¨î.

2. �ä®à¬ã«¨àã¥¬ ¤®ª §ë¢ ¥¬ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì äã­ªæ¨ï � 2 C2(D), D = D + @D, @D 2 C1. �«ï â®£® çâ®¡ë äã­ªæ¨ï
Z(x; y) 2 C2(D) ¡ë«  ¢ D à¥è¥­¨¥¬ ãà ¢­¥­¨ï (4), ­¥®¡å®¤¨¬®, çâ®¡ë ¢ «î¡®¬ ªàã£¥ 
(z0; R) �
D à ¤¨ãá  R ¨ á æ¥­âà®¬ ¢ â®çª¥ z0 = x0+ iy0 2 D äã­ªæ¨ï Z(x; y) ã¤®¢«¥â¢®àï«  á«¥¤ãîé¥¬ã

¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î
�
£¤¥ z = x+ iy, � = � + i�, @

@�z
= 1

2

�
@

@x
+ i @

@y

��
����@Z(z)@�z

����
2

= �2(z)Re
�
�

1
2�i

I
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jZ2
� (t)jdt

�2(t)(t� z0)
+

1
�i

I
@


jZ2
� (t)jdt

�2(t)(t� z)
�

�
R2

2�i

I
@


Z2
�
(t)dt

�2(t)(t� z0)2(t� z)
�
z � z0
2�iR2

I
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(t� z0)Z2
� (t)dt

�2(t)(t� z)
�

�
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�
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�2(�)(� � z)2
�
2
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��(�)Z2
�
(�)d� d�

�3(�)(� � z)
�

�
2(z � z0)

�

ZZ



��(�)Z
2
� (�)d� d�

�3(�)[R2 � (� � z0)(z � z0)]
+
(z � z0)2

�

ZZ



Z2
� (�)d� d�

�2(�)[R2 � (� � z0)(z � z0)]2

�
�

�
�2(z)
2�

ZZ



ln
���� R(� � z)

R2 � (� � z0)(z � z0)

����K(�)(�2(�)� 6jZ2
�
(�)j)d� d�; (5)

¤ «¥¥, ¢ë¯®«­¥­¨ï ãà ¢­¥­¨ï (5) ¢ ­¥ª®â®à®¬ ªàã£¥ 
(z0; R) � D ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï
Z(x; y) 2 C2 ã¤®¢«¥â¢®àï«  ¢ íâ®¬ ªàã£¥ ãà ¢­¥­¨î (4).

�®«¥¥ ª®à®âª¨© ¢ à¨ ­â íâ®© â¥®à¥¬ë ¢ á«ãç ¥, ª®£¤  D | ªàã£ x2 + y2 � R2, ¯à¥¤áâ ¢¨¬
ª ª

�«¥¤áâ¢¨¥. �ãáâì � 2 C2(D). �«ï â®£® çâ®¡ë äã­ªæ¨ï Z(x; y) 2 C2(D) ¡ë«  ¢ D à¥è¥­¨¥¬
ãà ¢­¥­¨ï (4), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ã¤®¢«¥â¢®àï«  á«¥¤ãîé¥¬ã ¨­â¥£à «ì­®¬ã
ãà ¢­¥­¨î����@Z(z)@�z

����
2

= �2(z)Re
�
�

1
2�i

I
@D

jZ2
� (t)jdt

t�2(t)
+

1
�i

I
@D

jZ2
� (t)jdt

�2(t)(t� z)
�

�
R2

2�i

I
@D

Z2
�
(t)dt

�2(t)t2(t� z)
�

z

2�iR2

I
@D

tZ2
� (t)dt

�2(t)(t� z)
�
1
�

ZZ
D

Z2
�
(�)d� d�

�2(�)(� � z)2
�

�
2
�

ZZ
D

��(�)Z2
�
(�)d� d�

�3(�)(� � z)
�
2z
�

ZZ
D

��(�)Z
2
� (�)d� d�

�3(�)(R2 � �z)
+

+
z2

�

ZZ
D

Z2
� (�)d� d�

�2(�)(R2 � �z)2

�
�
�2(z)
2�

ZZ
D

ln
����R(� � z)

R2 � �z

����K(�)(�2(�)� 6jZ2
�
(�)j)d� d�: (6)

�á¥ § ¬¥ç ­¨ï ¨ ª®¬¬¥­â à¨¨, ª á îé¨¥áï â¥®à¥¬ë 1 ¨ ¥¥ á«¥¤áâ¢¨ï, á¬. ¢ ¯. 5.
� ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­­ë¥ ¯à¨ § ¬¥­¥ ãà ¢­¥­¨ï � à¡ã ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬ (6),

¬®£ãâ ¡ëâì ¯à¨¬¥­¥­ë ¨ ª ®¡é¥¬ã ãà ¢­¥­¨î �®­¦ -�¬¯¥à  á ¤¨¢¥à£¥­â­®© ª¢ §¨«¨­¥©­®©
ç áâìî. �®£¤  ¯®«ãç ¥âáï á«¥¤ãîé ï
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�¥®à¥¬  2. �ãáâì ¢ ªàã£¥ D : x2 + y2 < R2 § ¤ ­® ãà ¢­¥­¨¥ �®­¦ -�¬¯¥à 

rt� s2 +
@a(x; y; Z; p; q)

@x
+
@b(x; y; Z; p; q)

@y
= f(x; y; Z; p; q); (7)

£¤¥ Z(x; y) | ¨áª®¬ ï äã­ªæ¨ï, p = Zx, q = Zy, r = Zxx, s = Zxy, t = Zyy, a, b ¨ f | § ¤ ­­ë¥
äã­ªæ¨¨ ®â ãª § ­­ëå ¯à¨ ­¨å  à£ã¬¥­â®¢. �«ï â®£® çâ®¡ë äã­ªæ¨ï Z 2 C2(D) ¡ë«  ¢ D
à¥è¥­¨¥¬ ãà ¢­¥­¨ï (7), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ã¤®¢«¥â¢®àï«  ¨­â¥£à «ì­®¬ã
ãà ¢­¥­¨î

����@Z(z)@�z

����
2

= Re
�
1
�i

I
@D

jZ�(t)j2

t� z
dt�

1
2�i

I
@D

jZ�(t)j2

t
dt�

�
R2

2�i
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Z2
�
dt

t2(t� z)
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2�iR2

Z
@D

tZ2
�dt

t� z
�
1
�

ZZ
D

Z2
�
d� d�

(� � z)2
+

+
z2

�

ZZ
D

Z2
�d� d�

(R2 � �z)2
�

1
2�

ZZ
D

a+ ib

� � z
d� d� �

z

2�

ZZ
a� ib

R2 � �z
d� d�

�
�

�
1
2�

ZZ
D

ln
����R(� � z)

R2 � �z

����f(�; �; Z(�; �); p; q)d� d�:
3. �������������� ������� 1. �®ª ¦¥¬ á­ ç «  ­¥®¡å®¤¨¬®áâì. �ãáâì äã­ªæ¨ï

Z(x; y) 2 C2 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (4). � ®¡®§­ ç¥­¨ïå @

@z
= 1

2

�
@

@x
� i @

@y

�
, @

@z
= 1

2

�
@

@x
+ i @

@y

�
íâ® ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

4��2(z)(Z2
zz � ZzzZz z + 16��3Re(Zz�zZzz)� 16��4j�zj

2jZzj
2 = K(z)(�2 � 4jZzj

2): (8)

�â¬¥â¨¬ ¢ ®¡« áâ¨ D ¯à®¨§¢®«ì­ãî ¢­ãâà¥­­îî â®çªã z = x+ iy ¨ ã¤ «¨¬ ¨§ D ®âªàëâë© ªàã£
á æ¥­âà®¬ ¢ z ¨ à ¤¨ãá  "; áç¨â ¥¬ " ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¢ë¡à áë¢ ¥¬ë© ªàã£ æ¥«¨ª®¬ ¡ë«
à á¯®«®¦¥­ ¢ D. �®«ãç¥­­ãî ¯®á«¥ ã¤ «¥­¨ï ªàã£  ®¡« áâì ®¡®§­ ç¨¬ ç¥à¥§ D". � áá¬®âà¨¬
¨­â¥£à «

J"(z) = �
1
�

ZZ
D"

Z2
�
(�)d� d�

�2(�)(� � z)2
; � = � + i�: (9)

�ç¨âë¢ ï ä®à¬ã«ë �à¨­  (¢ ¯à¥¤¯®«®¦¥­¨¨ f 2 C1(G), @G 2 C1)ZZ
G

@f(�)

@�
d� d� =

1
2i

I
@G

f(t)dt;

ZZ
G

@f(�)
@�

d� d� = �
1
2i

I
@G

f(t)d�t
(�)

¨ á®®â­®è¥­¨ï
1

(� � z)2
= �

@

@�

� 1
� � z

�
;

1
� � z

= 2
@

@�
ln j� � zj

¢¬¥áâ¥ á ¨å ª®¬¯«¥ªá­ë¬¨ á®¯àï¦¥­­ë¬¨, ¨­â¥£à « (9) ¯®á«¥ ­¥áª®«ìª¨å ¯à¨¬¥­¥­¨© ä®à¬ã«
�à¨­  ¬®¦­® ¯à¥®¡à §®¢ âì ª á«¥¤ãîé¥¬ã ¢¨¤ã:

J"(z) = �2Re
�

1
2�i

I
�

Z2
�
d�t

�2(t� z)
�

1
2�i

I
�"

Z2
�
d�t

�2(t� z)

�
+
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+
2
�i

I
�

Z�Z��

�2
ln jt� zjd�t�

2
�i

I
�"

Z�Z��

�2
ln jt� zjd�t+

+
2
�i

I
�

Z�Z��

�2
ln jt� zjdt�

2
�i

I
�"

Z�Z��

�2
ln jt� zjdt+

+
1
�i

I
�

Z�Z�d�t

�2(�t� �z)
�

1
�i

I
�"

Z�Z�d�t

�2(�t� �z)
�

4
�i

I
�

��

�3
Z�Z� ln jt� zjdt+

+
4
�i

I
�"

��

�3
Z�Z� ln jt� zjdt+Re

4
�

ZZ
D"

��

�3

Z2
�

� � z
d� d� � J"(z) +

+
8
�

ZZ
D"

ln j� � zj
���

L3
Z�Z�d� d� �

24
�

ZZ
D"

ln j� � zj
����

�4
Z�Z�d� d� +

+
4
�

ZZ
D"

ln j� � zj
Z2
��
� Z��Z� �

�2
d� d� +

8
�

ZZ
D"

ln j� � zj
Z���Z�� + Z���Z� �

�3
d� d�; (10)

£¤¥ � = @D,   �" | ®ªàã¦­®áâì à ¤¨ãá  " ¨ á æ¥­âà®¬ ¢ â®çª¥ z, ®¡å®¤¨¬ ï ¯à®â¨¢ ç á®¢®©
áâà¥«ª¨.

�¥¯¥àì ãçâ¥¬, çâ® ¤«ï ¬¥âà¨ª¨ (1) ªà¨¢¨§­  K ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ � ln� = �K�2,
®âªã¤ 

���

�3
=
����

L4
�
K

4
:

�®¤áâ ¢«ïï íâ® §­ ç¥­¨¥ ��� ¢ á®®â¢¥âáâ¢ãîé¨© ¨­â¥£à « ¢ (10), ¯®«ãç ¥¬

2Re J"(z) = A(�; ") + Re
4
�

ZZ
D"

��Z
2
�

�3

d� d�

� � z
+

+
1
�

ZZ
D"

ln j� � zj

� 4(Z2
��
� Z��Z� �)

�2
� 2KZ�Z� +

+
8(��Z�Z�� +��Z�Z� �)

�3
�
16����Z�Z�

�4

�
d� d� =

= A(�; ") + Re
4
�

ZZ
D"

��Z
2
�

�3

d� d�

� � z
+
1
�

ZZ
D"

ln j� � zj(L(Z) � 2KZ�Z�)d� d�; (11)

£¤¥ ç¥à¥§ A(�; ") ®¡®§­ ç¥­  áã¬¬  ¢á¥å ª®­âãà­ëå ¨­â¥£à «®¢ ¢ (10),   L(Z) ®¡®§­ ç ¥â «¥¢ãî
ç áâì ãà ¢­¥­¨ï (8).

�ãáâì "! 0. �®£¤ , ãç¨âë¢ ï, çâ®

�
1
�i

I
�"

Z�Z�

�2(t� z)
d�t �! 2

j@Z(z)=@�zj2

�2(z)
; "! 0;

  ®áâ «ì­ë¥ ¨­â¥£à «ë ¢ (10) ¯® �" áâà¥¬ïâáï ª ­ã«î, ¯®«ãç ¥¬

����@Z(z)@�z

����
2

= �2(z)
�
Re

�
1
2�i

I
�

Z2
�
d�t

�2(t� z)
�
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ln j� � zj �K(�)(�2 � 6Z�Z�)d� d� �

�
1
�i

I
�

��2Z�Z�� ln jt� zjd�t�
1
2�i

I
�

Z�Z�

�2(�t� �z)
d�t�

�
1
�i

I
�

��2Z�Z�� ln jt� zjdt+
2
�i

I
�

��3��Z�Z� ln jt� zjdt

�
: (12)

�®à¬ã«  (12) á¯à ¢¥¤«¨¢  ¤«ï «î¡®© ®¡« áâ¨ D, ª ª ®¤­®á¢ï§­®©, â ª ¨ ¬­®£®á¢ï§­®©. �®
¥á«¨ ¢ ª ç¥áâ¢¥ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¢§ïâì ªàã£ 
 : jz � z0j < R, 
 � D, â® ª®­âãà­ë¥
¨­â¥£à «ë ¢ (12) ¤®¯ãáª îâ ¤ «ì­¥©è¨¥ ¯à¥®¡à §®¢ ­¨ï, ¯®§¢®«ïîé¨¥ ¨§¡ ¢¨âìáï ®â ¯à¨áãâ-
áâ¢ãîé¨å ¢ ­¨å ¢â®àëå ¯à®¨§¢®¤­ëå ®â Z.

�¥©áâ¢¨â¥«ì­®, § ¬¥â¨¬, çâ® ¤«ï â®ç¥ª t, «¥¦ é¨å ­  ®ªàã¦­®áâ¨ t� z0 = Rei', ¨ â®ç¥ª z,
­ å®¤ïé¨åáï ¢­ãâà¨ íâ®© ®ªàã¦­®áâ¨, á¯à ¢¥¤«¨¢  ä®à¬ã« 

jt� zj =
jR2 � (�t� �z0)(z � z0)j

R
:

� ª®­âãà­ëå ¨­â¥£à « å ¢ (12), á®¤¥à¦ é¨å «®£ à¨ä¬ë, § ¬¥­¨¬ jt � zj ¯® íâ®© ä®à¬ã«¥, ¨,
à áá¬ âà¨¢ ï ª®­âãà­ë¥ ¨­â¥£à «ë ª ª ¯à ¢ë¥ ç áâ¨ ä®à¬ã« �à¨­  (�), ¯®«ãç¨¬  ­ «®£¨ç­®
â®¬ã, ª ª ¯à¨ ¯¥à¥å®¤¥ ®â (10) ª (11), çâ® áã¬¬  S ¢á¥å ª®­âãà­ëå ¨­â¥£à «®¢ ¢ (12) á ln jt� zj
à ¢­ 

S = S1 +
1
2�

ZZ



ln
����R2 � (� � �z0)(z � z0)

R

����(L(z)� 2KZ�Z�)d� d�; (13)

£¤¥ ç¥à¥§ S1 ®¡®§­ ç¥­ë á« £ ¥¬ë¥, ¯®«ãç ¥¬ë¥ ¯à¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ «®£ à¨ä¬ . �«ï ¤¢®©-
­ëå ¨­â¥£à «®¢, ¢å®¤ïé¨å ¢ S1, ­¥áª®«ìª¨¬¨ ¯à¨¬¥­¥­¨ï¬¨ ä®à¬ã« �à¨­  (�) ¨§¡ ¢«ï¥¬áï ®â
¢â®àëå ¯à®¨§¢®¤­ëå äã­ªæ¨¨ Z. � ¨â®£¥ ¯®á«¥ ­¥ª®â®àëå ¢ëç¨á«¥­¨© ¯®«ãç ¥¬

S1 = Re
(z � z0)2

�

ZZ



Z2
�d� d�

�2[R2 � (� � �z0)(z � z0)]2
�

� 2Re
z � z0
�

ZZ



��Z
2
�d� d�

�3[R2 � (� � �z0)(z � z0)]
�Re

z � z0
2�i

I
@


Z2
�dt

�2[R2 � (�t� �z0)(z � z0)]
�

�
z � z0
2�i

I
@


Z�Z�d�t

�2[R2 � (�t� �z0)(z � z0)]
: (14)

�®¤áâ ¢¨¬ ­ ©¤¥­­®¥ §­ ç¥­¨¥ S1 ¨§ (14) ¢ (13),   §­ ç¥­¨¥ S ¨§ (13) | ¢ (12), á § ¬¥­®© ®¡« áâ¨
¨­â¥£à¨à®¢ ­¨ï 
. �ç¨âë¢ ï, çâ® ­  ®ªàã¦­®áâ¨ @
 : t� z0 = Rei'

d�t = �
Rdt

(t� z0)2
;

dt

R2 � (�t� �z0)(z � z0)
=
(t� z0)dt
R2(t� z)

;

1
�i

d�t
�t� �z

+
1
�i

(z � z0)d�t
R2 � (�t� �z0)(z � z0)

= 2Re
�
�
1
�i

dt

t� z
+

1
2�i

dt

t� z0

�
;

ª ª ®ª®­ç â¥«ì­ë© ®â¢¥â ¯®«ãç ¥¬ ãà ¢­¥­¨¥ (5). �¥®¡å®¤¨¬®áâì ¤®ª § ­ .
�â® ª á ¥âáï ¤®áâ â®ç­®áâ¨, â® ®­  ¯®«ãç ¥âáï «¥£ª® ¨§ ¯à®¢¥¤¥­­ëå ¢ëè¥ à ááã¦¤¥­¨©.

�¥©áâ¢¨â¥«ì­®, â®, çâ® äã­ªæ¨ï Z ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (4), ¢ëè¥ ¡ë«® ¨á¯®«ì§®¢ ­® «¨èì
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¯à¨ § ¬¥­¥ à §­®áâ¨ L(Z) � 2KZ�Z� ­  K(�2 � 6Z�Z�). �®íâ®¬ã, ¥á«¨ ¯®ª  ­¥¨§¢¥áâ­®, çâ® Z
ã¤®¢«¥â¢®àï¥â (4), â® â¥¬¨ ¦¥ á ¬ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¢¬¥áâ® (5) ¯®«ãç¨¬ ãà ¢­¥­¨¥����@Z(z)@�z

����
2

= B �
�2(z)
2�

ZZ



ln
���� R(� � z)

R2 � (� � �z0)(z � z0)

����(L(Z)� 2KZ�Z�)d� d�;

£¤¥ ç¥à¥§ B ®¡®§­ ç¥­ë ¢á¥ á« £ ¥¬ë¥ ¨§ (5), ªà®¬¥ ¤¢®©­®£® ¨­â¥£à «  á «®£ à¨ä¬®¬. � ª ª ª
Z ¯® ãá«®¢¨î ã¤®¢«¥â¢®àï¥â (5), â®

�
1
2�

ZZ
!

ln
���� R(� � z)

R2 � (� � �z0)(z � z0)

����[L(Z)�K(�2 � 4Z�Z�)]d� d� = 0; z 2 
:

�® ï¤à® íâ®£® ¨­â¥£à «  ¥áâì ­¥ çâ® ¨­®¥, ª ª äã­ªæ¨ï �à¨­  ¤«ï ªàã£  
. �«¥¤®¢ â¥«ì­®,
L(Z)�K(�2 � 4Z�Z�) = 0, çâ® ¨ ãâ¢¥à¦¤ «®áì. �

4. �������������� ������� 2. �â¯à ¢¨¬áï á­®¢  ®â ¨­â¥£à «  ¢¨¤  (9), ¢ ª®â®à®¬,
®¤­ ª®, ¢®§ì¬¥¬ � � 1. �¥¬¨ ¦¥ á ¬ë¬¨ à ááã¦¤¥­¨ï¬¨, çâ® ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë
1, ¯à¨¤¥¬ ª ä®à¬ã«¥ ¢¨¤  (10), ¢ ª®â®à®© ¡ã¤ãâ ®âáãâáâ¢®¢ âì ¢á¥ á« £ ¥¬ë¥, á®¤¥à¦ é¨¥
¯à®¨§¢®¤­ë¥ ®â �. �áâà¥¬«ïï " ª ­ã«î, ¯®«ãç¨¬  ­ «®£ ä®à¬ã«ë (12)����@Z(z)@�z

���� = Re
�

1
2�i

I
�

Z2
�
d�t

t� z
�
1
�

ZZ
D

Z2
�
d� d�

(� � z)2

�
�

�
1
�i

I
�

��2Z�Z�� ln jt� zjd�t�
1
�i

I
�

��2Z�Z�� ln jt� zjdt�

�
1
2�i

I
�

Z�Z�

�t� �z
d�t�

1
2�

ZZ
D

ln j� � zj 4(Z2
��
� Z��Z� �)d� d�: (15)

�à¥®¡à §ãï ª®­âãà­ë¥ ¨­â¥£à «ë ¢ (15) ª ª ¨ ¢ëè¥, ¢  ­ «®£¨ç­ëå ®¡®§­ ç¥­¨ïå ¨¬¥¥¬

S = S1 +
1
2�

ZZ
D

ln
����R2 � �z

R

���� 4(Z2
�� � Z��Z� �)d� d�:

� á¢®î ®ç¥à¥¤ì, S1 ¨¬¥¥â ¢ â®ç­®áâ¨ â®â ¦¥ ¢¨¤, çâ® ¨ (14), â®«ìª® ­ ¤® ãç¥áâì, çâ® � = 1 ¨
�� = 0. �®¤áâ ¢«ïï íâ¨ §­ ç¥­¨ï S1 ¨ S2 ¢ (15), ¯®«ãç¨¬  ­ «®£ ä®à¬ã«ë (6), ¢ ª®â®à®© ­ã¦­®
¯®«®¦¨âì � = 1 ¨ �� = 0,   ¢¬¥áâ® ¯®á«¥¤­¥£® ¤¢®©­®£® ¨­â¥£à «  á äã­ªæ¨¥© �à¨­  ¤«ï ªàã£ 
­ã¦­® ¢§ïâì ¨­â¥£à «

�
1
2�

ZZ
D

ln
����R(� � z)

R2 � �z

���� 4(Z2
��
� Z��Z� �)d� d�: (16)

� ª ª ª
4(Z2

��
� Z��Z� �) = rt� s2;

â® ¢ (16) ¯à¨ ï¤à¥ ¨¬¥¥¬ ¢ëà ¦¥­¨¥ f� @a

@�
� @b

@�
, ¥á«¨ ¢á¯®¬­¨âì, çâ® Z ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

(7). �ç¨âë¢ ï, çâ®
@a

@�
+

@b

@�
= 2Re

@

@�
(a+ ib);

ª á®®â¢¥âáâ¢ãîé¥¬ã ¨­â¥£à «ã ¯à¨¬¥­ï¥¬ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¢ ®¡« áâ¨ D". �áâà¥¬«ïï
§ â¥¬ " ª ­ã«î ¨ ãç¨âë¢ ï, çâ® äã­ªæ¨ï �à¨­  ¤«ï D ®¡à é ¥âáï ¢ ­ã«ì ­  @D, ¢¬¥áâ® (16)
¯®«ãç ¥¬ ¨­â¥£à «ë

�
1
2�

ZZ
D

f ln
����R(� � z)

R2 � �z

����d� d� �Re
�
1
2�

ZZ
D

a+ ib

� � z
d� d� +

z

2�

ZZ
D

a� ib

R2 � �z
d� d�

�
;
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¯®¤áâ ­®¢ª  ª®â®àëå ¢ ã¯®¬ï­ãâë© ¢ëè¥  ­ «®£ ä®à¬ã«ë (6) ¨ ¤ áâ ãâ¢¥à¦¤ ¥¬ë© ¢ â¥®à¥¬¥
2 ¢¨¤ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¤«ï Z. �®ª § â¥«ìáâ¢® ¤®áâ â®ç­®áâ¨ ¢ â¥®à¥¬¥ 2 ¯à®¢®¤¨âáï
â®ç­® ¯® â ª®¬ã ¦¥ ¯« ­ã, çâ® ¨ ¢ â¥®à¥¬¥ 1. �

5. �® ¯®¢®¤ã ¤®ª § ­­ëå â¥®à¥¬ 1 ¨ 2 á¤¥« ¥¬ ­¥ª®â®àë¥ § ¬¥ç ­¨ï.

� ¬¥ç ­¨¥ 1. �à¨ ¢ë¢®¤¥ ä®à¬ã« (10) ¨ (13) ¨ ¨å  ­ «®£®¢ ¤«ï â¥®à¥¬ë 2 ¢áâà¥ç îâáï
âà¥âì¨ ¯à®¨§¢®¤­ë¥ ®â Z, ª®â®àë¥ § â¥¬ ¢ å®¤¥ ã¯à®é¥­¨© ¢§ ¨¬­® ã­¨çâ®¦ îâáï. �®íâ®¬ã
áâà®£®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ 1 ¨ 2 ¤«ï Z 2 C2 ¯®«ãç ¥âáï ¯à¨¬¥­¥­¨¥¬  ¯¯à®ªá¨¬ æ¨¨ Z ¢
C2 äã­ªæ¨ï¬¨ Zn 2 C3.

� ¬¥ç ­¨¥ 2. �  ãà ¢­¥­¨¥ (6) ¬®¦­® á¬®âà¥âì ª ª ­  ãá«®¢¨¥, £ à ­â¨àãîé¥¥ «®ª «ì-
­ãî ¥¢ª«¨¤®¢®áâì ¬¥âà¨ª¨ (2) (â. ¥. ¤ îé¥¥ à ¢¥­áâ¢® fK = 0) ¨ á®¤¥à¦ é¥¥ ¯à¨ íâ®¬ «¨èì
¯à®¨§¢®¤­ë¥ ®â �, ­® ­¥ á®¤¥à¦ é¥¥ ¯à®¨§¢®¤­ëå ®â Zx ¨ Zy, ¢å®¤ïé¨å ¢ ª®íää¨æ¨¥­âë ä®à-
¬ã«ë (2). �¤­ ª® ¯à¨ ¢ë¢®¤¥ ä®à¬ã«ë (6) ¨á¯®«ì§®¢ «®áì ¯à¥¤¯®«®¦¥­¨¥, çâ® Z ¯à¨­ ¤«¥¦¨â
ª« ááã C2. �áâ¥áâ¢¥­­® ¯®íâ®¬ã ¯®áâ ¢¨âì ¢®¯à®á ® ­¥®¡å®¤¨¬®áâ¨ ¨ ¤®áâ â®ç­®áâ¨ à ¢¥­áâ¢ 
(6) ¤«ï «®ª «ì­®© ¥¢ª«¨¤®¢®áâ¨ ¬¥âà¨ª¨ (2) ¨ ¯à¨ ãá«®¢¨¨ Z 2 C1;�, 0 < � < 1, çâ® ¤ «®
¡ë ¢®§¬®¦­®áâì ¯à¨¬¥­ïâì ¨­â¥£à «ì­ë©  ­ «®£ ãà ¢­¥­¨ï � à¡ã ¤«ï ¯®£àã¦¥­¨© ¬¥âà¨ª à¥-
£ã«ïà­®áâ¨ C2 ¢ ª« áá¥ ¯®¢¥àå­®áâ¥© £« ¤ª®áâ¨ C1;�. � ª ï ¯®áâ ­®¢ª  ¢®¯à®á  ¨­â¥à¥á­  ¢
¯¥à¢ãî ®ç¥à¥¤ì ¢ á¢ï§¨ á â¥¬, çâ® ¤® á¨å ¯®à ­¥â  ­ «¨â¨ç¥áª®£® á¯®á®¡  ¯à®¢¥àª¨ ¯à¨­ ¤«¥¦-
­®áâ¨ ¯®¢¥àå­®áâ¨ ª« áá  C1 ¨«¨ C1;� ª« ááã ¯®¢¥àå­®áâ¥© ¢­¥è­¥© ®£à ­¨ç¥­­®© ªà¨¢¨§­ë ¢
á¬ëá«¥ �.�.�®£®à¥«®¢  [5], á®åà ­ïîé¨å ®¡ëç­ë¥ ¨§¢¥áâ­ë¥ á¢ï§¨ ¬¥¦¤ã ¢­¥è­¥© ¨ ¢­ãâà¥­-
­¥© £¥®¬¥âà¨¥©. �áâì á¥àì¥§­ë ®á­®¢ ­¨ï ¯à¥¤¯®« £ âì, çâ® ¤«ï â®£® çâ®¡ë ¯®¢¥àå­®áâì ª« áá 
C1;�, 0 < � < 1, á ¬¥âà¨ª®© ª« áá  C2 ¡ë«  ¯®¢¥àå­®áâìî ¢­¥è­¥© ®£à ­¨ç¥­­®© ªà¨¢¨§­ë,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®¤­  ¨§ ¥¥ ª®¬¯®­¥­â ¢ ¯®¤å®¤ïé¥¬ à á¯®«®¦¥­¨¨ (­ ¯à., ª®¬-
¯®­¥­â  Z) ã¤®¢«¥â¢®àï«  ãà ¢­¥­¨î (6), ®¤­ ª® ¯®«­®¥ ¤®ª § â¥«ìáâ¢® íâ®£® ¯à¥¤¯®«®¦¥­¨ï
 ¢â®àã ­¥ ¨§¢¥áâ­®.

� ¬¥ç ­¨¥ 3. � ¢¥­áâ¢® (6) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

����@Z@�z
����
2

= �2(z)Re
�
�
1
�

ZZ
D

Z2
�
d� d�

�2(� � z)2
�
2
�

ZZ
D

��Z
2
�

�3(� � z)
d� d� +�(z)

�
�

�
�2(z)
2�

ZZ
D

ln
����R(� � z)

R2 � �z

����K(�)(�2 � 6Z�Z�)d� d�; (60)

£¤¥ �(z) | £®«®¬®àä­ ï ¢ D äã­ªæ¨ï. �®¤à®¡­®¥ ¥¥ ¯à¥¤áâ ¢«¥­¨¥, ¨¬¥îé¥¥áï ¢ (6), ¯®«ãç¨âáï
¯®á«¥ ­ å®¦¤¥­¨ï ¢ (60) £à ­¨ç­ëå §­ ç¥­¨© �(t) ­  @D ¯à¨ z ! t. �â®â ¯®¤å®¤ ¤ ¥â ¤àã£®¥
¤®ª § â¥«ìáâ¢® ä®à¬ã«ë (6), ®á®¡¥­­® ¯à®áâ®¥ ¢ á«ãç ¥ Z 2 C3, â. ª. â®£¤  ãà ¢­¥­¨¥ (4) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

��jf j+ 6K�2jf j = K�2 � 4Re
@2f

@�2
� 8Re

@

@�

�
f
��

�

�
; (17)

£¤¥

f = (@Z=@�)2
.
�2(�):

� áá¬ âà¨¢ ï (17) ª ª ãà ¢­¥­¨¥ �ã áá®­  ®â­®á¨â¥«ì­® jf j, ¢ë¯¨áë¢ ¥¬ ¥£® ®¡é¥¥ à¥è¥­¨¥, ¨,
­ ©¤ï á¢®¡®¤­ãî £ à¬®­¨ç¥áªãî äã­ªæ¨î ¯® ¥¥ £à ­¨ç­ë¬ §­ ç¥­¨ï¬, á­®¢  ¯à¨¤¥¬ ª ãà ¢-
­¥­¨î (6).

� ¬¥ç ­¨¥ 4. �á«¨ ¢ëà ¦¥­¨¥ ¤«ï £ ãáá®¢®© ªà¨¢¨§­ë

rt� s2 = K(x; y)(1 + p2 + q2)
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¯®¢¥àå­®áâ¨ z = z(x; y) à áá¬ âà¨¢ âì ª ª ãà ¢­¥­¨¥ ¢¨¤  (7) ¨«¨ ¢¨¤  (17), â® â¥®à¥¬  2 ¨«¨
à ¢¥­áâ¢® ¢¨¤  (6) ¯®§¢®«ïîâ ãª § âì ¤àã£®© ¯ãâì (¯® áà ¢­¥­¨î á [6] ¨«¨ [7]) ¯®«ãç¥­¨ï ¬ ª-
á¨¬ «ì­ëå à §¬¥à®¢ ªàã£ , ­ ¤ ª®â®àë¬ ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  íâ  ¯®¢¥àå­®áâì á ®â¤¥«¥­­®©
®â ­ã«ï ®âà¨æ â¥«ì­®© ªà¨¢¨§­®©.

�¨â¥à âãà 

1. �ä¨¬®¢ �.�. � ç¥áâ¢¥­­ë¥ ¢®¯à®áë â¥®à¨¨ ¤¥ä®à¬ æ¨¨ ¯®¢¥àå­®áâ¥© \ ¢ ¬ «®¬" // �à.
� â¥¬. ¨­-â  �� ����. { 1949. - �. 30. { �. 1{128.

2. �¥ªã  �.�. �¡®¡é¥­­ë¥  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨. { �.: �¨§¬ â£¨§, 1959. { 628 á.
3. � ¡¨â®¢ �.�. � ¢®¯à®áã ® ¯®£àã¦¥­¨¨ ¤¢ã¬¥à­ëå ¬¥âà¨ª ¢ E4 // � â¥¬. § ¬¥âª¨. { 1977. {

�. 21. { ò2. { �. 137{140.
4. � ¡¨â®¢ �.�. �§®¬¥âà¨ç¥áª¨¥ ¯®£àã¦¥­¨ï ¨ ¢«®¦¥­¨ï «®ª «ì­®-¥¢ª«¨¤®¢ëå ¬¥âà¨ª ¢ R2

// �à. á¥¬¨­. ¯® ¢¥ªâ®à­. ¨ â¥­§®à­.  ­ «¨§ã. { 1988. { ò23. { �. 147{156.
5. �®£®à¥«®¢ �.�. �­¥è­ïï £¥®¬¥âà¨ï ¢ë¯ãª«ëå ¯®¢¥àå­®áâ¥©. { �.: � ãª , 1969. { 759 á.
6. �ä¨¬®¢ �.�. �æ¥­ª¨ à §¬¥à®¢ ®¡« áâ¨ à¥£ã«ïà­®áâ¨ à¥è¥­¨© ­¥ª®â®àëå ãà ¢­¥­¨© �®­¦ -

�¬¯¥à  // � â¥¬. á¡. { 1976. { �. 100. { ò3. { �. 356{363.
7. Heintz E. �Uber Fl�achen mit eindentigen Projektion auf eine Ebene, deren Kr�ummungen durch

Ungleichungen eigeschr�ankt sind // Math. Ann. { 1955. { Bd. 129. { ò 5. { S. 451{454.

�®áª®¢áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â �®áâã¯¨« 
02.02.1995

56


