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� â¥¬ â¨ç¥áª¨¥ § ¤ ç¨ á ­¥ç¥âª¨¬¨ ãá«®¢¨ï¬¨ ¢á¥ ç é¥ ¢®§­¨ª îâ ¢ à §«¨ç­ëå ®¡« áâïå
­ ãª¨ ¨ â¥å­¨ª¨. �à¨¬¥àë â ª¨å § ¤ ç ¤ ­ë ¢ [1]{[2]. � ¦­¥©è ï £àã¯¯  § ¤ ç íâ®£® â¨¯  á¢ï-
§ ­  á à ­¦¨à®¢ ­¨¥¬ ¨«¨ ª« áá¨ä¨ª æ¨¥© í«¥¬¥­â®¢ ¬­®¦¥áâ¢  á æ¥«ìî ¯®¤¤¥à¦ª¨ ¯à¨­ïâ¨ï
à¥è¥­¨ï. �à¨ ¯à¥¤« £ ¥¬®¬ ­¨¦¥ ¯®¤å®¤¥ ª«îç¥¢ë¬ ®¡ê¥ªâ®¬ ¯à¨ à¥è¥­¨¨ § ¤ ç á ­¥ç¥âª¨¬¨
ãá«®¢¨ï¬¨ ï¢«ï¥âáï ­¥ç¥âª®¥ ¬­®¦¥áâ¢®, ¯à¨ íâ®¬ ¤«ï áà ¢­¥­¨ï ­¥ç¥âª¨å ¬­®¦¥áâ¢ ¨á¯®«ì-
§ãîâáï ¨­¤¥ªáë áå®¦¥áâ¨ [3]. � ®á­®¢¥ ¢ëç¨á«¥­¨ï ¨­¤¥ªá®¢ «¥¦ â äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨.
� áá¬®âà¨¬ ã­¨¬®¤ «ì­ë¥ äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨.

�ãáâì X | ­¥ª®â®àë© ã­¨¢¥àáã¬. �¡®§­ ç¨¬ ç¥à¥§ bQ =
S
x2G

(x; f(x)) ­¥ç¥âª®¥ ¬­®¦¥áâ¢®

­ ¤ X, £¤¥ G = supp bQ | ­®á¨â¥«ì bQ, f(x) | äã­ªæ¨ï ¯à¨­ ¤«¥¦­®áâ¨ (f : X ! [0; 1]).
�à¨¬¥¬ àï¤ ®£à ­¨ç¥­¨©, ­ ª« ¤ë¢ ¥¬ëå ­  ª« áá äã­ªæ¨© ¯à¨­ ¤«¥¦­®áâ¨ ¯à¨ à¥è¥­¨¨

¢ë¡à ­­®£® ªàã£  § ¤ ç:

f(q) = sup
x2G

f(x);

f(x) � h , q � � � x � q + �; � > 0;

h = f(q � �) = f(q + �): (1)

�à®¡«¥¬  ¢ë¡®à  äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ ï¢«ï¥âáï ®¯®à­ë¬ â¥®à¥â¨ç¥áª¨¬ ãá«®¢¨¥¬ ¯à -
¢¨«ì­®£® à¥è¥­¨ï § ¤ ç. �«ï ª®­ªà¥â¨§ æ¨¨ ã¯à®áâ¨¬ § ¤ çã ¨ à áá¬®âà¨¬ ¡®«¥¥ ã§ª¨© ª« áá,
ç¥¬ äã­ªæ¨¨ (1).

�ãáâì f : X ! [0; 1], X � R, f 2 U(X),

9a; h; � 2 R : f(a) = max
x2X

f(x) = 1;

f(x) � h , a� � � x � a+ �;

h = f(a� �) = f(a+ �);

â®£¤  äã­ªæ¨î f(x) ­ §®¢¥¬ à¥£ã«ïà­®© ­  ¬­®¦¥áâ¢¥ X,   ª« áá â ª¨å äã­ªæ¨© ®¡®§­ ç¨¬
ç¥à¥§ <(X). �¤¥áì ç¥à¥§ U(X) ®¡®§­ ç ¥âáï ª« áá áâà®£® ã­¨¬®¤ «ì­ëå äã­ªæ¨© ([4], á. 13).
�áá«¥¤ã¥¬ à¥£ã«ïà­ë¥ äã­ªæ¨¨ ¢¨¤  y = g(�(x)), £¤¥ �(x) = b2(x � a0)2 + c, ¤«ï ç¥£® ­¨¦¥
áä®à¬ã«¨à®¢ ­ë ¨ ¯à¨¢¥¤¥­ë ¤®ª § â¥«ìáâ¢  àï¤  ãâ¢¥à¦¤¥­¨© ® á¢®©áâ¢ å äã­ªæ¨© ¯à¨­ ¤-
«¥¦­®áâ¨.

�¥®à¥¬  1. �ãáâì fi 2 <(X), i = 1; 2; X ª®¬¯ ªâ­®, �i = max
x2X

min
i=1;2

(fi(x)),

x1 = argmax
x2X

min
i=1;2

(fi(x)), â®£¤  f1(x1) = f2(x1).

�¥¬¬  1. �ãáâì f 2 <(X), f(x) = g(�(x)), £¤¥ �(x) = b2(x� a)2 + c, â®£¤  f(a) = max
x2X

f(x).
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�®áª®«ìªã a á®¢¯ ¤ ¥â á â®çª®© q ¬ ªá¨¬ã¬  f(x), â® ¤ «¥¥ ¡ã¤¥¬ ¯à¨¬¥­ïâì § ¯¨áì �(x) =
b2(x� q)2 + c ¢¬¥áâ® �(x) = b2(x� a)2 + c.

�¥¬¬  2. �ãáâì f 2 <(X), f(x) = g(�(x)), £¤¥ �(x) = b2(x� q)2 + c, â®£¤  c | ¨­¢ à¨ ­â

®â­®á¨â¥«ì­® q ¨ �.

�§ à ¢¥­áâ¢ 1 = f(q) = g(b2(q � q)2 + c) = g(c) á«¥¤ã¥â, çâ® c § ¢¨á¨â â®«ìª® ®â ¢ë¡®à 
äã­ªæ¨¨ g(x) ¨ ­¥ § ¢¨á¨â ®â q ¨ �. �

�¥¬¬  3. �ãáâì f 2 <(X), f(x) = g(�(x)), £¤¥ �(x) = b2(x � q)2 + c, â®£¤  b2 = d2

�2
, £¤¥ d2

| ª®­áâ ­â , ®¯à¥¤¥«ï¥¬ ï ¢¨¤®¬ äã­ªæ¨¨ g(x) ¨ ï¢«ïîé ïáï ¨­¢ à¨ ­â®¬ ®â­®á¨â¥«ì­® q

¨ �.

�ãáâì f1 2 <(X), f1(x) = g(�1(x)), £¤¥ �1(x) = b21(x� q1)2 + c1; f2 2 <(X), f2(x) = q(�2(x)), £¤¥
�2(x) = b22(x�q2)

2+c2; f1(q1+�1) = f2(q2+�2) = h, g(b21(q1+�1�q1)2+c1) = g(b22(q2 + �2 � q2)2 + c2).
� á¨«ã «¥¬¬ë 2 c1 = c2, b21�

2
1 = b22�

2
2 = d2, b21 =

d2

�2
1

, b22 =
d2

�2
2

, h = f1(q1 + �1) = g(b21(q1 + �1 �

q1)2 + c1) = g
�
d2

�2
1

�21 + c1
�
= g(d2 + c1). �®áª®«ìªã c1 § ¢¨á¨â «¨èì ®â ¢ë¡®à  g ¨ h = const, â® d2

â ª¦¥ § ¢¨á¨â â®«ìª® ®â ¢ë¡®à  g ¨ ­¥ § ¢¨á¨â ®â ¢ë¡®à  q ¨ �. �

�§ «¥¬¬ 2 ¨ 3 á«¥¤ã¥â, çâ® ¢¥«¨ç¨­ë d2 ¨ c ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨ äã­ªæ¨¨ f(x) ®â­®á¨-
â¥«ì­® §­ ç¥­¨© q ¨ �.

�¥¬¬  4. �ãáâì f 2 <(X), f(x) = g(�(x)), £¤¥ �(x) = b2(x� q)2 + c, â®£¤  y = f(x) á¨¬¬¥-
âà¨ç­  ®â­®á¨â¥«ì­® ¯àï¬®© x� q = 0.

�¥¬¬  5. �ãáâì f 2 <(X), f(x) = g(�(x)), £¤¥ �(x) = b2(x � q)2 + c, � : X ! �, â®£¤  g(�)
¬®­®â®­­® ã¡ë¢ ¥â ­  �.

�¥®à¥¬  2. �ãáâì f1, f2 2 <(X), fk(x) = g(�k(x)), £¤¥ �k(x) = b2k(x� qk)2+ c, k = 1; 2, â®£¤ 
y = f1(x) ¨ y = f2(x) ¯¥à¥á¥ª îâáï ­¥ ¡®«¥¥ ç¥¬ ¢ ¤¢ãå â®çª å,   ¨¬¥­­®, ¢ x1 =

q1jb1j�q2jb2j
jb1j�jb2j

¨

x2 =
q1jb1j+q2jb2j
jb1j+jb2j

.

� ©¤¥¬ ¢á¥ ª®à­¨ ãà ¢­¥­¨ï f1(x) = f2(x). �«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  g(b21(x � q1)2 + c) =
g(b22(x� q2)2 + c) ¤®áâ â®ç­®, çâ®¡ë jb1j(x� q1) = jb2j(x� q2) ¨«¨ jb1j(x� q1) = �jb2j(x� q2).

�®ª ¦¥¬, çâ® ªà®¬¥ x1 =
q1jb1j�q2jb2j
jb1j�jb2j

¨ x2 =
q1jb1j+q2jb2j
jb1j+jb2j

¡®«ìè¥ à¥è¥­¨© ãà ¢­¥­¨ï f1(x) =
f2(x) ­¥â. �ãáâì x0 6= xk, k = 1; 2, �1(x0) 6= �2(x0). �á«¨ �1(x0) > �2(x0), â® ¢ á¨«ã «¥¬¬ë 5
g(�1(x0)) < g(�2(x0)), f1(x0) < f2(x0). �á«¨ �1(x0) < �2(x0), â® ¢ á¨«ã «¥¬¬ë 5 g(�1(x0)) >

g(�2(x0)), f1(x0) > f2(x0). �âªã¤  á«¥¤ã¥â f1(x0) 6= f2(x0). �

�¥®à¥¬  3. �ãáâì f1, f2 2 <(X), X ª®¬¯ ªâ­®, fk(x) = g(�k(x)), £¤¥ �k(x) = b2k(x� qk)2+ c,

k = 1; 2, x� = x2 =
q1jb1j+q2jb2j

jb1j+jb2j
, â®£¤  x� = argmax

x2X
min
k=1;2

(fk(x)).

�® ãá«®¢¨î à¥£ã«ïà­®áâ¨ 8x0 < x00 < q1 : f1(x0) < f1(x00), 8x0 > x00 > q1 : f1(x0) < f1(x00).
�ç¨âë¢ ï, çâ® f1(x) | á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï («¥¬¬  4), ¯®«ãç¨¬ 8x0; x00 2 R

�� jq1 � x0j >
jq1 � x00j : f1(x0) < f1(x00). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¯®ª § âì, çâ® jq1 � x1j �
jq1 � x2j:

jq1 � x1j =
����q1jb1j � q1jb2j

jb1j � jb2j
�
q1jb1j � q2jb2j

jb1j � jb2j

���� = ����q2jb2j � q1jb2j

jb1j � jb2j

���� = jb2j

���� q2 � q1

jb1j � jb2j

���� �
� jb2j

���� q2 � q1

jb1j+ jb2j

���� = ����q2jb2j � q1jb2j � q1jb1j+ q1jb1j

jb1j+ jb2j

���� = ����q1 � q2jb2j+ q1jb1j

jb1j+ jb2j

���� = jq1 � x2j:

�âªã¤  ¯®«ãç ¥¬ f1(x1) � f1(x2). �­ ç¨â, x2 = argmax
x2X

min
k=1;2

(fk(x)). �

�§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® §­ ç¥­¨¥ ¬ ªá¨¬¨­  ¡ã¤¥â ¤®áâ¨£ âìáï ¢ â®çª¥ x� = q1�2+q2�1
�1+�2

,
ª®â®à ï ­¥ § ¢¨á¨â ®â ¢ë¡®à  äã­ªæ¨¨,   «¨èì ®â §­ ç¥­¨© q ¨ �.

�«¥¤ãîé ï â¥®à¥¬  ­¥¯®áà¥¤áâ¢¥­­® ª á ¥âáï ¯à¨ª« ¤­ëå ¨áá«¥¤®¢ ­¨© ¨ âà¥¡ã¥â ®¯à¥¤¥-
«¥­­ëå ¯®ïá­¥­¨©. �ãáâì ¥áâì ¬­®¦¥áâ¢® S ¨§ n ®¡ê¥ªâ®¢, ®¡« ¤ îé¨å m å à ªâ¥à¨áâ¨ª ¬¨
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(­¥ ®¡ï§ â¥«ì­® ç¨á«®¢ë¬¨, íâ® ¬®£ãâ ¡ëâì, ­ ¯à., á«®¢¥á­ë¥ ®¯¨á ­¨ï ¨«¨ ¨­â¥à¢ «ë §­ -
ç¥­¨©), ¨­ ç¥ £®¢®àï, ®¡ê¥ªâã si 2 S á®¯®áâ ¢«¥­ ­ ¡®à å à ªâ¥à¨áâ¨ª (Qi1; Qi2; : : : ; Qim), £¤¥
i = 1; n | ­®¬¥à ®¡ê¥ªâ . � «¥¥ ¤«ï íâ¨å ®¡ê¥ªâ®¢ ®¡êï¢«¥­ë ªà¨â¥à¨¨ ®â¡®à  ¯® ª ¦¤®©
å à ªâ¥à¨áâ¨ª¥, â. ¥. ¯à¥¤®áâ ¢«¥­ ­¥ª®â®àë© ¨¤¥ «ì­ë© ®¡ê¥ªâ s0 á ­ ¡®à®¬ å à ªâ¥à¨áâ¨ª
(Q01; Q02; : : : ; Q0m).

�à¥¡ã¥âáï ¯® ª ¦¤®© ¨§m å à ªâ¥à¨áâ¨ª à ­¦¨à®¢ âì ®¡ê¥ªâë ¨§ S ­  á®®â¢¥âáâ¢¨¥ ¯à¥¤ê-
ï¢«¥­­ë¬ âà¥¡®¢ ­¨ï¬ á®£« á­® s0. �«ï íâ®£® j-© å à ªâ¥à¨áâ¨ª¥ á®¯®áâ ¢¨¬ ¯ à ¬¥âà xj á ­¥-
ª®â®à®© ®¡« áâìî §­ ç¥­¨©Xj , £¤¥ j = 1; m, ¨ ¤«ï ª ¦¤®£® i = 0; n ¨ j = 1; m ¯®áâà®¨¬ ­ ¤ Xj

­¥ç¥âª®¥ ¬­®¦¥áâ¢® bQij . � ª ç¥áâ¢¥ à ­£  �ij ®¡ê¥ªâ  si, ¯®ª §ë¢ îé¥£® ¢¥«¨ç¨­ã á®®â¢¥âáâ¢¨ï
si ¨¤¥ «ì­®¬ã ®¡ê¥ªâã s0 ¯® j-© å à ªâ¥à¨áâ¨ª¥, ¢®§ì¬¥¬ ¨­¤¥ªá áà ¢­¥­¨ï á®®â¢¥âáâ¢ãîé¨å
­¥ç¥âª¨å ¬­®¦¥áâ¢

�ij = max
xj2Xj

min(f0j(xj); fij(xj)); i = 1; n; j = 1; m;

£¤¥ fij(xj) | äã­ªæ¨ï ¯à¨­ ¤«¥¦­®áâ¨ ­¥ç¥âª®£® ¬­®¦¥áâ¢  bQij .
�  ¢®¯à®á ® â®¬, ª ª ¢«¨ï¥â ¢ë¡®à à¥£ã«ïà­®© äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ fij(xj) ­  à ­£ �ij ,

®â¢¥ç ¥â á«¥¤ãîé ï

�¥®à¥¬  4. �ãáâì fij, f
�
ij 2 <(Xj), fij(xj) = g(�ij(xj)), £¤¥ �ij(xj) = b2ij(xj�qij)

2+c, f�ij(xj) =
g�(��ij(xj)), £¤¥ �

�
ij(xj) = b�2ij (xj � qij)2 + c�, i = 0; n, j = 1; m, �ij = f0j(x�ij), �

�
ij = f�0j(x

�
ij), £¤¥

x�ij = arg max
xj2Xj

min(f0j(xj); fij(xj)); (2)

�1j � �2j � � � � � �nj, â®£¤  ��1j � ��2j � � � � � ��nj.

�à®¨§¢¥¤¥¬ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥

L :

(
(x�ij ; �ij)! (x�ij

0; �ij);

(x�ij ; �
�
ij)! (x�ij

0; ��ij);
x�ij

0 =

(
x�ij ; ¥á«¨ x�ij � q0j ;

2q0j � x�ij ; ¥á«¨ x�ij < q0j :

�ç¥¢¨¤­®, ­®¢ë¥ â®çª¨ ¡ã¤ãâ â ª ¦¥, ª ª ¨ áâ àë¥, «¥¦ âì ­  á®®â¢¥âáâ¢ãîé¨å ªà¨¢ëå y =
f0j(xj) ¨ y = f�0j(xj), â. ª. ¯® «¥¬¬¥ 4 íâ¨ ªà¨¢ë¥ á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­® ¯àï¬®© xj�q0j = 0.
�®íâ®¬ã ¯®«ãç¨¬ �ij = f0j(x�ij

0) = f0j(x�ij), �
�
ij = f�0j(x

�
ij
0) = f0j(x�ij), ¯à¨ç¥¬ x�ij

0 � q0j 8i = 1; n.
�® ãá«®¢¨î à¥£ã«ïà­®áâ¨ f0j ¬®­®â®­­® ã¡ë¢ ¥â ¯à¨ xj > q0j. �®áª®«ìªã �1j � �2j � � � � �

�nj , â® x�1j
0 � x�2j

0 � � � � � x�nj
0, ­® ¯® ãá«®¢¨î à¥£ã«ïà­®áâ¨ f�0j(xj) â®¦¥ ¬®­®â®­­® ã¡ë¢ ¥â ¯à¨

xj > q0j . �­ ç¨â, ��1j � ��2j � � � � � ��nj . �

� «¥¥ ­¥®¡å®¤¨¬® ¨¬¥âì ¢ ¢¨¤ã, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 4 ­ àï¤ã á à ¢¥­áâ¢®¬ (2) ¢¥à­®
â ª¦¥ ¨ x�ij = arg max

xj2Xj

min(f�0j(xj); f
�
ij(xj)), â. ¥. ¤«ï «î¡®© äã­ªæ¨¨ ¨§ ãª § ­­®£® ª« áá  â®çª 

¬ ªá¨¬¨­  x�ij ¡ã¤¥â ®¤­®© ¨ â®© ¦¥.
� ­­ë¥ à ááã¦¤¥­¨ï ¨¬¥îâ ®â­®è¥­¨¥ ª ¯à®¡«¥¬¥ ¢ æ¥«®¬. � áá¬®âà¨¬ ­¥ª®â®àë¥ ¨å ¯à¨-

«®¦¥­¨ï ª à¥ «ì­®© § ¤ ç¥ à ­¦¨à®¢ ­¨ï â¥å­¨ç¥áª¨å ®¡ê¥ªâ®¢.
�§ â¥®à¥¬ë 4 á«¥¤ã¥â, çâ® «î¡ ï à¥£ã«ïà­ ï äã­ªæ¨ï ¯à¨­ ¤«¥¦­®áâ¨ ¢¨¤  y = g(�(x)),

£¤¥ �(x) = b2(x� q)2+ c, b2 = d2

�2
, à á¯®«®¦¨â à ­¦¨àã¥¬ë¥ ®¡ê¥ªâë ¢ ®¤­®¬ ¨ â®¬ ¦¥ ¯®àï¤ª¥ ¢

àï¤ã ¢®§à áâ ­¨ï á®®â¢¥âáâ¢¨ï ¯ à ¬¥âà  ®¡ê¥ªâ , ¯à¥¤êï¢«ï¥¬®¬ã ¥¬ã ªà¨â¥à¨î, â. ¥. ¢ë¡®à
äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ ¢«¨ï¥â ­  §­ ç¥­¨¥ � â®«ìª® ¢ â¥å ¯à¥¤¥« å, ª®â®àë¥ ­¥ ¯®¬¥­ïîâ
¬¥áâ ¬¨ ®¡ê¥ªâë ¢ ¤ ­­®¬ àï¤ã, çâ® ¤®áâ â®ç­® ¤«ï ®â­®á¨â¥«ì­®© ®æ¥­ª¨ ¨ ®¡®á­®¢ ­­®£®
¢ë¢®¤ .

�®«ãç ¥âáï, çâ® ®ª®­ç â¥«ì­ë© ¢ë¡®à äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ ãª § ­­®£® ¢¨¤  á¢®¤¨âáï
ª ®¡¥á¯¥ç¥­¨î ­¥§ ¢ëè¥­¨ï ¨ ­¥§ ­¨¦¥­¨ï  ¡á®«îâ­ëå ®æ¥­®ª � (à ­£®¢ ®¡ê¥ªâ®¢).
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� ¡«¨æ 
ò �ã­ªæ¨ï ¯à¨­ ¤«¥¦­®áâ¨ �­â¥à¢ « §­ ç¥­¨© � ¯à¨ à ­¦¨à®¢ ­¨¨
¯/¯ â¥å­¨ç¥áª¨å ®¡ê¥ªâ®¢

1 e�
ln 2

�2
(x�q)2 0,818{0,999

2 1� th
�
ln 3
2�2

(x� q)2
�

0,842{0,999

3
�2

(x� q)2 + �2
0,775{0,998

�«ï ¯à¨¬¥à  ¢ â ¡«¨æ¥ ¯à¨¢®¤ïâáï âà¨ à §«¨ç­ëå äã­ªæ¨¨, à áá¬®âà¥­­ëå ¯à¨ ¢ë¡®à¥
äã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ ¤«ï à¥è¥­¨ï à¥ «ì­®© § ¤ ç¨ [5]. �«ï ª ¦¤®© ¨§ íâ¨å äã­ªæ¨© ¯à®-
¢¥¤¥­ ç¨á«¥­­ë© íªá¯¥à¨¬¥­â. � å®¤¥ ¤ ­­®£® íªá¯¥à¨¬¥­â  ¡ë«¨ ¯®«ãç¥­ë §­ ç¥­¨ï äã­ªæ¨©
¯à¨­ ¤«¥¦­®áâ¨, ¨­â¥à¢ «ë ª®â®àëå ¨ ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥. �ã­ªæ¨¨ ¯à¨­ ¤«¥¦­®áâ¨ ¤àã£¨å
ª« áá®¢, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ ¨áá«¥¤®¢ ­¨¨, ­ ¯à¨¬¥à, å¨¬¨ª®-â¥å­®«®£¨ç¥áª¨å á¨áâ¥¬, à áá¬®-
âà¥­ë ¢ ([6], á. 27{31).

�¨â¥à âãà 
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