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�¨ ää¨­­®-ä« £®¢ë¬ ¯à®áâà ­áâ¢®¬ £¨¯¥à¡®«¨ç¥áª®£® â¨¯  �£

4
­ §®¢¥¬ ç¥âëà¥å¬¥à­®¥  ä-

ä¨­­®¥ ¯à®áâà ­áâ¢®, äã­¤ ¬¥­â «ì­®© £àã¯¯®© ª®â®à®£® ï¢«ï¥âáï £àã¯¯  G  ää¨­­ëå ¯à¥-
®¡à §®¢ ­¨©, ®áâ ¢«ïîé ï ¢ ­¥á®¡áâ¢¥­­®© £¨¯¥à¯«®áª®áâ¨ ¨­¢ à¨ ­â­ë¬  ¡á®«îâ, á®áâ®ïé¨©
¨§  ¡á®«îâ  ¡¨ ªá¨ «ì­®£® ¯à®áâà ­áâ¢  £¨¯¥à¡®«¨ç¥áª®£® â¨¯  [1] á ¢ë¤¥«¥­­®© ¯àï¬®©  ¡á®-
«îâ­®© ª®­£àãí­æ¨¨. �à®áâà ­áâ¢® �£

4
ï¢«ï¥âáï ¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© ¤¢®©­®© ¡¨ä« £®-

¢®© ¯«®áª®áâ¨. �£® £àã¯¯  ¤¢¨¦¥­¨© § ¢¨á¨â ®â ¤¥¢ïâ¨ ¯ à ¬¥âà®¢. � ¤ ­­®© à ¡®â¥ áâà®¨âáï
â¥®à¨ï ªà¨¢ëå ¯à®áâà ­áâ¢  �£

4
.

1. �à¨ ¯®¤å®¤ïé¥¬ § ¤ ­¨¨  ¡á®«îâ  £àã¯¯  G ¯à®áâà ­áâ¢  �£

4
¨§®¬®àä­  £àã¯¯¥ ¬ âà¨æ

¢¨¤  0
BB@

a1 b1 a2 b2 h1
"b1 "a1 "b2 "a2 h2
0 0 a3 b3 h3
0 0 "b3 "a3 h4

1
CCA ;

£¤¥ " = �1, (a3)2 � (b3)2 = 1.
�â­®á¨â¥«ì­® £àã¯¯ë G ¢ �£

4
¨­¢ à¨ ­â­® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ a(ai), b(bi)

(i = 1; 2; 3; 4), ª®â®à®¥ ®¯à¥¤¥«ï¥âáï ¢ëà®¦¤¥­­®© ª¢ ¤à â¨ç­®© ä®à¬®© à ­£  2 ¨­¤¥ªá  1,
¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

ab = a3b3 � a4b4;

  â ª¦¥ £¨¯¥à¡®«¨ç¥áª®¥ ¨§¬¥à¥­¨¥ ã£«®¢ ¬¥¦¤ã m-¯«®áª®áâï¬¨ (m = 1; 2; 3). � ª¨¬ ®¡à §®¬,
�£

4
ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ á ®¡®¡é¥­­®© ¯à®¥ªâ¨¢­®© ¬¥âà¨ª®© [2].
�¢  ¢¥ªâ®à  ­ §®¢¥¬ ®àâ®£®­ «ì­ë¬¨,¥á«¨ ¨å áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ à ¢­® ­ã«î. �á«¨

­ ¯à ¢«¥­¨ï ®àâ®£®­ «ì­ëå ¢¥ªâ®à®¢ ®¯à¥¤¥«ïîâ ¢ ­¥á®¡áâ¢¥­­®© £¨¯¥à¯«®áª®áâ¨ â®çª¨ ¯àï-
¬®©  ¡á®«îâ­®© ª®­£àãí­æ¨¨, â® ­ §®¢¥¬ ¨å á¨«ì­® ®àâ®£®­ «ì­ë¬¨. �¥ªâ®àë, ®¯à¥¤¥«ïîé¨¥
â®çª¨ ®á®¡®© ¯àï¬®©  ¡á®«îâ  P1, ­ §®¢¥¬ ¨§®âà®¯­ë¬¨.

�ç¥¢¨¤­®, ¨§®âà®¯­ë© ¢¥ªâ®à ®àâ®£®­ «¥­ «î¡®¬ã ­¥¨§®âà®¯­®¬ã ¢¥ªâ®àã. �«ï ¤¢ãå ¨§®-
âà®¯­ëå ¢¥ªâ®à®¢ a(ai), b(bi) ®¯à¥¤¥«¨¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢â®à®£® à®¤ , ª®â®à®¥ ¨­¢ à¨-
 ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë G ¨ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

(ab) = a1b1 � a2b2:

�á«¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢â®à®£® à®¤  ¤¢ãå ¨§®âà®¯­ëå ¢¥ªâ®à®¢ à ¢­® ­ã«î, â® ­ §®¢¥¬
íâ¨ ¢¥ªâ®àë ¨§®âà®¯­ë¬¨ ®àâ®£®­ «ì­ë¬¨.

�ã¤¥¬ à áá¬ âà¨¢ âì ª®®à¤¨­ â­ë¥ à¥¯¥àë RfO; eig, ®¡« ¤ îé¨¥ á«¥¤ãîé¨¬¨ ¨­¢ à¨ ­â-
­ë¬¨ ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© £àã¯¯ë G á¢®©áâ¢ ¬¨:

1) O | ¯à®¨§¢®«ì­ ï â®çª  ¯à®áâà ­áâ¢ ;
2) ¢¥ªâ®àë e1, e2 ¨§®âà®¯­ë¥ ®àâ®£®­ «ì­ë¥, â. ¥. e21 = e2

2
= 0 ¨ (e1 e2) = 0;

3) ¢¥ªâ®àë e3, e4 á¨«ì­® ®àâ®£®­ «ì­ë¥, ¯à¨ç¥¬ ®¤¨­ ¨§ ­¨å ¥¤¨­¨ç­ë©, ¤àã£®© ¬­¨¬®¥¤¨-
­¨ç­ë©, â. ¥. e3 e4 = 0, (e3 e4) = 0, e2

3
= �e2

4
= �1.
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� ª ¦¤®© â®çª®© ¯à®áâà ­áâ¢  á¢ï¦¥¬ á¥¬¥©áâ¢® ª ­®­¨ç¥áª¨å à¥¯¥à®¢, ®¡« ¤ îé¨å ¨­¢ -
à¨ ­â­ë¬¨ á¢®©áâ¢ ¬¨ 1){3).

�¥®à¥¬  1. � ­®­¨ç¥áª¨© à¥¯¥à RfM;nig ¯à®áâà ­áâ¢  �
£

4
®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï § ¤ -

­¨¥¬ â®çª¨ M ¨ ­ ¯à ¢«¥­¨© ¢¥ªâ®à®¢ n3 ¨ n = n1 + n4.

2. �®áâà®¨¬ ª ­®­¨ç¥áª¨© à¥¯¥à RfM;nig ¢ ¯à®¨§¢®«ì­®© â®çª¥ M ¯à®áâà ­áâ¢  �£

4
. �£®

¨­ä¨­¨â¥§¨¬ «ì­®¥ á¬¥é¥­¨¥ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨ [3]

dM = !ini; dni = !
j
inj ; i; j = 1; 2; 3; 4:

�à ¢­¥­¨ï áâàãªâãàë £àã¯¯ë ¤¢¨¦¥­¨© ¯à®áâà ­áâ¢  �£

4
¯®«ãç¨¬, ãç¨âë¢ ï

D!i = [!k!i
k]; D!

j
i = [!k

i !
j
k]; i; j; k = 1; 2; 3; 4:

�®à¬ë !
j
i ¯à¥¤ë¤ãé¨å ãà ¢­¥­¨© á¢ï§ ­ë ãá«®¢¨ï¬¨

!3

1
= !3

2
= !4

1
= !4

2
= !3

3
= !4

4
= !4

3
� !3

4
= 0;

!1

2
� !2

1
= !1

1
� !2

2
= !1

3
� !2

4
= !2

3
� !1

4
= 0:

3. � ¤ ¤¨¬ ªà¨¢ãî ¢ ¯à®áâà ­áâ¢¥ �£

4
ãà ¢­¥­¨¥¬

r = r(t); (1)

£¤¥ r(t) ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®. � §®¢¥¬ â®çªã
ªà¨¢®© (1) ®á®¡®©, ¥á«¨ ¢ë¯®«­ï¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

1) ¯à®¨§¢®¤­ë¥ ¤® âà¥âì¥£® ¯®àï¤ª  ¥¥ à ¤¨ãá -¢¥ªâ®à  «¨­¥©­® § ¢¨á¨¬ë;
2) ¥¥ á®¯à¨ª á îé ïáï 2-¯«®áª®áâì ¯¥à¥á¥ª ¥â  ¡á®«îâ­ãî ¯àï¬ãî;
3) ¥¥ á®¯à¨ª á îé ïáï 3-¯«®áª®áâì á®¤¥à¦¨â  ¡á®«îâ­ãî ¯àï¬ãî.

� ª ¦¤®© ­¥®á®¡®© â®çª¥ ªà¨¢®© (1) ¬®¦­® ¯®áâà®¨âì à¥¯¥à âà¥âì¥£® ¯®àï¤ª , ­® ®­ ­¥ ¡ã¤¥â
ª ­®­¨ç¥áª¨¬ à¥¯¥à®¬ ¯à®áâà ­áâ¢  �£

4
. �®íâ®¬ã ¢ â®çª¥ M ªà¨¢®© íâ®£® ¯à®áâà ­áâ¢  áâà®¨¬

¤¢  à¥¯¥à , ®¤¨­ ª ­®­¨ç¥áª¨© RfM;n ig, ¤àã£®© | à¥¯¥à �à¥­¥ RfM; t ig. �¢ï§ì ¬¥¦¤ã ­¨¬¨
å à ªâ¥à¨§ã¥â

�¥®à¥¬  2. � ª ¦¤®© ­¥®á®¡®© â®çª¥ ªà¨¢®© (1) ¢ ¯à®áâà ­áâ¢¥ �£

4
áãé¥áâ¢ã¥â ¥¤¨­-

áâ¢¥­­ë© ª ­®­¨ç¥áª¨© à¥¯¥à ¨ à¥¯¥à �à¥­¥, ª®â®àë© ¢ëà ¦ ¥âáï ç¥à¥§ ª ­®­¨ç¥áª¨© á ¯®-

¬®éìî ®¤­®£® ¯ à ¬¥âà .

�¥®à¥¬  3. � ¯à®áâà ­áâ¢¥ �£

4
¨¬¥îâ ¬¥áâ® ä®à¬ã«ë â¨¯  ä®à¬ã« �à¥­¥, á®¤¥à¦ é¨¥

âà¨ ­¥§ ¢¨á¨¬ëå ¯ à ¬¥âà .

�¨â¥à âãà 
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