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� [1] ¡ë«¨ ®¯à¥¤¥«¥­ë ¯à®áâà ­áâ¢  L�;p ¨§¬¥à¨¬ëå ­  [0; 1] äã­ªæ¨© f , ¤«ï ª®â®àëå ª®-
­¥ç­  ­®à¬ 

jjjf jjj�;p =

 
1X
n=1

�
kfkn
n�

�p!1=p

(� > 0; p � 1);

¨ ¯®«ãç¥­ë â¥®à¥¬ë ® áå®¤¨¬®áâ¨ àï¤®¢ �ãàì¥{�®«è  ¢ íâ¨å ¯à®áâà ­áâ¢ å. � [2] ®â¬¥ç¥­®,
çâ® ¯à®áâà ­áâ¢® L�;p ¥áâì ¯à®áâà ­áâ¢® �®à¥­æ 

� ;p =
�
f 2 L(0; 1) : kfk ;p =

�Z 1

0

�
f�(t)
 (t)

�p
dt

t

�1=p

<1

�
;

¯®à®¦¤¥­­®¥ äã­ªæ¨¥©

 (t) = 1 + log
1
t

(0 < t � 1):

� [3] ¡ë«® ¤®ª § ­®, çâ® ¯à¨ ­¥ª®â®àëå ®£à ­¨ç¥­¨ïå ­  áª®à®áâì à®áâ  äã­ªæ¨¨  (t) ¢ ­ã«¥,
ª®â®àë¥ ¢«¥ªãâ ¡¥áª®­¥ç­®áâì ¨­¤¥ªá®¢ �®©¤ , à ¢¥­áâ¢®

jjjf jjj ;p =

 
1X
n=1

�
kfkn
 (2�n)

�p!1=p

®¯à¥¤¥«ï¥â ¢ ¯à®áâà ­áâ¢¥ � ;p ­®à¬ã, íª¢¨¢ «¥­â­ãî ¨áå®¤­®© ­®à¬¥ kfk ;p. � ¨á¯®«ì§®¢ ­¨¥¬
íâ®£® à¥§ã«ìâ â  ¢ [3] ¡ë«¨ ¯®«ãç¥­ë â¥®à¥¬ë ® áå®¤¨¬®áâ¨ àï¤®¢ �ãàì¥ ¯® âà¨£®­®¬¥âà¨ç¥áª®©
á¨áâ¥¬¥.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á áå®¤¨¬®áâ¨ ç áâ¨ç­ëå áã¬¬ Sn(f) àï¤  �ãàì¥{
�®«è  ¯® ­®à¬¥ ¯à®áâà ­áâ¢  �®à¥­æ  � ;p ¢ § ¢¨á¨¬®áâ¨ ®â á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fnkg,
ª®â®àãî ¯à®¡¥£ îâ ¨­¤¥ªáë n ¢ ç áâ¨ç­®© áã¬¬¥ Sn(f).

1. �á­®¢­ë¥ ¯®­ïâ¨ï ¨ à¥§ã«ìâ âë

�ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢  �®à¥­æ  � ;p, ¯®à®¦¤¥­­ë¥ äã­ªæ¨¥©  , ã¤®¢«¥â¢®àï-
îé¥© ãá«®¢¨ï¬:

	1)  (t) > 0 ­  (0; 1], ã¡ë¢ ¥â ­  (0; 1] ¨ ¢ë¯ãª« ,
	2) lim

t!0+
 (t) = +1,

	3)
1R
0

dt
 p(t)t

< +1 (p � 1),

	4) áãé¥áâ¢ã¥â C2 > 0 â ª®¥, çâ®  ( t
2
) �

�
1 + C2=(1 + log 1

t
)
�
 (t).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 03-01-00390.
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�à¨ â ª¨å ãá«®¢¨ïå ¯à®áâà ­áâ¢® �®à¥­æ  � ;p ¨¬¥¥â ¢ëà®¦¤¥­­ë¥ ¨­¤¥ªáë �®©¤  p� ¨ q�
([4], c. 134) ¨ ¯®íâ®¬ã ­¨ âà¨£®­®¬¥âà¨ç¥áª ï, ­¨ á¨áâ¥¬  �®«è  ­¥ ï¢«ïîâáï ¡ §¨á®¬ ¢ â ª®¬
¯à®áâà ­áâ¢¥ � ;p. � [3] ¡ë«® ¤®ª § ­®, çâ® ¥á«¨ f 2 � ;p, â® âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥
äã­ªæ¨¨ f â¥¬ ­¥ ¬¥­¥¥ áå®¤¨âáï ¢ ¡®«¥¥ è¨à®ª®¬ ¯à®áâà ­áâ¢¥ �®à¥­æ  � ~ ;p, £¤¥

e (x) = Z 1

x

 (t)
t
dt; (1)

¨ ¡ë«  ¤®ª § ­  â®ç­®áâì ¯®«ãç¥­­®£® à¥§ã«ìâ â . �®«¥¥ â®£®, ¨§ ¤®ª § â¥«ìáâ¢  á«¥¤ã¥â, çâ®
¤«ï âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬ë à¥§ã«ìâ âë á¯à ¢¥¤«¨¢ë ­¥§ ¢¨á¨¬® ®â â®£®, ¯® ª ª®© ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ (nk) áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨ ­®¬¥à ç áâ¨ç­®© áã¬¬ë Snk(f).

� á«ãç ¥ á¨áâ¥¬ë �®«è  à¥§ã«ìâ âë ¨­ë¥. �â® á¢ï§ ­® á â¥¬, ®£à ­¨ç¥­ë «¨ ¢ á®¢®ªã¯­®áâ¨
ª®­áâ ­âë �¥¡¥£  Ln á ­®¬¥à ¬¨, ¯à®¡¥£ îé¨¬¨ ¯®á«¥¤®¢ â¥«ì­®áâì (nk). �á­®¢­ë¥ à¥§ã«ìâ âë
¬®¦­® áä®à¬ã«¨à®¢ âì ¢ ¢¨¤¥ á«¥¤ãîé¨å â¥®à¥¬, ¢ ª®â®àëå Sn(f) | ç áâ¨ç­ ï áã¬¬  àï¤ 
�ãàì¥{�®«è  äã­ªæ¨¨ f . �¨áâ¥¬  �®«è  à áá¬ âà¨¢ ¥âáï ­  [0; 1) ¢ ­ã¬¥à æ¨¨ �í«¨.

�¥®à¥¬  1. �á«¨ N = (nk)1k=1 | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âãà «ì­ëå ç¨á¥«,

¤«ï ª®â®à®© sup
n2N

Ln < +1, â® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C = C( ; p) > 0 â ª ï, çâ® ¤«ï «î¡®£®

n 2 N

kSn(f)k ;p � Ckfk ;p:

�¥®à¥¬  2. �á«¨ N = (nk)1k=1 | ¯à®¨§¢®«ì­ ï ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âã-

à «ì­ëå ç¨á¥«, ¤«ï ª®â®à®© sup
n2N

Ln = +1, â® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C > 0 â ª ï, çâ® ¤«ï

«î¡®© f 2 � ;p ¨ «î¡®£® n 2 N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kSn(f)k ~ ;p � Ckfk ;p;

£¤¥ e ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (1).

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë 2 ç áâ¨ç­ë¥ áã¬¬ë Sn(f) (n 2 N) àï¤  �ãàì¥{�®«è 
äã­ªæ¨¨ f 2 � ;p áå®¤ïâáï ª f ¯® ­®à¬¥ ¯à®áâà ­áâ¢  � ~ ;p.

�¥®à¥¬  3. �ãáâì  (x) ¤®¯®«­¨â¥«ì­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î�
1 + C1=(1 + log 1

x
)
�
 (x) �  

�
x
2

�
:

�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì N = (nk) â ª®¢ , çâ® sup
n2N

Ln = +1, â® ¤«ï «î¡®© äã­ªæ¨¨ �(t) # 0

¯à¨ t # 0 ­ ©¤¥âáï äã­ªæ¨ï f 2 � ;p â ª ï, çâ®

sup
n2N

kSn(f)k ~ �;p = +1:

2. �á¯®¬®£ â¥«ì­ë¥ ä ªâë ¨ ãâ¢¥à¦¤¥­¨ï

�  [0; 1) ¢ ­ã¬¥à æ¨¨ �í«¨ ([5], c. 10) ¡ã¤¥¬ à áá¬ âà¨¢ âì äã­ªæ¨¨ �®«è 

wn(t) = rn1(t)rn2(t) : : : rns(t);

£¤¥
n = 2n1 + 2n2 + � � � + 2ns (n1 > n2 > � � � > ns)

| ¤¢®¨ç­®¥ à §«®¦¥­¨¥ ç¨á«  n. �«ï ç áâ¨ç­®© áã¬¬ë Sn(f; x) =
n�1P
k=0

ck(f)wk(x) àï¤  �ãàì¥{

�®«è  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

Sn(f; x) =
Z
[0;1]

f(t)Dk(x� t)dt;
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£¤¥ Dn(t) =
n�1P
k=0

wk(t) | ï¤à® �¨à¨å«¥. �à®¬¥ ç áâ¨ç­®© áã¬¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¬®¤¨ä¨æ¨-

à®¢ ­­ãî ç áâ¨ç­ãî áã¬¬ã

S�n(f; x) =
Z
[0;1]

f(t)D�
n(x� t)dt;

¢ ª®â®à®© äã­ªæ¨î D�
n(t) = wn(t)Dn(t) ­ §ë¢ îâ ®¡ëç­® ¬®¤¨ä¨æ¨à®¢ ­­ë¬ ï¤à®¬ �¨à¨å«¥.

�á«¨ n = 2m, â®

Sn(f; x) =
1

j�(m)
x j

Z
�
(m)
x

f(t)dt;

£¤¥ �(m)
x | â®â ¤¢®¨ç­ë© ¯®«ã¨­â¥à¢ «

�
i
2m
; i+1
2m

�
, ª®â®àë© á®¤¥à¦¨â â®çªã x.

�á«¨ n 2 N ¨¬¥¥â ¤¢®¨ç­®¥ à §«®¦¥­¨¥

n =
sX
j=1

n2jX
k=n2j�1�1

2k (n1 > n2 > � � � > n2s); (2)

â® ¤«ï ¬®¤¨ä¨æ¨à®¢ ­­®© ç áâ¨ç­®© áã¬¬ë S�n(f) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ ([5], á. 420)

S�n(f) =
2sX
k=1

(�1)k+1S2nk (f): (3)

�«ï ª®­áâ ­â �¥¡¥£  Ln = kDnk1 ¯® á¨áâ¥¬¥ �®«è  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® ([6], á. 34)

1
4
var(n) =

1
4
2s � Ln � 2s = var(n);

£¤¥ ç¥à¥§ var(n) ®¡®§­ ç¥­  ¢ à¨ æ¨ï ç¨á« , ª®â®à ï ®¯à¥¤¥«ï¥âáï ¯® ¤¢®¨ç­®¬ã à §«®¦¥­¨î

n =
1X
k=0

"k2k ("k = 0 ¨«¨ 1)

à ¢¥­áâ¢®¬ var(n) = "0 +
1P
k=0

j"k � "k+1j. �à¨¢¥¤¥¬ ­¥áª®«ìª® â¥å­¨ç¥áª¨å ­¥à ¢¥­áâ¢, ª®â®àë¥

¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ ¤ «ì­¥©è¥¬.

�¥¬¬  1. �á«¨  ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 	1{	4, â®

1)  (x2) � 
 (x)
�

 = e3C2=2

�
; 2) e (x=2) � (1 + C2) e (x):

�®ª § â¥«ìáâ¢®. �ãáâì 1=2n+1 < x � 1=2n (n = 1; 2; : : : ). �®£¤ 

 (x2) �  (1=22n+2) �
2n+1Y
k=n

�
1 +

C2

1 + log 2k

�
 (1=2n)

¨

ln
2n+1Y
k=n

�
1 +

C2

1 + k

�
� C2

Z 2n+2

n

dx

x
= ln

�
2 +

2
n

�C2

:

�âáî¤  ¨ á«¥¤ã¥â 1) á 
 = 4. �à¨ n = 0 ¯®«ãç ¥¬ 
 = e3C2=2. �¥à ¢¥­áâ¢® 2) ®ç¥¢¨¤­®.

�¥¬¬  2. �á«¨  ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 	1{	4, â® áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ C3,

C4 > 0, çâ®
C3jjjf jjj ;p � kfk ;p � C4jjjf jjj ;p:

�â® ­¥à ¢¥­áâ¢® ¤®ª § ­® ¢ [3] ¯à¨ ãá«®¢¨¨  (x2) � 
 (x), ¯®íâ®¬ã ®­® ¢¥à­® ¨ ¯à¨ ãá«®¢¨¨
	4. �
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�¥¬¬  3. �á«¨  ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 	1{	4, â® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï ¢¥-

«¨ç¨­  C5 > 0, çâ®
1
n
e (1=2n) � C5 (1=2

n) (n � 1):

�®ª § â¥«ìáâ¢®. �à¨ n � 2 ¨¬¥¥¬

1
n
e (1=2n) = 1

n

Z 1

2�n

 (t)
t
dt =

1
n

n�1X
k=0

Z 2k�n+1

2k�n

 (t)
t
dt �

ln 2
n

n�1X
k=0

 (1=2n�k�1) �

�  (1=2n)
ln 2
n

n�1X
k=0

k+1Y
j=1

1
1 + C2

1+n�j

�  (1=2n)
ln 2
n

n�1X
k=0

�
n� k � 1

n

�C2

=

=  (1=2n)
ln 2
n1+C2

n�1X
k=0

kC2 �

�
n� 1
n

�1+C2 ln 2
1 + C2

 (1=2n): �

�¥¬¬  4. �ãáâì  ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 	1{	4 ¨ j0 2 [1; 2s� 1]. �®£¤  ¯à¨ j � 2s� j0

2sX
k=j

 (1=22s�k) �  (1=22s�j )
2s� j + 1
C2 + 1

�
j0 � 1
j0

�C2

:

�®ª § â¥«ìáâ¢®. � ª ª ª  
�
x
2

�
�
�
1 + C2

1+log 1
x

�
 (x), â®

2sX
k=j

 (1=22s�k) �  (1=22s�j )

0@1 + 2s�1X
n=j

nY
k=j

�
1 +

C2

2s� k

��11A : (4)

�æ¥­¨¢ ï ¯à®¨§¢¥¤¥­¨¥ ¢ ¯à ¢®© ç áâ¨ (4), ¨¬¥¥¬

nY
k=j

�
1 +

C2

2s� k

�
�

�
2s� j

2s� n� 1

�C2

:

�®¤áâ ¢«ïï ¢ (4), ¯®«ãç¨¬ ¯à¨ j � 2s� j0

2sX
k=j

 (1=22s�k) �  (1=22s�j )

0@1 + 2s�1X
n=j

�
2s� n� 1
2s� j

�C2

1A �

�  (1=22s�j)
�
1 +

1
(2s� j)C2

Z 2s�j�1

0
xC2dx

�
�  (1=22s�j )

�
j0 � 1
j0

�C2 2s� j � 1
C2 + 1

: �

3. �®ª § â¥«ìáâ¢® ®á­®¢­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì N = (nk) | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âã-
à «ì­ëå ç¨á¥« ¨ sup

n2N
var(n) = V < +1. �®£¤  ¯à¨ «î¡®¬ n 2 N ¤«ï ç áâ¨ç­ëå áã¬¬ Sn(f)

�ãàì¥{�®«è  ¯à¨ «î¡®¬ p � 1 ¨¬¥¥¬

kSn(f)kp = kf �Dnkp � kfkpkDnk1 � kfkpV:

�®íâ®¬ã

jjjSn(f)jjj ;p =

 
1X
k=1

�
kSn(f)kk
 (2�k)

�p!1=p

� V

 
1X
k=1

�
kfkk
 (2�k)

�p!1=p

= V jjjf jjj ;p;

  â. ª. ­®à¬ë jjj � jjj ;p ¨ k � k ;p (á¬. «¥¬¬ã 2) íª¢¨¢ «¥­â­ë, â® â¥®à¥¬  1 ¤®ª § ­ .
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¯®«­®áâìî ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®£® ãâ¢¥à¦¤¥-
­¨ï ¤«ï âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬ë, ¯à¨¢¥¤¥­­®¥ ¢ [3], ¨ ®­® ®¯ãáª ¥âáï.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 �ãáâì sup
n2N

Ln = +1 ¨ n ¨¬¥¥â ¤¢®¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2).

�ã¤¥¬ áâà®¨âì ¯à¨ ª ¦¤®¬ n 2 N äã­ªæ¨î f 2 � ;p â ªãî, çâ® ®â­®è¥­¨¥

kS�n(f)k ~ �;p

kfk ;p
=
kSn(wnf)k ~ �;p

kwnfk ;p

­¥®£à ­¨ç¥­®.
�ã­ªæ¨î f ¡ã¤¥¬ áâà®¨âì ª ª áâã¯¥­ç âãî ­  [0; 1).
1) �á«¨ x 2 [0; 1=2n1 ), â® ¯®«®¦¨¬ f(x) = �1 = const.
2) �á«¨ x 2 [1=2n2+1; 1=2n2 ), â® ¯®«®¦¨¬ f(x) = �2 = const. �á«¨ 1=2n2+1 6= 1=2n1 , â® f(x)

¯à®¤®«¦¨¬ á [0; 1=2n1 ) ­  [1=2n1 ; 1=2n2+1) ¯¥à¨®¤¨ç¥áª¨ á ¯¥à¨®¤®¬ 1=2n1 .
3) �à¥¤¯®«®¦¨¬, çâ® f(x) ã¦¥ ¯®áâà®¥­  ­  [0; 1=2nj�1 ) ¨ ¯®áâà®¨¬ ¥¥ ­  [1=2nj�1 ; 1=2nj ).

�«ï x 2 [1=2nj+1; 1=2nj ) ¯®«®¦¨¬ f(x) = �j = const. �á«¨ 1
2nj�1

< 1
2nj+1 , â® f(x) ¯à®¤®«¦¨¬ á

[0; 1=2nj�1 ) ­  [1=2nj�1 ; 1=2nj+1) á ¯¥à¨®¤®¬ 1=2nj�1 .
4) � ª¨¬ ®¡à §®¬, ¯®áâà®¨¬ f(x) ­  [0; 1=2n2s ). �á«¨ 1=2n2s = 1, â® ¯®áâà®¥­¨¥ § ª®­ç¥­®, ¢

¯à®â¨¢­®¬ á«ãç ¥ ¯à®¤®«¦¨¬ f(x) á [0; 1=2n2s ) ­  [1=2n2s ; 1) á ¯¥à¨®¤®¬ 1=2n2s .
�ã¤¥¬ áç¨â âì, çâ® j�1j > j�2j > � � � > j�2sj,   ª®­ªà¥â­ë¥ §­ ç¥­¨ï �j ¯®¤¡¥à¥¬ ¯®§¦¥.
�¡à §ã¥¬ ¬­®¦¥áâ¢ 

Ej;i = fx 2 [0; 1=2nj ) : f(x) = �ig (j = 1; 2; : : : ; 2s; i = 1; 2; : : : ; j);

Ej = fx 2 [0; 1) : f(x) = �jg (j = 1; 2; : : : ; 2s):

�¥âàã¤­® ¯à®¢¥à¨âì, çâ®

�E1;1 = 1=2n1 ; �Ej;j = 1=2nj+1 (j = 2; 3; : : : ; 2s);

�Ej;1 = �Ej;2 (j = 2; 3; : : : ; 2s);

�Ej;i�1 = 1
2
�Ej;i (j � 3; i = 3; : : : ; j � 1; j);

�E1 = �E2; �Ej = 1=22s�j+1 (j = 2; 3; : : : ; 2s):

�«ï ®æ¥­ª¨ kfk ;p ¨¬¥¥¬

kfkp ;p =
Z 1

0

�
f�(t)
 (t)

�p
dt

t
=

2sX
j=1

Z
Ej

�
f�(t)
 (t)

�p
dt

t
=

2sX
j=1

j�j j

Z �j

�j�1

dt

 p(t)t
;

£¤¥ �0 = 0, �j = 1=22s�j (j = 1; 2; : : : ; 2s). �âáî¤ , á ãç¥â®¬ «¥¬¬ë 3, ¯à¨ s � s0, â. ¥. ¯à¨ s
¤®áâ â®ç­® ¡®«ìè®¬

kfkp ;p = j�1j
p

Z 1=22s�1

0

dt

 p(t)t
+

2sX
j=2

j�j j
p

Z 1=22s�j

1=22s�j+1

dt

 p(t)t
�

� j�1j
p

Z 1=22s�1

0

dt

 p(t)t
+ ln2

2sX
j=2

j�j j
p

 p(1=22s�j)
�

j�1j
p

 p(1=22s�1)
C52s+ ln2

2sX
j=2

j�j j
p

 p(1=22s�j)
:

�á«¨ â¥¯¥àì ¯®«®¦¨¬ j�j j =  (1=22s�j ) ¨ �j = j�j j(�1)j+1, â® ¤«ï kfk ;p ¨¬¥¥¬ ®ª®­ç â¥«ì­®

kfkp ;p � 2sC6: (5)

�æ¥­¨¬ kS�n(f; x)k
p
~ �;p

, ª®£¤  �(x) # 0 ¯à¨ x # 0. �«ï íâ®£® ­ ©¤¥¬ ®æ¥­ªã á­¨§ã ¤«ï ¬®¤¨ä¨æ¨-
à®¢ ­­ëå ç áâ¨ç­ëå áã¬¬ jS�n(f; x)j ­  ª ¦¤®¬ ¬­®¦¥áâ¢¥ Ej .
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� ª ª ª n ¨¬¥¥â ¤¢®¨ç­®¥ à §«®¦¥­¨¥ (2), â® ¤«ï S�n(f; x) ¨¬¥¥¬ á ãç¥â®¬ (3) ¢ â®çª¥ x 2 Ej

S�n(f; x) =
2sX
k=1

(�1)k+1 1

j�(nk)
x j

Z
�
(nk)
x

f(t)dt =

=
j�1X
k=1

(�1)k+1

j�(nk)
x j

Z
�
(nk)
x

f(t)dt+
2sX
k=j

(�1)k+1

j�(nk)
x j

Z
�
(nk)
x

f(t)dt = �1 +�2: (6)

�® ¯®áâà®¥­¨î f(�) = �j ­  �(nk)
x ¯à¨ k � j � 1. �®íâ®¬ã

�1 =
j�1X
k=1

(�1)k+1�j = �j

j�1X
k=1

(�1)k+1;

â. ¥.

j�1j � j�j j =  (1=22s�j): (7)

�æ¥­¨¬ �2. �ë¡¥à¥¬ j0 2 N â ª, çâ®¡ë

1 + C2=(1 + log
1
x
) � d =

3
2

¯à¨ x < 2�j0 , ¨ ¯ãáâì x 2 Ej (j � 2s�j0). �® ¯®áâà®¥­¨î f ­  �(nk)
x ¥áâì á¤¢¨£ f á �(nk)

0 . �®íâ®¬ã

�2 =
2sX
k=j

(�1)k+1

j�(nk)
x j

Z
�
(nk)

0

f(t)dt =
2sX
k=j

(�1)k+12nk
kX
i=1

Z
Ek;i

f(t)dt =

=
2s�j0X
k=j

(�1)k+12nk
kX
i=1

Z
Ek;i

f(t)dt+
2sX

k=2s�j0+1

(�1)k+12nk
kX
i=1

Z
Ek;i

f(t)dt = �21 +�22: (8)

�®ª ¦¥¬, çâ® �22 ®£à ­¨ç¥­® ¯®áâ®ï­­®©, ­¥ § ¢¨áïé¥© ®â s. �«ï ¢­ãâà¥­­¥© áã¬¬ë ¢ �22

¨¬¥¥¬

kX
i=1

Z
Ek;i

f(t)dt =
kX
i=1

�i�Ek;i =
2s�j0X
i=1

�i�Ek;i +
kX

i=2s�j0+1

�i�Ek;i: (9)

�â¬¥â¨¬, çâ® j0 ¢ë¡à ­® â ª, çâ®  (x2 ) �
3
2
 (x) ¯à¨ j � 2s � j0 ¨ x 2 Ej . �®íâ®¬ã ¯®á«¥¤®¢ -

â¥«ì­®áâì (j�ij�Ek;i)
2s�j0
i=1 áâà®£® ¢®§à áâ ¥â ¨, §­ ç¨â,���� 2s�j0X

i=1

�i�Ek;i

���� � j�2s�j0 j�Ek;2s�j0 = 2k�2s+j0 j�2s�j0 j�Ek;k � 2j0 (1=2j0 )2�nk�1: (10)

�«ï ¢â®à®© áã¬¬ë ¢ (9) ¯®«ãç ¥¬ ®æ¥­ªã���� kX
i=2s�j0+1

�i�Ek;i

���� � kX
i=2s�j0+1

j�ij�Ek;i � �Ek;k

�
1 +

1
2
+

1
22

+ � � �

� 2sX
i=2s�j0+1

 (1=22s�1) �

� 2�nk
j0�1X
i=0

 (1=2i): (11)

�®¤áâ ¢«ïï (11) ¨ (10) ¢ (9), ­ å®¤¨¬���� kX
i=1

�i�Ek;i

���� �  (1=2j0 )
2nk+1

(2j0 + 2j0) �  (1=2j0 )
2j0

2nk
:
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�á¯®«ì§ãï ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢®, ¤«ï �22 ®ª®­ç â¥«ì­® ¨¬¥¥¬

j�22j �
2sX

k=2s�j0+1

 (1=2j0 )2j0 � j02
j0 (1=2j0 ): (12)

�æ¥­¨¬ áã¬¬ã �21, ã ª®â®à®© ¢® ¢­ãâà¥­­¥© áã¬¬¥ ç¨á«  (j�ij�Ek;i)ki=1 â ª¦¥ ®¡à §ãîâ ¢®§à -
áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì. �®íâ®¬ã (¯à¨ k > 1)���� kX

i=1

�i�Ek;i

���� � j�kj�Ek;k � j�k�1j�Ek;k�1 = �Ek;k(j�kj � 1
2
j�k�1j) �

� �Ek;k (1=22s�k)(1 � 3
4
) = 1

8
2�nk (1=22s�k): (13)

�à¨ k = 1 ¢¥à­  â ª ï ¦¥ ®æ¥­ª , ­® á § ¬¥­®© 1=8 ­  1. � ª¨¬ ®¡à §®¬, (13) ¢¥à­® ¯à¨ k � 1
¨, ªà®¬¥ â®£®, ¢ á¨«ã ¬®­®â®­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (j�ij�Ek;i)ki=1

sign
� kX
i=1

�i�Ek;i

�
= sign(�k�Ek;k) = (�1)k+1:

�ç¨âë¢ ï íâ® ¨ ­¥à ¢¥­áâ¢® (13), ¨¬¥¥¬

�21 =
�����21

���� = 2s�j0X
k=j

2nk
���� kX
i=1

�i�Ek;i

���� � 1
8

2s�j0X
k=j

 (1=22s�k) =

=
1
8

2sX
k=j

 (1=22s�k)�
1
8

j0�1X
k=0

 (1=2k): (14)

�®¤áâ ¢«ïï (14), (12), (8) ¨ (7) ¢ (6), ­ å®¤¨¬, çâ® ¯à¨ x 2 Ej (j � 2s� j0)

jS�n(f; x)j �
1
8

2sX
k=j

 (1=22s�k)�  (1=22s�j)�
1
8

j0�1X
k=0

 (1=2k)� j02
j0 (1=2j0 ): (15)

�® «¥¬¬¥ 4
2sX
k=j

 (1=22s�k) �  (1=22s�j )
2s� j + 1
C2 + 1

�
j0 � 1
j0

�C2

:

�®âà¥¡ã¥¬, çâ®¡ë j0 ¤®¯®«­¨â¥«ì­® ã¤®¢«¥â¢®àï«® ãá«®¢¨î�
j0 + 1
C2 + 1

��
1�

1
j0

�C2

� 16:

� íâ®¬ á«ãç ¥

1
8

2sX
k=j

 (1=22s�k)�  (1=22s�j) �
1
16

2sX
k=j

 (1=22s�k)

¨, ¥á«¨ ç¥à¥§ C7(j0) ®¡®§­ ç¨âì áã¬¬ã ¬®¤ã«¥© ¤¢ãå ¯®á«¥¤­¨å á« £ ¥¬ëå ¢ (15), â® ¤«ï S�n(f; x)
¨¬¥¥¬

jS�n(f; x)j �
1
16

2sX
k=j

 (1=22s�k)� C7(j0):

�® â®£¤  ¬®¦­® ­ ©â¨ j1 > j0 â ª®¥, çâ® ¯à¨ x 2 Ej (j � 2s� j1)

jS�n(f; x)j �
1
20

2sX
k=j

 (1=22s�k): (16)
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�ãáâì â¥¯¥àì �(x) # 0 ¯à¨ x # 0 ¨ e (x) = 1R
x

 (t)
t
dt. �æ¥­¨¬ kS�n(f)k ~ �;p. � ãç¥â®¬ «¥¬¬ë 1,

­¥à ¢¥­áâ¢  (16) ¨ ®¡®§­ ç¥­¨©
� jS�n(f;x)j�

~ (t)�(t)

�p
t�1 = A(t),

2sP
k=j

 (1=22s�k) = sj ¨¬¥¥¬

kS�n(f)k
p
~ �;p

=
Z 1

0

A(t)dt =
2sX
j=1

Z
Ej

A(t)dt �
2s�j1X
j=1

Z
Ej

A(t)dt �
1

(20)p

2s�j1X
j=1

spj

Z
Ej

1e p(t)�p(t) dtt �

�
1
20p

2s�j1X
j=1

spj

Z 2�2s+j

2�2s+j�1

dte p(t)�p(t) � 1
20p

2s�j1X
j=1

spj
ln 2e p(2�2s+j�1)�p(2�2s+j) �

�
1
20p

2s�j1X
j=1

ln 2(2 + C2)p
spje p(2�2s+j)�p(2�2s+j) : (17)

� íâ®¬ ­¥à ¢¥­áâ¢¥ S�n | ¬®¤¨ä¨æ¨à®¢ ­­ ï ç áâ¨ç­ ï áã¬¬ ,   j � j� ®¡®§­ ç ¥â ­¥¢®§à áâ î-
éãî ¯¥à¥áâ ­®¢ªã. �®¤áâ ¢«ïï ­¥à ¢¥­áâ¢®

e (1=22s�j) = Z 1

2j�2s

 (t)
t
dt =

2s�jX
k=1

Z 2�2s+j+k

2�2s+j+k�1

 (t)
t
dt � ln 2

2s�jX
k=1

 (2�2s+j+k�1) �

� ln 2
2sX
k=j

 (1=22s�k) = sj ln 2

¢ (17), á ãç¥â®¬ (5) ¨¬¥¥¬

kS�n(f)k
p
~ �;p

� C8

2s�j1X
j=1

1
�p(2�2s+j)

)
kS�n(f)k

p
~ �;p

kfkp ;p
�

�
C8

C6

1
2s

2s�j1X
j=1

1
�p(2�2s+j)

! +1 ¯à¨ s! +1: �
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