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��� 517.51

�.�. ������

��������������� ������� ��� �����������
�����������, �������� ����������� ����������

� ¤ ­­®© áâ âì¥ ¯à®¤®«¦¥­® ¨áá«¥¤®¢ ­¨¥ á¢®©áâ¢ ¬®¤¨ä¨ª æ¨©, ¢¢¥¤¥­­ëå �.�. �¨¤¥­áª¨¬
¨ �.�.�¥­¤¨­®© ¤«ï ã¢¥«¨ç¥­¨ï ¯®àï¤ª  ¯à¨¡«¨¦¥­¨ï £« ¤ª¨å äã­ªæ¨© ¨ ¯à¨¬¥­¥­­ëå ª ¬­®-
£®ç«¥­ ¬ Un, ¯®¤®¡­ë¬ ¬­®£®ç«¥­ ¬ �¥à­èâ¥©­ . �áâ ­®¢«¥­ë  á¨¬¯â®â¨ª¨ ¤«ï æ¥­âà «ì­ëå
¬®¬¥­â®¢ ­¥ç¥â­®£® ¯®àï¤ª  � ¨ ¯®àï¤ª®¢, ¡�®«ìè¨å �, ¬®¤¨ä¨ª æ¨© Un;� . �®ª § ­ë  á¨¬¯â®-
â¨ç¥áª¨¥ â¥®à¥¬ë �®à®­®¢áª®©{�¥à­èâ¥©­  ¤«ï ¬®¤¨ä¨ª æ¨© Un;� .

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �«®¤®¢áª®£® ® áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à®¨§¢®¤­ëå
¬­®£®ç«¥­®¢ �¥à­èâ¥©­  B(k)

n f ª ¯à®¨§¢®¤­ë¬ f (k) ¢ ([1], á. 48) ¢¢¥¤¥­ë ¯®«¨­®¬¨ «ì­ë¥ ®¯¥-
à â®àë Un, ¯®¤®¡­ë¥ ¬­®£®ç«¥­ ¬ �¥à­èâ¥©­ . �­®£®ç«¥­ë Un, n 2 N , § ¤ îâáï ä®à¬ã«®©

Un(f; x) =
n

x(1� x)

nX
k=0

�
k

n
� x

�2

f

�
k

n

�
Ck
nx

k(1� x)n�k; (1)

£¤¥ f 2 C[0; 1].
� ¤ ­­®© à ¡®â¥ áç¨â ¥¬, çâ® ¢áî¤ã x ¯à¨­ ¤«¥¦¨â [0; 1]. �®¤¨ä¨ª æ¨¨ �.�. �¨¤¥­áª®£® ¨

�.�.�¥­¤¨­®© ®¯¥à â®à®¢ Un § ¤ ¤¨¬ à¥ªãàà¥­â­® ([2], á. 52):

Un;1f = Unf;

Un;�f = Unf �
��1X
k=1

Sk(Un)
k!

Un;��kf
(k) ¯à¨ � � 2;

(2)

£¤¥ f 2 C(��1)[0; 1]. �¥à¥§ Sk(Un) ®¡®§­ ç¥­ë äã­ªæ¨¨ Sk(Un; x) = Un((t� x)k; x), ª®â®àë¥ ­ §ë-
¢ îâáï æ¥­âà «ì­ë¬¨ ¬®¬¥­â ¬¨ ¯®àï¤ª  k, k 2 Z+, ®¯¥à â®à®¢ Un. � áâ âì¥ à áá¬ âà¨¢ îâáï
æ¥­âà «ì­ë¥ ¬®¬¥­âë ¬­®£®ç«¥­®¢ �¥à­èâ¥©­  Bn, ¬­®£®ç«¥­®¢ Un ¨ ¬®¤¨ä¨ª æ¨© Un;� .

�§ (1) á«¥¤ã¥â, çâ®

Sk(Un; x) =
n

x(1� x)
Sk+2(Bn; x): (3)

�§¢¥áâ­® [1]{[3], çâ®

S2(Bn; x) =
x(1� x)

n
; S3(Bn; x) =

x(1� x)(1� 2x)
n2

: (4)

�¢¨¤ã (3) ¨ (4) ¨¬¥¥¬

S0(Un) = 1: (5)

�à¨¬¥­ïï (2) ¨ (5), ¯®«ãç ¥¬

S0(Un;�) = 1; � � 1: (6)

�§ á¢®©áâ¢ ¬®¤¨ä¨ª æ¨© �.�.�¨¤¥­áª®£® ¨ �.�.�¥­¤¨­®© [4] ¢ëâ¥ª ¥â, çâ®

Sk(Un;�) = 0 ¯à¨ 1 � k � � � 1: (7)
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�§¢¥áâ­ë á«¥¤ãîé¨¥ ¯à¥¤¥«ë ([5], [3] á®®â¢¥âáâ¢¥­­®)

lim
n!1

nmS2m�1(Bn; x)
(2m� 1)!

=
(x(1� x))m�1(1� 2x)

3 � 2m�1(m� 2)!
; (8)

lim
n!1

nmS2m(Bn; x)
(2m)!

=
(x(1� x))m

2mm!
: (9)

�§ (3), (8), (9) ¨¬¥¥¬

lim
n!1

nmS2m�1(Un; x)
(2m� 1)!

=
m(2m+ 1)

3 � 2m�1(m� 1)!
(x(1� x))m�1(1� 2x); (10)

lim
n!1

nmS2m(Un; x)
(2m)!

=
2m+ 1
2mm!

(x(1� x))m: (11)

� [6] ¤®ª § ­®, çâ®

lim
n!1

nmS2m(Un;2m; x)
(2m)!

= (�1)m+1�m(x(1� x))m; (12)

£¤¥ �m =
mP
j=0

1
2jj!

| ç áâ­ ï áã¬¬  àï¤  �¥©«®à  äã­ªæ¨¨ y = ex ¯à¨ x = 1
2
. �á«®¢¨¬áï áç¨â âì,

çâ® ��3 = ��2 = ��1 = 0.

1. �á¨¬¯â®â¨ç¥áª ï â¥®à¥¬  �®à®­®¢áª®©{�¥à­èâ¥©­ 

�á¨¬¯â®â¨ªã ¤«ï æ¥­âà «ì­ëå ¬®¬¥­â®¢ ¯®àï¤ª  2m � 1 ¬®¤¨ä¨ª æ¨© Un;2m�1 ãáâ ­ ¢«¨-
¢ ¥â

�¥¬¬  1. �«ï «î¡ëå x 2 [0; 1] ¨ m � 1

lim
n!1

nmS2m�1(Un;2m�1; x)
(2m� 1)!

= (�1)m+1(�m�1 � 1
6
�m�2)(x(1� x))m�1(1� 2x): (13)

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ¨­¤ãªæ¨î. �ãáâì m = 1. �à¨¬¥­ïï (3), (4) ¨ á®£« è¥­¨¥ ®
â®¬, çâ® ��1 = 0, «¥£ª® ¯à®¢¥à¨âì ¢ë¯®«­¨¬®áâì (13) ¯à¨ m = 1. �à¥¤¯®« £ ï (13) ¤®ª § ­­ë¬
¤«ï m� 1, à áá¬®âà¨¬ á«ãç © m. �®« £ ï ¢ (2) � = 2m� 1 ¨ f(t) = (t� x)2m�1, ¨¬¥¥¬

S2m�1(Un;2m�1)
(2m� 1)!

=
S2m�1(Un)
(2m� 1)!

�
2m�2X
k=1

Sk(Un)
k!

S2m�1�k(Un;2m�1�k)
(2m� 1� k)!

: (14)

� áá¬®âà¨¬ á«ãç ¨ ç¥â­®£® ¨ ­¥ç¥â­®£® k. �ãáâì k = 2j. �á­®, çâ® j = 1; : : : ;m � 1. �á«¨
k = 2j � 1, â® j ¯à¨­¨¬ ¥â â¥ ¦¥ §­ ç¥­¨ï 1; : : : ;m� 1.

�¬­®¦¨¬ (14) ­  nm ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ n!1. �ç¨âë¢ ï (10){(12) ¨ ¯à¥¤¯®«®¦¥­¨¥
¨­¤ãªæ¨¨, ¯®á«¥ ®ç¥¢¨¤­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬

(�1)m+1(�m�1 � 1
6
�m�2) =

m(2m+ 1)
3 � 2m�1(m� 1)!

�
m�1X
j=1

(2j + 1)
2jj!

(�1)m�j+1(�m�j�1 � 1
6
�m�j�2)�

�
m�1X
j=1

j(2j + 1)
3 � 2j�1(j � 1)!

(�1)m�j+1�m�j : (15)

� ¬¥â¨¬, çâ®

2j + 1
2jj!

= �j � �j�2; j = 1;m� 1;
j(2j + 1)

3 � 2j�1(j � 1)!
= (�j�1 � �j�3) + 1

6
(�j�2 � �j�4); j = 1;m:
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�ë¯®«­ïï ¢ á®®â­®è¥­¨¨ (15) á®®â¢¥âáâ¢ãîéãî § ¬¥­ã, ¯®«ãç¨¬

m�1X
j=0

(�1)j(�j��j�2)(�m�j�1�1
6
�m�j�2)+

mX
j=1

(�1)j�m�j [(�j�1��j�3)+ 1
6
(�j�2 � �j�4)] = 0: (16)

�¡®§­ ç¨¬

X
1
=

m�1X
j=0

(�1)j�j�m�j�1;
X

2
= �

1
6

m�1X
j=0

(�1)j�j�m�j�2;

X
3
= �

m�1X
j=0

(�1)j�j�2�m�j�1;
X

4
=
1
6

m�1X
j=0

(�1)j�j�2�m�j�2;

X
5
=

mX
j=1

(�1)j�m�j�j�1;
X

6
= �

mX
j=1

(�1)j�m�j�j�3;

X
7
=
1
6

mX
j=1

(�1)j�m�j�j�2;
X

8
= �

1
6

mX
j=1

(�1)j�m�j�j�4:

�¥à¥¯¨è¥¬ (16) ¢ ¢¨¤¥ X
1
+ � � �+

X
8
= 0: (17)

�«ï ¤®ª § â¥«ìáâ¢  (17) ¤®áâ â®ç­® ¯®ª § âì, çâ®X
1
+
X

5
=
X

2
+
X

7
=
X

3
+
X

6
=
X

4
+
X

8
= 0: (18)

�¥©áâ¢¨â¥«ì­®, § ¬¥­ïï ¯¥à¥¬¥­­ãî áã¬¬¨à®¢ ­¨ï j ­  t = j�1 ¢ áã¬¬ å
P

5,
P

6, j ­  t = j�2
¢ áã¬¬ å

P
7,
P

8, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (18).

�®«ãç¨¬ ¤ «¥¥ ®æ¥­ª¨ äã­ªæ¨© S�k(An; x) = An(jt � xjk; x), £¤¥ An | ¯®á«¥¤®¢ â¥«ì-
­®áâì «¨­¥©­ëå ¯®«®¦¨â¥«ì­ëå ®¯¥à â®à®¢ («.¯.®.), § ¤ ­­ëå ­  ¯à®áâà ­áâ¢¥ C[0; 1], ¯à¨ç¥¬
An1 = 1.

�®âà¥¡ã¥¬, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

S�k(An; x) � �k(n; x); (19)

¯à¨ç¥¬ ¤«ï ¢áïª®£® k 2 Z+ áãé¥áâ¢ã¥â ek 2 N â ª®¥, çâ® �ek(n; x) = o(�k(n; x)).

�¥¬¬  2. �ãáâì «.¯.®. An ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (19) ¢ ­¥ª®â®à®© â®çª¥ x; äã­ªæ¨ï f 2
C[0; 1] ¤¨ää¥à¥­æ¨àã¥¬  ¢ â®çª¥ x � à §. �®£¤ 

An(f; x) = f(x) +
�X

j=1

f (j)(x)
j!

Sj(An; x) + o(��(n; x)): (20)

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ à §«®¦¥­¨¥ f ¢ â®çª¥ x ¯® ä®à¬ã«¥ �¥©«®à 

f(t) = f(x) +
�X

j=1

f (j)(x)
j!

(t� x)j + r�(f; t; x); (21)

£¤¥ r�(f; t; x) | ®áâ â®ç­ë© ç«¥­. �à¨¬¥­ïï An ª ®¡¥¨¬ ç áâï¬ (21), ¯®«ãç¨¬

An(f; x) = f(x) +
�X

j=1

f (j)(x)
j!

Sj(An; x) +An(r�(f; t; x); x): (22)

�æ¥­ª  ®áâ â®ç­®£® ç«¥­  ¢ (22) ¯à®¨§¢®¤¨âáï  ­ «®£¨ç­® ®æ¥­ª¥ ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1
[7].

11



� ¬¥ç ­¨¥ 1. � [7] ¡ë«® áä®à¬ã«¨à®¢ ­® ãá«®¢¨¥, ¯à¨ ª®â®à®¬ S�k(An; x) ®¡« ¤ «¨ á¢®©-
áâ¢®¬ äã­ªæ¨© �k(n; x) ¨§ (19). �® ¢¢¥¤¥­¨¥ äã­ªæ¨© �k(n; x) ®¡«¥£ç ¥â á®®â¢¥âáâ¢ãîéãî ¯à®-
¢¥àªã ¨ ¤®áâ â®ç­® ¤«ï æ¥«¥© ¤ ­­®© à ¡®âë.

� ¬¥ç ­¨¥ 2. � ª ¨§¢¥áâ­® ([2], á. 28), ¤«ï ¬­®£®ç«¥­®¢ �¥à­èâ¥©­  ¯à¨ ¢á¥å x 2 [0; 1]
¢ë¯®«­ï¥âáï

S�k(Bn; x) �M(k)
x(1 � x)
nk=2

; (23)

£¤¥ M(k) | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â k. �§ (1) ¨ (23) «¥£ª® ¢ë¢¥áâ¨ ­¥à ¢¥­áâ¢®

S�k(Un; x) �M(k)
1

nk=2
: (24)

�«¥¤®¢ â¥«ì­®, ¢ á«ãç ¥ ¬­®£®ç«¥­®¢ Un ®áâ â®ç­ë¬ ç«¥­®¬ ¢ (20) ­  (0; 1) ¡ã¤¥â o(n��=2).

�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª®© â¥®à¥¬®© â¨¯  â¥®à¥¬ �®à®­®¢áª®©{�¥à­-
èâ¥©­  ¤«ï ¬®¤¨ä¨ª æ¨© Un;2m�1.

�¥®à¥¬  1. �á«¨ äã­ªæ¨ï f 2 C(2m�2)[0; 1], m � 1, ¤¨ää¥à¥­æ¨àã¥¬  ¢ â®çª¥ x 2m à §, â®

lim
n!1

nm(Un;2m�1(f; x)� f(x)) = f (2m�1)(x)(�1)m+1(�m�1 � 1
6
�m�2)(x(1 � x))m�1(1� 2x) +

+ f (2m)(x)(�1)m+1�m(x(1 � x))m:

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ®¯¥à â®à Un;2m�1 ª ®¡¥¨¬ ç áâï¬ (21) ¯à¨ � = 2m. �¢¨¤ã (6),
(7) ¨¬¥¥¬

Un;2m�1(f; x) = f(x) + f (2m�1)(x)
S2m�1(Un;2m�1; x)

(2m� 1)!
+

+ f (2m)(x)
S2m(Un;2m�1; x)

(2m)!
+ Un;2m�1(r2m(f; t; x); x): (25)

�«ï ®æ¥­ª¨ ®áâ â®ç­®£® ç«¥­  ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯à¨¬¥­¨¬ ä®à¬ã«ã (6.9) ¨§ [4]:

Un;2m�1(r2m(f; t; x); x) = Un(r2m(f; t; x); x)�
2m�2X
k=1

Sk(Un;k; x)
k!

Un(r2m�k(f
(k); t; x); x):

�® «¥¬¬¥ 2 (á¬. § ¬¥ç ­¨¥ 2) Un(r2m(f; t; x); x) = o(n�m), Un(r2m�k(f (k); t; x); x) = o(n�m+k=2).
� ¬¥ç ï, çâ® jSk(Un)j � S�k(Un), ¨§ (2) ¨ (24) ¢ë¢®¤¨¬, çâ® Sk(Un;k) = O(n�k=2). � ª¨¬ ®¡à §®¬,
®áâ â®ç­ë© ç«¥­ ¢ (25) ¥áâì o(n�m). �à®¬¥ â®£®, ¨§ á¢®©áâ¢ ¬®¤¨ä¨ª æ¨© �.�.�¨¤¥­áª®£® ¨
�.�.�¥­¤¨­®© á«¥¤ã¥â, çâ®

lim
n!1

nmS2m(Un;2m�1)
(2m)!

= lim
n!1

nmS2m(Un;2m)
(2m)!

(á¬. â ª¦¥ (26)). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¯à¨¬¥­¨âì (12) ¨ (13).

2. �¡®¡é¥­­ ï  á¨¬â¯®â¨ç¥áª ï â¥®à¥¬  �®à®­®¢áª®©{�¥à­èâ¥©­ 

�® «¥¬¬¥ 3 ®¯à¥¤¥«¨¬ £« ¢­ë¥ ç«¥­ë æ¥­âà «ì­ëå ¬®¬¥­â®¢ ¯®àï¤ª®¢, ¡�®«ìè¨å �, ®¯¥à -
â®à®¢ Un;� .
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�¥¬¬  3. �«ï «î¡ëå x 2 [0; 1] ¨ m � 1, � � 1

lim
n!1

nmS2m(Un;� ; x)
(2m)!

= (�1)[
��1
2 ]

� �[ �+1
2 ]�1

2[
2m��

2 ][ 2m��
2

]!
+

1
2mm!

C
[ 2m��2 ]
m�1

�
(x(1� x))m

¯à¨ 2m � �; (26)

lim
n!1

nmS2m�1(Un;� ; x)
(2m� 1)!

= (�1)[
��1
2 ] 1

3

� �
2�1

(2m� 1� �)

2m�
�
2 (m� 1� �

2
)!
(x(1 � x))m�1(1� 2x)

¯à¨ ç¥â­®¬ �; 2m� 1 > �; (27)

lim
n!1

nmS2m�1(Un;� ; x)
(2m� 1)!

= (�1)[
��1
2 ]f� ��1

2
(� 2m���1

2
+ 1

6
� 2m���3

2
� � 2m���5

2
� 1

6
� 2m���7

2
)�

� � ��3
2
( 1
6
� 2m���1

2
� 1

6
� 2m���5

2
)g(x(1 � x))m�1(1� 2x)

¯à¨ ­¥ç¥â­®¬ �; 2m� 1 � �: (28)

�¢ ¤à â­ë¥ áª®¡ª¨ ¢ (26){(28) ¨ ¤ «¥¥ ®§­ ç îâ æ¥«ãî ç áâì ç¨á« .

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ à ááã¦¤¥­¨ï, ª®â®àë¥ ¡ë«¨ ¨á¯®«ì§®¢ ­ë  ¢â®à®¬ ¢ á«ãç ¥
¬­®£®ç«¥­®¢ �¥à­èâ¥©­  ¨ � ­â®à®¢¨ç .

�®ª ¦¥¬ (26). �®£« á­® â¥®à¥¬¥ 5.1 ¨§ [4]

S2m(Un;�)
(2m)!

=
2m��X
k=0

Sk(Un)
k!

S2m�k(Un;2m�k)
(2m� k)!

: (29)

�¬­®¦¨¬ (29) ­  nm.
� áá¬®âà¨¬ á«ãç © ­¥ç¥â­ëå k. �§¢¥áâ­® ([2], á. 27), çâ® Sk(Bn) = O(n�[

k+1
2 ]). �âáî¤ 

«¥£ª® ¢ë¢¥áâ¨, çâ® Sk(Un) = O(n�[
k+1
2 ]), Sk(Un;k) = O(n�[

k+1
2 ]). �ãáâì k = 2j � 1. �®£¤ 

Sk(Un)S2m�k(Un;2m�k) = o(n�m). �«¥¤®¢ â¥«ì­®, ¯à¥¤¥« á« £ ¥¬ëå á ­¥ç¥â­ë¬ k à ¢¥­ ­ã«î.
�¥¯¥àì à áá¬®âà¨¬ á«ãç © ç¥â­ëå k = 2j. �á­®, çâ® j = 0; : : : ; [ 2m��

2
]. �¥à¥©¤¥¬ ¢ (29) ª

¯à¥¤¥«ã ¯à¨ n!1. �á¯®«ì§ãï (11) ¨ (12), ¯®«ãç ¥¬

lim
n!1

S2m(Un;� ; x)
(2m)!

=
[ 2m��2 ]X
j=0

(�1)m�j+1

�
1
2jj!

+
1

2j�1(j � 1)!

�
�m�j(x(1� x))m

(¯à¨ j = 0 á®¬­®¦¨â¥«ì ¢ áª®¡ª å áç¨â ¥âáï à ¢­ë¬ 1). �«ï ¢ëç¨á«¥­¨ï áã¬¬ë

X
1
=

[ 2m��2 ]X
j=0

(�1)j
�

1
2jj!

+
1

2j�1(j � 1)!

�
�m�j =

[ 2m��2 ]X
j=0

m�jX
k=0

(�1)j
�

1
2jj!

+
1

2j�1(j � 1)!

�
1

2kk!

¨§¬¥­¨¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï. �®£¤ 

X
1
=

mX
k=m�[ 2m��2 ]

1
2kk!

m�kX
j=0

(�1)j
�

1
2jj!

+
1

2j�1(j � 1)!

�
+

+
m�[ 2m��2 ]�1X

k=0

1
2kk!

[ 2m��2 ]X
j=0

(�1)j
�

1
2jj!

+
1

2j�1(j � 1)!

�
=
X

2
+
X

3
:

�¥£ª® ¯®­ïâì, çâ® ¢­ãâà¥­­¨¥ áã¬¬ë ã
P

2 ¨
P

3 à ¢­ë (�1)m�k 1
2m�k(m�k)!

¨ (�1)[
2m��

2 ] 1

2[
2m��

2
][ 2m��2 ]!

á®®â¢¥âáâ¢¥­­®. �­ ç «  ¢ëç¨á«¨¬
P

2. �¬¥¥¬
P

2 = (�1)m 1
2mm!

mP
k=m�[ 2m��2 ]

(�1)kCk
m. �á¯®«ì§ãï
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¨§¢¥áâ­ë¥ â®¦¤¥áâ¢  ¤«ï ¡¨­®¬¨ «ì­ëå ª®íää¨æ¨¥­â®¢, ¯®«ãç¨¬, çâ® ¢­ãâà¥­­ïï áã¬¬  ã
P

2

à ¢­  (�1)m�[
2m��

2 ]C
[ 2m��2 ]
m�1 . �®á«¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¡ã¤¥¬ ¨¬¥âì

X
2
= (�1)[

��1
2 ] 1

2mm!
C

[ 2m��2 ]
m�1 :

�á­®, çâ®

X
3
= (�1)[

2m��
2 ] 1

2[
2m��

2 ][ 2m��
2

]!
�m�[ 2m��2 ]�1:

�¥¬ á ¬ë¬ ­ ©¤¥­  áã¬¬ 
P

1. � «ì­¥©è¨¥ ¢ëç¨á«¥­¨ï ®ç¥¢¨¤­ë. �®®â­®è¥­¨¥ (26) ¤®ª § ­®.
�®ª ¦¥¬ (27). � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 5.1 [4]

S2m�1(Un;�)
(2m� 1)!

=
2m�1��X

k=0

Sk(Un)
k!

S2m�1�k(Un;2m�1�k)
(2m� 1� k)!

: (30)

� áá¬®âà¨¬ á«ãç ¨ ç¥â­®£® ¨ ­¥ç¥â­®£® k. �à¨ k = 2j ¨¬¥¥¬ j = 0; : : : ; 2m�2��
2

. � á«ãç ¥ k = 2j�1
¯®«ãç ¥¬ j = 1; : : : ; 2m��

2
. �¬­®¦ ¥¬ (30) ­  nm, ¯¥à¥å®¤¨¬ ª ¯à¥¤¥«ã ¯à¨ n ! 1. �®á«¥

¯à¨¬¥­¥­¨ï (10){(13) ¯à¨å®¤¨¬ ª § ¤ ç¥ ¢ëç¨á«¥­¨ï áã¬¬ë

2m���2
2X

j=0

(�1)j(�j � �j�2)(�m�j�1 � 1
6
�m�j�2) +

2m��
2X

j=1

(�1)j(�j�1 � �j�3 + 1
6
(�j�2 � �j�4))�m�j :

� íâ®© æ¥«ìî á®áâ ¢¨¬ ¢®á¥¬ì áã¬¬:

X
1
=

2m���2
2X

j=0

(�1)j�j�m�j�1;
X

2
= �

1
6

2m���2
2X

j=0

(�1)j�j�m�j�2;

X
3
= �

2m���2
2X

j=0

(�1)j�j�2�m�j�1;
X

4
=
1
6

2m���2
2X

j=0

(�1)j�j�2�m�j�2;

X
5
=

2m��
2X

j=1

(�1)j�j�1�m�j ;
X

6
= �

2m��
2X

j=1

(�1)j�j�3�m�j ;

X
7
=
1
6

2m��
2X

j=1

(�1)j�j�2�m�j ;
X

8
= �

1
6

2m��
2X

j=1

(�1)j�j�4�m�j :

�¥£ª® ¯®­ïâì, çâ®
P

1+
P

5 =
P

3+
P

6 = 0,
P

2+
P

7 = (�1)
2m��

2
1
6
� 2m���2

2
� ��2

2
,
P

4+
P

8 =

(�1)
2m���2

2
1
6
� 2m���6

2
� ��2

2
. �¥á«®¦­ë¥ ¢ëç¨á«¥­¨ï ¯à¨¢®¤ïâ ª á®®â­®è¥­¨î (27).

�®ª § â¥«ìáâ¢® (28)  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã (27).

�«¥¤ãîéãî â¥®à¥¬ã ¥áâ¥áâ¢¥­­® ­ §¢ âì ®¡®¡é¥­­®© â¥®à¥¬®© �®à®­®¢áª®©{�¥à­èâ¥©­ 
¤«ï ®¯¥à â®à®¢ Un;2m. �¥®à¥¬  �®à®­®¢áª®©{�¥à­èâ¥©­  ¤«ï ®¯¥à â®à®¢ Un;2m�1 ä®à¬ã«¨àã-
¥âáï  ­ «®£¨ç­®.
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�¥®à¥¬  2. �á«¨ äã­ªæ¨ï f 2 C(2m�1)[0; 1], m � 1, ¤¨ää¥à¥­æ¨àã¥¬  ¢ â®çª¥ x 2m + 2l
à §, l � 1, â®

lim
n!1

nm+l

�
Un;2m(f; x)� f(x)�

2l�2X
k=0

S2m+k(Un;2m+k; x)
(2m+ k)!

f (2m+k)(x)
�
=

= f (2m+2l�1)(x)(�1)m+1 1
3
�m�1(2l � 1)
2l(l � 1)!

(x(1� x))m+l�1(1� 2x) +

+ f (2m+2l)(x)(�1)m+1

�
�m�1

2ll!
+

C l
m+l�1

2m+l(m+ l)!

�
(x(1� x))m+l:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 á á®®â¢¥âáâ¢ãîé¨¬¨ ¨§¬¥­¥-
­¨ï¬¨, ¢ ç áâ­®áâ¨, ¨á¯®«ì§ãîâáï ¯à¥¤¥«ì­ë¥ à ¢¥­áâ¢  (26) ¨ (27) ¢¬¥áâ® (12) ¨ (13), ¯®íâ®¬ã
¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à¨¢®¤¨âì ­¥ ¡ã¤¥¬.
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