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�¢¥¤¥­¨¥

�¥à¢®®¡à §­ ï x(t) ®â (¢¥ªâ®à­®©) äã­ªæ¨¨ q(t); q(0) = 0, ¯à¨ ãá«®¢¨¨ x(0) = 0 ¥áâ¥áâ¢¥­­®
âà ªâã¥âáï ª ª à¥è¥­¨¥ § ¤ ç¨ �®è¨

_x = q(t); x(0) = 0: (1)

�¥è¥­¨¥ íâ®© § ¤ ç¨ ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâë¬ (à §à¥è¥­­ë¬) ¨­â¥£à¨à®¢ ­¨¥¬. �à¨ ¨áá«¥¤®-
¢ ­¨¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­¥ à §à¥è¥­­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤-
­®©, ¢®§­¨ª ¥â á¨âã æ¨ï ­¥à §à¥è¥­­®£® ¨­â¥£à¨à®¢ ­¨ï | à¥è¥­¨ï § ¤ ç¨

F ( _x; t) = 0; x(0) = 0; (2)

£¤¥ F ( _x; t) | äã­ªæ¨ï ¢¥ªâ®à­®£® ¨ áª «ïà­®£® ¯¥à¥¬¥­­ëå ¨§ ª ª®£®-­¨¡ã¤ì ª« áá  £« ¤ª®áâ¨,
¤«ï ª®â®à®© F (0; 0) = 0.

�¥£ª® ã¡¥¤¨âìáï, çâ® ¢ á«ãç ¥ § ¤ ç¨ (1) â¨¯ ®á®¡¥­­®áâ¨ äã­ªæ¨¨ x(t) ¢ ­ã«¥ ®¯à¥¤¥«ï¥âáï
®á®¡¥­­®áâìî ¢ ­ã«¥ äã­ªæ¨¨ q(t): ¥á«¨ q(t) = o(tr), â® x(t) = o(tr+1). �áâ¥áâ¢¥­­® ¢®§­¨ª ¥â
áãé¥áâ¢¥­­® ¡®«¥¥ á«®¦­ë© ¢®¯à®á ® â¨¯¥ ®á®¡¥­­®áâ¨ ¢ ­ã«¥ äã­ªæ¨¨ x(t) ¢ á«ãç ¥ § ¤ ç¨ (2).

� ¤ ­­®© à ¡®â¥ ¨§«®¦¥­ë á®®¡à ¦¥­¨ï, à áªàë¢ îé¨¥, ¯® ¬­¥­¨î  ¢â®à , ¬¥å ­¨§¬ ä®à-
¬¨à®¢ ­¨ï ®á®¡¥­­®áâ¨ x(t) ¢ ­ã«¥ ¤«ï £« ¤ª®© äã­ªæ¨¨ F .

�à¥¤¯®« £ ¥âáï, çâ® F |  ­ «¨â¨ç¥áª®¥ ®â®¡à ¦¥­¨¥: F 2 Ca(Rn �R1; Rn), x 2 Rn, t 2 R1,
F (0; 0) = 0, _x(0) = 0.

�®á«¥ § ¬¥­ë _x(t) = y ãà ¢­¥­¨¥ (2) á¢®¤¨âáï ª ­¥«¨­¥©­®¬ã ãà ¢­¥­¨î

F (y; t) = 0: (3)

�á­®¢­®© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â á«ãç ©, ¢ ª®â®à®¬ â®çª  (y; t) = (0; 0) ï¢«ï¥âáï ®á®¡ë¬ à¥-
è¥­¨¥¬ (â®çª®© ¡¨äãàª æ¨¨) ãà ¢­¥­¨ï (3), â. ¥.

rank
@F (0; 0)
@y

< n:

� ¯à®â¨¢­®¬ á«ãç ¥ ¬®¦­® ¡ë«® ¡ë ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© ® ­¥ï¢­®© äã­ªæ¨¨. � ª¨¬ ®¡à -
§®¬, § ¤ ç  à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (2) â¥á­® á¢ï§ ­  á § ¤ ç¥© ­ å®¦¤¥­¨ï ¯à®áâëå ¬ «ëå
à¥è¥­¨© ãà ¢­¥­¨ï (3). �à¨ íâ®¬ ¯¥à¢®®ç¥à¥¤­®© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â § ¤ ç  ® ª®­¥ç­®© ®¯à¥-
¤¥«¥­­®áâ¨ ¢á¥å ¨«¨ ®â¤¥«ì­ëå ¯à®áâëå ¬ «ëå à¥è¥­¨©, â. ¥. ãáâ®©ç¨¢®áâ¨ ¨å  á¨¬¯â®â¨ª ¢
­ã«¥ ®â­®á¨â¥«ì­® ­¥«¨­¥©­ëå ¤¥ä®à¬ æ¨© ãà ¢­¥­¨ï, ¯®à®¦¤¥­­ëå ¢­¥á¥­¨¥¬ ¢ «¥¢ãî ç áâì
ãà ¢­¥­¨ï (3) ¤®¯®«­¨â¥«ì­ëå á« £ ¥¬ëå ¤®áâ â®ç­® ¢ëá®ª®£® ¯®àï¤ª  ¬ «®áâ¨ ¢ ­ã«¥. � íâ®©
á¢ï§¨ ®â¬¥â¨¬ à¥§ã«ìâ âë [1], [2], ª®â®àë¥ «¥£«¨ ¢ ®á­®¢ã â¥®à¨¨ ¯à®áâëå ¬ «ëå à¥è¥­¨©.

�à¨ à¥è¥­¨¨ â ª¨å § ¤ ç [3] ¨á¯®«ì§ã¥âáï àï¤  ¯à¨®à­ëå ®æ¥­®ª, ª®â®àë¥ ¢ ¨§ãç ¥¬®©
§ ¤ ç¥ ¢ë¯®«­¥­ë ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¯®­ïâ¨ï ¡¨äãàª -
æ¨®­­®© ¨  «£¥¡à ¨ç¥áª®© ªà â­®áâ¥© ®â®¡à ¦¥­¨ï (¢ á«ãç ¥ C1-®â®¡à ¦¥­¨ï). �á­®¢ã ¢á¥å

26



à ááã¦¤¥­¨© ¯à¥¤áâ ¢«ï¥â ¯®«ãç¥­­ë©  ¢â®à®¬ ªà¨â¥à¨© ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨  ­ «¨â¨-
ç¥áª®£® ãà ¢­¥­¨ï. �â®â à¥§ã«ìâ â ­ å®¤¨â ¥áâ¥áâ¢¥­­®¥ ¯à¨«®¦¥­¨¥ ª ¨§ãç ¥¬®© §¤¥áì § ¤ ç¥
¨ ¡®«¥¥ ®¡é¥© § ¤ ç¥ à §à¥è¨¬®áâ¨ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï, ­¥ à §à¥è¥­­®£® ®â­®á¨-
â¥«ì­® ¯à®¨§¢®¤­®©.

1. �à®áâë¥ à¥è¥­¨ï ¤«ï ãà ¢­¥­¨© á ¯ à ¬¥âà®¬

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (3), £¤¥ F : (U; 0) ! (Rn; 0) |  ­ «¨â¨ç¥áª®¥ ®â®¡à ¦¥­¨¥, ¤¥©áâ¢ã-
îé¥¥ ¨§ ®ªà¥áâ­®áâ¨ U ­ã«ï ¢¥é¥áâ¢¥­­®£® ¯à®áâà ­áâ¢  Rn � R1 ¢ ¯à®áâà ­áâ¢® Rn, y 2 Rn,
t 2 R1, F (0; 0) = 0. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¯¥à â®à DyF (0; 0) ­¥ ¨¬¥¥â ®£à ­¨ç¥­­®£® ®¡à â-
­®£®.

�ãáâì ãà ¢­¥­¨¥ (3) ¨¬¥¥â ¬ «®¥ ¯à®áâ®¥ à¥è¥­¨¥ [2] y(t) : y(0) = 0, y(t) ­¥¯à¥àë¢­® § ¢¨á¨â
®â t ¨ ®¯¥à â®à DyF (y(t); t) ¯à¨ ¬ «ëå1 t 6= 0 ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬.

�¥¬¬  1. �ãé¥áâ¢ãîâ â ª¨¥ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® c > 0 ¨ à æ¨®­ «ì­®¥ ç¨á«® l > 0,
çâ® ¯à¨ t 6= 0 ¢¥à­  ®æ¥­ª 

k(DyF (y(t); t))
�1k < cjtj�l: (4)

�®ª § â¥«ìáâ¢®. � ª ª ª

k(DyF (y(t); t))
�1k = sup

k�k=k�k=1

X
i

X
j

aij(y(t); t)�i�j ;

â® ¤®áâ â®ç­® ¯®ª § âì, çâ® ¯à¨ ¢á¥å i, j ¢¥à­  ®æ¥­ª 

jaij(y(t); t)j < cij jtj
�lij ;

£¤¥ aij(y(t); t) = (�1)i+jMij(y(t); t)=detDyF (y(t); t), Mij | ¬¨­®à ¬ âà¨æë DyF , cij 2 R, lij 2 Q.
�®á«¥¤­¥¥ ¢ë¯®«­¥­®, â. ª. ¬ «®¥ à¥è¥­¨¥ y = y(t) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤  �ìî¨§® ¯®
¤à®¡­ë¬ áâ¥¯¥­ï¬ ¯¥à¥¬¥­­®© t ¨ G(t) = jdetDyF (y(t); t)j 6= 0 ¯à¨ t 6= 0. �«¥¤®¢ â¥«ì­®,

G(t) = at� + o(t�); � 2 Q; a 6= 0;

Mij(y(t); t) = aijt
�ij + o(t�ij ); �ij 2 Q:

�¥£ª® ¢¨¤¥âì, çâ® �lij = �ij � �; l = max
ij

lij . �¨á«® l ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨¬ ¯®àï¤ª®¬

¯à®áâ®£® à¥è¥­¨ï y = y(t).

� ¬¥â¨¬, çâ® ¥á«¨ F 2 C1, â® «¥¬¬  ­¥¢¥à­ . �â® «¥£ª® ã¢¨¤¥âì ­  ¯à¨¬¥à¥ ãà ¢­¥­¨ï

(y + t)2 � e�
1

t2 = 0: (5)

� ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¯ àã ¯à®áâëå à¥è¥­¨© y(t) = �t � e�
1

2t2 , ¤«ï ª®â®àëå ®æ¥­ª  (4) ­¥
¢¥à­  ­¨ ¯à¨ ª ª¨å c; l.

�¥¬¬  2. �ãáâì F 2 C1(U;Rn), y = y(t) | ¬ «®¥ ¯à®áâ®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3), ¨¤¥-
 « (kF (y; t)k2 + (detDyF (y; t))2)C1(Rn) § ¬ª­ãâ2 ¨ �(F )

T
F�1(0) = f0g.3 �®£¤  áãé¥áâ¢ãîâ

¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  c; l > 0 â ª¨¥, çâ® ¢¥à­  ®æ¥­ª  (4).

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ § ¬ª­ãâ®áâ¨ ¨¤¥ «  ¯®§¢®«ï¥â ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® �®ïá¥¢¨-
ç  [4]

kF (y; t)k2 + (detDyF (y; t))
2 > dk(y; t)k
 ;

d; 
 > 0. �®¤áâ ¢¨¢ y = y(t), ¯®«ãç¨¬

jdetDyF (y; t)j > d
1

2 k(y(t); t)k


2 > d

1

2 jtj


2 :

1�«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì t � 0.
2�á«®¢¨ï § ¬ª­ãâ®áâ¨ ¨¤¥ «  á¬. ¢ [4].
3�(F ) = fy j detDyF (y; t) = 0g.
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�«¥¤®¢ â¥«ì­®, ¢¥à­  ®æ¥­ª  (4).

�¯à¥¤¥«¥­¨¥. �à®áâ®¥ ¬ «®¥ à¥è¥­¨¥ y = y(t) ãà ¢­¥­¨ï (3) ­ §®¢¥¬ r-®¯à¥¤¥«¥­­ë¬, ¥á«¨
¤«ï «î¡®£® Cr+1-®â®¡à ¦¥­¨ï F1(y; t) 2 jr0(F )

1 áãé¥áâ¢ã¥â ¯à®áâ®¥ ¬ «®¥ à¥è¥­¨¥ y = y(t)
ãà ¢­¥­¨ï

F1(y; t) = 0; (6)

¤«ï ª®â®à®£® y(t) = y(t) + o(tl) (o(tl)=tl ! 0 ¯à¨ t! 0).
�à®áâ®¥ ¬ «®¥ à¥è¥­¨¥ y = y(t) ­ §®¢¥¬ ª®­¥ç­®-®¯à¥¤¥«¥­­ë¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ r,

¯à¨ ª®â®à®¬ ®­® r-®¯à¥¤¥«¥­®.

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®. �àã£¨¬¨ á«®¢ ¬¨, áãé¥áâ¢ã¥â
¨­ê¥ªâ¨¢­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã r-®¯à¥¤¥«¥­­ë¬¨ ¯à®áâë¬¨ à¥è¥­¨ï¬¨ y = y(t) ãà ¢­¥­¨ï (3)
¨ á®®â¢¥âáâ¢ãîé¨¬¨ ¨¬ ¯à®áâë¬¨ à¥è¥­¨ï¬¨ y = y(t) ãà ¢­¥­¨ï (6).

�¥®à¥¬  1. �ãáâì y1(t) ¨ y2(t) | à §«¨ç­ë¥ ¯à®áâë¥ à¥è¥­¨ï ãà ¢­¥­¨ï ( 3) á  á¨¬¯â®-
â¨ç¥áª¨¬¨ ¯®àï¤ª ¬¨ l1 ¨ l2 á®®â¢¥âáâ¢¥­­®. �ãáâì y(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (6). �®£¤  ­¥
¬®¦¥â ¡ëâì ®¤­®¢à¥¬¥­­®

y(t) = y1(t) + o1(jtjl1);

y(t) = y2(t) + o2(jtjl2):

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â. ¥. ¯ãáâì

y2(t) = y1(t) + o(jtjl1)

¯à¨ l2 � l1, o(tl1) 6= 0. �®£¤ 

F (y2(t); t) = F (y1(t); t) +DyF (y1(t); t)o(jtj
l1) + !(t)o2(jtjl1) = 0:

�«¥¤®¢ â¥«ì­®,

DyF (y1(t); t)
�
o(jtjl1) + (DyF (y1(t); t))

�1!(t)o2(jtjl1)
�
= 0:

�®á«¥¤­¥¥ ­¥¢¥à­®, â. ª.

ko(jtjl1) + (DyF (y1(t); t))�1!(t)o2(jtjl1)k � ko(jtjl1)k � c1jtj
�l1k!(t)k ko(jtjl1 )k2 >

1
2
ko(jtjl1)k: �

2. �®áâ â®ç­ë© ¯à¨§­ ª r-®¯à¥¤¥«¥­­®áâ¨ ¯à®áâ®£® ¬ «®£® à¥è¥­¨ï

� ªá¨¬ «ì­®¥ ¨§ ç¨á¥« s, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã

ky(t)k < cjtjs;

­ §®¢¥¬ ¯®àï¤ª®¬ ¢ ­ã«¥ à¥è¥­¨ï y = y(t). � ¬¥â¨¬, çâ® ¥á«¨ F |  ­ «¨â¨ç¥áª®¥ ®â®¡à ¦¥­¨¥,
â® s 2 Q ¨ ï¢«ï¥âáï áâ¥¯¥­ìî ¯¥à¢®£® á« £ ¥¬®£® à §«®¦¥­¨ï à¥è¥­¨ï y = y(t) ¢ àï¤ �ìî¨§®.

�¥®à¥¬  2. �ãáâì y = y(t)| ¯à®áâ®¥ ¬ «®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3), l|  á¨¬¯â®â¨ç¥áª¨©
¯®àï¤®ª y = y(t), s | ¥£® ¯®àï¤®ª ¢ ­ã«¥. �®£¤  à¥è¥­¨¥ y = y(t) ï¢«ï¥âáï r-®¯à¥¤¥«¥­­ë¬ ¤«ï
r, ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨î (r + 1)minfs; 1g > 2l, ¨ à¥è¥­¨¥ (¢®§¬ãé¥­­®£®) ãà ¢­¥­¨ï
(6) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y(t) = y(t) + jtjl+"�(t);

£¤¥ " > 0, �(t) 2 C[0;t0] ¯à¨ ­¥ª®â®à®¬ t0.

1�¨¬¢®«®¬ jr0(F ) ®¡®§­ ç ¥âáï áâàãï r-£® ¯®àï¤ª  ®â®¡à ¦¥­¨ï F ¢ ­ã«¥.
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�®ª § â¥«ìáâ¢®. �à ¢­¥­¨¥ (6) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

F1(y; t) = F (y; t) + !r+1(y; t) = 0;

£¤¥ k!r+1(y; t)k=k(y; t)kr+1 < c ¯à¨ (y; t) ! 0. �®¤áâ ¢¨¢ ¢ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ y(t) = y(t) +
jtjl+"�(t), £¤¥ " = (r + 1)minfs; 1g � 2l, ¯®«ãç¨¬

F (y(t) + jtjl+"�(t); t) + !r+1(y(t) + jtjl+"�(t); t) = 0

¨«¨

F (y(t); t) +DyF (y(t); t)jtj
l+"�(t) +G(t)jtj2(l+")�2(t) +

+ !r+1(y(t); t) +Dy!
r+1(y(t); t)jtjl+"�(t) +Q(t)jtj2(l+")�2(t) = 0:

�«¥¤®¢ â¥«ì­®,

jtjl+"(DyF (y(t); t) +Dy!
r+1(y(t); t))�(t) = �!r+1(y(t); t) � jtj2(l+")(G(t) +Q(t))�2(t): (7)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë á¢¥«®áì ª à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (7) ¢ ¯à®áâà ­áâ¢¥ C[0;t0] ®â­®-
á¨â¥«ì­® �(t) ¯à¨ ãá«®¢¨¨ (r + 1)minfs; 1g > 2l.

�®ª ¦¥¬, çâ® ®¯¥à â®à DyF (y(t); t)+Dy!
r+1(y(t); t) ®¡à â¨¬ ¯à¨ ¬ «ëå t 6= 0. �¥©áâ¢¨â¥«ì-

­®, à §«®¦¨¬ ¢ àï¤

(DyF (y(t); t) +Dy!
r+1(y(t); t))�1 = (DyF (y(t); t))

�1 �

� (DyF (y(t); t))
�1Dy!

r+1(y(t); t)(DyF (y(t); t))
�1 +

+ (DyF (y(t); t))�1Dy!
r+1(y(t); t)(DyF (y(t); t))�1Dy!

r+1(y(t); t)(DyF (y(t); t))�1 � � � � :

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã kDy!
r+1(y(t); t)k < c0jtj

m, m = rminfs; 1g, ¯®«ãç ¥¬

k(DyF (y(t); t)) + (Dy!
r+1(y(t); t))�1k < cjtj�l +

+ cjtj�lc0jtj
mcjtj�l + cjtj�lc0jtj

mcjtj�lc0jtj
mcjtj�l + � � � =

cjtj�l

1� c0cjtjm�l
< 2cjtj�l

(m > l, â. ª. rminfs; 1g +minfs; 1g > 2l, á«¥¤®¢ â¥«ì­®, rminfs; 1g > l).
� ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® ®¯¥à â®àDyF (y(t); t)+Dy!

r+1(y(t); t) ®¡à â¨¬ ¯à¨ ¬ «ëå t 6= 0.
�«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (7) § ¯¨è¥âáï ¢ ¢¨¤¥

�(t) = �jtj�l�"(DyF (y(t); t) +Dy!
r+1(y(t); t))�1!r+1(y(t); t)�

� jtjl+"(DyF (y(t); t) +Dy!
r+1(y(t); t))�1(G(t) +Q(t))�2(t): (8)

�®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ (8) à §à¥è¨¬® ®â­®á¨â¥«ì­® �(t) ¢ «î¡®¬ ª®­¥ç­®¬ è à¥ ¢ C[0;t0] ¯à¨
¤®áâ â®ç­® ¬ «®¬ t0 2 R1. �«ï íâ®£® ­¥®¡å®¤¨¬®, çâ®¡ë, ¢®-¯¥à¢ëå, ¯¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®©
ç áâ¨ «¥¦ «® ¢ ¯à®áâà ­áâ¢¥ C[0;t0]. �â® á«¥¤ã¥â ¨§ ®æ¥­ª¨

jtj�l�"k(DyF (y(t); t) +Dy!
r+1(y(t); t))�1k k!r+1(y(t); t)k < jtj�l�"2cjtj�lc1jtj(r+1)minfs;1g = 2cc1;

â. ª. " = (r + 1)minfs; 1g � 2l.
�®-¢â®àëå, ¯®ª ¦¥¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (7) ¥áâì ®¯¥à â®à, á¦¨-

¬ îé¨© ¯® �(t) ­  «î¡®¬ ª®­¥ç­®¬ è à¥ ¢ ¯à®áâà ­áâ¢¥ C[0;t0], ¯à¨ ¤®áâ â®ç­® ¬ «®¬ t0. �«ï
íâ®£® ¯¥à¥¯¨è¥¬

jtjl+"(DyF (y(t); t) +Dy!
r+1(y(t); t))�1(G(t) +Q(t))�2(t) = jtj"P (t)�2(t);

£¤¥ kP (t)k < c2. � ª®­¥ç­®¬ è à¥ ¨§ ¯à®áâà ­áâ¢  C[0;t0] à ¤¨ãá  R : k�(t)k < R ¯®«ãç¨¬

jtj"P (t)�21(t)� jtj"P (t)�22(t)


 < jtj"c2 sup

k�k�R

kD��
2(t)k k�1(t)� �2(t)k:
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�á«¨ ¢ë¡à âì ®ªà¥áâ­®áâì [0; t0] â ªãî, çâ®

jtj"c2 sup
k�k�R

kD��
2(t)k < 1;

â® ®¯¥à â®à jtj"P (t)�2(t) ¡ã¤¥â á¦¨¬ îé¨¬ ¯® �(t) ¢ ¯à®áâà ­áâ¢¥ C[0;t0]. �®£« á­® ¯à¨­æ¨¯ã
á¦ âëå ®â®¡à ¦¥­¨© ãà ¢­¥­¨¥ (8) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �(t). �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥
(6) ¨¬¥¥â ¬ «®¥ à¥è¥­¨¥ ¢¨¤  y(t) = y(t) + jtj(r+1)minfs;1g�l�(t), �(t) 2 C[0;t0]. �®ª ¦¥¬ ¯à®áâ®âã
à¥è¥­¨ï y(t). � ¯¨è¥¬

(DyFy(y(t) + jtjl+"�(t); t) +Dy!
r+1(y(t) + jtjl+"�(t); t))�1 =

= (DyFy(y(t); t) +Dy!
r+1(y(t); t) +O(jtjl+"; �(t)))�1;

£¤¥ O(jtjl+"; �(t)) ¨¬¥¥â ¢ ­ã«¥ ¯®àï¤®ª ­¥ ¬¥­ìè¥ l+". � «¥¥,  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã ®æ¥­ª¨
k(DyF (y(t); t) +Dy!

r+1(y(t); t))�1k < 2cjtj�l ¯®«ãç ¥¬

k(DyFy(y(t); t) +Dy!
r+1(y(t); t) +O(jtjl+"; �(t)))�1k �

� 2cjtj�l + 2cjtj�lc3jtj
l+"2cjtj�l + � � � �

2cjtj�l

1� 2cc3jtj"
< 4cjtj�l:

�âáî¤  á«¥¤ã¥â ¯à®áâ®â  à¥è¥­¨ï y = y(t) ãà ¢­¥­¨ï (6).

�«¥¤áâ¢¨¥. �ãáâì y = y(t) | ¯à®áâ®¥  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3), l | ¥£®  á¨¬-
¯â®â¨ç¥áª¨© ¯®àï¤®ª. �®£¤  à¥è¥­¨¥ y = y(t) ï¢«ï¥âáï r-®¯à¥¤¥«¥­­ë¬, ¥á«¨ ¢ë¯®«­¥­® r � 2l.

� ª¨¬ ®¡à §®¬, r-®¯à¥¤¥«¥­­ë¥ ¯à®áâë¥ ¬ «ë¥ à¥è¥­¨ï  ­ «¨â¨ç¥áª¨å ãà ¢­¥­¨© ¤® l-£®
¯®àï¤ª  ¢ª«îç¨â¥«ì­® ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ®âà¥§ª ¬¨ àï¤  �¥©«®à  r-£® ¯®àï¤ª  ãà ¢­¥-
­¨ï. �à¨ ¢®§¬ãé¥­¨¨ ãà ¢­¥­¨ï á« £ ¥¬ë¬¨, ­ ç¨­ ï á (r+1)-£® ¯®àï¤ª , á®åà ­¨âáï á¢®©áâ¢®
¯à®áâ®âë r-®¯à¥¤¥«¥­­®£® à¥è¥­¨ï ¨ ¥£® à §«®¦¥­¨¥ ¯® áâ¥¯¥­ï¬ ¯¥à¥¬¥­­®© t, ­ ç¨­ ï á® áâ¥-
¯¥­¥© ts ¤® áâ¥¯¥­¥© tl+", £¤¥ " = (r + 1)minfs; 1g � 2l.

� ¤àã£®© áâ®à®­ë, ¢áïª®¥ ¯à®áâ®¥ à¥è¥­¨¥ y = y(t)  ­ «¨â¨ç¥áª®£® ãà ¢­¥­¨ï ¡ã¤¥â ª®-
­¥ç­®-®¯à¥¤¥«¥­­ë¬, â. ¥. ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ r : (r + 1)minfs; 1g > 2l, çâ® y = y(t)
r-®¯à¥¤¥«¥­®.

� á«ãç ¥ F 2 C1(U;Rn) â¥®à¥¬  2 ¨¬¥¥â ¬¥áâ®, ¥á«¨ ¯à¥¤¯®«®¦¨âì ¢ë¯®«­¥­¨¥ ®æ¥­ª¨ (5)
¤«ï ¯à®áâ®£® à¥è¥­¨ï y = y(t), ¨«¨ á®£« á­® «¥¬¬¥ 2 § ¬ª­ãâ®áâì ¨¤¥ « 

(kF (y; t)k2 + (detDyF (y; t))
2)C1(Rn):

3. �®­¥ç­ ï ®¯à¥¤¥«¥­­®áâì ãà ¢­¥­¨ï ¨ ªà â­®áâì ®á®¡®£® à¥è¥­¨ï

� íâ®¬ à §¤¥«¥ à áá¬®âà¨¬ á¢ï§ì ¯®­ïâ¨ï ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨ ãà ¢­¥­¨ï á ¯®­ïâ¨¥¬
¡¨äãàª æ¨®­­®© ªà â­®áâ¨ ®â®¡à ¦¥­¨ï F .

� ¯®¬­¨¬, çâ® à¥è¥­¨¥ y = y(t) ãà ¢­¥­¨ï (3) ­ §ë¢ ¥âáï ª®­¥ç­®-®¯à¥¤¥«¥­­ë¬, ¥á«¨
­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ r, ¯à¨ ª®â®à®¬ à¥è¥­¨¥ y = y(t) ï¢«ï¥âáï r-®¯à¥¤¥«¥­­ë¬.

�à ¢­¥­¨¥ (3) ­ §®¢¥¬ r-®¯à¥¤¥«¥­­ë¬, ¥á«¨ ¤«ï «î¡®£® Cr+1-®â®¡à ¦¥­¨ï F1(y; t),
F1 2 jr0(F ), à®áâª¨ ¬­®¦¥áâ¢ F�1(0) ¨ F�11 (0) ¢ â®çª¥ (0; 0) £®¬¥®¬®àä­ë,   à®áâª¨ ¬­®¦¥áâ¢
F�1(0) n (0; 0) ¨ F�11 (0) n (0; 0) ¢ â®çª¥ (0; 0) ¤¨ää¥®¬®àä­ë.

�à ¢­¥­¨¥ (3) ­ §®¢¥¬ ª®­¥ç­®-®¯à¥¤¥«¥­­ë¬, ¥á«¨ ®­® r-®¯à¥¤¥«¥­® ¯à¨ ­¥ª®â®à®¬ r. �ç¥-
¢¨¤­®, ¨§ r-®¯à¥¤¥«¥­­®áâ¨ (ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨) ãà ¢­¥­¨ï á«¥¤ã¥â r-®¯à¥¤¥«¥­­®áâì (ª®-
­¥ç­ ï ®¯à¥¤¥«¥­­®áâì) ¢á¥å ¥£® ¬ «ëå à¥è¥­¨©. �®§­¨ª ¥â ¢®¯à®á, ¢¥à­® «¨ ®¡à â­®¥ ãâ¢¥à-
¦¤¥­¨¥?

�ãáâì y = y1(t), y = y2(t); : : : ; y = yk(t) | ¢á¥ ¬ «ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (3) ¨ ¢á¥ íâ¨ à¥-
è¥­¨ï ï¢«ïîâáï ¯à®áâë¬¨. �®£« á­® â¥®à¥¬¥ 2 ­ ©¤ãâáï ç¨á«  r1; r2; : : : ; rk â ª¨¥, çâ® à¥è¥­¨¥
y = yi(t) ï¢«ï¥âáï ri-®¯à¥¤¥«¥­­ë¬, i = 1; 2; : : : ; k. �à¨ íâ®¬ ri ¤®áâ â®ç­® ¢§ïâì ã¤®¢«¥â¢®-
àïîé¨¬ ­¥à ¢¥­áâ¢ã (ri + 1)minfsi; 1g > 2li, £¤¥ si | ¯®àï¤®ª ¢ ­ã«¥, li |  á¨¬¯â®â¨ç¥áª¨©
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¯®àï¤®ª à¥è¥­¨ï y = yi(t). �«¥¤®¢ â¥«ì­®, ¥á«¨ ¢ë¡à âì r = maxfr1; r2; : : : ; rkg , â® ¢á¥ ¯à®-
áâë¥ ¬ «ë¥ à¥è¥­¨ï y = yi(t) ¡ã¤ãâ r-®¯à¥¤¥«¥­ë ¨ à¥è¥­¨ï yi(t) = yi(t)+ jtj(ri+1)minfsi;1g�li�i(t)
¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï (6) â ª¦¥ ¡ã¤ãâ ¯à®áâë¬¨. �®§­¨ª ¥â ¢®¯à®á, ¡ã¤¥â «¨ ãà ¢­¥­¨¥ (3)
r-®¯à¥¤¥«¥­®? �¥ ¯®ï¢ïâáï «¨ ­ àï¤ã á à¥è¥­¨ï¬¨ y = yi(t) ¤àã£¨¥ à¥è¥­¨ï? �âà¨æ â¥«ì­ë©
®â¢¥â ­  ¯¥à¢ë© ¢®¯à®á ¤ ¥â á«¥¤ãîé¨© í«¥¬¥­â à­ë© ¯à¨¬¥à.

� áá¬®âà¨¬ ãà ¢­¥­¨¥

f(y; t) = (y � t2)(y2 � 2yt+ t2 + t4) = 0;

£¤¥ f : R2 ! R1. �¤¨­áâ¢¥­­ë¬ ¬ «ë¬ ¢¥é¥áâ¢¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï ¡ã¤¥â y(t) = t2.
�®àï¤®ª s ¢ ­ã«¥ íâ®£® à¥è¥­¨ï à ¢¥­ 2. � ª ª ª

(Dyf(t
2; t))�1 = (2t4 � 2t3 + t2)�1 < 2jtj�2;

â®  á¨¬¯â®â¨ç¥áª¨© ¯®àï¤®ª l à¥è¥­¨ï y(t) = t2 à ¢¥­ 2. � ª¨¬ ®¡à §®¬, à¥è¥­¨¥ y(t) = t2

á®£« á­® â¥®à¥¬¥ 2 ï¢«ï¥âáï 4-®¯à¥¤¥«¥­­ë¬. �¥¬ ­¥ ¬¥­¥¥, ¢®§¬ãâ¨¢ ãà ¢­¥­¨¥ á« £ ¥¬ë¬¨ ­¥
­¨¦¥ 5-£® ¯®àï¤ª , ¯®«ãç¨¬ ãà ¢­¥­¨¥

f1(y; t) = f(y; t) + 2(t2 � y)t4 = 0:

�®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¨¬¥¥â âà¨ ¯à®áâëå à¥è¥­¨ï: y1(t) = t2, y2(t) = t+t2, y3(t) = t�t2. �à¨ íâ®¬
à¥è¥­¨¥ y1(t) ¡ã¤¥â ¯®-¯à¥¦­¥¬ã 4-®¯à¥¤¥«¥­­ë¬, à¥è¥­¨ï y2(t), y3(t) ¡ã¤ãâ 6-®¯à¥¤¥«¥­­ë¬¨.

� ª¨¬ ®¡à §®¬, ­  íâ®¬ ¯à¨¬¥à¥ ã¡¥¤¨«¨áì, çâ® ¤«ï r-®¯à¥¤¥«¥­­®áâ¨ ãà ¢­¥­¨ï ­¥¤®áâ -
â®ç­® ¨¬¥âì r-®¯à¥¤¥«¥­­®áâì ¢á¥å ¥£® ¬ «ëå à¥è¥­¨©, â. ª. ¯à¨ ¢®§¬ãé¥­¨ïå ãà ¢­¥­¨ï á« £ ¥-
¬ë¬¨ ­¥ ­¨¦¥ (r+1)-£® ¯®àï¤ª  ¬®£ãâ ®â¢¥â¢¨âìáï ­®¢ë¥ à¥è¥­¨ï (¯¥à¥å®¤¨âì ¨§ ª®¬¯«¥ªá­®£®
¯à®áâà ­áâ¢  ¢ ¢¥é¥áâ¢¥­­®¥). � ª ¡ã¤¥â ¯®ª § ­® ­¨¦¥, ¤«ï â®£®, çâ®¡ë ¨§ r-®¯à¥¤¥«¥­­®áâ¨
¢á¥å ¬ «ëå à¥è¥­¨© ¢ëâ¥ª «  r-®¯à¥¤¥«¥­­®áâì ãà ¢­¥­¨ï, ¤®áâ â®ç­®, çâ®¡ë ç¨á«® à¥è¥­¨©
ãà ¢­¥­¨ï (3) á®¢¯ ¤ «® á ¡¨äãàª æ¨®­­®© ªà â­®áâìî ­ã«ï ®â®¡à ¦¥­¨ï F (y; 0).

�ãáâì F (y) | Cr-®â®¡à ¦¥­¨¥, ¤¥©áâ¢ãîé¥¥ ¢ ¢¥é¥áâ¢¥­­®¬ ¯à®áâà ­áâ¢¥ Rn, F (0) = 0.
�ã¤¥¬ à áá¬ âà¨¢ âì à §«¨ç­ë¥ £« ¤ª¨¥ ¤¥ä®à¬ æ¨¨ Ft(y) ®â®¡à ¦¥­¨ï F (y) (â. ¥. Ft(y) £« ¤ª®
§ ¢¨á¨â ®â t 2 Rk ¨ F0(y) = F (y)).

� âãà «ì­®¥ ç¨á«® �(F; 0) ­ §®¢¥¬ ¡¨äãàª æ¨®­­®© ªà â­®áâìî ®â®¡à ¦¥­¨ï F (y) ¢ ­ã«¥,
¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï:

1) ¯à¨ ¢á¥å ¤¥ä®à¬ æ¨ïå Ft(y) ª®«¨ç¥áâ¢® ¬ «ëå à¥è¥­¨© y(t) ãà ¢­¥­¨ï F (y; t) = 0 ­¥
¯à¥¢ëè ¥â �(F; 0) (¥á«¨ â ª®£® ç¨á«  ­¥â, â® ¯®« £ ¥¬ �(F; 0) = +1);

2) ­ ©¤¥âáï â ª ï ¤¥ä®à¬ æ¨ï F t(y), çâ® ãà ¢­¥­¨¥ F (y; t) = 0 (F (y; t) = F t(y)) ¨¬¥¥â à®¢­®
�(F; 0) ¬ «ëå à¥è¥­¨© y = y(t).

�§ à¥§ã«ìâ â®¢ [5], [6] á«¥¤ã¥â, çâ® ¡¨äãàª æ¨®­­ ï ªà â­®áâì ­¥ ¯à¥¢®áå®¤¨â  «£¥¡à ¨ç¥-
áª®© ªà â­®áâ¨ (à §¬¥à­®áâ¨ «®ª «ì­®£® ª®«ìæ  ®á®¡¥­­®áâ¨ [6]) ®â®¡à ¦¥­¨ï ¢ ­ã«¥.

�  ¢®¯à®á, ¯®áâ ¢«¥­­ë© ¢ ­ ç «¥ à §¤¥« , ®â¢¥ç ¥â

�¥®à¥¬  3. �ãáâì ®â®¡à ¦¥­¨¥ F (y; 0) (F 2 Ca(Rn � R1; Rn)) ¨¬¥¥â ¢ ­ã«¥ ª®­¥ç­ãî
¡¨äãàª æ¨®­­ãî ªà â­®áâì �(F; 0) = k ¨ ¯ãáâì ãà ¢­¥­¨¥ (3) ¨¬¥¥â à®¢­® k ¯à®áâëå à¥è¥­¨©
y = y1(t), y = y2(t); : : : ; y = yk(t) á ¯®àï¤ª ¬¨ ¢ ­ã«¥ si,  á¨¬¯â®â¨ç¥áª¨¬¨ ¯®àï¤ª ¬¨ li.
�®£¤  ãà ¢­¥­¨¥ (3) r-®¯à¥¤¥«¥­® ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© ¢¨¤  !r+1(y; t), £¤¥ !r+1(y; 0) = 0,
k!r+1(y; t)k=k(y; t)kr+1 < c, ¯à¨ (y; t) ! 0 ¤«ï r = maxfr1; r2; : : : ; rkg, (ri + 1)maxfsi; 1g > 2li,
i = 1; 2; : : : ; k.

�®ª § â¥«ìáâ¢® ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2 ¨ ®¯à¥¤¥«¥­¨ï ¡¨äãàª æ¨®­­®©
ªà â­®áâ¨ ®â®¡à ¦¥­¨ï ¢ ­ã«¥. � ¬¥â¨¬, çâ® r-®¯à¥¤¥«¥­­®áâì §¤¥áì ®â«¨ç ¥âáï ®â ¢¢¥¤¥­­®©
¢ëè¥, â. ª. à áá¬ âà¨¢ ¥âáï ãáâ®©ç¨¢®áâì ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© !r+1(y; t), ã¤®¢«¥â¢®àïî-
é¨å ãá«®¢¨î !r+1(y; 0) = 0. � á«ãç ¥, ª®£¤  ¡¨äãàª æ¨®­­ ï ªà â­®áâì �(F; 0) à ¢­   «£¥¡à -
¨ç¥áª®© ªà â­®áâ¨, ãá«®¢¨¥ !r+1(y; 0) = 0 ¬®¦­® ®â¡à®á¨âì.
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� ¨§ãç¥­­®¬ ¢ëè¥ ¯à¨¬¥à¥ ãà ¢­¥­¨¥

f1(y; t) = (y � t2)(y � t� t2)(y � t+ t2) = 0

¡ã¤¥â ª®­¥ç­® ®¯à¥¤¥«¥­® ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© ¢¨¤  !7(y; t), !7(y; 0) = 0, â. ª. ¨¬¥¥â âà¨
¯à®áâëå à¥è¥­¨ï ¨ �(f1(y; 0)) = 3, r1 = 4, r2 = r3 = 6.

4. �à¨â¥à¨© ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨

� ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¯®«ãç¥­® ¤®áâ â®ç­®¥ ãá«®¢¨¥ r-®¯à¥¤¥«¥­­®áâ¨ ãà ¢­¥­¨ï ¢ § ¢¨-
á¨¬®áâ¨ ®â ç¨á«  ¥£® ¯à®áâëå à¥è¥­¨© ¨ ¨å  á¨¬¯â®â¨ª¨ ¢ ­ã«¥ (ç¨á¥« si, li). � íâ®¬ à §¤¥«¥
¯®«ãç¨¬ ªà¨â¥à¨© ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨ ãà ¢­¥­¨ï ¡¥§ ¯à¨¬¥­¥­¨ï íâ®© ¨­ä®à¬ æ¨¨ ¨ ¢
¡®«¥¥ ®¡é¥¬ á«ãç ¥.

� áá¬®âà¨¬  ­ «¨â¨ç¥áª®¥ ãà ¢­¥­¨¥

F (x) = 0; (9)

£¤¥ F : (Rn+p; 0)! (Rn; 0). �¡®§­ ç¨¬
P
(F ) = fx j rankDF (x) < ng | à®áâ®ª ¢ ­ã«¥ ¬­®¦¥áâ¢ 

®á®¡ëå à¥è¥­¨© ãà ¢­¥­¨ï (9). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® 0 2
P
(F ). � [7] ¯®«ãç¥­a

�¥®à¥¬  4. �à ¢­¥­¨¥ (9) r-®¯à¥¤¥«¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® Cr+1-
®â®¡à ¦¥­¨ï F1 2 jr0(F ) à®áâ®ª ¬­®¦¥áâ¢  ®á®¡ëå à¥è¥­¨© ãà ¢­¥­¨ï F1(x) = 0 á®áâ®¨â
¨§ ®¤­®© â®çª¨ x = 0

�P
(F1)

T
F�11 (0) = f0g

�
.

� ¬¥â¨¬, çâ® â¥®à¥¬  4 ¢¥à­  ¤«ï F 2 Cr+1.
�à¨â¥à¨© ª®­¥ç­®© ®¯à¥¤¥«¥­­®áâ¨  ­ «¨â¨ç¥áª®£® ãà ¢­¥­¨ï (9) ¤ ¥â

�¥®à¥¬  5. �ãáâì F 2 Ca(Rn+p; Rn). �à ¢­¥­¨¥ (9) ª®­¥ç­® ®¯à¥¤¥«¥­® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  x = 0 | ¨§®«¨à®¢ ­­®¥ ®á®¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9), â. ¥.X

(F )
\
F�1(0) = f0g:

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 4. �ãáâì x = 0 | ¨§®«¨à®¢ ­­®¥ ®á®-
¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9). � áá¬®âà¨¬ ­¥®âà¨æ â¥«ì­ãî  ­ «¨â¨ç¥áªãî äã­ªæ¨î

'(x) = kF (x)k2 + det(DxF (x)(DxF (x))
>);

«®ª «ì­®¥ ¬­®¦¥áâ¢® ­ã«¥© ª®â®à®© á®áâ®¨â ¨§ ®¤­®© â®çª¨ x = 0. �® ­¥à ¢¥­áâ¢ã �®ïá¥¢¨ç 
[4] ¤«ï ¢á¥å x ¨§ ­¥ª®â®à®© § ¬ª­ãâ®© ®ªà¥áâ­®áâ¨ ­ã«ï ¢¥à­  ®æ¥­ª  '(x) > cd(x; '�1(0))�, £¤¥
c; � > 0, d(x; '�1(0)) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® ¬­®¦¥áâ¢  '�1(0). �ç¨âë¢ ï, çâ® áãé¥áâ¢ã¥â
®ªà¥áâ­®áâì U(0) â ª ï, çâ® '�1(0)

T
U(0) = f0g, ¯®«ãç ¥¬

kF 2(x)k + det(DxF (x)(DxF (x))>) > ckxk�:

�ë¡¥à¥¬ r > �. �®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ (9) r-®¯à¥¤¥«¥­®. �«ï íâ®£® á®£« á­® â¥®à¥¬¥ 4 ­¥-
®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡®£® ®â®¡à ¦¥­¨ï F1 2 jr0(F ), F1(x) = F (x) + !r+1(x)
(k!r+1(x)k=kxkr+1 < c, ¯à¨ x! 0) á¨áâ¥¬ 

F1(x) = 0; det(DxF1(x)(DxF1(x))
>) = 0

¨¬¥«  ¨§®«¨à®¢ ­­®¥ à¥è¥­¨¥ x = 0. � áá¬®âà¨¬ äã­ªæ¨î

 (x) = kF1(x)k2 + det(DxF1(x)(DxF1(x))>);

¤«ï ª®â®à®© ¢¥à­  ®æ¥­ª 

 (x) = kF (x)k2 +O(kxkr+2) + det(DxF (x)(DxF (x))>) +

+O(kxkr) > ckxk� +O(kxkr+2) +O(kxkr) >
c

2
kxk�

(O(kxkk)=kxkk < c ¯à¨ x! 0). �âáî¤  á«¥¤ã¥â, çâ® à¥è¥­¨¥ x = 0 á¨áâ¥¬ë ¨§®«¨à®¢ ­®.
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�«ï á«ãç ï, ª®£¤  F 2 C1(Rn+p; Rn), â¥®à¥¬  ­¥ ¢¥à­ , â. ª. ­¥à ¢¥­áâ¢® �®ïá¥¢¨ç  ¢ë¯®«-
­ï¥âáï â®«ìª® ¯à¨ ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ f(x) = (x + y)2 � e�
1

x2 = 0, £¤¥ x; y 2 R1, f(x) 2 C1(R2; R1). �¥£ª®
¢¨¤¥âì, çâ® (x; y) = 0 | ¨§®«¨à®¢ ­­®¥ ®á®¡®¥ à¥è¥­¨¥. �¥à ¢¥­áâ¢® �®ïá¥¢¨ç  ­¥ ¢ë¯®«­¥­®,
â. ª. ­¨ ¯à¨ ª ª®¬ � ­¥ ¢¥à­  ®æ¥­ª 

�
(x+ y)2 � e�

1

x2 )2 + 4(x+ y
�2
+ 4

�
x+ y � e�

1

x2
1
x3

�2

> ck(x; y)k�

(¤®áâ â®ç­® ¯à®¢¥à¨âì ¯à¨ x = �y). �à ¢­¥­¨¥ ­¥ ï¢«ï¥âáï ª®­¥ç­®-®¯à¥¤¥«¥­­ë¬, â. ª. ãà ¢-
­¥­¨¥

f1(x; y) = f(x; y) + e�
1

x2 = (x+ y)2 = 0

¨¬¥¥â ®á®¡®¥ à¥è¥­¨¥ x = �y.

�¥®à¥¬  6. �ãáâì F 2 C1(Rn+p; Rn) ¨ ¨¤¥ «

(kF (x)k2 + det(DxF (x)(DxF (x))>))C1

§ ¬ª­ãâ. �à ¢­¥­¨¥ (9) ª®­¥ç­® ®¯à¥¤¥«¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x = 0 | ¥£® ¨§®«¨à®-
¢ ­­®¥ ®á®¡®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5, â. ª. § ¬ª­ãâ®áâì ¨¤¥ «  ¯®§¢®«ï¥â
¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® �®ïá¥¢¨ç  ª ¡¥áª®­¥ç­® £« ¤ª®© äã­ªæ¨¨.

�à¥¤ë¤ãé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¤«ï ¡¥áª®­¥ç­® £« ¤ª¨å ®â®¡à ¦¥­¨© ¨§ ¨§®«¨à®¢ ­-
­®áâ¨ ­ã«¥¢®£® ®á®¡®£® à¥è¥­¨ï ­¥ á«¥¤ã¥â ¥£® ª®­¥ç­ ï ®¯à¥¤¥«¥­­®áâì.

5. �¥à §à¥è¥­­®¥ ¨­â¥£à¨à®¢ ­¨¥

� áá¬®âà¨¬ ­¥à §à¥è¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (2), F 2 Ca(Rn � R1; Rn), x 2 Rn,
t 2 R1, F (0; 0) = 0, _x(0) = 0.

�§ ¯®«ãç¥­­ëå ¢ëè¥ à¥§ã«ìâ â®¢ ¢ëâ¥ª îâ 4 ãâ¢¥à¦¤¥­¨ï.
I. �á«¨ y(t) | ¯à®áâ®¥ ¬ «®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3) á  á¨¬¯â®â¨ç¥áª¨¬ ¯®àï¤ª®¬ l ¨ ¯®àï¤-

ª®¬ ¢ ­ã«¥ s (y(t) = ats + o(ts)), â® 8F1 2 j
r
0(F ) ãà ¢­¥­¨¥ F1( _x(t); t) = 0 ¨¬¥¥â à¥è¥­¨¥

x(t) =
Z t

0

y(�)d� + o(tl+"+1)

¯à¨ (r+1)minfs; 1g > 2l, " = (r+1)minfs; 1g�2l. �à¨ íâ®¬ x(t) = a

s+1
ts+1+� � �+btl+"+1+o(tl+"+1).

P §«®¦¥­¨¥ à¥è¥­¨ï ¯® áâ¥¯¥­ï¬ t, á® áâ¥¯¥­¨ ts+1 ¤® tl+"+1, ®¯à¥¤¥«ï¥âáï ¨áå®¤­ë¬ ãà ¢­¥­¨¥¬
(2){(3).

II. � á«ãç ¥ F 2 C1 íâ® ãâ¢¥à¦¤¥­¨¥ ¢¥à­®, ¥á«¨ ¨¤¥ « (kF (y; t)k2 + (det(DyF (y; t))2)C1

§ ¬ª­ãâ.
III. �ãáâì y1(t); y2(t); : : : ; yk(t) | ¯à®áâë¥ ¬ «ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (3) á  á¨¬¯â®â¨ç¥áª¨¬¨

¯®àï¤ª ¬¨ li, ¯®àï¤ª ¬¨ ¢ ­ã«¥ si ¨ ¡¨äãàª æ¨®­­ ï ªà â­®áâì ¢ ­ã«¥ ®â®¡à ¦¥­¨ï F (y; 0)
à ¢­  k. �®£¤  ¤«ï «î¡®£® ãà ¢­¥­¨ï

F ( _x(t); t) + !r+1( _x(t); t) = 0;

£¤¥ !r+1(y; 0) = 0, k!r+1(y; t)k=k(y; t)kr+1 < c ¯à¨ (y; t)! (0; 0) ¢á¥ ¥£® à¥è¥­¨ï ¨¬¥îâ ¢¨¤

xi(t) =
Z t

0

yi(�)d� + o(t(ri+1)minfsi;1g�li+1);

£¤¥ (ri + 1)minfsi; 1g > 2li, r = maxfr1; r2; : : : ; rkg; i = 1; 2; : : : ; k.
� á«ãç ¥ à ¢¥­áâ¢   «£¥¡à ¨ç¥áª®© ªà â­®áâ¨ ¢ ­ã«¥ ®â®¡à ¦¥­¨ï F (y; 0) ç¨á«ã k ãá«®¢¨¥

!r+1(y; 0) = 0 ¬®¦­® ®â¡à®á¨âì.
IV. �ãáâì ®â®¡à ¦¥­¨¥ F (y; t)  ­ «¨â¨ç¥áª®¥ ¨ ãà ¢­¥­¨¥ F (y; 0) = 0 ¨¬¥¥â â®«ìª® ­ã«¥¢®¥

à¥è¥­¨¥ y = 0. �®£¤ , ¥á«¨ (y; t) = (0; 0) | ¨§®«¨à®¢ ­­®¥ ®á®¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï F (y; t) = 0
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(
P
(F )

T
F�1(0) = (0; 0)), ¢á¥ ¬ «ë¥ à¥è¥­¨ï y = yi(t) ï¢«ïîâáï ¯à®áâë¬¨, â® áãé¥áâ¢ã¥â â ª®¥

r, çâ® 8F1 2 j
r
0(F ) ¢á¥ à¥è¥­¨ï ãà ¢­¥­¨ï F1( _x(t); t) = 0 ­ å®¤ïâáï ¯® ä®à¬ã« ¬

xi(t) =
Z t

0
yi(�)d� + o(tli+"i+1):

�«ï F 2 C1 ¯®á«¥¤­¥¥ ¢ë¯®«­¥­® ¢ á«ãç ¥ § ¬ª­ãâ®áâ¨ ¨¤¥ « 

(kF (y; t)k2 + det(D(y;t)F (y; t)(D(y;t)F (y; t))>))C1(Rn):

�¨â¥à âãà 
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