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� íâ®© áâ âì¥, ï¢«ïîé¥©áï ¥áâ¥áâ¢¥ë¬ ¯à®¤®«¦¥¨¥¬ à ¡®â [1]{[5], ¨áá«¥¤ã¥âáï ª¢ ¤à -
âãà®-ªã¡ âãàë© ¬¥â®¤ à¥è¥¨ï ¬®£®¬¥à®£® ¥«¨¥©®£® á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢-
¥¨ï á ç áâë¬¨ ¨â¥£à «ìë¬¨ ®¯¥à â®à ¬¨

Ax � �F (s; �;x(s; �)) + ��(s; �;x(s; �); S1x; S2x; S12x) = y(s; �); (1)

£¤¥ á¨£ã«ïàë¥ ¨â¥£à «ë

S1x = S1(x; s; �) =
1
2�

Z 2�

0

x(�; �) ctg
� � s

2
d�; �1 < s <1; (2)

S2x = S2(x; s; �) =
1
2�

Z 2�

0

x(s; �) ctg
� � �

2
d�; �1 < � <1; (3)

S12x = S12(x; s; �) =
1
4�2

Z 2�

0

Z 2�

0

x(�; �) ctg
� � s

2
ctg

� � �

2
d� d�; �1 < s; � <1; (4)

¯®¨¬ îâáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã [6]. �¤¥áì � ¨ �| ¯à®¨§¢®«ìë¥ ¢¥é¥-
áâ¢¥ë¥ ¯ à ¬¥âàë; F (s; �;u) ¨ �(s; �;u; v; w; !) { ¨§¢¥áâë¥ ¢¥é¥áâ¢¥ë¥ ¥¯à¥àë¢ë¥ äãª-
æ¨¨ á¢®¨å  à£ã¬¥â®¢, 2�-¯¥à¨®¤¨ç¥áª¨¥ ¯® ¯¥à¥¬¥ë¬ s ¨ �; y(s; �) ¨ x(s; �) 2 L2(0; 2�; 0; 2�)
| á®®â¢¥âáâ¢¥® ¤  ï ¨ ¨áª®¬ ï äãªæ¨¨.

� ç «  ãáâ ®¢¨¬ áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï. �ãáâì äãªæ¨¨ F (s; �;u) ¨
�(s; �;u; v; w; !) ¨ ¯ à ¬¥âàë � ¨ � ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

(A) jF (s; �;u) � F (s; �; v)j � M1ju � vj ¤«ï «î¡ëå s; �; u; v 2 R ¨ ¥ª®â®à®© ¯®áâ®ï®©
M1 2 R

+ ;
(�) �[F (s; �;u)� F (s; �; v)](u � v) � �m1ju� vj2 ¤«ï «î¡ëå s; �; u; v 2 R ¨ ¥ª®â®à®© m1 2 R;
(�) j�(s; �;u; v; w; !)��(s; �;u1; v1; w1; !1)j �M2ju�u1j+M3jv� v1j+M4jw�w1j+M5j!�!1j

¤«ï «î¡ëå s; �; u; v; w; !; u1; v1; w1; !1 2 R ¨ ¥ª®â®àëå M2;M3;M4;M5 2 R
+ ;

(�) �[�(s; �;u; v; w; !)��(s; �;u1 ; v; w; !)](u�u1) � �m2ju�u1j
2 ¤«ï «î¡ëå s; �; u; v; w; !; u12R

¨ ¥ª®â®à®© m2 2 R.

�à®¬¥ â®£®, ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì

(�) �F (s; �; 0) + ��(s; �; 0; 0; 0; 0) = 0.

�ãáâì L2 = L2(0; 2�; 0; 2�) | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ª¢ ¤à â¨ç®-áã¬¬¨àã¥¬ëå ¯® �¥-
¡¥£ã äãªæ¨© ®â ¤¢ãå ¯¥à¥¬¥ëå, 2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëx, á® áª «ïàë¬
¯à®¨§¢¥¤¥¨¥¬ ¨ ®à¬®© á®®â¢¥âáâ¢¥®

('; ) = ('; )L2
=

1
4�2

Z 2�

0

Z 2�

0

'(s; �) (s; �)dsd� ('; 2 L2);

k'k = k'kL2
=
�

1
4�2

Z 2�

0

Z 2�

0

j'(s; �)j2dsd�
�1=2

(' 2 L2):
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�¥à¥§ C2� = C2�(0; 2�; 0; 2�) ®¡®§ ç ¥âáï ¯à®áâà áâ¢® ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å äãª-
æ¨© á ®¡ëçë¬ ®¯à¥¤¥«¥¨¥¬ ®à¬ë.

�¥¬¬ . �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï (�){(�), £¤¥

M0 � j�jM1 + j�j(M2 +M3 +M4 +M5) <1;

m0 � �m1 + �m2 � j�j(M3 +M4 +M5) > 0:

�®£¤  ãà ¢¥¨¥ (1){(4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y 2 L2, ¯à¨ç¥¬

1
M0

kyk � kx�k �
1
m0

kyk:

�®ª § â¥«ìáâ¢® ¢¥¤¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 [4]. � ç «  ¢ á¨«ã ãá«®¢¨©
(�), (�) ¨ «¨¥©®áâ¨ ®¯¥à â®à®¢ Si (i = 1; 2; 12) ¤«ï «î¡ëå s; � 2 R ¨ x; z 2 L2  å®¤¨¬

jA(x; s; �) �A(z; s; �)j � j�jM1jx� zj+ j�jM2jx� zj+

+ j�j[M3jS1(x� z)j+M4jS2(x� z)j+M5jS12(x� z)j]; (5)

®âªã¤  ¢ á¨«ã ¨§¢¥áâëå á®®â®è¥¨© ( ¯à., [7], [8])

kSik = 1; Si : L2 ! L2 (i = 1; 2; 12); (6)

¤«ï «î¡ëå x; z 2 L2 ¯®«ãç ¥¬ ®æ¥ªã

kAx�Azk �M0kx� zk (x; z 2 L2): (7)

� «¥¥ ¤«ï «î¡ëå s; � 2 R ¨ x; z 2 L2 á ¯®¬®éìî ãá«®¢¨© (�), (�) ¨ (�)  å®¤¨¬ ¥à ¢¥áâ¢®

(Ax�Az)(x� z) � �m1jx� zj
2 + �m2jx� zj

2 � j�j[M3jS1(x� z)j+M4jS2(x� z)j+M5jS12(x� z)j];

®âªã¤  á ãç¥â®¬ (6) ¯®«ãç ¥¬ ®æ¥ªã

(Ax�Az; x� z) � m0kx� zk2 (x; z 2 L2): (8)

� á¨«ã ¥à ¢¥áâ¢ (7) ¨ (8) ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [9] ¢ë¢®¤¨¬ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.
� ¬¥â¨¬, çâ®   ®á®¢¥ íâ®© «¥¬¬ë á ¯®¬®éìî ¨§¢¥áâëå à¥§ã«ìâ â®¢ ([9], áá. 104, 131; [10],

á. 213{214) ¬®£ãâ ¡ëâì ¯®áâà®¥ë ¨â¥à â¨¢ë¥, ¯à®¥ªæ¨®ë¥ ¨ á¬¥è ë¥ ¬¥â®¤ë à¥è¥¨ï
ãà ¢¥¨ï (1){(4). �®áª®«ìªã íâ® ¬®¦¥â ¡ëâì á¤¥« ® ¯®   «®£¨¨ á ®¤®¬¥àë¬ á«ãç ¥¬ [4],
â®   íâ®¬ ¯®¤à®¡® ®áâ  ¢«¨¢ âìáï ¥ ¡ã¤¥¬,   ¡®«¥¥ ¤¥â «ì® à áá¬®âà¨¬ ª¢ ¤à âãà®-
ªã¡ âãàë© ¬¥â®¤, ª®â®àë© ï¢«ï¥âáï  ¨¡®«¥¥ ¯à®áâë¬ ¤«ï ¯à¨¬¥¥¨ï   ¯à ªâ¨ª¥ ¨ ¢ â®
¦¥ ¢à¥¬ï  ¨¡®«¥¥ âàã¤ë¬ ¤«ï â¥®à¥â¨ç¥áª®£® ®¡®á®¢ ¨ï. �à¨ íâ®¬ áãé¥áâ¢¥ë¬ ®¡à -
§®¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ (¨ ®¡®§ ç¥¨ï¬¨) ¯® ¬®£®¬¥à®¬ã ¨â¥à¯®«¨à®¢ ¨î
âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¨§ à ¡®â [1], [2], [5], [7], [8].

� ç «  ¯à¨¢¥¤¥¬ ¢ëç¨á«¨â¥«ìë¥ áå¥¬ë ª¢ ¤à âãà®-ªã¡ âãà®£® ¬¥â®¤ , ãáâ  ¢«¨¢ ¥-
¬ë¥   ®á®¢¥ à ¡®â [1]{[5], [7], [8]. �¢¥¤¥¬ à ¢®¬¥àë¥ á¥âª¨ ã§«®¢

si =
2i�
N
; i = 1; N ; �j =

2j�
M

; j = 1;M (N;M 2 N); (9)

¨ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1){(4) á ¥¯à¥àë¢ë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ ¥¯à¥àë¢®©
¯à ¢®© ç áâìî ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬ 

xnm(s; �) =
4

NM

NX
k=1

MX
r=1

�kr�n(s� sk)�m(� � �r); n =
�
N
2

�
; m =

�
M
2

�
; (10)
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�r(') | ®¡ëç®¥ ¨«¨ ¬®¤¨ä¨æ¨à®¢ ®¥ ï¤à® �¨à¨å«¥ ¯®àï¤ª  r = [R=2] ¯à¨ R ¥ç¥â®¬ ¨
á®®â¢¥âáâ¢¥® ¯à¨ R ç¥â®¬, £¤¥ r + 1 2 N. �à¨¡«¨¦¥ë¥ § ç¥¨ï �ij = xnm(si; �j) ¨áª®¬®©
äãªæ¨¨ x�(s; �) ¢ ã§« å (9) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª ª à¥è¥¨¥ á«¥¤ãîé¥© á¨áâ¥¬ë ¥«¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����):

�F (si; �j ;�ij) + ��
�
si; �j ;�ij ;

1
N

NX
k=1

�i�k(N)�kj ;
1
M

MX
r=1

�j�r(M)�ir;

1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)�kr

�
= y(si; �j); i = 1; N; j = 1;M; (11)

£¤¥

�i�k(R) =
�
tg
i� k

2R
�; ¥á«¨ i� k ç¥â®; � ctg

i� k

2R
�; ¥á«¨ i� k ¥ç¥â®

�

¯à¨ R = 2l + 1 (l = 0; 1; : : : ),   ¯à¨ R = 2l (l = 1; 2; : : : )

�i�k(R) =
�
0; ¥á«¨ i� k ç¥â®; �2 ctg

i� k

R
�; ¥á«¨ i� k ¥ç¥â®

�
:

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1){(4), (9){(11) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �á«¨ y 2 C2�, â® ¢ ãá«®¢¨ïå «¥¬¬ë ���� (11) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

��11; : : : ; �
�
NM 2 R ¯à¨ «î¡ëå N;M 2 N,   ¯à¨¡«¨¦¥®¥ à¥è¥¨¥

x�nm(s; �) =
4

NM

NX
k=1

MX
r=1

��kr�n(s� sk)�m(� � �r); n;m 2 N; (10�)

ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

kx�nm(s; �)k �
�

1
NM

NX
i=1

MX
j=1

j��ij j
2

�1=2

�
1
m0

�
1

NM

NX
i=1

MX
j=1

jy(si; �j)j
2

�1=2

(N;M 2 N); (12)

1
M0

kLnm(y; s; �)k � kx�nm(s; �)k �
1
m0

kLnm(y; s; �)k (N;M 2 N): (120)

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ Xnm ¬®¦¥áâ¢® ¢á¥å ¤¢®©ëå âà¨£®®¬¥âà¨ç¥áª¨å ¯®-
«¨®¬®¢ ¯®àï¤ª  (n;m),   ç¥à¥§ Lnm = Ls�nm : L2 ! Xnm � L2 | ®¯¥à â®à, áâ ¢ïé¨© ¢ á®®â¢¥â-
áâ¢¨¥ ª ¦¤®© äãªæ¨¨ ' 2 C2� ¥¥ ¤¢ã¬¥àë© âà¨£®®¬¥âà¨ç¥áª¨© ¨â¥à¯®«ïæ¨®ë© ¯®«¨®¬
� £à ¦  ¢¨¤ 

Lnm('; s; �) =
4

NM

NX
k=1

MX
r=1

'(sk; �r)�n(s� sk)�m(� � �r) (13)

¯® ã§« ¬ (9). �á«¨ ®¤¨ ¨§ ¯ à ¬¥âà®¢ N , M ç¥âë© (¨«¨ ¦¥ ®¨ ®¡  ç¥âë¥), â® áãé¥áâ¢ã¥â
®¤®¯ à ¬¥âà¨ç¥áª®¥ (á®®â¢¥âáâ¢¥® ¤¢ã¯ à ¬¥âà¨ç¥áª®¥) ¬®¦¥áâ¢® ¨â¥à¯®«ïæ¨®ëå ¯®-
«¨®¬®¢. �§ íâ®£® ¬®¦¥áâ¢  ¢ë¡¨à ¥âáï (á®£« á® [7], [8]; [11], £«. 3) ¯®«¨®¬ á ¬¨¨¬ «ì®©
®à¬®© ¢ L2. �®£¤  [5], [7], [8] ���� (11) íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

Anmxnm � Lnmf�F (s; �;xnm) + ��(s; �;xnm; S1xnm; S2xnm; S12xnm)g = Lnmy (xnm;Lnmy 2 Xnm);
(14)

 ¯¯à®ªá¨¬¨àãîé¥¬ã ãà ¢¥¨¥ (1) ¢ ¯®¤¯à®áâà áâ¢¥ Xnm � L2.
�ãáâì X | ¯à®áâà áâ¢® NM -¬¥àëå ¢¥ªâ®à®¢ á ®à¬®©

kxkX =
�

1
NM

NX
k=1

MX
r=1

jakrj
2

�1=2

; x = fakrg
N
1

M
1 2 X (N;M 2 N);
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¨ á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬

(x; z)X =
1

NM

NX
k=1

MX
r=1

akrbkr (x = fakrg
N
1

M
1
2 X; z = fbkrg

N
1

M
1
2 X):

�®£¤  ���� (11) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ íª¢¨¢ «¥â®£® ¥© ®¯¥à â®à®£® ãà ¢¥¨ï

Ax = y (x; y 2 X); (15)

£¤¥ x = f�ijg
N
1
M
1
, y = fy(si; �j)gN1

M
1
, Ax = � = f�ijg

N
1
M
1
,  

�ij = �F (si; �j ;�ij) + ��
�
si; �j ;�ij ;

1
N

NX
k=1

�i�k(N)�kj ;
1
M

MX
r=1

�j�r(M)�ir;

1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)�kr

�
; i = 1; N; j = 1;M: (16)

�®ª ¦¥¬, çâ® ¤«ï «î¡ëå x = fakrg
N
1
M
1

¨ z = fbkrg
N
1
M
1

¬ âà¨çë© ®¯¥à â®à A : X ! X
ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

kAx�AzkX �M0kx� zkX ; (17)

(Ax�Az; x� z)X �m0kx� zk2
X
; (18)

£¤¥ ¯®áâ®ïë¥ M0 ¨ m0 ¯à¨¢¥¤¥ë ¢ «¥¬¬¥,   áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¨ ®à¬  ®¯à¥¤¥«¥ë ¢
¯à®áâà áâ¢¥ X.

�§ (15), (16) ¤«ï «î¡ëå x; z 2 X  å®¤¨¬

kAx�AzkX � j�j

�
1

NM

NX
i=1

MX
j=1

jF (si; �j ; aij)� F (si; �j ; bij)j
2

�1=2

+ j�j

�
1

NM

NX
i=1

MX
j=1

j � j2
�1=2

;

£¤¥

j � j =
�����
�
si; �j ; aij ;

1
N

NX
k=1

�i�k(N)akj ;
1
M

MX
r=1

�j�r(M)air;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)akr

�
�

� �
�
si; �j ; bij ;

1
N

NX
k=1

�i�k(N)bkj ;
1
M

MX
r=1

�j�r(M)bir;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)bkr

�����;
®âáî¤  á ãç¥â®¬ ãá«®¢¨© (A) ¨ (B) ¤«ï «î¡ëå x; z 2 X ¯®«ãç ¥¬

kAx�AzkX � j�jM1

�
1

NM

NX
i=1

MX
j=1

jaij � bij j
2

�1=2

+ j�jM2

�
1

NM

NX
i=1

MX
j=1

jaij � bij j
2

�1=2

+

+ j�jM3

�
1

NM

NX
i=1

MX
j=1

���� 1N
NX
k=1

�i�k(N)(akj � bkj)
����
2�1=2

+

+ j�jM4

�
1

NM

NX
i=1

MX
j=1

���� 1M
MX
r=1

�j�r(M)(air � bir)
����
2�1=2

+

+ j�jM5

�
1

NM

NX
i=1

MX
j=1

���� 1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)(akr � bkr)
����
2�1=2

=

= (j�jM1 + j�jM2)kx� zkX + j�jM3�1 + j�jM4�2 + j�jM5�12: (19)
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�¤¥áì á¬ëá« ®¡®§ ç¥¨© �i (i = 1; 2; 12) ®ç¥¢¨¤¥, ®æ¥¨¬ ¨å á¢¥àåã.
�®«®¦¨¬  (s; �) = xnm(s; �)� znm(s; �), £¤¥

xnm(s; �) =
4

NM

NX
k=1

MX
r=1

akr�n(s� sk)�m(� � �r); akr = xnm(sk; �r);

znm(s; �) =
4

NM

NX
k=1

MX
r=1

bkr�n(s� sk)�m(� � �r); bkr = znm(sk; �r):

�§¢¥áâ® ([7], [8]; [11], £«. 3), çâ® ¤«ï «î¡®© äãªæ¨¨ ' 2 C2�

S1(L�n'; si; �j) =
1
N

NX
k=1

�i�k(N)'(sk; �j); (20)

S2(L
�
m'; si; �j) =

1
M

MX
r=1

�j�r(M)'(si; �r); (21)

S12(L
��
nm'; si; �j) =

1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)'(sk; �r): (22)

�â¬¥â¨¬ â ª¦¥ ( ¯à., [7], [8]; [11], £«. 3), çâ® ¤«ï «î¡®© äãªæ¨¨ ' 2 C2� á¯à ¢¥¤«¨¢ë
¥à ¢¥áâ¢ 

1
N

NX
i=1

jS1L
�
n'(si; t)j

2 �
1
N

NX
i=1

j'(si; t)j
2; �1 < t <1; (23)

1
M

MX
j=1

jS2L
�
m'(t; �j)j

2 �
1
M

MX
j=1

j'(t; �j)j2; �1 < t <1; (24)

£¤¥ ®¯¥à â®àë S1 ¨ S2 ®¯à¥¤¥«¥ë ¢ (2) ¨ (3) á®®â¢¥âáâ¢¥®. �§ (22){(24)  å®¤¨¬

�12 =
�

1
NM

NX
i=1

MX
j=1

���� 1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M) (sk; �r)
����
2�1=2

=

=
�

1
NM

NX
i=1

MX
j=1

jS12L
��
nm (si; �j)j

2

�1=2

=
�
1
M

MX
j=1

1
N

NX
i=1

jS1L
�
nS2L

�
m (si; �j)j

2

�1=2

�

�

�
1
M

MX
j=1

1
N

NX
i=1

jS2L
�
m (si; �j)j

2

�1=2

=
�
1
N

NX
i=1

1
M

MX
j=1

jS2L
�
m (si; �j)j

2

�1=2

�

�

�
1

NM

NX
i=1

MX
j=1

j (si; �j)j2
�1=2

= k kX = kx� zkX : (25)

� «®£¨ç®, ¨á¯®«ì§ãï (20), (21) ¨ (23), (24), ¯®«ãç ¥¬

�1 =
�

1
NM

NX
i=1

MX
j=1

���� 1N
NX
k=1

�i�k(N) (sk; �j)
����
2�1=2

� k kX = kx� zkX ; (26)

�2 =
�

1
NM

NX
i=1

MX
j=1

���� 1M
MX
r=1

�j�r(M) (si; �r)
����
2�1=2

� k kX = kx� zkX : (27)

�§ (19), (25){(27) ¤«ï «î¡ëå x; z 2 X á«¥¤ã¥â ¥à ¢¥áâ¢® (17).
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� «¥¥ ¤«ï «î¡ëå x = fakrg
N
1
M
1 ¨ z = fbkrg

N
1
M
1 2 X ¨§ (15), (16)  å®¤¨¬

(Ax�Az; x� z)X =
�

NM

NX
i=1

MX
j=1

[F (si; �j ; aij)� F (si; �j ; bij)](aij � bij) +

+
�

NM

NX
i=1

MX
j=1

(aij � bij)(Aij +Bij) = ��1 + ��2 + ��3;

£¤¥

Aij = �
�
si; �j ; aij ;

1
N

NX
k=1

�i�k(N)akj ;
1
M

MX
r=1

�j�r(M)air;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)akr

�
�

� �
�
si; �j ; bij ;

1
N

NX
k=1

�i�k(N)akj ;
1
M

MX
r=1

�j�r(M)air;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)akr

�
;

Bij = �
�
si; �j ; bij ;

1
N

NX
k=1

�i�k(N)akj ;
1
M

MX
r=1

�j�r(M)air;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)akr

�
�

� �
�
si; �j ; bij ;

1
N

NX
k=1

�i�k(N)bkj ;
1
M

MX
r=1

�j�r(M)bir ;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)bkr

�
; (28)

¨ á¬ëá« áã¬¬ �i (i = 1; 3) ®ç¥¢¨¤¥. �æ¥¨¬ �1 ¨ �2 á¨§ã,   �3 | á¢¥àåã.
� á¨«ã ãá«®¢¨ï (�)

��1 �
�m1

NM

NX
i=1

MX
j=1

jaij � bij j
2 = �m1kx� zk2

X
(x; z 2 X); (29)

  «®£¨ç®, ¢ á¨«ã ãá«®¢¨ï (�)

��2 �
�m2

NM

NX
i=1

MX
j=1

jaij � bij j
2 = �m2kx� zk2

X
(x; z 2 X): (30)

�§ (28){(30) ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

(Ax�Az; x� z)X � (�m1 + �m2)kx� zk2
X
� j�j j�3j; x; z 2 X; (31)

£¤¥ ¢ á¨«ã ãá«®¢¨ï (�)  å®¤¨¬

���3

�� � �
1

NM

NX
i=1

MX
j=1

jaij � bij j
2

�1=2� 1
NM

NX
i=1

MX
j=1

jBij j
2

�1=2

�

� kx� zkX

�
1

NM

NX
i=1

MX
j=1

�
M3

���� 1N
NX
k=1

�i�k(N)akj �
1
N

NX
k=1

�i�k(N)bkj

����+
+M4

���� 1M
MX
r=1

�j�r(M)air �
1
M

MX
r=1

�j�r(M)bir

����+
+M5

���� 1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)akr �
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)bkr

����
�2�1=2

�

� kx� zkX

�
1

NM

NX
i=1

MX
j=1

��
M3

���� 1N
NX
k=1

�i�k(N) (sk; �j)
����
�2

+
�
M4

���� 1M
MX
r=1

�j�r(M) (si; �r)
����
�2

+
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+
�
M5

���� 1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M) (sk; �r)
����
�2��1=2

�

� kx� zkX

�
M3

�
1

NM

NX
i=1

MX
j=1

���� 1N
NX
k=1

�i�k(N) (sk; �j)
����
2�1=2

+

+M4

�
1

NM

NX
i=1

MX
j=1

���� 1M
MX
r=1

�j�r(M) (si; �r)
����
2�1=2

+

+M5

�
1

NM

NX
i=1

MX
j=1

���� 1
NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M) (sk; �r)
����
2�1=2�

=

= kx� zkX(M3�1 +M4�2 +M5�12):

�âáî¤  ¨ ¨§ á®®â®è¥¨© (25){(27) á«¥¤ã¥â

���3

�� � (M3 +M4 +M5)kx� zk2
X

(x; z 2 X): (32)

�§ (31) ¨ (32) ¤«ï «î¡ëå x; z 2 X  å®¤¨¬ ¥à ¢¥áâ¢® (18).
� ª¨¬ ®¡à §®¬, ¢ á¨«ã (17) ¨ (18) ¬ âà¨çë© ®¯¥à â®à A ¢ ¯à®áâà áâ¢¥ X ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î �¨¯è¨æ  á ¯®áâ®ï®© M0 ¨ ï¢«ï¥âáï á¨«ì® ¬®®â®ë¬ á ¯®áâ®ï®© m0. �®íâ®¬ã
¨§ â¥®à¨¨ ¬®®â®ëå ®¯¥à â®à®¢ [9] á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (15) ®¤®§ ç® à §à¥è¨¬®; ����
(11), íª¢¨¢ «¥â ï ãà ¢¥¨î (15), â ª¦¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� = f��krg

N
1
M
1 ¨ ¤«ï

¥£® á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

kx�kX =
�

1
NM

NX
i=1

MX
j=1

j��ij j
2

�1=2

�
1
m0

�
1

NM

NX
i=1

MX
j=1

jy(si; �j)j2
�1=2

: (33)

�«ï «î¡®£® âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬  �nm(s; �) ¢¨¤  (10) ¨§¢¥áâ® ([7], [8]; [11], £«. 3),
çâ®

1
2�

Z 2�

0

j�nm(s; �)j2ds �
1
N

NX
k=1

j�nm(sk; �)j2; �1 < � <1; (34)

1
2�

Z 2�

0

j�nm(s; �)j
2d� �

1
M

MX
r=1

j�nm(s; �r)j
2; �1 < s <1: (35)

�§ (10�), (34), (35)  å®¤¨¬

kx�nmk
2

L2
=

1
4�2

Z 2�

0

Z 2�

0

jx�nm(s; �)j
2dsd� =

1
2�

Z 2�

0

d�
1
2�

Z 2�

0

jx�nm(s; �)j
2ds �

�
1
N

NX
k=1

1
2�

Z 2�

0

jx�nm(sk; �)j
2d� �

1
NM

NX
k=1

MX
r=1

jx�nm(sk; �r)j
2 = kx�nmk

2

X
= kx�k2

X
: (36)

�§ (33) ¨ (36) á«¥¤ãîâ ®æ¥ª¨ (12).
�®áª®«ìªã ®¯¥à â®àë¥ ãà ¢¥¨ï (14) ¨ (15) íª¢¨¢ «¥âë, â® ¨§ áª § ®£® ¢ëè¥ á«¥¤ã¥â

áãé¥áâ¢®¢ ¨¥ ®¡à â®£® ®¯¥à â®à  A�1nm : Xnm ! Xnm ¨ kA�1nmk � m�1
0 (n;m 2 N); ¬®¦®

¯®ª § âì â ª¦¥, çâ® ¤«ï ¥£® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® kA�1nmk �M�1
0 (n;m 2 N). �§ ¯®á«¥¤¨å

¤¢ãå ¥à ¢¥áâ¢ ¢ë¢®¤ïâáï ®æ¥ª¨ (120).

�¥®à¥¬  2. �ãáâì ¥¯à¥àë¢ë¥ äãªæ¨¨ F (s; �;u), �(s; �;u; v; w; !) ¨ y(s; �) â ª®¢ë, çâ®
¢ ãá«®¢¨ïå «¥¬¬ë à¥è¥¨¥ x� 2 C2� ¨ äãªæ¨¨ Sk(x�; s; �) 2 C2� (k = 1; 2; 12). �®£¤  ¬¥â®¤

20



(9){(11) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ L2, ¯à¨ç¥¬ ¤«ï «î¡ëå n;m 2 N á¯à ¢¥¤«¨¢  ®æ¥ª 

kx� � x�nmk � kx� � exnmk+m�1
0 [(j�jM1 + j�jM2)kLnmx

� � exnmk+ j�jM3kLnmS1(x
� � exnm)k+

+ j�jM4kLnmS2(x
� � exnm)k+ j�jM5kLnmS12(x

� � exnm)k]; (37)

£¤¥ exnm | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ ¯®¤¯à®áâà áâ¢  Xnm,   Lnm = Ls�nm | ®¯à¥¤¥«¥ë© ¢

(13) ®¯¥à â®à � £à ¦ .

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë ¯®£à¥è®áâì ¯à¨¡«¨¦¥®© ä®à¬ã«ë x�(s; �) � x�nm(s; �)
¤«ï «î¡ëå N ¨ M 2 N ¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢®¬

kx� � x�nmk � 2En1m1
(x�)C2�

+m�1
0 [j�jM3kL

s�
nmS1(x

� �L��nmx
�)k+

+ j�jM4kL
s�
nmS2(x

� �Ls�nmx
�)k+ j�jM5kL

s�
nmS12(x

� �L��nmx
�)k]; (38)

£¤¥ n1 =
�
N�1
2

�
, m1 =

�
M�1

2

�
, N;M 2 N,   Enm(')C2�

|  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥
äãªæ¨¨ ' 2 C2� âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¯®àï¤ª  ¥ ¢ëè¥ (n;m).

�«¥¤áâ¢¨¥ 2. �ãáâì ª®íää¨æ¨¥âë ãà ¢¥¨ï (1){(4) â ª®¢ë, çâ® ¥£® à¥è¥¨¥ x�(s; �) 2
Hr+�; l+� (r + 1; l + 1 2 N; 0 < �; � � 1). �®£¤  à áá¬ âà¨¢ ¥¬ë© ¬¥â®¤ áå®¤¨âáï ¢ áà¥¤¥¬ á®
áª®à®áâìî

kx� � x�nmk = O(N�r�� +M�l��): (39)

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kx� � x�nmk � kx� � exnmk+ kx�nm � exnmk; (40)

£¤¥ exnm | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ ¯®¤¯à®áâà áâ¢  Xnm. � ª ª ª x�nm; exnm 2 Xnm, â® ¤«ï
á« £ ¥¬®£® kx�nm � exnmk ¢ á¨«ã ¥à ¢¥áâ¢  (18) ¨¬¥¥¬ ®æ¥ª¨

m0kx
�
nm � exnmk2 � (Anmx

�
nm �Anmexnm; x�nm � exnm) � kLnmAx

�
nm �LnmAexnmkkx�nm � exnmk:

(41)

�®áª®«ìªã LnmAx�nm = Lnmy = LnmAx
�, â® ¨§ á®®â®è¥¨© (41) ¯®«ãç ¥¬

kx�nm � exnmk � m�1
0 kLnmAx

� �LnmAexnmk: (42)

�§ ä®à¬ã« (1){(4) á ãç¥â®¬ á¢®©áâ¢ ®¯¥à â®à  � £à ¦  Lnm  å®¤¨¬

LnmAx
� = �LnmF (s; �;Lnmx�(s; �)) + �Lnm�(s; �;Lnmx�(s; �);LnmS1x�;LnmS2x�;LnmS12x�);

LnmAexnm = �LnmF (s; �; exnm(s; �)) + �Lnm�(s; �; exnm(s; �); S1exnm; S2exnm; S12exnm);
£¤¥ Si' = Si('; s; �) (i = 1; 2; 12) ¤«ï «î¡®© ' 2 C2�. �âáî¤  á ãç¥â®¬ (5), (7)  å®¤¨¬

kLnmAx
� �LnmAexnmk � (j�jM1 + j�jM2)kLnm(x

� � exnm)k+ j�jM3kLnmS1(x
� � exnm)k+

+ j�jM4kLnmS2(x� � exnm)k+ j�jM5kLnmS12(x� � exnm)k: (43)

�§ á®®â®è¥¨© (40){(43) á«¥¤ã¥â ®æ¥ª  (37).
�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¢ ¥à ¢¥áâ¢¥ (37) ¯®«®¦¨¬ exnm = Fnmx

�, £¤¥
Fnm(x�; s; �) | ¯àï¬®ã£®«ì ï áã¬¬  �¥©¥à  ¯®àï¤ª  (n1;m1) ¤«ï äãªæ¨¨ x�(s; �) 2 C2�.
�®£¤ , ãç¨âë¢ ï ¨§¢¥áâ®¥ [7] á®®â®è¥¨¥ kLnmkC2�!L2

= 1 (n;m 2 N), ¯®«ãç ¥¬

kx� � x�nmk � kx� � Fnmx
�k+m�1

0 [(j�jM1 + j�jM2)kLnmx� � Fnmx
�k+

+ j�jM3kS1(x
� � Fnmx

�)kC2�
+ j�jM4kS2(x

� � Fnmx
�)kC2�

+ j�jM5kS12(x
� � Fnmx

�)kC2�
]: (44)

�á®, çâ® Fnmx� = LnmFnmx
�, ¯®íâ®¬ã

kLnmx
� � Fnmx

�k � kLnmkC2�!L2
kx� � Fnmx

�kC2�
= kx� � Fnmx

�kC2�
: (45)
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�§ á®®â®è¥¨© (44), (45)  å®¤¨¬ ®æ¥ªã

kx� � x�nmk � [1 +m�1
0 (j�jM1 + j�jM2)]kx

� � Fnmx
�kC2�

+m�1
0 j�j[M3kS1(x

� � Fnmx
�)kC2�

+

+M4kS2(x� � Fnmx
�)kC2�

+M5kS12(x� � Fnmx
�)kC2�

]: (46)

�®ª ¦¥¬, çâ® ®à¬ë kx� � Fnmx
�kC2�

¨ kSk(x� � Fnmx
�)kC2�

(k = 1; 2; 12) ¨§ ¯à ¢®© ç áâ¨ ¥-
à ¢¥áâ¢  (46) áâà¥¬ïâáï ª ã«î. �«ï «î¡®© ¥¯à¥àë¢®© 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¨ g(s; �)
áã¬¬  �¥©¥à  Fnm(g; s; �) áå®¤¨âáï à ¢®¬¥à® ª g(s; �), ¯®íâ®¬ã

kx� � Fnmx
�kC2�

! 0 (n;m!1): (47)

�®áª®«ìªã ®¯¥à â®à �¥©¥à  ¯¥à¥áâ ®¢®ç¥ á «î¡ë¬ ¨§ ®¯¥à â®à®¢ Sk (k = 1; 2; 12), â® ¤«ï
®áâ «ìëå á« £ ¥¬ëå  å®¤¨¬

kSk(x� � Fnmx
�)kC2�

� kSkx
� � FnmSkx

�kC2�
= kgk � FnmgkkC2�

! 0 (n;m!1); (48)

£¤¥ gk(s; �) = Sk(x�; s; �) 2 C2�. � á¨«ã ¯à¥¤¥«ìëå á®®â®è¥¨© (47), (48) ¨§ ¥à ¢¥áâ¢  (46)
¯®«ãç ¥¬ kx� � x�nmk ! 0 (n;m!1).

�®« £ ï exnm = Lnmx
� ¢ ¥à ¢¥áâ¢¥ (37), ¨¬¥¥¬

kx� � x�nmk � kx� �Lnmx
�k+m�1

0 [j�jM3kL
s�
nmS1(x

� �L��nmx
�)k+

+ j�jM4kL
s�
nmS1(x

� �Ls�nmx
�)k+ j�jM5kL

s�
nmS12(x

� �L��nmx
�)k]: (49)

�ãáâì Qn1m1
| âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï äãªæ¨¨

x� 2 C2� ¯®àï¤ª  ¥ ¢ëè¥ (n1;m1), â®£¤ , ãç¨âë¢ ï à ¢¥áâ¢® Qn1m1
= LnmQn1m1

,  å®¤¨¬

kx� �Lnmx
�k � kx� �Qn1m1

k+ kLnmx
� �Qn1m1

k �

� kx� �Qn1m1
kC2�

+ kLnmkC2�!L2
kx� �Qn1m1

kC2�
= 2En1m1

(x�)C2�
: (50)

�§ á®®â®è¥¨© (49) ¨ (50) ¯®«ãç ¥¬ ®æ¥ªã (38).
�«ï ¤®ª § â¥«ìáâ¢  ®æ¥ª¨ (39) ¢ ¥à ¢¥áâ¢¥ (44) §  Fnm ¤®áâ â®ç® ¯à¨ïâì ®¯¥à â®à

� ««¥-�ãáá¥  ¯®àï¤ª  (n;m) ¨«¨ ¦¥ ®¯¥à â®àë ®¡®¡é¥®£® áã¬¬¨à®¢ ¨ï àï¤®¢ �ãàì¥ á
¯®¬®éìî â ª  §ë¢ ¥¬ëå �-¬ âà¨æ, ¢ â®¬ ç¨á«¥ ¬ âà¨æ � ¢ à  ¨ � ««¥-�ãáá¥  (¯®¤à®¡¥¥,
 ¯à., ¢ [11], £«. 3, 4). �

� áá¬®âà¨¬ ¢ªà âæ¥ ªã¡ âãà®-¨â¥à æ¨®ë© ¬¥â®¤. �  ¯à ªâ¨ª¥ à¥è¥¨¥ á¨áâ¥¬ë ¥«¨-
¥©ëå ãà ¢¥¨© (11) ç áâ® ¨¬¥¥â § ç¨â¥«ìë¥ âàã¤®áâ¨. � á¢ï§¨ á íâ¨¬  ¬ ¯à¥¤áâ ¢«ï¥âáï
¯®«¥§ë¬ á«¥¤ãîé¨© ¨â¥à æ¨®ë© ¬¥â®¤ ¥¥ à¥è¥¨ï:

�l+1ij = �lij +
m0

M 2
0

�
y(si; �j)� �F (si; �j ;�lij)�

���
�
si; �j ;�lij ;

1
N

NX
k=1

�i�k(N)�lkj ;
1
M

MX
r=1

�j�r(M)�lir;
1

NM

NX
k=1

MX
r=1

�i�k(N)�j�r(M)�lkr

��
;

i = 1; N; j = 1;M; l = 0; 1; : : : ; (51)

£¤¥ f�0krg
N
1
M
1 2 X | ¯à®¨§¢®«ì®¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥.

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¨â¥à æ¨®ë© ¬¥â®¤ (51) áå®¤¨âáï ª ¥¤¨áâ¢¥®¬ã

à¥è¥¨î ��11; : : : ; �
�
NM á¨áâ¥¬ë ãà ¢¥¨© (11), ¯à¨ç¥¬ ¤«ï l-£® (l 2 N) ¯à¨¡«¨¦¥¨ï á¯à ¢¥¤-

«¨¢ë ®æ¥ª¨

� NX
k=1

MX
r=1

j��kr � �lkrj
2

�1=2

�
ql

1� q

� NX
k=1

MX
r=1

j�1kr � �0krj
2

�1=2

; q =
�
1�

�
m0

M0

�2�1=2

:
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�®ª § â¥«ìáâ¢®. �â¥à æ¨®ë© ¬¥â®¤ (51) íª¢¨¢ «¥â¥ ¬¥â®¤ã

xl+1 = xl +
m0

M 2
0

(y �Axl); l = 0; 1; : : : ; x0 = f�0krg
N
1

M
1 2 X; (52)

ï¢«ïîé¥¬ãáï ã¨¢¥àá «ìë¬ ¨â¥à æ¨®ë¬ ¬¥â®¤®¬ à¥è¥¨ï ãà ¢¥¨ï (15). �®£¤  á ãç¥â®¬
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1  å®¤¨¬, çâ® ¬ âà¨çë© ®¯¥à â®à

B = E �
m0

M 2
0

A : X ! X

ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï á ª®íää¨æ¨¥â®¬ q, £¤¥ E | â®¦¤¥áâ¢¥ë© ®¯¥à â®à ¯à®áâà -
áâ¢  X. �âáî¤  ¨ ¨§ (52) ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�§ â¥®à¥¬ 2 ¨ 3 ¢ë¢®¤¨âáï

�¥®à¥¬  4. � ãá«®¢¨ïå «¥¬¬ë ¨ â¥®à¥¬ë 2 ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1){(4) ¬®¦-

®  ©â¨ ª ª ¯à¥¤¥«

x�(s; �) = lim
l!1

lim
n;m!1

xlnm(s; �)

¢ L2 ªã¡ âãà®-¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«¨®¬®¢

xlnm(s; �) =
4

NM

NX
k=1

MX
r=1

�lkr�n(s� sk)�m(� � �r); l = 0; 1; 2; : : : (N;M 2 N);

£¤¥ f�lkrg
N
1
M
1 ®¯à¥¤¥«¥ë á®£« á® (51). �à¨ íâ®¬ ¤«ï «î¡ëå l; N;M 2 N ¨ exnm 2 Xnm á¯à ¢¥¤-

«¨¢  ®æ¥ª 

kx� � xlnmk � kx� � exnmk+m�1
0 [(j�jM1 + j�jM2)kLnmx� � exnmk+ j�jM3kLnmS1(x� � exnm)k+

+ j�jM4kLnmS2(x� � exnm)k + j�jM5kLnmS12(x� � exnm)k] + ql

1� q

�
1

NM

NX
k=1

MX
r=1

j�1kr � �0krj
2

�1=2

:

� ¬¥ç ¨¥ 1. �¥§ã«ìâ âë,   «®£¨çë¥ ¯à¨¢¥¤¥ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª¦¥ ¯à¨ § ¬¥-
¥ ���� (11)   á¨áâ¥¬ã

�F (si; �j ;�ij) + ��
�
si; �j ;�ij ;

1
N

NX
k=1
k 6=i

ctg
(k � i)�
N

�kj ;
1
M

MX
r=1
r 6=j

ctg
(r � j)�
M

�ir;

1
MN

NX
k=1
k 6=i

MX
r=1
r 6=j

ctg
(k � i)�

N
ctg

(r � j)�
M

�kr

�
= y(si; �j); i = 1; N ; j = 1;M;

£¤¥ N;M 2 N.

� ¬¥ç ¨¥ 2. �ëè¥ ¬ë áç¨â «¨ ¢á¥ äãªæ¨¨ ¨ ¯à®áâà áâ¢  ¢¥é¥áâ¢¥ë¬¨. �¤ ª®   -
«®£¨çë¥ à¥§ã«ìâ âë ¨¬¥îâ ¬¥áâ® ¨ ¢ â®¬ á«ãç ¥, ª®£¤  äãªæ¨¨ F , �, x ¨ y ï¢«ïîâáï ª®¬-
¯«¥ªá®§ çë¬¨,   ¯ à ¬¥âàë � ¨ � ¨ ¯à®áâà áâ¢® L2 | ª®¬¯«¥ªáë¬¨.

�¨â¥à âãà 
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