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� ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢®¯à®á ® ¥áãé¥áâ¢®¢ ¨¨ ¥âà¨¢¨ «ì®£®  ¢â®¬®àä¨§¬  '
¢ ¯à®áâ®© £àã¯¯¥ � á® á¢®©áâ¢®¬ x'(x�1) 2 sTs�1 ) x 2 T = fy 2 � j '(y) = yg. �àã¯¯ë,
¤«ï ª®â®àëå ' áãé¥áâ¢ã¥â,  §ë¢ îâáï '-£àã¯¯ ¬¨ [1]. � ¡®â  ï¢«ï¥âáï ®ç¥à¥¤ë¬ §¢¥®¬ ¢
á¨áâ¥¬¥ ¤®ª § â¥«ìáâ¢  £¨¯®â¥§ë, á®£« á® ª®â®à®© ¥âà¨¢¨ «ì ï '-£àã¯¯  à §à¥è¨¬ . �â®
à ¢®á¨«ì® £¨¯®â¥§¥ ® à §à¥è¨¬®áâ¨ ª®¥çëå «¥¢®¤¨áâà¨¡ãâ¨¢ëå ª¢ §¨£àã¯¯. � ¦® ®â¬¥-
â¨âì, çâ® ¯à¨ ¯¥à¥å®¤¥ ª '-¨¢ à¨ âë¬ ¯®¤£àã¯¯ ¬ ¨ ä ªâ®à£àã¯¯ ¬ ¯® '-¨¢ à¨ âë¬
®à¬ «ìë¬ ¤¥«¨â¥«ï¬ '-áâàãªâãà  á®åà ï¥âáï.

�  á¬¥¦ëå ª« áá å �=T ¬®¦® ¢¢¥áâ¨ áâàãªâãàã «¥¢®¤¨áâà¨¡ãâ¨¢®© ª¢ §¨£àã¯¯ë, ¥á«¨
®¯à¥¤¥«¨âì ã¬®¦¥¨¥ x � y = x'(x�1y). � ¦¤ ï ª¢ §¨£àã¯¯  ¬®¦¥â ¡ëâì ¯®«ãç¥  â ª¨¬
®¡à §®¬ (å®âï ¨ á ¥®¤®§ ç® ®¯à¥¤¥«¥®© £àã¯¯®© �). �¤ ª® ª ¦¤®¥ ¯à¥¤áâ ¢«¥¨¥ ¬®¦-
® à¥¤ãæ¨à®¢ âì ª ¬¨¨¬ «ì®¬ã, ã¦¥ ®¤®§ ç® ®¯à¥¤¥«ï¥¬®¬ã ª¢ §¨£àã¯¯®©. �â® à¥¤ã-
æ¨à®¢ ¨¥ ¯à®¨§¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬: á ç «  ®â � ¯¥à¥å®¤ïâ ª £« ¢®© ¯®¤£àã¯¯¥
�1 = hx'(x�1) j x 2 �i,   § â¥¬ ä ªâ®à¨§ãîâ ¯®  ¨¡®«ìè¥¬ã ®à¬ «ì®¬ã ¤¥«¨â¥«î ¨§ T .
�àã¯¯  � ¤«ï ¬¨¨¬ «ì®£® ¯à¥¤áâ ¢«¥¨ï ¥áâì L0(G)-ª®¬¬ãâ â £àã¯¯ë «¥¢ëå âà á«ïæ¨©
ª¢ §¨£àã¯¯ë G.

� ¤ ®© à ¡®â¥ ¯à®¢®¤¨âáï ¤®ª § â¥«ìáâ¢® £¨¯®â¥§ë ¤«ï ¯à®áâ®© ª®¥ç®© £àã¯¯ë 3D4.
� áá¬®âà¨¬ ¯®¤£àã¯¯ã '-¥¯®¤¢¨¦ëå í«¥¬¥â®¢ T . �«ãç © T = 1 ¨áª«îç ¥âáï, ¯®áª®«ìªã

¨§¢¥áâë¥ ¯à®áâë¥ £àã¯¯ë ¥ ¨¬¥îâ à¥£ã«ïàëå  ¢â®¬®àä¨§¬®¢ ([2], á. 65). �®£¤  ¢®§¬®¦ë
¤¢  á«ãç ï: 1) T á®¤¥à¦¨â ¯®«ã¯à®áâë¥ í«¥¬¥âë; 2) T á®áâ®¨â ¨§ ã¨¯®â¥âëå í«¥¬¥â®¢.

�¥¬¬  1. �®«ã¯à®áâ®© í«¥¬¥â ¥ç¥â®£® ¯®àï¤ª  ¢ G = 3D4 á®¯àï¦¥ á® á¢®¨¬ ®¡à â-

ë¬.

�®ª § â¥«ìáâ¢®. �®¥ç ï £àã¯¯  G ¯®«ãç ¥âáï ¨§ £àã¯¯ë G  ¤  «£¥¡à ¨ç¥áª¨ § ¬ªã-
âë¬ ¯®«¥¬ k ª ª ¯®¤£àã¯¯  �-¥¯®¤¢¨¦ëå í«¥¬¥â®¢ ([2], c. 303). � ª ª ª G ®¤®á¢ï§  ([3],
á. 192), â® á®¯àï¦¥®áâì ¢ G ¢«¥ç¥â á®¯àï¦¥®áâì ¢ G  ¤ ¯®«¥¬ Fq.

�á«¨ ®á®¢®¥ ¯®«¥  «£¥¡à ¨ç¥áª¨ § ¬ªãâ®, â® ¯®«ã¯à®áâ®© í«¥¬¥â «¥¦¨â ¢ ¥ª®â®à®¬
¬ ªá¨¬ «ì®¬ â®à¥. �¢¨¤ã â®£®, çâ® ¢á¥ ¬ ªá¨¬ «ìë¥ â®àë á®¯àï¦¥ë, ¬®¦® áç¨â âì, çâ®
¯®«ã¯à®áâ®© í«¥¬¥â x «¥¦¨â ¢ ª àâ ®¢áª®© ¯®¤£àã¯¯¥ ¨§ G.

�ãáâì w 2 W | í«¥¬¥â £àã¯¯ë �¥©«ï, ï¢«ïîé¨©áï ª®¬¯®§¨æ¨¥© n ®âà ¦¥¨© ®â®-
á¨â¥«ì® ®àâ®£® «ìëå ª®à¥©. �á«¨ x = �h�(t�), â® wxw�1 = �hw(�)(t�) = �h��(t�) =
�h�(t�1

� ) = x�1. �á¯®«ì§ã¥¬®¥ ¢ëè¥ à ¢¥áâ¢® h��(t) = h�(t�1) «¥£ª® ¯®«ãç¨âì ¨§ á®®â®è¥-
¨ï h�(t)x�(u)h�(t�1) = x�(th�;�iu) ([4], á. 32). �®¯àï¦¥¨¥ í«¥¬¥â®¬ h��(t) ®¡¥¨å ç áâ¥© íâ®£®
á®®â®è¥¨ï ¤ ¥â h��(t)h�(t)x�(u)h�(t�1)h��(t�1) = x�(u). �âáî¤  á«¥¤ã¥â, çâ® h��(t)h�(t) ¯à¨-
 ¤«¥¦¨â æ¥âàã £àã¯¯ë. � ª ª ª £àã¯¯  ¯à®áâ , â® h��(t)h�(t) = 1.

�®áª®«ìªã äã¤ ¬¥â «ì ï £àã¯¯  G = D4 âà¨¢¨ «ì , â® x á®¯àï¦¥ á x�1 ¢ G = 3D4.
�¨áâ¥¬  ª®à¥© £àã¯¯ë D4 ¨¬¥¥â ¢¨¤ �ei � ej (i; j < 4).
�áá«¥¤ã¥¬ ¢®¯à®á ® áâà®¥¨¨ £àã¯¯ë 3D4 [5]. � áá¬®âà¨¬ £àã¯¯ã D4(q3)  ¤ ¯®«¥¬ Fq3 á ¢ë-

¤¥«¥ë¬  ¢â®¬®àä¨§¬®¬ x! x ¯®àï¤ª  3. � áå¥¬¥ �ëª¨  ¯®¢®à®â ¢®ªàã£ e2�e3 ¨¤ãæ¨àã¥â
á«¥¤ãîéãî ¯¥à¥áâ ®¢ªã ª®à¥©:
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e1 � e2 ! e3 � e4 ! e3 + e4, e1 � e3 ! e2 � e4 ! e2 + e4, e1 � e4 ! e2 + e3 ! e1 + e4, e1 + e2, e1 + e3,
e2 � e3 ¥¯®¤¢¨¦ë (ãª § ë «¨èì ¯¥à¥å®¤ë ¯®«®¦¨â¥«ìëå ª®à¥©).

�àã¯¯  3D4(q) ¯®à®¦¤ ¥âáï í«¥¬¥â ¬¨ ¢¨¤  (£¤¥ xi�j | ª®à¥¢ ï ¯®¤£àã¯¯ , á®®â¢¥âáâ¢ã-
îé ï ª®àî ei � ej)

x1 = x�(1+2)(a); x2 = x�(1+3)(b); x3 = x�(2�3)(c);

X1(u) = x1�3(u)x2�4(u)x2+4(u); X�1(u) = x�1+3(u)x�2+4(u)x�2�4(u);

X2(v) = x3�4(v)x3+4(v)x1�2(v); X�2(v) = x�3+4(v)x�3�4(v)x1+2(v);

X3(w) = x1�4(w)x2+3(w)x1+4(w); X�3(w) = x�1+4(w)x�2�3(w)x�1�4(w);

£¤¥ a; b; c 2 F �
q , u; v; w 2 F �

q3 , u | à¥§ã«ìâ â ¤¢ãªà â®£® ¯à¨¬¥¥¨ï ¯®«¥¢®£®  ¢â®¬®àä¨§¬ 
ª u.

�«¥¬¥âë ª ¦¤®£® ¨§ ¯¥à¥ç¨á«¥ëå â¨¯®¢ á®áâ ¢«ïîâ ª®à¥¢ãî ¯®¤£àã¯¯ã. �â¨ í«¥¬¥âë
¨¢ à¨ âë ®â®á¨â¥«ì® ª®¬¯®§¨æ¨¨ ¯®«¥¢®£®  ¢â®¬®àä¨§¬  ¢  à£ã¬¥â å x� á ¯¥à¥áâ ®¢-
ª®© ª®à¥© ¢ D4, ®¯¨á ®© ¢ëè¥. �®à¥¢ë¥ £àã¯¯ë x1;2;3(a) ¨ X1;2;3(u) ¯®à®¦¤ îâ á¨«®¢áªãî
¯®¤£àã¯¯ã U ¢ 3D4(q) ¯®àï¤ª  q12. � àâ ®¢áª ï ¯®¤£àã¯¯ H ¢ 3D4(q) ¯®à®¦¤ ¥âáï í«¥¬¥â ¬¨
h(x) = h1�2(x)h3�4(x)h3+4(x) ¨ h2�3(t) (x 2 Fq3 , t 2 Fq). �®àï¤®ª ¥¥ à ¢¥ (q3 � 1)(q � 1).

�®¯àï¦¥¨¥ x1;2;3 ¨ X1;2;3 ª àâ ®¢áª¨¬¨ í«¥¬¥â ¬¨ ã¬®¦ ¥â  à£ã¬¥âë   ¬®¦¨â¥«¨,
ãª § ë¥ ¢ â ¡«¨æ¥ 1.

� ¡«¨æ  1. �®¦¨â¥«¨  à£ã¬¥â®¢ x1;2;3, X1;2;3

¯à¨ á®¯àï¦¥¨¨ ¨å ª àâ ®¢áª¨¬¨ í«¥¬¥â ¬¨ h(x) ¨ h2�3(t)

x1+2(a) x1+3(b) x2�3 c X1(u) X2(v) X3(w)
h(x) 1 Nx 1=Nx x2=Nx x2 Nx=x

2

h2�3(t) T t�1 t2 t t�1 1

(ç¥à¥§ Nx ®¡®§ ç¥® ¯à®¨§¢¥¤¥¨¥ x � x � x).

�àã¯¯  �¥©«ï ¨¬¥¥â ¯®àï¤®ª 12. �¥©áâ¢¨¥ ¥¥   ¡ §¨á¥ e1; e2; e3; e4 ¨ ®¡à §ãîé¨¥ £àã¯¯ë Uw

¨§ à §«®¦¥¨ï �àî  3D4 = Y
w2W

BwUw (B = UH | ¡®à¥«¥¢áª ï ¯®¤£àã¯¯ ) ¤ îâáï ¢ â ¡«¨æ¥ 2.
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� ¡«¨æ  2. �¥©áâ¢¨¥ £àã¯¯ë �¥©«ï ¨ ®¡à §ãîé¨¥ £àã¯¯ë Uw

w =
�
1 2 3 4
� � � �

�
Uw jUwj

1 2 3 4 1 1
�1�2�3�4 x1+2, x1+3, x2�3, X1, X2, X3 q12

2 1�3�4 X2 q3

�2�1 3 4 x1+2, x1+3, x2�3, X1, X3 q9

1 3 2 4 x2�3 q
�1�3�2 4 x1+2, x1+3, X1, X2, X3 q11

3 1�2�4 x1+3, X2 q4

�3�1 2 4 x1+2, x2�3, X1, X3 q8

2�3 1�4 x2�3, X1 q4

�2 3�1 4 x1+2, x1+3, X2, X3 q8

3�2 1�4 x1+2, x2�3, X1 q5

�3 2�1 4 x1+3, X2, X3 q7

�¥¬¬  2. �¨¯®â¥âë© í«¥¬¥â ¢ 3D4(q) á®¯àï¦¥ á ®¤¨¬ ¨§ í«¥¬¥â®¢ x1+3(b)X1(u),
x1+2(a)X1(u)X2(v), x1+3(b)X3(w)x2�3(c), X2(v)x2�3(c).

�®ª § â¥«ìáâ¢®. �®áâ â®ç® à áá¬ âà¨¢ âì í«¥¬¥âë ¨§ á¨«®¢áª®© ¯®¤£àã¯¯ë U . �ç¥¢¨¤-
®, çâ® ª ¦¤ë© ¨§ ¨å ®â®á¨âáï ª ®¤®© ¨§ á«¥¤ãîé¨å ¢®áì¬¨ ä®à¬:

1. x1+2(a),
2. x1+2(a)x1+3(b), b 6= 0,
3. x1+2(a)x1+3(b)X1(u), u 6= 0,
4. x1+2(a)x1+3(b)X3(w), w 6= 0,
5. x1+2(a)x1+3(b)X1(u)X3(w), u;w 6= 0,
6. x1+2(a)x1+3(b)X1(u)X3(w)X2(v), v 6= 0,
7. x1+2(a)x1+3(b)X1(u)X3(w)x2�3(c), c 6= 0,
8. x1+2(a)x1+3(b)X1(u)X3(w)X2(v)x2�3(c), v; c 6= 0.
�®à¬ «¨§ æ¨ï íâ¨å ä®à¬ ®áãé¥áâ¢«ï¥âáï ¯®¤å®¤ïé¨¬¨ ã¨¯®â¥â ¬¨ ¨§ U ¨ ¢¥©«¥¢áª¨¬¨

í«¥¬¥â ¬¨ (®â®¦¤¥áâ¢«¥ë¬¨ § ¤ ë¬ á¯®á®¡®¬ á í«¥¬¥â ¬¨ ¨§ ä ªâ®à  NH=H). �ª ¦¥¬
íâ¨ á®¯àï¦¥¨ï:

2. x2�3 c,   § â¥¬ w =
�
1 2 3 4
1 3 2 4

�
,

3. X3(w),
4. X2(v),
5. á®¯àï¦¥¨¥ ¯®¤å®¤ïé¨¬ X2(v) ã¨çâ®¦ ¥â X3(w) ¨ á¢®¤¨â ª ¯. 3,
6. X1, X3 à¥¤ãæ¨àã¥â ª x1+2(a)X1(u)X2(v),
7. X2, X1 à¥¤ãæ¨àã¥â ª x1+3(b)X3(w)x2�3(c),
8. X1, X2, x1+3 á¢®¤¨â ª X2(v)x2�3 c.

�à¥¤«®¦¥¨¥. � ¥ç¥â®© å à ªâ¥à¨áâ¨ª¥ ã¨¯®â¥âë ¢ 3D4(q) á®¯àï¦¥ë á® á¢®¨¬¨

®¡à âë¬¨.

�®ª § â¥«ìáâ¢®. �®¯àï¦¥¨¥ ä®à¬, ¯¥à¥ç¨á«¥ëå ¢ «¥¬¬¥ 2, ª àâ ®¢áª¨¬¨ í«¥¬¥â ¬¨
h2�3(�1), h2�3(�1), h(�1), h2�3(�1) (á®®â¢¥âáâ¢¥®) ¬¥ï¥â § ª¨  à£ã¬¥â®¢ ¢ ¬®¦¨â¥«ïå.
� «¥¥ ¯à¨¬¥ï¥¬ ¯à®æ¥¤ãàã, á¢ï§ ãî á æ¨ª«¨ç¥áª®© ¯¥à¥áâ ®¢ª®© ¬®¦¨â¥«¥© ¨ ¯¥à¥áâ -
®¢ª ¬¨, ª®¬¬ãâ¨àãîé¨¬¨ á ¨¬¨ ([4], á. 32). �â® ¨ ¤ ¥â ¥®¡å®¤¨¬ë© à¥§ã«ìâ â.

�«¥¤áâ¢¨¥ 1. � '-£àã¯¯¥ 3D4(q) ¯®àï¤®ª T ç¥â¥.

�¡à â¨¬áï â¥¯¥àì ª áâà®¥¨î æ¥âà «¨§ â®à®¢ ¨¢®«îæ¨©.
 ) � ¥ç¥â®© å à ªâ¥à¨áâ¨ª¥ ¨¬¥¥âáï ®¤¨ ª« áá ¨¢®«îæ¨© [5], ¢ ª ç¥áâ¢¥ ¯à¥¤áâ ¢¨â¥«ï

ª®â®à®£® ¬®¦® ¢§ïâì � = h2�3(�1). �¥âà «¨§ â®à ¥£® ¥áâì C(�) = (SL2(q3) � SL2(q)) � 2 ¨
¯®à®¦¤ ¥âáï £àã¯¯ ¬¨ hx2�3(a); x�2+3(b)i ¨ hX3(u);X�3(v)i.

21



�«¥¤áâ¢¨¥ 2. � ¥ç¥â®© å à ªâ¥à¨áâ¨ª¥ '-áâàãªâãà    3D4(q) âà¨¢¨ «ì .

�®ª § â¥«ìáâ¢®. �¥£ª® ãáâ  ¢«¨¢ ¥âáï ®âáãâáâ¢¨¥ ¯®«¥¢®© ç áâ¨ ¢ ': ¡¥àï ¨¢®«îæ¨î ¨§
T ¨ ¯¥à¥å®¤ï ª æ¥âà «¨§ â®àã, ¯®«ãç ¥¬ âà¨¢¨ «ì®áâì ¯®á«¥¤¥£® ¨§-§  ¯à®áâ®âë ¥£® ä ªâ®à 
¯® æ¥âàã ¨ '-âà¨¢¨ «ì®áâ¨ ª« áá¨ç¥áª¨å £àã¯¯ L2(q) [6]. �®¯àï£ îé ï ç áâì ¤®«¦  «¥¦ âì
¢ æ¥âà¥ æ¥âà «¨§ â®à , â.¥. ¡ëâì ¨¢®«îæ¨¥©, á«¥¤®¢ â¥«ì®, '2 = 1. �® ¢ íâ®¬ á«ãç ¥ £àã¯¯ 
à §à¥è¨¬ . �à®â¨¢®à¥ç¨¥.

¡) � ç¥â®© å à ªâ¥à¨áâ¨ª¥ ¤¢  ª« áá  ¨¢®«îæ¨© á ¯à¥¤áâ ¢¨â¥«ï¬¨ �1 = x1+2(1) ¨
�2 = X1(1). �®àï¤ª¨ æ¥âà «¨§ â®à®¢ à ¢ë C(�1) = q12(q6 � 1) ¨ C(�2) = q10(q2 � 1) á®®â-
¢¥âáâ¢¥®. �¥âà «¨§ â®à C(�1) ¯®à®¦¤ ¥âáï £àã¯¯ ¬¨ hx1+2(a)i, hx1+3(b)i, hx2�3(c)i, hX1(u)i,
hX2(v);X�2(w)i, hX3(w)i ¨, á«¥¤®¢ â¥«ì®, à ¢¥ q9 �SL2(q3). �¥âà «¨§ â®à ¦¥ C(�2) ¯®à®¦¤ -
¥âáï á¨«®¢áª®© ¯®¤£àã¯¯®© U ¨ hx�1�3(b)i, â. ¥. à ¢¥ q9 � SL2(q).

�¥®à¥¬ . '-áâàãªâãà    £àã¯¯¥ 3D4(q) âà¨¢¨ «ì .

�®ª § â¥«ìáâ¢®. �áâ «®áì à áá¬®âà¥âì á«ãç © ç¥â®£® q. �à¨ q > 2 SL2(q) ¨ SL2(q3) ¨¬¥-
îâ âà¨¢¨ «ìãî '-áâàãªâãàã. �®íâ®¬ã ®¯ïâì à áá¬®âà¥¨¥ æ¥âà «¨§ â®à®¢ ¯à¨¢®¤¨â ª '2 = 1.
�à¨ q = 2 ¯®«¥¢®© ç áâ¨ ¢ ' ¥â, ® ¢ SL2(2) ¥áâì ¥âà¨¢¨ «ì ï '-áâàãªâãà  (á®¯àï¦¥¨¥ ¨-
¢®«îæ¨¥©). �¤ ª® ¨ §¤¥áì á®¯àï£ îé ï ç áâì ' ¥áâì 2-í«¥¬¥â. �®íâ®¬ã ®  ¤®«¦  «¥¦ âì
¢ æ¥âà¥ á¨«®¢áª®© ¯®¤£àã¯¯ë ¨ á®¢  '2 = 1. �à®â¨¢®à¥ç¨¥.
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