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�¥®à¨ï £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© ¯á¥¢¤®à¨¬ ®¢ëå ¯à®áâà áâ¢ ï¢«ï¥âáï ®¤¨¬ ¨§ ®á®¢-
ëå  ¯à ¢«¥¨© ¢ à¨¬ ®¢®© £¥®¬¥âà¨¨. �§ãç¥¨¥¬ p-£¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥¨© § ¨¬ -
«¨áì �.�¨îª®¢ [1], �.�¥©ª® [2] ¨ ¤à. � à ¡®â¥ [3] ®¯à¥¤¥«¥ë p-£¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥ ¨
p-£¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥¨ï ¯à®áâà áâ¢ á  ää¨®© á¢ï§®áâìî ¡¥§ ªàãç¥¨ï, ¢ë¤¥«¥ë
p-£¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥¨ï «¨¥©ëå ¨ ª¢ ¤à â¨çëå â¨¯®¢.

� ¨á¯®«ì§®¢ ¨¥¬ à¥§ã«ìâ â®¢, ¯®«ãç¥ëå ¢ ãª § ëå ¢ëè¥ ¨áá«¥¤®¢ ¨ïå, ¢ ¤ ®©
à ¡®â¥ ¨§ãç îâáï £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ¯¥à¢®£® «¨¥©®£® â¨¯  ¯®-
çâ¨ íà¬¨â®¢ëå áâàãªâãà. �¢¥¤¥ë ¯®ïâ¨ï ¯®«ãá¯¥æ¨ «ì®£® ¨ á¯¥æ¨ «ì®£® £®«®¬®àä®
2-£¥®¤¥§¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï. �§ãç¥ àï¤ á¢®©áâ¢ â ª¨å ¯à¥®¡à §®¢ ¨©. �®ª § ®, çâ®
£®«®¬®àä®-¯à®¥ªâ¨¢ë¥ ¨ £®«®¬®àä®-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ï¢«ïîâáï ç áâë¬ á«ã-
ç ¥¬ á¯¥æ¨ «ìëå 2-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©. � ¢® ¢¢¥¤¥ëå ®¡®§ ç¥¨ïå ¤®ª § ®, çâ®
¯®çâ¨ íà¬¨â®¢® ¬®£®®¡à §¨¥ ¥ ¤®¯ãáª ¥â ¥âà¨¢¨ «ìëå £®«®¬®àä®-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à -
§®¢ ¨©.

�ãáâì (M; g) | ¯á¥¢¤®à¨¬ ®¢® ¬®£®®¡à §¨¥, r | à¨¬ ®¢  á¢ï§®áâì ¬¥âà¨ª¨ g, X(M)
| ¬®¤ã«ì £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥©   M .

�à¨¢¥¤¥¬ ¥ª®â®àë¥ ®¯à¥¤¥«¥¨ï, ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ ®© áâ âì¥.
�à¨¢ ï  : I !M  §ë¢ ¥âáï £¥®¤¥§¨ç¥áª®© ([4], c. 267), ¥á«¨ á¥¬¥©áâ¢® ¢¥ªâ®à®¢
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¯ à ««¥«ì® ¢¤®«ì .
�à¨¢ ï  : I ! M  §ë¢ ¥âáï 2-£¥®¤¥§¨ç¥áª®© ([2], c. 80{83), ¥á«¨ ¢¤®«ì ¥¥ áãé¥áâ¢ã¥â

2-¬¥à®¥ ¯®«¥ ¯«®áª®áâ¥© E2(t), ¯ à ««¥«ì®¥ ¢¤®«ì  ®â®á¨â¥«ì® r ¨ á®¤¥à¦ é¥¥ ª á â¥«ì-
®¥ ¢¥ªâ®à®¥ ¯®«¥ íâ®© ªà¨¢®©, â. ¥. _(t) 2 E2(t).

�¨ää¥®¬®àä¨§¬ �(2) : M ! M  §ë¢ ¥âáï 2-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ¨¥¬ ([3], c. 46),
¥á«¨ ¤«ï ª ¦¤®© £¥®¤¥§¨ç¥áª®© ªà¨¢®©  ¥¥ ®¡à §  = �(2)� ï¢«ï¥âáï 2-£¥®¤¥§¨ç¥áª®© ªà¨¢®©.
� ç áâ®áâ¨, ¥á«¨ E2(t) = L( _;K( _)), £¤¥ K |  ää¨®à, â® �(2)  §ë¢ ¥âáï 2-£¥®¤¥§¨ç¥áª¨¬
¯à¥®¡à §®¢ ¨¥¬ ¯¥à¢®£® «¨¥©®£® â¨¯ .

�®çâ¨ íà¬¨â®¢®© (ª®à®ç¥, AH-) áâàãªâãà®©  M ([4], c. 320)  §ë¢ ¥âáï ¯ à  (J; g = h�; �i),
£¤¥ J | ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà    M ([4], á. 300), g | (¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª    M ,
¯à¨ íâ®¬ hJX; JY i = hX;Y i, X;Y 2 X(M). �¤®¬®àä¨§¬ J  §ë¢ ¥âáï áâàãªâãàë¬ í¤®¬®à-

ä¨§¬®¬. �®£®®¡à §¨¥ á ä¨ªá¨à®¢ ®©   ¥¬ AH-áâàãªâãà®©  §ë¢ ¥âáï ¯®çâ¨ íà¬¨â®¢ë¬

¬®£®®¡à §¨¥¬.
�ãáâì M 2n (n � 2) | £« ¤ª®¥ ¬®£®®¡à §¨¥ á AH-áâàãªâãà®© (J; g). � ¤ «ì¥©è¥¬, ¥á«¨ ¥

¡ã¤¥â ®£®¢®à¥® ¯à®â¨¢®¥, ¢á¥£¤  ¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì, çâ® g = h�; �i | à¨¬ ®¢  ¬¥âà¨ª .
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�¯à¥¤¥«¥¨¥ 1. 2-£¥®¤¥§¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ g ! eg ¬¥âà¨ª¨ g AH-áâàãªâãàë (J; g)  -
§®¢¥¬ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ¨¥¬, ¥á«¨ (J; eg) â ª¦¥ ï¢«ï¥âáï AH-áâàãªâãà®©.

�¯à¥¤¥«¥¨¥ 2. �®«®¬®àä® 2-£¥®¤¥§¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥  §®¢¥¬ âà¨¢¨ «ìë¬, ¥á«¨
r = er.

�®¤¨¬ ï ¨¤¥ªá ã ¬¥âà¨ª¨ eg á ¯®¬®éìî ¬¥âà¨ª¨ g, ¯®«ãç¨¬ á ¬®á®¯àï¦¥ë© í¤®¬®à-
ä¨§¬ h ¬®¤ã«ï X(M), ª®â®àë© ¡ã¤¥â § ¤ ¢ âìáï â®¦¤¥áâ¢®¬

eg(X;Y ) = g(X;hY ); X; Y 2 X(M):

� §®¢¥¬ íâ®â í¤®¬®àä¨§¬ h ®¯¥à â®à®¬ ¤¥ä®à¬ æ¨¨ ¬¥âà¨ª¨.
� ¬¥â¨¬, çâ® ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á¢®©áâ¢ :
1) h � J = J � h,
2) hhhX; Y ii = hhX;hY ii; X; Y 2 X(M),

£¤¥ hh�; �ii | ¥¢ëà®¦¤¥ ï ª ®¨ç¥áª ï íà¬¨â®¢  ä®à¬    M ([4], c. 321).

1. �®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ¯¥à¢®£® «¨¥©®£® â¨¯ 
¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà

� áá¬®âà¨¬ 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ¯¥à¢®£® «¨¥©®£® â¨¯  ¬®£®®¡à §¨ï (M; g).
�ãáâì r| à¨¬ ®¢  á¢ï§®áâì ¬¥âà¨ª¨ g, er| à¨¬ ®¢  á¢ï§®áâì ¬¥âà¨ª¨ eg = (�(2))�g. �ãáâì
T = er�r| â¥§®à  ää¨®© ¤¥ä®à¬ æ¨¨ á¢ï§®áâ¥©. �®£¤  ([2], c. 80{83) ®á®¢ë¥ ãà ¢¥¨ï
2-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ¨© ¯¥à¢®£® «¨¥©®£® â¨¯  ¢ ¡¥§¨¤¥ªá®© ä®à¬¥ ¨¬¥îâ ¢¨¤
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� ãç¥â®¬ (1) ¨¬¥¥¬

erX(J)Y = rX(J)Y + !
0

(JY )X � !
0

(Y )JX +

+ !
1

(X)K(JY ) + !
1

(JY )K(X)� !
1

(X)JK(Y )� !
1

(Y )JK(X): (2)

� ([4], c. 328{335) ¡ë«¨ ®¯à¥¤¥«¥ë áâàãªâãàë© ¨ ¢¨àâã «ìë© â¥§®àë ¯®çâ¨ íà¬¨â®¢®©
áâàãªâãàë. �ãáâì eC ¨ eB | áâàãªâãàë© ¨ ¢¨àâã «ìë© â¥§®àë AH-áâàãªâãàë (J; eg). � ©¤¥¬
á¢ï§ì ¬¥¦¤ã íâ¨¬¨ â¥§®à ¬¨. �á¯®«ì§ãï (2), ¯®«ãç¨¬

eC(X;Y ) = C(X;Y ) +

+
1
2
[!
1

(JX)K(JY ) + !
1

(JY )K(JX)� !
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eB(X;Y ) = B(X;Y ) + !
0

(JY )JX + !
0

(Y )X +

+
1
2
[!
1

(JX)K(JY ) + !
1

(JY )K(JX) + !
1

(X)K(Y ) + !
1

(Y )K(X) +

+ !
1

(X)JK(JY ) + !
1

(JY )JK(X) � !
1

(JX)JK(Y )� !
1

(Y )JK(JX)]:
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2. �®«ãá¯¥æ¨ «ìë¥ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï

� «®¦¨¬   ¥¢ëà®¦¤¥ë© ®¯¥à â®à K ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥

K � J = J �K: (3)

�¯à¥¤¥«¥¨¥ 3. �á«¨ ®¯¥à â®à K ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3), â® £®«®¬®àä® 2-£¥®¤¥§¨ç¥á-
ª®¥ ¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£® «¨¥©®£® â¨¯  AH-áâàãªâãàë  §®¢¥¬ ¯®«ãá¯¥æ¨ «ìë¬.

�¥®à¥¬  1. �ãáâì ®¯¥à â®à K ¥¢ëà®¦¤¥ ¨ ª®¬¬ãâ¨àã¥â á J . �®£¤  £®«®¬®àä® 2-£¥®-
¤¥§¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£® «¨¥©®£® â¨¯  á®åà ï¥â áâàãªâãàë© â¥§®à.

�¥®à¥¬  2. �«ï ¯®«ãá¯¥æ¨ «ìëå £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ¨© ¢ë¯®«ïîâ-
áï á®®â®è¥¨ï

eC(X;Y ) = C(X;Y );

eB(X;Y ) = B(X;Y ) + !
0

(JY )JX + !
0

(Y )X + !
1

(JY )K(JX) + !
1

(Y )K(X):

3. �¯¥æ¨ «ìë¥ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï

�®âà¥¡ã¥¬, çâ®¡ë ®¯¥à â®à K ¨¬¥« ¢¨¤

K = � id+�J; �; � 2 R; ¯à¨ç¥¬ �2 + �2 = 1: (4)

�¥®à¥¬  3. �®«®¬®àä® 2-£¥®¤¥§¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£® «¨¥©®£® â¨¯  ¯®çâ¨ íà-

¬¨â®¢®© áâàãªâãàë ¯à¨ K = � id+�J , £¤¥ �2 + �2 = 1, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î !
0

=

= !
1

� (�� id+�J).

�¯à¥¤¥«¥¨¥ 4. �á«¨ ¢ë¯®«ïîâáï ãá«®¢¨ï (4), â® ¤ ®¥ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª®¥
¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£® «¨¥©®£® â¨¯  AH-áâàãªâãàë ¡ã¤¥¬  §ë¢ âì á¯¥æ¨ «ìë¬.

�¥®à¥¬  4. �®¢ à¨ â ï ¯à®¨§¢®¤ ï ®¯¥à â®à  áâàãªâãàë rJ ,   â ª¦¥ áâàãªâãàë©

¨ ¢¨àâã «ìë© â¥§®àë C ¨ B ï¢«ïîâáï ¨¢ à¨ â ¬¨ á¯¥æ¨ «ìëå £®«®¬®àä® 2-£¥®¤¥§¨-
ç¥áª¨å ¯à¥®¡à §®¢ ¨© AH-áâàãªâãàë.

�«¥¤áâ¢¨¥ 1. �¯¥æ¨ «ìë¥ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ª¢ §¨ª¥«¥à®¢ã
áâàãªâãàã ¯¥à¥¢®¤ïâ ¢ ª¢ §¨ª¥«¥à®¢ã, ¯à¨¡«¨¦¥® ª¥«¥à®¢ã | ¢ ¯à¨¡«¨¦¥® ª¥«¥à®¢ã,  
ª¥«¥à®¢ã áâàãªâãàã | ¢ ª¥«¥à®¢ã.

4. �®«®¬®àä®-¯à®¥ªâ¨¢ë¥ ¨ £®«®¬®àä®-£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï
ª ª ç áâë© á«ãç © á¯¥æ¨ «ìëå £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨å

¯à¥®¡à §®¢ ¨©

�¨ää¥®¬®àä¨§¬ ' ¯á¥¢¤®à¨¬ ®¢  ¯à®áâà áâ¢  Vn   ¯á¥¢¤®à¨¬ ®¢® ¯à®áâà áâ¢® V n

 §ë¢ ¥âáï £¥®¤¥§¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬ ([5], c. 49), ¥á«¨ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ' £¥®¤¥§¨ç¥áª¨¥
«¨¨¨ Vn ¯¥à¥å®¤ïâ ¢ £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ V n.

�ãáâì M 2n | AH-¬®£®®¡à §¨¥ á § ¤ ®©   ¥¬ AH-áâàãªâãà®© (J; g = h�; �i). �¥®¤¥§¨-
ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ '   M , á®åà ïîé¥¥ áâàãªâãàë© í¤®¬®àä¨§¬ J , â. ¥. '�(J) = J ,
 §ë¢ ¥âáï £®«®¬®àä®-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ¨¥¬ ([5], c. 49).

�ãáâì M | ¬®£®®¡à §¨¥  ää¨®© á¢ï§®áâ¨. �à¨¢ ï  : (a; b) ! M  §ë¢ ¥âáï h-£¥®¤¥-

§¨ç¥áª®© ([6], c. 71), ¥á«¨ «î¡®© ¥¥ ª á â¥«ìë© ¢¥ªâ®à �p ¯®á«¥ ¯ à ««¥«ì®£® ¯¥à¥®á  ¢¤®«ì
íâ®© ªà¨¢®© ¨§ â®çª¨ p ¢ «î¡ãî ¥¥ â®çªã q ¯à¨ ¤«¥¦¨â «¨¥©®© ®¡®«®çª¥ ¢¥ªâ®à®¢ �q ¨ (J�)q.

�¨ää¥®¬®àä¨§¬ ' : M ! M AH-¬®£®®¡à §¨ï (M;J; g = h�; �i)   AH-¬®£®®¡à §¨¥
(M;J; g)  §ë¢ ¥âáï £®«®¬®àä®-¯à®¥ªâ¨¢ë¬ ®â®¡à ¦¥¨¥¬ ([7], c. 11), ¥á«¨ ®® «î¡ãî h-£¥®-
¤¥§¨ç¥áªãî ¬®£®®¡à §¨ï (M;J; g) ¯¥à¥¢®¤¨â ¢ h-£¥®¤¥§¨ç¥áªãî ¬®£®®¡à §¨ï (M;J; g), ¯à¨ç¥¬
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'
�
� J = J � '

�
, £¤¥ '

�
| ®â®¡à ¦¥¨¥ ã¢«¥ç¥¨ï â¥§®à®©  «£¥¡àë ¬®£®®¡à §¨ï M , ¯®à®-

¦¤¥®¥ ¤¨ää¥®¬®àä¨§¬®¬ '. � íâ®¬ á«ãç ¥  M ¢®§¨ª ¥â ®¢ ï AH-áâàãªâãà  (eg = '�g; J),
ª®â®à ï  §ë¢ ¥âáï £®«®¬®àä®-¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¨áå®¤®© áâàãªâãàë.

�¥à¥å®¤ ®â AH-áâàãªâãàë (g; J) ªAH-áâàãªâãà¥ (eg; J)  §ë¢ ¥âáï £®«®¬®àä®-¯à®¥ªâ¨¢ë¬
¯à¥®¡à §®¢ ¨¥¬ áâàãªâãàë ([7], c. 11), ¥á«¨ íâ¨ áâàãªâãàë ¨¬¥îâ ®¡é¨¥ h-£¥®¤¥§¨ç¥áª¨¥.

�à¥¤«®¦¥¨¥. �® ¢¢¥¤¥ëå ®¡®§ ç¥¨ïå £®«®¬®àä®-¯à®¥ªâ¨¢®¥ ¯à¥®¡à §®¢ ¨¥ ï¢«ï-

¥âáï á¯¥æ¨ «ìë¬ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ¨¥¬ á � = 0, � = 1,   £®«®¬®àä®-
£¥®¤¥§¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ ï¢«ï¥âáï á¯¥æ¨ «ìë¬ £®«®¬®àä® 2-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ -

¨¥¬ á � = 1, � = 0.

�«¥¤áâ¢¨¥ 2. �® ¢¢¥¤¥ëå ®¡®§ ç¥¨ïå ¯®çâ¨ íà¬¨â®¢® ¬®£®®¡à §¨¥ ¥ ¤®¯ãáª ¥â ¥-
âà¨¢¨ «ìëå £®«®¬®àä®-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©.

�â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â ¡ë« ¢¯¥à¢ë¥ ¯®«ãç¥ ¢ ([5], c. 57) ¤àã£¨¬¨ áà¥¤áâ¢ ¬¨.
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