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1. �¢¥¤¥­¨¥

� ­ áâ®ïé¥¥ ¢à¥¬ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (���) á ®âª«®-
­ïîé¨¬áï  à£ã¬¥­â®¬ ­ å®¤ïâ ¢¥áì¬  è¨à®ª®¥ ¯à¨«®¦¥­¨¥, çâ® ¢ à ¢­®© áâ¥¯¥­¨ ®â­®á¨âáï
¨ ª  «£¥¡à®-¤¨ää¥à¥­æ¨ «ì­ë¬ á¨áâ¥¬ ¬ (���). �®íâ®¬ã ¯®áâ®ï­­® à áâãé¨© ¨­â¥à¥á ª ¨á-
á«¥¤®¢ ­¨ï¬ ¢ íâ®© ®¡« áâ¨ ¢¯®«­¥ § ª®­®¬¥à¥­. �  ä®­¥ ã¢¥«¨ç¥­¨ï ç¨á«  à ¡®â ¯® ª ¦¤®©
¨§ íâ¨å â¥¬ â¨ª ¢ ®â¤¥«ì­®áâ¨ ¯®çâ¨ ­¥â ¨áá«¥¤®¢ ­¨© ¯® ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬
(­¥ª®â®àë¥ ¨§ ¯à¨«®¦¥­¨© â ª¨å á¨áâ¥¬ ãª § ­ë ¢ [1]). �â® ç áâ¨ç­® á¢ï§ ­® á â¥¬, çâ® ¨ á¥©-
ç á ¤ «¥ª® ­¥ ¢® ¢á¥å ¢®¯à®á å, ª á îé¨åáï ��� ª ª â ª®¢ëå, ¤®áâ¨£­ãâ  ¯à¥¤¥«ì­ ï ïá­®áâì
(®á®¡¥­­® íâ® ®â­®á¨âáï ª ­¥«¨­¥©­ë¬ ��� ¢ëá®ª®£® ¨­¤¥ªá ),   â ª¦¥ á â¥¬, çâ® ¯à¨ ¨§ãç¥­¨¨
��� á ®âª«®­¥­¨¥¬ ¢®§­¨ª îâ ¤®¯®«­¨â¥«ì­ë¥ âàã¤­®áâ¨, âà¥¡ãîé¨¥ ¯®áâà®¥­¨ï á¯¥æ¨ «ì­®©
â¥®à¨¨.

�à¥¤¨ à ¡®â, ª á îé¨åáï ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬, å®â¥«®áì ¡ë ®â¬¥â¨âì [2], [3],
¯®á¢ïé¥­­ë¥ á¨áâ¥¬ ¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¥­â ¬¨

Ax0(t) = Bx(t) + Cx(t� �) +Dx0(t� �) + f(t); t � 0; � = const > 0; detA = 0;

x(t) =  (t); t 2 [��; 0]:

� ¯¥à¢®© ¨§ ­¨å ¢ ãá«®¢¨ïå à¥£ã«ïà­®áâ¨ ¯ãçª  �A�B (D = O) ¨§ãç ¥âáï ¢®¯à®á ® áãé¥áâ¢®-
¢ ­¨¨ á®£« á®¢ ­­ëå ­ ç «ì­ëå ¤ ­­ëå. � ¢® ¢â®à®© | ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® à¥£ã«ïà¥­ ¯ãç®ª
�A � B � !C � �!D (�A � B á¨­£ã«ïà­ë©), ¤«ï íâ®© á¨áâ¥¬ë áâà®¨âáï áâàãªâãà­ ï ä®à¬ ,
¯®§¢®«ïîé ï áã¤¨âì ® ¯®¢¥¤¥­¨¨ à¥è¥­¨ï.

� ¤ ­­®© à ¡®â¥ ­  ¡ §¥ ¨¬¥îé¥©áï â¥®à¨¨ «¨­¥©­ëå ��� (á¬., ¢ ç áâ­®áâ¨, [4], [5]) ¯®ª § -
­®, çâ® ¯à¨ ­¥ª®â®àëå ®£à ­¨ç¥­¨ïå ­  ¢å®¤­ë¥ ¤ ­­ë¥ ¤«ï ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬

A(t)y0(t) = B(t)y(t) +
pX

i=0

Di(t)y
(i)(t� �(t)) + f(t); t 2 T = [t0; tk); (1)

y(t) =  (t); t 2 [tn; t0); (2)

tn = min
t2T

(t� �(t)), áãé¥áâ¢ã¥â «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, ¯à¥®¡à §ãîé¨© ãà ¢­¥-

­¨¥ (1) ª ¢¨¤ã

y0(t) = P (t)y(t) +
sX

j=1

Gj(t)y(t� e�j(t)) + ef(t); t 2 T;

¤«ï ª®â®à®£® ­ ç «ì­®¥ ¬­®¦¥áâ¢® ®áâ ¥âáï ¯à¥¦­¨¬, â. ¥. min
t2T; 1�j�s

(t � e�j(t)) = tn,   y(t) ¯à¨

t < t0 ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ (2). �¤¥áì y(t) | n-¬¥à­ ï ¨áª®¬ ï ¢¥ªâ®à-äã­ªæ¨ï, A(t), B(t),
Di(t) ¨ Gj(t) | (n � n)-¬ âà¨æë,  (t) ¨ f(t) | § ¤ ­­ë¥ n-¬¥à­ë¥ ¢¥ªâ®àë. �à®¬¥ â®£®,
�(t); e�j(t) > 0, j = 1; s, detA(t) � 0, t 2 T .

�¨áâ¥¬¥ ãà ¢­¥­¨© (1), (2) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ íª¢¨¢ «¥­â­ ï ¥© ¢ á¬ëá«¥ à¥è¥­¨ï ªà -
¥¢ ï § ¤ ç  ¤«ï ­¥ª®â®à®© ���, çâ® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¢¥«¨ç¨­ã ¨­¤¥ªá  ­¥à §à¥è¥­­®áâ¨
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(á¬. ­¨¦¥) ¨áå®¤­®© á¨áâ¥¬ë. �à¨ íâ®¬ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáï ¯®­ïâ¨¥ «¥¢®£® à¥£ã«ïà¨§¨-
àãîé¥£® ®¯¥à â®à  (���) (® ��� á¬., £« ¢­ë¬ ®¡à §®¬, [5]).

2. �¥¢ë© à¥£ã«ïà¨§¨àãîé¨© ®¯¥à â®à ¤«ï ���

� áá¬®âà¨¬ «¨­¥©­ãî ���

A(t)x0(t) = B(t)x(t) + f(t); t 2 T: (3)

� âà¨æ  A(t) ¯®-¯à¥¦­¥¬ã ¢ëà®¦¤¥­  ¤«ï «î¡®£® t 2 T , A(t), B(t) ¨ f(t) | ¤®áâ â®ç­®¥ ç¨á«®
à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨.

�®¤ à¥è¥­¨¥¬ á¨áâ¥¬ë (3) ¡ã¤¥¬ ¯®­¨¬ âì ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ãî ­  T n-¬¥à­ãî
¢¥ªâ®à-äã­ªæ¨î x(t), ®¡à é îéãî ãà ¢­¥­¨¥ (3) ¢ â®¦¤¥áâ¢® ­  T .

�¯à¥¤¥«¥­¨¥ 1. �¥¢ë¬ à¥£ã«ïà¨§¨àãîé¨¬ ®¯¥à â®à®¬ ¤«ï á¨áâ¥¬ë (3) ­ §ë¢ ¥âáï ®¯¥-
à â®à

L =
lX

j=0

Lj(t)
�
d

dt

�j

; (4)

Lj(t) | (n� n)-¬ âà¨æë ¨§ C(T ), â ª®©, çâ®

L[A(t)x0(t)�B(t)x(t)] = x0(t)� L[B(t)]x(t) 8x 2 Cl+1(T ):

�à¨ íâ®¬ ¬¨­¨¬ «ì­® ¢®§¬®¦­®¥ l � 0, ¯à¨ ª®â®à®¬ ¤«ï (3) ­  T ®¯à¥¤¥«¥­ ���, ¡ã¤¥¬
­ §ë¢ âì ¨­¤¥ªá®¬ ­¥à §à¥è¥­­®áâ¨ á¨áâ¥¬ë (3) ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå (¨«¨, ª®à®ç¥, ¨­-
¤¥ªá®¬).

Cãé¥áâ¢®¢ ­¨¥ ��� à ¢­®á¨«ì­® â®¬ã, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï (3) áãé¥áâ¢ã¥â ¨ ¯à¥¤áâ ¢¨¬®
¢ ¢¨¤¥ x(t) = �(t)c+�(t), £¤¥ c 2 Rn, �(t) | ­¥ª®â®à ï (n�n)-¬ âà¨æ , �(t) | n-¬¥à­ë© ¢¥ªâ®à,
¯à¨ç¥¬ �(t); �(t) 2 C1(T ), rank�(t) = const � n 8t 2 T , ¨ ­  «î¡®¬ áã¦¥­¨¨ ¯à®¬¥¦ãâª  T ­¥â
à¥è¥­¨©, ®â«¨ç­ëå ®â ¤ ­­®£® [5]. C(T ), Ck(T ) | ¯à®áâà ­áâ¢  ¢¥ªâ®à­®- ¨«¨ ¬ âà¨ç­®§­ ç­ëå
äã­ªæ¨© (á¬®âàï ¯® ª®­â¥ªáâã), ­¥¯à¥àë¢­ëå ¨ k à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  T
á®®â¢¥âáâ¢¥­­®.

�¢¥¤¥¬ ¬ âà¨æã

�i(t) =

0
BBB@

A(t) O � � � O
A0(t)�B(t) A(t) � � � O

...
...

. . .
...

C0
i A

(i)(t)�C1
i B

(i�1)(t) C1
iA

(i�1)(t)� C2
i B

(i�2)(t) � � � A(t)

1
CCCA ;

£¤¥ Cj
i | ¡¨­®¬¨ «ì­ë¥ ª®íää¨æ¨¥­âë.

�¤­¨¬ ¨§ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï ��� L ¯®àï¤ª  l � r + 1
ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ á®®â­®è¥­¨ï ([5], c. 131)

rank�r+1(t) = � = const � (r + 1)n 8t 2 T;

£¤¥ r = max
t2T

rankA(t). �à¨ íâ®¬, ­ ç¨­ ï á ­¥ª®â®à®£® j = l, á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

��j (t)�j(t) =
�
En O
Z1(t) Z2(t)

�
; t 2 T;

En | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  n, O | ­ã«¥¢ ï ¬ âà¨æ , Z1(t), Z2(t) | ­¥ª®â®àë¥ ¬ âà¨æë
á®®â¢¥âáâ¢ãîé¨å à §¬¥à®¢, ��j (t) | «î¡ ï ¯®«ã®¡à â­ ï ª ¬ âà¨æ¥ �j(t). � ª ç¥áâ¢¥ ª®íää¨-
æ¨¥­â®¢ ��� (®¯à¥¤¥«ï¥¬ëå, ¢®®¡é¥ £®¢®àï, ­¥¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬) ¬®¦­® ¢§ïâì ¯¥à¢ë¥ n
áâà®ª ¬ âà¨æë ��l , à §¡¨âë¥ ­  (n� n)-¡«®ª¨ ([5], c. 83).
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3. �¨áâ¥¬ë ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬

� áá¬®âà¨¬ á¨áâ¥¬ã n ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© § ¯ §¤ë¢ îé¥£® â¨¯ 

y0(t) = B(t)y(t) +D0(t)y(t� �(t)) + f(t); t 2 T; (5)

á®¢¬¥áâ­® á ãá«®¢¨¥¬ (2). �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨¨  (t) ¨ �(t) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë
­  á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥­¨ï, ¯à¨ç¥¬ �(t) > 0, �0(t) 6= 1 8t 2 T . � íâ¨å ¯à¥¤¯®«®¦¥­¨ïå ¤«ï
äã­ªæ¨¨ t� �(t) áãé¥áâ¢ã¥â ­  T ®¡à â­ ï 
(t).

�¯à¥¤¥«¥­¨¥ 2. �¥è¥­¨¥¬ § ¤ ç¨ (1), (2) (¨«¨ (5), (2)) ¡ã¤¥¬ ­ §ë¢ âì äã­ªæ¨î y(t) 2
C([tn; tk)), ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ãî ­  ª ¦¤®¬ ¨§ ¯à®¬¥¦ãâª®¢ [tn; t0), [
i�1(t0); 
i(t0)),
i = 1;m� 1, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î (1) (¨«¨ (5)) 8t 2 T ¨ ãà ¢­¥­¨î (2) 8t 2 [tn; t0).

�®¤ x0(t) ¢ â®çª å 
i(t0), i = 0;m� 2, á«¥¤ã¥â ¯®­¨¬ âì ¯à ¢ãî ¯à®¨§¢®¤­ãî. �¤¥áì 
i+1(t0) =

(
i(t0)), 
0(t0) = t0, i = 0;m� 3. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® tk = 
m�1(t0).

�à¨¬¥­ïï ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (5) ¬¥â®¤ è £®¢ [6] ¨ ¯¥à¥å®¤ï ª ­®¢®© ­¥§ ¢¨á¨¬®© ¯¥-
à¥¬¥­­®© � 2 J = [t0; 
(t0)), ¯®«ãç¨¬

y(� � �(�)) =  (� � �(�));

y0t(�) = B(�)y(�) +D0(�)y(� � �(�)) + f(�);

y0t(
(�)) = B(
1(�))y(
1(�)) +D0(
1(�))y(�) + f(
1(�));

: : : : : : : : : : : : : : : : : : : : :

y0t(
m�2(�)) = B(
m�2(�))y(
m�2(�)) +D0(
m�2(�))y(
m�3(�)) + f(
m�2(�)):

�¢¥¤¥¬ ­®¢ë¥ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨

y(� � �(�)) = x1(�);

y(
i(�)) = xi+2(�); i = 0;m� 2:

�®£¤  y0t(
i(�)) =
1

(
i(�))0
x0i+2(�), ¨ ãà ¢­¥­¨ï¬ (5), (2) ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ���

x1(�) =  (� � �(�));

x02(�) = B0(�)x2(�) +D0;0(�)x1(�) + f0(�);

1
(
1(�))0

x03(�) = B1(�)x3(�) +D0;1(�)x2(�) + f1(�); (6)

: : : : : : : : : : : : : : : : : : : : :

1
(
m�2(�))0

x0m(�) = Bm�2(�)xm(�) +D0;m�2(�)xm�1(�) + fm�2(�); � 2 J;

£¤¥ Bi(�) = B(
i(�)), D0;i(�) = D0(
i(�)), fi(�) = f(
i(�)), i = 0;m� 2.
�á«®¢¨¥ ­¥¯à¥àë¢­®áâ¨ ­  T à¥è¥­¨ï á¨áâ¥¬ë (5), (2) ¯®à®¦¤ ¥â ªà ¥¢ë¥ ãá«®¢¨ï ¤«ï ���

(6)

x1(
(t0)) =  (t0); xi(t0) = xi�1(
(t0)); i = 2;m: (7)

�¡à â­ë© ¯¥à¥å®¤ ®â à¥è¥­¨ï § ¤ ç¨ (6), (7) ª à¥è¥­¨î § ¤ ç¨ (5), (2) ®áãé¥áâ¢«ï¥âáï
¯à¥®¡à §®¢ ­¨¥¬

y(t) =

8>>>><
>>>>:

x2(t); t 2 [t0; 
1(t0));
x3(t� �(t)); t 2 [
1(t0); 
2(t0));
: : : : : :

xm((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0))

(8)

((t� �(t))i | i-ªà â­®¥ ¯à¨¬¥­¥­¨¥ ª t ®¯¥à æ¨¨ t� �(t)).
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�ç¥¢¨¤­®, çâ® ��� ¤«ï á¨áâ¥¬ë (6) ¡ã¤¥â ¨¬¥âì ¢¨¤0
BBB@
En O : : : O
O On : : : O
...

...
. . .

...
O O : : : On

1
CCCA d

d�
+

0
BBB@
On O : : : O
O (
1(�))0En : : : O
...

...
. . .

...
O O : : : (
m�2(�))0En

1
CCCA ; (9)

¨ ¯® ®¯à¥¤¥«¥­¨î 1 ¨­¤¥ªá á¨áâ¥¬ë (6) à ¢¥­ 1.
�®®â¢¥âáâ¢ãîé ï ��� ¤«ï ãà ¢­¥­¨ï ­¥©âà «ì­®£® â¨¯ 

y0(t) = B(t)y(t) +D0(t)y(t� �(t)) +D1(t)y0(t� �(t)); t 2 T; (10)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ®â«¨ç ¥âáï ®â (6) ¤®¡ ¢«¥­¨¥¬ ¢ ¯à ¢ãî ç áâì ª ¦¤®£® ãà ¢­¥­¨ï,
­ ç¨­ ï á® ¢â®à®£®, á« £ ¥¬®£® ¢¨¤  D1;i(�)x0i+1(�) = D1(
i(�))x0i+1(�), i = 0;m� 2. �à¨ íâ®¬
���, ã­¨çâ®¦ îé¨© ¯à®¨§¢®¤­ë¥ x0i(�) ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®© ���, ¥áâì ®¯¥à â®à ¯¥à¢®£®
¯®àï¤ª 0

BBBBB@

En O : : : O
�0
0 On : : : O

�0
1 O : : : O
...

...
. . .

...
�0

m�2 O : : : On

1
CCCCCA

d

d�
+

0
BBBBB@

On O O : : : O O
O En O : : : O O
O �1

1 (
1(�))0En : : : O O
...

...
...

. . .
...

...
O �1

m�2 �2
m�2 : : : �m�2

m�2 (
m�2(�))0En

1
CCCCCA ;

£¤¥ �j
k = (
k(�))0(
k�1(�))0 : : : (
j(�))0D1;k(�)D1;k�1(�) : : : D1;j(�), k; j = 0;m� 2, k � j; (
0(�))0 = 1,

� 2 J .

�¯à¥¤¥«¥­¨¥ 3. �­¤¥ªá®¬ ­¥à §à¥è¥­­®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (1), (2) ¡ã¤¥¬ ­ §ë¢ âì
¨­¤¥ªá á®®â¢¥âáâ¢ãîé¥© ¥© ���.

�® íâ®¬ã ®¯à¥¤¥«¥­¨î ¨­¤¥ªáë á¨áâ¥¬ (5), (2) ¨ (10), (2) à ¢­ë ¥¤¨­¨æ¥. �¥«¨ç¨­ã ¨­¤¥ªá 
á¨áâ¥¬ë ®¯¥à¥¦ îé¥£® â¨¯  ¯®§¢®«ï¥â ãáâ ­®¢¨âì á«¥¤ãîé ï

�¥¬¬ . �ãáâì ¢ á¨áâ¥¬¥ (1), (2)
1) A(t) � En, t 2 T ;
2) B(t); f(t);Di(t) 2 C(p�1)(m�1)(T ), i = 0; p;
3)  (t) 2 C(p�1)(m�1)+1([tn; t0)), �(t) 2 C(p�1)(m�1)+1(T );
4) �(t) > 0, �0(t) 6= 1 8t 2 T ;
5) Dp(t)�Dp(
1(t))� � � � �Dp(
m�2(t)) 6� O ­  J .

�®£¤  ¨­¤¥ªá á¨áâ¥¬ë (1), (2) à ¢¥­ (p� 1)(m� 1) + 1.

�®ª § â¥«ìáâ¢®. �ë¯¨è¥¬ ��� ¤«ï ãà ¢­¥­¨© (1), (2) á A(t) � En

x1(�) =  (� � �(�));

x02(�) = B0(�)x2(�) +D0;0(�)x1(�) +D1;0(�)x
0
1(�) + � � �+Dp;0(�)x

(p)
1 (�) + f0(�);

1
(
1(�))0

x03(�) = B1(�)x3(�) +D0;1(�)x2(�) +D1;1(�)x02(�) + � � � +Dp;1(�)x
(p)
2 (�) + f1(�); (11)

: : : : : : : : : : : : : : : : : : : : :

1
(
m�2(�))0

x0m(�) = Bm�2(�)xm(�) +D0;m�2(�)xm�1(�) +D1;m�2(�)x
0
m�1(�) + � � �+

+Dp;m�2(�)x
(p)
m�1(�) + fm�2(�); � 2 J:

�à¥®¡à §ã¥¬ íâã á¨áâ¥¬ã ãà ¢­¥­¨© ¢ á¨áâ¥¬ã ��� ¯¥à¢®£® ¯®àï¤ª , à §à¥è¥­­ãî ®â­®á¨-
â¥«ì­® ¯à®¨§¢®¤­ëå. �à£ã¬¥­â � ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ ®¯ãáª âì. �á«®¢¨ï 2){4) «¥¬¬ë £ à ­-
â¨àãîâ, çâ® ¯®á«¥ ¢á¥å ¯à®¨§¢¥¤¥­­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨© ª®íää¨æ¨¥­âë ¨ ¯à ¢ë¥ ç áâ¨ ¢

72



à¥§ã«ìâ¨àãîé¥© á¨áâ¥¬¥ ¡ã¤ãâ ­¥¯à¥àë¢­ë¬¨. �­ ç «  ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¯¥à¢®¥ ãà ¢­¥­¨¥
¢ (11), çâ® ¤®áâ¨£ ¥âáï ¤¥©áâ¢¨¥¬ ®¯¥à â®à  (9). �®á«¥¤ãîé¥¥ ¯à¨¬¥­¥­¨¥ ®¯¥à â®à 0
BBBBB@
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. . .
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O O : : : En

1
CCCCCA

¨áª«îç ¥â ¨§ ¯à ¢®© ç áâ¨ ¢á¥ á« £ ¥¬ë¥ á x01(�); : : : ; x
(p)
1 (�). �®¤¥©áâ¢®¢ ¢ ®¯¥à â®à®¬0
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1
CCCCCA ;

¤®¡ì¥¬áï â®£®, çâ® ¢ ¯à ¢®© ç áâ¨ âà¥âì¥£® ãà ¢­¥­¨ï ­¥ ¡ã¤¥â ¯à®¨§¢®¤­ëå ®â x2(�) (� ®¡®§­ -
ç¥­ë ®â«¨ç­ë¥ ®â ­ã«¥¢®© ¬ âà¨æë, ï¢­ë© ¢¨¤ ª®â®àëå ¢ ¤ ­­®¬ á«ãç ¥ ­¥¢ ¦¥­). �­ «®£¨ç-
­® ¯à¥®¡à §ã¥¬ ¢á¥ ¯®á«¥¤ãîé¨¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (11). � ª®­¥æ, ¨á¯®«ì§ãï ¤«ï ¯®á«¥¤­¥£®
ãà ¢­¥­¨ï ®¯¥à â®à ¢¨¤ 0
BBB@
On O : : : O O
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+
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En O : : : O O
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� � : : : � En

1
CCCA ;

¯à¨¤¥¬ ª ¨áª®¬®© á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , à §à¥è¥­­®© ®â­®-
á¨â¥«ì­® ¯à®¨§¢®¤­ëå.

��� ¤«ï á¨áâ¥¬ë (11) ¡ã¤¥â ¯à®¨§¢¥¤¥­¨¥¬m ãª § ­­ëå ¢ëè¥ ®¯¥à â®à®¢, ¯à¨ç¥¬ áâ àè¨©
ª®íää¨æ¨¥­â ���, ¯à¥¤áâ ¢«ïîé¨© á®¡®© ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ, áâ®ïé¨å ¢ íâ¨å ®¯¥à â®à å
¯à¨ áâ àè¨å ¯à®¨§¢®¤­ëå,0

BBB@
On O : : : O
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. . .
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01 : : : 

0
m�2Dp;m�2 : : : Dp;0 O : : : On

1
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¡ã¤¥â ®â«¨ç¥­ ®â ­ã«ï ­  J , ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ 5) «¥¬¬ë. �®íâ®¬ã ¯®àï¤®ª ��� à ¢¥­
(p�1)(m�1)+1. �®cª®«ìªã ¯® ¯®áâà®¥­¨î íâ®â ®¯¥à â®à ¯®àï¤ª  ­ ¨¬¥­ìè¥£® ¨§ ¢®§¬®¦­ëå,
â® ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨ï¬¨ 1 ¨ 3 ¨­¤¥ªá á¨áâ¥¬ë (1), (2) ¡ã¤¥â â ª¦¥ à ¢¥­ (p� 1)(m�
1) + 1.

� ¬¥ç ­¨¥ 1. �á«¨ ¯à®¨§¢¥¤¥­¨¥ 5) â®¦¤¥áâ¢¥­­® à ¢­® ­ã«î ­  J , â® ¯®àï¤®ª ��� ¡ã¤¥â
§ ¢¨á¥âì ®â áâàãªâãàë ¬ âà¨æ Dp�1(t); : : : ;D1(t).

4. �­¤¥ªá ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬

�¥à¥©¤¥¬ ª § ¤ ç ¬ ®¡é¥£® ¢¨¤  (1), (2).

�¥®à¥¬ . �ãáâì ¢ á¨áâ¥¬¥ (1), (2)

1) A(t); B(t); f(t);Di(t) 2 C(p+l�1)(m�2)(T ), i = 0; p;
2)  (t) 2 C(p+l�1)(m�1)+1([tn; t0)), �(t) 2 C(p+l�1)(m�1)+1(T ); �(t) > 0, �0(t) 6= 1 8t 2 T ;
3) ¤«ï á¨áâ¥¬ë (3) ­  T ®¯à¥¤¥«¥­ ��� L ¯®àï¤ª  l;
4) Ll(t)Dp(t)� Ll(
1(t))Dp(
1(t))� � � � � Ll(
m�2(t))Dp(
m�2(t)) 6� O ­  J (Ll(t) | áâ àè¨©

ª®íää¨æ¨¥­â ¢ ��� (4)).

�®£¤  ¨­¤¥ªá á¨áâ¥¬ë (1), (2) à ¢¥­ (p+ l � 1)(m� 1) + 1.

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ 2) ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¤«ï äã­ªæ¨¨ t � �(t) ®¡à â­®©

(t) 2 C(p+l�1)(m�1)+1(T ), 
0(t) 6= 0 8t 2 T . �®íâ®¬ã ¯à ¢®¬¥à­® § ¯¨á âì ¤«ï á¨áâ¥¬ë (1), (2)
á®®â¢¥âáâ¢ãîéãî ¥© ��� ( à£ã¬¥­â � ¤«ï ªà âª®áâ¨ ®¯ãáâ¨¬)

x1(�) =  (� � �(�));

A0x
0
2 = B0x2 +D0;0x1 +D1;0x

0
1 + � � �+Dp;0x

(p)
1 + f0;

1

0
A1x

0
3 = B1x3 +D0;1x2 +D1;1x

0
2 + � � �+Dp;1x

(p)
2 + f1; (12)

: : : : : : : : : : : : : : : : : : : : :

1

0m�2

Am�2x
0
m = Bm�2xm +D0;m�2xm�1 +D1;m�2x

0
m�1 + � � �+Dp;m�2x

(p)
m�1 + fm�2; � 2 J:

�®áâà®¨¬ ¤«ï íâ®© á¨áâ¥¬ë ���. �®¤¥©áâ¢®¢ ¢ ®¯¥à â®à®¬ (9),   § â¥¬ ®¯¥à â®à®¬0
BBBBB@
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1
CCCCCA ; (13)

à §à¥è¨¬ ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå «¥¢ë¥ ç áâ¨ ãà ¢­¥­¨© (12). �¤¥áì ®¯¥à â®à

Ll;j(�)
�
d

d�

�l

+ Ll�1;j(�)
�
d

d�

�l�1

+ � � �+ L0;j(�)

¥áâì ��� ¤«ï á¨áâ¥¬ë Aj(�)x0j+2(�) = (
j(�))0Bj(�)xj+2(�), j = 0;m� 2. � á¨«ã ¯à¥¤¯®«®-
¦¥­¨© 1){3) ­  J ¢á¥ íâ¨ ®¯¥à â®àë ¡ã¤ãâ ®¯à¥¤¥«¥­ë. � âà¨æë Li;j(�) ¢ëç¨á«ïîâáï ç¥-
à¥§ ª®íä¨æ¨¥­âë (4), äã­ªæ¨î 
1(�) ¨ ¥¥ ¯à®¨§¢®¤­ë¥, ¯à¨ íâ®¬ ­¥âàã¤­® ã¡¥¤¨âìáï, çâ®
Ll;j = 1

((
j(�))0)l
Ll(
j(�)) (ï¢­ë© ¢¨¤ ®áâ «ì­ëå ª®íää¨æ¨¥­â®¢ ­ á ­¥ ¨­â¥à¥áã¥â).
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� «¥¥ ¨áª«îç¨¬ ¢á¥ ¯à®¨§¢®¤­ë¥ ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®© á¨áâ¥¬ë, çâ® ¤®áâ¨£ ¥âáï ¯®-
á«¥¤®¢ â¥«ì­ë¬ ¯à¨¬¥­¥­¨¥¬ ®¯¥à â®à®¢ ¢¨¤ 0
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�¤¥« ­­ë¥ ¯à¥¤¯®«®¦¥­¨ï ® £« ¤ª®áâ¨ ¢å®¤­ëå ¤ ­­ëå £ à ­â¨àãîâ ­¥¯à¥àë¢­®áâì ª®íä-
ä¨æ¨¥­â®¢ ¨ ¯à ¢ëå ç áâ¥© ¢ ¯®«ãç¥­­®© á¨áâ¥¬¥ ���. � ª®¢ ¡ã¤¥â ¯®àï¤®ª ���, ï¢«ïîé¥£®áï
¯à®¨§¢¥¤¥­¨¥¬ ãª § ­­ëå ®¯¥à â®à®¢ (14), (13), (9)?

� á¨«ã ãá«®¢¨ï 3) ¯à®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢ (14) ¡ã¤¥â ¯®àï¤ª  (p+l�1)(m�1). �®á«¥¤ãîé¥¥
ã¬­®¦¥­¨¥ á«¥¢  ­  (13) ­¥ ã¢¥«¨ç¨â áâ¥¯¥­¨ áâ àè¥© ¯à®¨§¢®¤­®©, çâ® ¢¨¤­® ¨§ áâàãªâãàë
¬ âà¨æ, ¢å®¤ïé¨å ¢ ¢ëà ¦¥­¨ï (13), (14). � ª®­¥æ, ã¬­®¦¨¢ ¯®«ãç¥­­ë© ®¯¥à â®à á«¥¢  ­  (9),
ã¡¥¤¨¬áï (á ãç¥â®¬ ãá«®¢¨ï 4) â¥®à¥¬ë), çâ® áâ¥¯¥­ì ¨áª®¬®£® ��� à ¢­  (p+ l� 1)(m� 1)+1.
�®áª®«ìªã ¯® ¯®áâà®¥­¨î íâ® ç¨á«® ­ ¨¬¥­ìè¥¥ ¨§ ¢®§¬®¦­ëå, â® ¨ ¨­¤¥ªá á¨áâ¥¬ë (1), (2)
¡ã¤¥â (p+ l � 1)(m� 1) + 1.

� ¬¥ç ­¨¥ 2. �á«¨ ¬ âà¨æ  Dp(t) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ Dp(t) = A(t)U(t), £¤¥ U(t) | ­¥ª®â®-
à ï (n� n)-¬ âà¨æ , â® ¯à®¨§¢¥¤¥­¨¥ 4) ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë â®¦¤¥áâ¢¥­­® à ¢­® ­ã«î ­ 
J , ¯®áª®«ìªã áâ àè¨© ª®íää¨æ¨¥­â ��� (4) ¤«ï ��� (12) ­¥®¡å®¤¨¬® ã¤®¢«¥â¢®àï¥â 8t 2 T
ãà ¢­¥­¨î Ll(t)A(t) = O [7]. � ¢ íâ®¬ á«ãç ¥ ¨­¤¥ªá á¨áâ¥¬ë (1), (2) ¡ã¤¥â áâà®£® ¬¥­ìè¥
(p+ l � 1)(m� 1) + 1.

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë ¤¥©áâ¢¨¥ ��� L ¤«ï á¨áâ¥¬ë (3) ­  ãà ¢­¥­¨¥ (1) ­¥
¬¥­ï¥â ¨­¤¥ªá  á¨áâ¥¬ë (1), (2).
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�®ª § â¥«ìáâ¢®. �®¤¥©áâ¢ã¥¬ ®¯¥à â®à®¬ L (4) ­  ãà ¢­¥­¨¥ (1). �á«®¢¨¥ 4) â¥®à¥¬ë £ -
à ­â¨àã¥â, çâ® ¯®àï¤®ª áâ àè¥© ¯à®¨§¢®¤­®© ®â x(t��(t)) ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® ãà ¢­¥-
­¨ï ¡ã¤¥â (p+ l�1)(m�1)+1. �à¨ íâ®¬ ¨¬¥îâ ¬¥áâ® ¢á¥ ¯à¥¤¯®«®¦¥­¨ï «¥¬¬ë, ¢ á®®â¢¥âáâ¢¨¨
á ª®â®à®© ¨­¤¥ªá ¯®«ãç¥­­®© á¨áâ¥¬ë à ¢¥­ (p+ l � 1)(m� 1) + 1.

5. � ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ��� á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬

�®áâà®¥­­ë© ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ��� ¯à¥®¡à §ã¥â (12) ¢ á¨áâ¥¬ã ��� á ­¥¯à¥-
àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ ¯à ¢ë¬¨ ç áâï¬¨, à §à¥è¥­­ãî ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå,

x01(�) = ( (� � �(�)))0;

x02(�) = P0(�)x2(�) +G1;0(�)x1(�) + ef0(�);
x03(�) = P1(�)x3(�) +G1;2(�)x2(�) +G1;1(�)x1(�) + ef1(�); (15)

: : : : : : : : : : : : : : : : : : : : :

x0m(�) = Pm�2(�)xm(�) +Gm�2;m�1(�)xm�1(�) +Gm�2;m�2(�)xm�2(�) + � � � +

+Gm�2;1(�)x1(�) + efm�2(�); � 2 J:

�áãé¥áâ¢¨¬ ®¡à â­ë© ¯¥à¥å®¤ ®â á¨áâ¥¬ë (15) ª ãà ¢­¥­¨î á § ¯ §¤ë¢ ­¨ï¬¨

y0(t) = P (t)y(t) +G1(t)y(t� �(t)) +G2(t)y(t� �2(t)) + � � �+

+Gm�2(t)y(t� �m�2(t)) + ef(t); t 2 T (16)

(t � �i(t) = (t � �(t))i, i = 2;m� 2), ª®íää¨æ¨¥­âë ¨ ¯à ¢ ï ç áâì ª®â®à®£® ¡ã¤ãâ ªãá®ç­®
­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨ ­  T . � ¨¬¥­­®,

P (t) =

8>>>><
>>>>:

P0(t); t 2 [t0; 
1(t0));
(t� �(t))0P1(t� �(t)); t 2 [
1(t0); 
2(t0));
: : : : : :

((t� �(t))m�2)0Pm�2((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0));

G1(t) =

8>>>><
>>>>:

G0;1(t); t 2 [t0; 
1(t0));
(t� �(t))0G1;2(t� �(t)); t 2 [
1(t0); 
2(t0));
: : : : : :

((t� �(t))m�2)0Gm�2;m�1((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0));

G2(t) =

8>>>><
>>>>:

0; t 2 [t0; 
1(t0));
(t� �(t))0G1;1(t� �(t)); t 2 [
1(t0); 
2(t0));
: : : : : :

((t� �(t))m�2)0Gm�2;m�2((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0));

: : : : : : : : : : : : : : : : : : : : :

Gm�2(t) =

8>>>>>><
>>>>>>:

0; t 2 [t0; 
1(t0));
0; t 2 [
1(t0); 
2(t0));
: : : : : :

0; t 2 [
m�3(t0); 
m�2(t0));
((t� �(t))m�2)0Gm�2;1((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0));

ef(t) =
8>>>><
>>>>:

ef0(t); t 2 [t0; 
1(t0));
(t� �(t))0 ef1(t� �(t)); t 2 [
1(t0); 
2(t0));
: : : : : :

((t� �(t))m�2)0 efm�2((t� �(t))m�2); t 2 [
m�2(t0); 
m�1(t0)):
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�á­®, çâ® § ¤ ç¨ (12), (7) ¨ (1), (2) «¨¡® ¨¬¥îâ, «¨¡® ­¥ ¨¬¥îâ à¥è¥­¨© ®¤­®¢à¥¬¥­­®. �®-
¯ãáâ¨¬, çâ® ªà ¥¢ ï § ¤ ç  (12), (7) à §à¥è¨¬ . �®£¤  ¥¥ à¥è¥­¨¥ ¥¤¨­áâ¢¥­­® ¨ á®¢¯ ¤ ¥â á
à¥è¥­¨¥¬ § ¤ ç¨ (15), (7) [5]. �®íää¨æ¨¥­âë ¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (16) ªãá®ç­® ­¥¯à¥àë¢-
­ë ­  T , ¯à¨ç¥¬ ®­¨ ¬®£ãâ ¨¬¥âì à §àë¢ë ¯¥à¢®£® à®¤  «¨èì ¢ â®çª å 
1(t0); 
2(t0); : : : ; 
m�2(t0),
¢ ª®â®àëå ¢ë¯®«­ï¥âáï ãá«®¢¨¥ ­¥¯à¥àë¢­®áâ¨ à¥è¥­¨ï (7), ¯®íâ®¬ã ¢ ¯à¥¤¯®«®¦¥­¨ïå â¥®à¥-
¬ë ­  T áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­®¥ à¥è¥­¨¥ § ¤ ç¨ (16), (2) ([6], á. 21). �®á«¥¤­¥¥
á¢ï§ ­® á à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (15), (7) á®®â­®è¥­¨ï¬¨ (8). �  ®á­®¢ ­¨¨ íâ®£® ¬®¦­®
áä®à¬ã«¨à®¢ âì â¥¯¥àì ã¦¥ ¢¯®«­¥ ®ç¥¢¨¤­®¥ ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ (1), (2). �®£¤  ®­®
¥¤¨­áâ¢¥­­® ¨ á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ § ¤ ç¨ (16), (2).

� § ª«îç¥­¨e á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¨§«®¦¥­­ë© ¢ëè¥ ¯®¤å®¤ ¯®§¢®«¨â ¨áá«¥¤®¢ âì ­¥
§ âà®­ãâë¥ ¢ íâ®© áâ âì¥ ¢®¯à®áë áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (1), (2). �à®¬¥ â®£®, ®­ ª®­-
áâàãªâ¨¢¥­ ¨ á ¢ëç¨á«¨â¥«ì­®© â®çª¨ §à¥­¨ï, ¯®áª®«ìªã ¤«ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï á¨áâ¥¬ë
(16), (2) ¨¬¥¥âáï ¬­®¦¥áâ¢® áå®¤ïé¨åáï ¬¥â®¤®¢, ¯àï¬®¥ ¯à¨¬¥­¥­¨¥ ª®â®àëå ª (1), (2) «¨¡® ­¥
¤ ¥â ¯à¨¥¬«¥¬®£® à¥§ã«ìâ â , «¨¡® ¢®®¡é¥ ­¥¢®§¬®¦­®.
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