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1. �ãáâì 0 = �0 < �n " +1, n!1, àï¤ �¨à¨å«¥

F (s) =
1X
n=0

an exp(s�n); s = � + it; (1)

¨¬¥¥â  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨ A 2 (�1;+1],   �(�) = �(�; F ) = maxfjanj exp (��n);
n � 0g | ¬ ªá¨¬ «ì­ë© ç«¥­ àï¤  (1). �¥à¥§ 
(A) ®¡®§­ ç¨¬ ª« áá ¯®«®¦¨â¥«ì­ëå ­¥®£à ­¨-
ç¥­­ëå ­  (�1; A) äã­ªæ¨© � â ª¨å, çâ® ¯à®¨§¢®¤­ ï �0 ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®©, ­¥¯à¥àë¢-
­®© ¨ ¢®§à áâ ¥â ª +1 ­  (�1; A). �ãáâì ' | äã­ªæ¨ï, ®¡à â­ ï ª �0,   	(�) = ���(�)=�0(�)
| äã­ªæ¨ï,  áá®æ¨¨à®¢ ­­ ï á � ¯® �ìîâ®­ã. �®£¤  äã­ªæ¨ï ' ­¥¯à¥àë¢­  ­  (0;+1) ¨ ¢®§-
à áâ ¥â ª A,   äã­ªæ¨ï 	 ­¥¯à¥àë¢­  ­  (�1; A) ¨ â ª¦¥ ¢®§à áâ ¥â ª A. �«ï á«ãç ï A = +1
¯®á«¥¤­¥¥ á¢®©áâ¢® ¤®ª § ­® ¢ [1],   ¤«ï á«ãç ï A 2 (�1;+1) ¥£® ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì A 2 (�1;+1], � 2 
(A), àï¤ �¨à¨å«¥ (1) ¨¬¥¥â  ¡áæ¨ááã  ¡á®«îâ­®©

áå®¤¨¬®áâ¨ A ¨

lim
�!A

ln�(�; F )
�(�)

= 1: (2)

�®£¤ 

lim
�!A

�(�; F 0)
�(�; F )�0(�)

� 1 (3)

¨, ¥á«¨ ¤®¯®«­¨â¥«ì­®

ln�0(�) = o(�(�)); � ! A; (4)

â®

lim
�!A

�(�; F 0)
�(�; F )�0(	�1(�))

� 1: (5)

�®ç­®áâì ®æ¥­ª¨ (3) ­¥ ¢ë§ë¢ ¥â á®¬­¥­¨©. �  ­¥ã«ãçè ¥¬®áâì ®æ¥­ª¨ (5) ãª §ë¢ ¥â

�¥®à¥¬  2. �ãáâì A 2 (�1;+1], � 2 
(A) ¨

F0(s) =
1X
n=0

expf��n	('(�n)) + s�ng:

�®£¤ , ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® � 2 (0; 1], çâ® (�0(x))�=�(x) ­¥ ¢®§à áâ ¥â ­  [x0; A), ¨
�n = o(�n+1), n!1, â® ¢ á®®â­®è¥­¨¨ (5) ¤®áâ¨£ ¥âáï §­ ª à ¢¥­áâ¢ .

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ¯®­ ¤®¡¨âáï

�¥¬¬ . �ãáâì A 2 (�1;+1], � 2 
(A) ¨ àï¤ �¨à¨å«¥ ¨¬¥¥â  ¡áæ¨ááã  ¡á®«îâ­®© áå®-

¤¨¬®áâ¨ A. �«ï â®£® çâ®¡ë ln�(�; F ) � �(�) ¤«ï ¢á¥å � 2 (�0; A), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë ln janj � ��n	('(�n)) ¤«ï ¢á¥å n � n0.
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� á«ãç ¥ A = +1 íâ  «¥¬¬  ¤®ª § ­  ¢ [1],   ¤«ï á«ãç ï A < +1 ¥¥ ¤®ª § â¥«ìáâ¢® ­¨ç¥¬
­¥ ®â«¨ç ¥âáï ®â ¯à¨¢¥¤¥­­®£® ¢ [1].

�¥®à¥¬ã 1 ¤®ª ¦¥¬ ¢ ¯. 2, â¥®à¥¬ã 2 | ¢ ¯. 3,   ¢ ¯. 4 ¯à¨¢¥¤¥¬ ­¥áª®«ìª® á«¥¤áâ¢¨© ¨
§ ¬¥ç ­¨©.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì �(�; F ) = maxfn � 0 : janj exp (��n) = �(�; F )g |
æ¥­âà «ì­ë© ¨­¤¥ªá àï¤  (1). �®£¤ 

�(�; F 0) = ja�(�;F 0)j��(�;F 0) expf���(�;F 0)g � ��(�;F 0)�(�; F )

¨

�(�; F ) =
ja�(�;F )j��(�;F ) expf���(�;F )g

��(�;F )
�

�(�; F 0)
��(�;F )

;

â. ¥.

��(�;F ) �
�(�; F 0)
�(�; F )

� ��(�;F 0): (6)

�®¯ãáâ¨¬ â¥¯¥àì, çâ® ­¥à ¢¥­áâ¢® (3) ­¥ ¢ë¯®«­ï¥âáï, â. ¥. ¤«ï ­¥ª®â®à®£® q 2 (0; 1) ¨ ¢á¥å
� 2 (�0; A) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �(�; F 0)=�(�; F ) � q�0(�). �®£¤  ¨§ (6) ¨¬¥¥¬

ln�(�; F ) = ln�(�0; F ) +
Z �

�0

��(t;F )dt � ln�(�0; F ) + q�(�)� q�(�0);

çâ® ­¥¢®§¬®¦­® ¢ á¨«ã (2). �¥à ¢¥­áâ¢® (3) ¤®ª § ­®.
� «¥¥, ¨§ (2) á«¥¤ã¥â ln�(�; F ) � (1+")�(�) ¤«ï ª ¦¤®£® " > 0 ¨ ¢á¥å � 2 (�0("); A). �®íâ®¬ã

¯® «¥¬¬¥ 1 á (1 + ")�(�) ¢¬¥áâ® �(�) ¨¬¥¥¬

janj � exp
�
��n	

�
'

�
�n
1 + "

���
; n � n0("): (7)

� ª ª ª f	('(x))g0 = �('(x))=x2 ¨ ¢ á¨«ã (4) lnx = o(�('(x))) ¯à¨ x ! +1, â® ¤«ï «î¡®£®
" > 0 ¨¬¥¥¬

	
�
'

�
1 + 2"
1 + "

t

��
�	('(t)) =

Z (1+2")t=(1+")

t

�('(x))
x2

dx �

� 	('(t))
�
1
t
�

1 + "

(1 + 2")t

�
=

"�('(t))
(1 + 2")t

>
ln t+ ln(1 + ")

(1 + 2")t
(8)

¯à¨ t � t0("). �ç¥¢¨¤­®, äã­ªæ¨ï 	
�
'
� x

1 + "

��
�
lnx
x

ï¢«ï¥âáï ¢®§à áâ îé¥© ­  [e;+1). �®-

íâ®¬ã, ¥á«¨ �n � (1 + 2")�0(	�1(�)), â® ¨§ (7) ¨ (8) á t(�) = �0(	�1(�)) ¨¬¥¥¬

janj�n exp(��n) � exp
�
��n

�
	
�
'

�
�n
1 + "

��
�
ln�n
�n

� �

��
�

� exp
�
��n

�
	
�
'

�
1 + 2"
1 + "

t(�)
��

�
ln t(�) + ln(1 + 2")

(1 + 2")t(�)
�	('(t(�)))

��
� 1

¤«ï ¢á¥å �, ¡«¨§ª¨å ª A. �âáî¤  á«¥¤ã¥â, çâ® ��(�;F 0) < (1 + ")�0(	�1(�)) ¨ ¢ á¨«ã (6)

lim
�!A

�(�; F 0)
�(�; F )�0(	�1(�))

� 1 + 2";

â. ¥. ¨§-§  ¯à®¨§¢®«ì­®áâ¨ " ­¥à ¢¥­áâ¢® (5) ¨ â¥®à¥¬  1 ¤®ª § ­ë.

3. �¥à¥¤ ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2 § ¬¥â¨¬ (íâ® å®à®è® ¨§¢¥áâ­®), çâ® ¥á«¨ ª®íää¨æ¨¥­âë
àï¤  (1) â ª¨¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {n+1 = (ln janj � ln jan+1j)=(�n+1 � �n) ¢®§à áâ ¥â ª A, â®
¤«ï ¢á¥å � 2 [{n;{n+1) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  �(�; F ) = janj exp(��n) ¨ ��(�;F ) = �n.
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� ª ª ª fx	('(x))g0 = '(x) ¨ 	('(x)) " A ¯à¨ x ! A, â® äã­ªæ¨ï x	('(x)) ¢ë¯ãª« .
�®íâ®¬ã

{n =
�n	('(�n))� �n�1	('(�n�1))

�n � �n�1
" A; n!1;

¨, §­ ç¨â, ��(�;F0) = �n ¤«ï ¢á¥å � 2 [{n;{n+1).
�®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì (�n) â ª ï, çâ® �n ! 0, n!1,

¨

{n � �n = 	('((1 + �n)�n)): (9)

�¥©áâ¢¨â¥«ì­®, ­¥à ¢¥­áâ¢® (9) à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã

�n�1f	('((1 + �n)�n))�	('(�n�1))g � �nf	('((1 + �n)�n))�	('(�n))g

¨«¨

�n�1

�Z �n

�n�1

�('(t))
t2

dt+
Z (1+�n)�n

�n

�('(t))
t2

dt

�
� �n

Z (1+�n)�n

�n

�('(t))
t2

dt;

â. ¥.

�n�1

Z �n

�n�1

�('(t))
t2

dt � (�n � �n�1)
Z (1+�n)�n

�n

�('(t))
t2

dt: (10)

�á«¨ � = 1, â. ¥. �0(x)=�(x) ­¥ ¢®§à áâ ¥â, â® �('(t))=t ­¥ ã¡ë¢ ¥â ¨ ­¥à ¢¥­áâ¢® (10) ¢ë¯®«-
­ï¥âáï, ¥á«¨

�n�1
�('(�n))

�n
ln

�n
�n�1

� (�n � �n�1)
�('(�n))

�n
ln(1 + �n);

â. ¥.

ln(1 + �n) �
�n�1
�n

ln
�n
�n�1

1
1� �n�1=�n

:

�®áª®«ìªã �n�1=�n ! 0, n!1, â® ¯à ¢ ï ç áâì ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  áâà¥¬¨âáï ª ­ã«î ¯à¨
n!1, ¨ ¯®íâ®¬ã �n ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë �n ! 0, n!1, ¨ ¨¬¥«® ¬¥áâ® ­¥à ¢¥­áâ¢® (9).

�á«¨ ¦¥ 0 < � < 1, â® �('(t))=t� ­¥ ã¡ë¢ ¥â ¨ ­¥à ¢¥­áâ¢® (10) ¢ë¯®«­ï¥âáï, ¥á«¨

�n�1
1� �

�
1

�1��n�1

�
1

�1��n

�
�('(�n))

��n
� (�n � �n�1)

�('(�n))
(1� �)��n

�
1

�1��n

�
1

(1 + �n)1���1��n

�
;

â. ¥.

1�
1

(1 + �n)�
�

�1��n � �1��n�1

�n � �n�1
= (1 + o(1))

�
�n�1
�n

��

; n!1;

¨ á­®¢  ¬®¦­® á¤¥« âì ­ã¦­ë© ¢ë¡®à ¯®á«¥¤®¢ â¥«ì­®áâ¨ (�n).
�§ ­¥à ¢¥­áâ¢  (9) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® ��(�n;F0) � �n, ¨ ¢ á¨«ã (6)

lim
�!A

�(�; F 00)
�(�; F0)�0(	�1(�))

� lim
�n!A

��(�n;F0)
�0(	�1(�n))

� lim
n!1

1
1 + �n

= 1;

â. ¥. ¤«ï äã­ªæ¨¨ F0 ¢ (5) ¤®áâ¨£ ¥âáï §­ ª à ¢¥­áâ¢ .

4. �ë¡¨à ï ­ ¤«¥¦ é¨¬ ®¡à §®¬ äã­ªæ¨î �, ¨§ â¥®à¥¬ 1 ¨ 2 ¬®¦­® ¯®«ãç¨âì àï¤ á«¥¤áâ¢¨©
¢ â®© ¨«¨ ¨­®© èª «¥ à®áâ . �¤¥áì ¬ë ®áâ ­®¢¨¬áï â®«ìª® ­  á«¥¤áâ¢¨ïå, ®â¢¥ç îé¨å á«ãç ï¬
ª®­¥ç­®£® R-¯®àï¤ª  ¨ ª®­¥ç­®£® «®£ à¨ä¬¨ç¥áª®£® R-¯®àï¤ª  ª ª ¤«ï æ¥«ëå àï¤®¢ �¨à¨å«¥,
â ª ¨ ¤«ï  ¡á®«îâ­® áå®¤ïé¨åáï ¢ ¯®«ã¯«®áª®áâ¨ fs : Re s < 0g.
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�«¥¤áâ¢¨¥ 1. �ãáâì A = +1 ¨

lim
�!+1

e�%� ln�(�; F ) = T 2 (0;+1):

�®£¤ 

1 � lim
�!+1

e�%�
�(�; F 0)
T%�(�; F )

� e: (11)

�«¥¤áâ¢¨¥ 2. �ãáâì A = +1, p > 1 ¨

lim
�!+1

��p ln�(�; F ) = T 2 (0;+1):

�®£¤ 

1 � lim
�!+1

�(�; F 0)
Tp�p�1�(�; F )

�

�
p

p� 1

�p�1

: (12)

�«¥¤áâ¢¨¥ 3. �ãáâì A = 0 ¨

lim
�!0

j�j% ln�(�; F ) = T 2 (0;+1):

�®£¤ 

1 � lim
�!0

j�j%+1�(�; F 0)
T%�(�; F )

�

�
%+ 1
%

�%+1

: (13)

�«¥¤áâ¢¨¥ 4. �ãáâì A = 0 ¨

lim
�!0

exp
�
�

%

j�j

�
ln�(�; F ) = T 2 (0;+1):

�®£¤ 

1 � lim
�!0

j�j2

%T
exp

�
�

%

j�j

�
�(�; F 0)
�(�; F )

� e: (14)

�¯à ¢¥¤«¨¢®áâì á«¥¤áâ¢¨ï 1 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1 ¯à¨ �(�) = Te%�, á«¥¤áâ¢¨ï 2 | ¯à¨
�(�) = T�p, � � �0 � 1, á«¥¤áâ¢¨ï 3 | ¯à¨ �(�) = T j�j�%,   á«¥¤áâ¢¨ï 4 | ¯à¨ �(�) =
T expf%=j�jg. �®ç­®áâì ®æ¥­®ª (11) ¨ (12) ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2 ¯à¨ � = 1, ®æ¥­ª¨ (13) | ¯à¨
� = %=(1 + %),   ®æ¥­ª¨ (14) { ¯à¨ «î¡®¬ � 2 (0; 1).

� ¬¥ç ­¨¥ 1. � ª ãá«®¢¨¥ (4), â ª ¨ ãá«®¢¨¥ ­¥¢®§à áâ ­¨ï (�0(x))�=�(x) ¢ â¥®à¥¬ å 1
¨ 2 ¯®ï¢¨«¨áì ¢ à¥§ã«ìâ â¥ ¯à¨¬¥­¥­­ëå ¬¥â®¤®¢. �¨¤¨¬®, ãá«®¢¨¥ (4) ¢ â¥®à¥¬¥ 1 ¨§«¨è­¥.
�â® ª á ¥âáï ãá«®¢¨ï ­¥¢®§à áâ ­¨ï (�0(x))�=�(x), â® ¥£®, ¢®®¡é¥ £®¢®àï, ãáâà ­¨âì ­¥«ì§ï,

­  çâ® ãª §ë¢ ¥â ¯à¨¬¥à àï¤  �¨à¨å«¥ F1(s) =
1P
n=1

n exp(sn),  ¡áæ¨áá   ¡á®«îâ­®© áå®¤¨¬®áâ¨

ª®â®à®£® à ¢­  A = 0. �¥£ª® ¯®ª § âì, çâ® �(�; F1) = (1 + o(1))=ej�j, � ! 0, ¨ �(�; F 01) =
(1 + o(1))(2=ej�j)2 , � ! 0.

�á«¨ ¢®§ì¬¥¬ �(�) = ln(1=ej�j), â® �0(�) = 1=j�j ¨ (�0(�))�=�(�) " +1 (� ! 0) ¤«ï
«î¡®£® � 2 (0; 1]. �ë¯®«­¥­¨¥ à ¢¥­áâ¢  (2) ®ç¥¢¨¤­®. � «¥¥, 	(�) = j�j ln j�j, 	�1(�) =

(1 + o(1))j�j= ln j�j ¨ �0(	�1(�)) =
1 + o(1)
j�j

ln
1
j�j

¯à¨ � ! 0. �®íâ®¬ã

�(�; F 01)
�(�; F1)�0(	�1(�))

=
4(1 + o(1))
e ln(1=j�j)

! 0 (� ! 0);

¨ ®áâ «®áì § ¬¥â¨âì, çâ® àï¤ F1 ¨¬¥¥â â ª®© ¦¥ ¢¨¤, ª ª ¨ àï¤ F0, â. ¥. lnn = �n	('(n)).
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� ¬¥ç ­¨¥ 2. �à¥¤¯®«®¦¨¬, çâ® � 2 
(+1) ¨ �(�) = ��(�) ¯à¨ � � �0, £¤¥ � |
¬¥¤«¥­­® ¢®§à áâ îé ï äã­ªæ¨ï â ª ï, çâ® �(x2�0(x)=�(x)) � �(x), x ! +1. �®£¤  [2]
�0(	�1(�)) � �0(�), � ! +1, ¨ ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â, çâ® ¤«ï æ¥«®£® àï¤  �¨à¨å«¥ (1)
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
�!A

�(�; F 0)
�(�; F )�0(�)

= 1: (15)

� ª¨¬ ®¡à §®¬, ¬®¦­® ¢ë¤¥«¨âì ¯®¤ª« áá äã­ªæ¨© � ¨§ 
(+1) â ª®©, çâ® ¨§ (2) ¢ëâ¥ª ¥â
(15).

�«ï á«ãç ï àï¤®¢ �¨à¨å«¥ á ­ã«¥¢®©  ¡áæ¨áá®©  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ­¥ ã¤ «®áì ¢ë¤¥-
«¨âì ¤®áâ â®ç­® è¨à®ª¨© ª« áá äã­ªæ¨© ¨§ 
(0) â ª®©, çâ®¡ë ¨§ (2) ¢ëâ¥ª «® (15). �¥ª®â®à®¥
®¡êïá­¥­¨¥ íâ®£® á®¤¥à¦¨âáï ¢ á«¥¤ãîé¥¬ à ááã¦¤¥­¨¨. � ¯¨è¥¬ ­¥à ¢¥­áâ¢  (3) ¨ (5) ¢ ¢¨¤¥

1 � lim
�!A

�(�; F 0)
�(�; F )�0(�)

� 
 = lim
x!A

�0(x)
�0(	(x))

¨ ¯à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï � ¨¬¥¥â ¤®áâ â®ç­® ¯à ¢¨«ì­ë© à®áâ. � ª ¦¤®¬ ¯à¨¢¥¤¥­­®¬
­¨¦¥ ª®­ªà¥â­®¬ á«ãç ¥ ç¨â â¥«ì á ¬ ¬®¦¥â ãª § âì á®®â¢¥âáâ¢ãîé¨¥ ãá«®¢¨ï.

�ãáâì á­ ç «  A = +1 ¨ �(�) = �l(�). �®£¤ , ¥á«¨ l | ¬¥¤«¥­­® à áâãé ï äã­ªæ¨ï, â®

 = 1. �á«¨ l(x) = x% (% > 0), â® 
 = 
(%) = ((1 + %)=%)% ¨ 
(%)! 1 (%! 0), 
(%)! e (%! +1).
�á«¨ ¦¥ l ¢®§à áâ ¥â ¡ëáâà¥¥, ç¥¬ áâ¥¯¥­­ ï äã­ªæ¨ï (­ ¯à., l(x) = expk x, k � 1), â® 
 = e.

� á«ãç ¥, ª®£¤  A = 0, á¨âã æ¨ï ¨­ ï. �á«¨ �(�) = l(1=j�j), � � �0 ¨ l | ¬¥¤«¥­­® à áâãé ï
äã­ªæ¨ï, â® 
 = +1. �á«¨ l(x) = x% (% > 0), â® 
 = 
(%) = ((1 + %)=%)%+1 ¨ 
(%)! +1 (%! 0),

(%)! e (%! +1). �á«¨ ¦¥ l ¢®§à áâ ¥â ¡ëáâà¥¥, ç¥¬ áâ¥¯¥­­ ï, â® 
 = e.

�¨â¥à âãà 
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