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1. �¢¥¤¥­¨¥ ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë

�­ «¨â¨ç¥áª¨¥ ¢ ªàã£¥ � = fz : jzj < 1g äã­ªæ¨¨ f á ãá«®¢¨¥¬

kfkB = sup
z2�

(1� jzj2)jf 0(z)j <1;

®¡à §ãîâ «¨­¥©­®¥ ¯à®áâà ­áâ¢® B | ª« áá äã­ªæ¨© �«®å . �¥«¨ç¨­  jf(0)j+kfkB ®¯à¥¤¥«ï¥â
­®à¬ã ¢ B.

�à®áâà ­áâ¢® B0 á®áâ®¨â ¨§ ¢á¥å äã­ªæ¨© f 2 B, ¤«ï ª®â®àëå (1�jzj2)jf 0(z)j ! 0 ¯à¨ jzj ! 1,
¯®¤¬­®¦¥áâ¢® B1 � B á®áâ®¨â ¨§ ¢á¥å äã­ªæ¨© f 2 B, ®¡« ¤ îé¨å á«¥¤ãîé¨¬ á¢®©áâ¢®¬:
¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fzng � � ¨ jf(zn)j ! 1, â® (1 � jznj

2)jf 0(zn)j ! 0. � ª¨¬ ®¡à §®¬,
B0 � B1 � B.

�ãáâì S | ¨§¢¥áâ­ë© ª« áá  ­ «¨â¨ç¥áª¨å ¨ ®¤­®«¨áâ­ëå ¢ � äã­ªæ¨© f , ­®à¬¨à®¢ ­­ëå
ãá«®¢¨¥¬ f(0) = f 0(0) � 1 = 0. �¡®§­ ç¨¬ ç¥à¥§ Aut � ¬­®¦¥áâ¢® ¢á¥å ª®­ä®à¬­ëå  ¢â®¬®à-
ä¨§¬®¢

'(z) = ei�
a+ z

1 + az
; a 2 �; � 2 R;

ªàã£  �. � [1] ¢¢¥¤¥­® ¯®­ïâ¨¥ «¨­¥©­®-¨­¢ à¨ ­â­®£® á¥¬¥©áâ¢  ª ª ¬­®¦¥áâ¢  M ¢á¥å «®-
ª «ì­® ®¤­®«¨áâ­ëå ¢ � äã­ªæ¨© h(z) = z+� � � , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î: ¤«ï «î¡ëå äã­ªæ¨©
h 2M ¨ ' 2 Aut � äã­ªæ¨ï

F'(z) =
h('(z)) � h('(0))
h0('(0))'0(0)

= z + � � �

â ª¦¥ ¯à¨­ ¤«¥¦¨â M.

�¨á«®

ordh = supfjF 00
' (0)j=2 : ' 2 Aut �g

­ §ë¢ ¥âáï ¯®àï¤ª®¬ äã­ªæ¨¨ h. �­®£¨¥ ¨§¢¥áâ­ë¥ ª« ááë ª®­ä®à¬­ëå ®â®¡à ¦¥­¨© ï¢«ïîâáï
«¨­¥©­®-¨­¢ à¨ ­â­ë¬¨ á¥¬¥©áâ¢ ¬¨ [1].

�®¢®ªã¯­®áâì ¢á¥å «®ª «ì­® ®¤­®«¨áâ­ëå ¢ � äã­ªæ¨© h(z) = z+� � � , ¤«ï ª®â®àëå ordh � �,
­ §ë¢ ¥âáï ã­¨¢¥àá «ì­ë¬ «¨­¥©­®-¨­¢ à¨ ­â­ë¬ á¥¬¥©áâ¢®¬ äã­ªæ¨© ¨ ®¡®§­ ç ¥âáï U�. �
[1] ¤®ª § ­®, çâ® U� = ; ¯à¨ � < 1, U1 | ¨§¢¥áâ­ë© ª« áá ¢ë¯ãª«ëå äã­ªæ¨©, § ¬¥â¨¬ â ª¦¥,
çâ® «¨­¥©­®-¨­¢ à¨ ­â­®¥ á¥¬¥©áâ¢® S � U2.

� [2] ¡ë«¨ ¢¢¥¤¥­ë «¨­¥©­®-¨­¢ à¨ ­â­ë¥ á¥¬¥©áâ¢  U 0� � U�, ¨£à îé¨¥ ¢ ¦­ãî à®«ì ¢
à¥è¥­¨¨ íªáâà¥¬ «ì­ëå § ¤ ç ¢ U� (­ ¯à., [3]).

�ã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â U 0�, ¥á«¨ ¨ â®«ìª® ¥á«¨

f 0(z) = exp
�
� 2

Z 2�

0

log(1� zeit) d�(t)
�
; z 2 �; log 1 = 0;
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£¤¥ �(t) | «î¡ ï ª®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  [0; 2�), ã¤®¢«¥â¢®àï-
îé ï ãá«®¢¨î ����

Z 2�

0

d�(t)� 1
���� +

Z 2�

0

jd�(t)j � �; � � 1:

�àã£®¥ «¨­¥©­®-¨­¢ à¨ ­â­®¥ á¥¬¥©áâ¢® U�� � U� ¨§ãç «®áì ¢ [4].
�ã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â U��, ¥á«¨ ¨ â®«ìª® ¥á«¨ áãé¥áâ¢ã¥â ¢ë¯ãª« ï äã­ªæ¨ï s(z) = z+� � �

(â. ¥. s 2 U1 = U 01) ¨ áãé¥áâ¢ã¥â äã­ªæ¨ï �¢ àæ  ! (â. ¥.  ­ «¨â¨ç¥áª ï ¢ � äã­ªæ¨ï !(z),
!(�) � �, !(0) = 0), ¤«ï ª®â®àëå

f 0(z) = s0(z) exp
�
� 2

Z 2�

0

log(1� !(z)eit)d�(t)
�
; log 1 = 0; (1)

£¤¥ �(t) | «î¡ ï ª®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  [0; 2�), ã¤®¢«¥â¢®àï-
îé ï ãá«®¢¨î Z 2�

0
jd�(t)j � �� 1;

Z 2�

0
d�(t) = 0: (2)

� ¬¥â¨¬, çâ® á¥¬¥©áâ¢  U�� ¨ U 0� ­¥ á®¤¥à¦ âáï ®¤­® ¢ ¤àã£®¬ ­¨ ¯à¨ ª ª¨å � > 1.
�ã­ªæ¨ï g ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã BMOA, ¥á«¨ äã­ªæ¨ï [g('(z))� g('(0))] ¯à¨­ ¤«¥-

¦¨â H1 ¤«ï «î¡®£® ' 2 Aut �. �á­®¢­ë¥ á¢®©áâ¢  BMOA ®¯¨á ­ë ¢ [5] ¨ [6]. � [7],   § â¥¬ ¢
[8] ¡ë«® § ¬¥ç¥­®, çâ® g 2 B, ¥á«¨ ¨ â®«ìª® ¥á«¨ áãé¥áâ¢ã¥â äã­ªæ¨ï f 2

S
�<1

U�, ¤«ï ª®â®à®©

g(z) � g(0) = log f 0(z):

�®áª®«ìªã BMOA * B, â® ¨­â¥à¥á­® ®¯¨á âì ¬­®¦¥áâ¢® äã­ªæ¨© f ¨§
S

�<1
U�, ¤«ï ª®â®àëå

log f 0 ¯à¨­ ¤«¥¦¨â BMOA. � áâ¨ç­ë© ®â¢¥â ­  íâ®â ¢®¯à®á ¤ ¥â

�¥®à¥¬  1.  ) f 2
S

�<1
U�� =) log f 0 2 BMOA,

¡) f 2
S

�<1
U 0� =) log f 0 2 BMOA.

�¥à¥å®¤¨¬ ª ¨§ãç¥­¨î ¨­â¥£à «ì­ëå áà¥¤­¨å

Ip(r; g) =
1

2�

Z �

��

jg(rei�)jp d�; 0 < r < 1;

 ­ «¨â¨ç¥áª¨å ¢ � äã­ªæ¨© g, £¤¥ 0 < p < 1 ä¨ªá¨à®¢ ­®. � [9], [10] ¤«ï p 2 (0;1) ¨ f 2 B
¯®«ãç¥­ë â®ç­ë¥  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥­ª¨

Ip(r; f) = O((log
1

1� r
)p=2); r! 1:

�â® ¨§¢¥áâ­® ®¡  á¨¬¯â®â¨ç¥áª®¬ ¯®¢¥¤¥­¨¨ ¨­â¥£à «ì­ëå áà¥¤­¨å ¯à®¨§¢®¤­ëå äã­ªæ¨© ¨§
ª« áá®¢ B0 � B1 � B? �§ ®¯à¥¤¥«¥­¨ï B0 á«¥¤ã¥â

lim
r!1

(1� r)2I2(r; f 0) = 0 (3)

(¤«ï ¯à®áâ®âë ä®à¬ã«¨à®¢®ª ¤ «¥¥ à áá¬ âà¨¢ ¥¬ â®«ìª® á«ãç © p = 2). � [11] ¤®ª § ­®, çâ®
lim inf
r!1

(1� r)2I2(r; f 0) = 0 ¤«ï äã­ªæ¨© f 2 B1, ®¤­ ª® áãé¥áâ¢ãîâ äã­ªæ¨¨ f 2 B, ¤«ï ª®â®àëå

lim inf
r!1

(1 � r)2I2(r; f 0) > 0. �¥®à¥¬  2 (ãâ¢¥à¦¤¥­¨¥ 1)) £®¢®à¨â ® â®¬, çâ® ¢ (3) áâà¥¬«¥­¨¥ ª

­ã«î ¬®¦¥â ¡ëâì áª®«ì ã£®¤­® ¬¥¤«¥­­ë¬.

�¥®à¥¬  2. �«ï «î¡®© ¯®«®¦¨â¥«ì­®© ­  [0;1) äã­ªæ¨¨ e'(x) â ª®©, çâ® lim
x!1

e'(x) = 0,

áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï f 2 B0, çâ®

1) lim
r!1

(1�r)2I2(r;f
0)

~'( 1

1�r
)

= 1,
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2) lim sup
r!1

(1�r2)jf 0(rei�)j
~'( 1

1�r
)

= 1 ¤«ï ª ¦¤®£® � 2 [��; �],

3) lim
r!1

(1�r2)M(r)

~'( 1

1�r
)

= 1, £¤¥ M(r) = max
�
jf 0(rei�)j.

�§ ¢ª«îç¥­¨ï B0 � B1 á«¥¤ã¥â, çâ® â¥®à¥¬  2 á¯à ¢¥¤«¨¢  ¨ ¤«ï B1. �àã£®¥ ¤®ª § â¥«ìáâ¢®
¯. 1) ¨ ¯. 3) â¥®à¥¬ë 2 ¯à¨ ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå ­  e' ¤ « �¨à¥«  ¢ [11].

� ¯®á«¥¤­¥© ç áâ¨ áâ âì¨ ¨áá«¥¤ã¥âáï ¯®¢¥¤¥­¨¥ äã­ªæ¨© �«®å  ¢ ã£«¥ �â®«ìæ . � [10]
¤®ª § ­ 

�¥®à¥¬  M. �á«¨ f 2 B, â® ¤«ï ¯®çâ¨ ¢á¥å (¯. ¢.) � 2 [��; �]

lim sup
r!1

jf(rei�)j
A(1� r)

� CkfkB; (4)

£¤¥

A(1 � r) =
�

log
1

1� r
log log log

1
1� r

� 1

2

:

� [12] ¤®ª § ­®, çâ® (4) á¯à ¢¥¤«¨¢® ¯à¨ C = 1, ­® áãé¥áâ¢ã¥â äã­ªæ¨ï f 2 B, ¤«ï ª®â®à®©
C > 0;685. � [13] ¯®«ãç¥­ á«¥¤ãîé¨©  ­ «®£ â¥®à¥¬ë M [10] ¤«ï ª« áá  B1.

�¥®à¥¬  G. �ãáâì f 2 B1. �®£¤  ¤«ï ¯. ¢. � 2 [��; �]

jf(rei�)j = o(A(1 � r)) ¯à¨ r ! 1: (5)

�¥§ã«ìâ â â®ç­ë© ¢ â®¬ á¬ëá«¥, çâ® ¤«ï «î¡®© äã­ªæ¨¨ '(x), ¯®«®¦¨â¥«ì­®© ¨ ã¡ë¢ îé¥©
ª ­ã«î ¯à¨ x! +1, áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï f 2 B0, çâ® ¤«ï ¯. ¢. �

lim sup
r!1

jf(rei�)j

('( 1
1�r

))
1

2A(1� r)
= 1: (6)

�¢¥ ¯®á«¥¤­¨¥ â¥®à¥¬ë ®¯¨áë¢ îâ  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ äã­ªæ¨© �«®å  ­  à ¤¨ãá¥.
�¤­ ª® íâ¨ ãâ¢¥à¦¤¥­¨ï ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¤«ï ã£«®¢ �â®«ìæ  W�(ei�) ¢¥«¨ç¨­ë 2�
á ¢¥àè¨­®© ¢ ei�. � ¨¬¥­­®, §¤¥áì ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  3. � ®¡®§­ ç¥­¨ïå â¥®à¥¬ë �

lim sup
W�(ei�)3z!ei�

jf(z)j
A(1� r)

� CkfkB;

£¤¥ C | ¯®áâ®ï­­ ï ¨§ â¥®à¥¬ë �.

�¥®à¥¬  4. � ãá«®¢¨¨ â¥®à¥¬ë G  á¨¬¯â®â¨ç¥áª®¥ à ¢¥­áâ¢® (5) ¬®¦­® § ¬¥­¨âì ­ 

jf(z)j = o(A(1 � r)) ¯à¨ W�(ei�) 3 z ! ei�; (7)

  (6) ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¯à¨ § ¬¥­¥ ¯à¥¤¥«  ¯® à ¤¨ãáã ­  ¯à¥¤¥« ¯® «î¡®© ­¥ª á â¥«ì-
­®© ªà¨¢®© 
(�), ®ª ­ç¨¢ îé¥©áï ¢ ei�:

lim sup

(�)3z!ei�

jf(z)j

('( 1
1�r

))
1

2A(1� r)
= 1: (8)
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2. �®ª § â¥«ìáâ¢  à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.  ) �ãáâì f | äã­ªæ¨ï ¨§ «¨­¥©­®-¨­¢ à¨ ­â­®£® á¥¬¥©áâ¢ 
M. �®£¤  ¤«ï «î¡®£® a 2 �

fa(z) =
f( z+a

1+az
)� f(a)

f 0(a)(1� jaj2)
2M;

log f 0a(z) = log f 0
�
z + a

1 + az

�
� log f 0(a)� 2 log(1 + az):

� ¬¥â¨¬, çâ® log(1+z) 2 BMOA, â. ª. äã­ªæ¨ï 1+z ®¤­®«¨áâ­  ¨ 1+z 6= 0 (­ ¯à., [5]). �®áª®«ìªã
äã­ªæ¨ï 1 + az ¯®¤ç¨­¥­  1 + z ¤«ï «î¡ëå a 2 �, â® ¯® â¥®à¥¬¥ �®£®§¨­áª®£® ([14], £«. 8, x 8)

k log(1 + az)kH1 � k log(1 + z)kH1

¤«ï ª ¦¤®£® a 2 � (§¤¥áì khkH1 = sup
r2[0;1)

2�R
0

jh(rei�)jd�). �®íâ®¬ã ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

Z 2�

0

���� log f 0
�
rei� + a

1 + arei�

�
� log f 0(a)

���� d� �
Z 2�

0

j log f 0a(re
i�)j d� + 2

Z 2�

0

j log(1 + rei�)j d�:

�«¥¤®¢ â¥«ì­®, ¤«ï ¯à®¢¥àª¨ ãá«®¢¨ï log f 0 2 BMOA ¤«ï äã­ªæ¨© f 2M ¤®áâ â®ç­® ¯à®¢¥à¨âì
®£à ­¨ç¥­­®áâì k log f 0kH1 ¤«ï ¢á¥å äã­ªæ¨© f 2 M (â. ¥. ¯®ª § âì, çâ® log f 0 2 H1 ¤«ï ¢á¥å
äã­ªæ¨© f 2M).

�ãáâì â¥¯¥àì f 2 U��. �§ (1) á«¥¤ã¥â

log f 0(z) = log s0(z) � 2
Z 2�

0

log(1� !(z)eit) d�(t);

£¤¥ ! | äã­ªæ¨ï �¢ àæ  ¨ � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2). �®áª®«ìªã s 2 U 01 | ¢ë¯ãª« ï
äã­ªæ¨ï, â® log s0 2 BMOA (­ ¯à., [12], á. 172). �®íâ®¬ã ¤®áâ â®ç­® ¤®ª § âì, çâ® äã­ªæ¨ï

 (z) =
Z 2�

0
log(1� !(z)eit) d�(t)

¯à¨­ ¤«¥¦¨â H1. �­ ç «  à áá¬®âà¨¬ á«ãç ©, ª®£¤  � = �n | áâã¯¥­ç â ï äã­ªæ¨ï á n à §-
àë¢ ¬¨ ¢ â®çª å tk, k = 1; : : : ; n, ¨ áª çª ¬¨ d�n(tk) = ak. �®£¤  ¯® (2)

 (z) =
nX

k=1

ak log(1� !(z)eitk );
nX

k=1

jakj � �� 1:

�âáî¤  ¯® â¥®à¥¬¥ �®£®§¨­áª®£®

k kH1 �
nX

k=1

jakj k log(1� !(z)eitk )kH1 � k log(1 + z)kH1

nX
k=1

jakj � (�� 1)k log(1 + z)kH1 ;

â. ¥.  2 H1.
�á«¨ � | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï (2), â®, ª ª ¯®ª § ­® ¢ [15], áãé¥áâ¢ã¥â

¯®á«¥¤®¢ â¥«ì­®áâì áâã¯¥­ç âëå äã­ªæ¨© �n, â ª¦¥ ã¤®¢«¥â¢®àïîé¨å (2), ¤«ï ª®â®à®© á®®â-
¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©  n ¯à¨ n!1 ¨¬¥¥â à ¢­®¬¥à­ë© ¢­ãâà¨ � ¯à¥¤¥«

 (z) =
Z 2�

0
log(1� !(z)eit) d�(t):

�®íâ®¬ã ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® r 2 (0; 1)Z 2�

0
j (rei�)jd� = lim

n!1

Z 2�

0
j n(rei�)jd� � (�� 1)k log(1 + z)kH1 :

�«¥¤®¢ â¥«ì­®, log f 0 2 H1 ¤«ï «î¡®© äã­ªæ¨¨ f 2 U��.
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¡) �®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¯.  ). �¯à®ç¥¬, íâ®â á«ãç © ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë D
¨§ [16].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. 1) �¥ ­ àãè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® äã­ªæ¨ï
' = ( e')

1

2 ­¥¯à¥àë¢­ ï ªãá®ç­®-«¨­¥©­ ï ã¡ë¢ îé ï ª ­ã«î, ¨ ã £à ä¨ª  ¥¥ ­¥â ª®­¥ç­ëå ¯à¥-
¤¥«ì­ëå ã£«®¢ëå â®ç¥ª. � ¯à®â¨¢­®¬ á«ãç ¥ ¬®¦­® § ¬¥­¨âì ¤ ­­ãî äã­ªæ¨î e' ­  ¡�®«ìèãî
ãª § ­­®£® ¢ëè¥ â¨¯ . � ª¦¥ ¬®¦­® áç¨â âì, çâ® e'(1) = 1.

�«ï ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â �¯¥åâ  [17]. �«ï ª ¦¤®£® � 2 (0; 1)
áãé¥áâ¢ã¥â ®¤­®á¢ï§­ ï ®¡« áâì D, á®¤¥à¦ é ï ¬­®¦¥áâ¢® � [ feit : �� < jtj � �g ¨ â ª ï, çâ®
ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ! ®¡« áâ¨ D ­  ªàã£ � á !(0) = 0, !0(0) > 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

j!0(z) � 1j <
1
2
; z 2 D; (9)

¨

1� r

2
< 1� j!(reit)j < 3(1� r); 0 < r < 1; jtj < ��: (10)

�ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ q ¤®áâ â®ç­® ¡®«ìè®¥ ­ âãà «ì­®¥ ç¨á«®. �® äã­ªæ¨¨ '(x) áª®­áâàã¨àã¥¬
äã­ªæ¨¨

ef(z) =
1X
k=1

'
1

2 (k)zq
k

¨ f(z) = ef(!(z)) =
1X
k=1

'
1

2 (k)!q
k

(z):

�®áª®«ìªã '
1

2 (k) ! 0 ¯à¨ k !1, â® ef 2 B0 ([12]). �®íâ®¬ã [18] f 2 B0.
� ª ª ª j!(z)j < 1 ¨ ¯® (9) j!0(z)j > 1=2, â®

2jf 0(z)j �
���� !(z)
!0(z)

f 0(z)
���� =

���� !(z)
!0(z)

1X
k=1

'
1

2 (k)qk!0(z)!q
k�1(z)

���� =
����
1X
k=1

'
1

2 (k)qk!q
k

���� �
� '

1

2 (n)qnj!(z)jq
n

�
n�1X
k=1

'
1

2 (k)qk �
1X

k=n+1

'
1

2 (k)qkj!(z)jq
k

:

�¡®§­ ç¨¬ ç¥à¥§ E1, E2, E3 á®®â¢¥âáâ¢¥­­® ¢ëà ¦¥­¨ï (­¥®âà¨æ â¥«ì­ë¥), ¨§ ª®â®àëå á®áâ -
¢«¥­  ¯®á«¥¤­ïï áâà®ª . �à¨ jtj < �� ¨§ (10) á«¥¤ã¥â j!(reit)j > 3r � 2.

�ãáâì z = rne
it, rn = 1� 1

qn
¨ q â ª ¢¥«¨ª®, çâ® (1�3q�n)q

n

> e�4. �®£¤  ¯à¨ jtj < �� ¯®«ãç¨¬
®æ¥­ªã

E1 = '
1

2 (n)qnj!(z)jq
n

> '
1

2 (n)qn(1� 3q�n)q
n

> e�4'
1

2 (n)qn:

� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® 8e4�log q2 < 0 ¯à¨ ¢ë¡à ­­®¬ §­ ç¥­¨¨ q. �¡®§­ ç¨¬ �(t) = log'(t)
¨ ¤«ï íâ®© äã­ªæ¨¨ ¯®áâà®¨¬ ­®¢ãî äã­ªæ¨î ��(t) á«¥¤ãîé¨¬ ®¡à §®¬: ��(1) = 0 ¯à¨ t > 1,
¯¥à¥¬¥é ï á®®â¢¥âáâ¢ãîéãî â®çªã ¯® £à ä¨ªã äã­ªæ¨¨ �(t) ¢ ­ ¯à ¢«¥­¨¨ ®á¨ Ot, ®áâ ¢«ï¥¬
íâ®â £à ä¨ª ¡¥§ ¨§¬¥­¥­¨ï, ¯®ª  �0(t) � 8e4 � log q2. �®©¤ï ¤® â®çª¨ t0, á¯à ¢  ®â ª®â®à®© ­ 
­¥ª®â®à®¬ ¨­â¥à¢ «¥ �0(t) < 8e4�log q2, § ¬¥­ï¥¬ ­  ®âà¥§®ª ¯àï¬®© y = �(t0)+(8e4�log q2)(t�t0)
ç áâì £à ä¨ª  äã­ªæ¨¨ �(t) ®â â®çª¨ (t0; �(t0)) ¤® ¯¥à¢®£® ¯¥à¥á¥ç¥­¨ï íâ®© ¯àï¬®© á £à ä¨ª®¬
äã­ªæ¨¨ �(t) á¯à ¢  ®â t0 (¥á«¨ â ª®£® ¯¥à¥á¥ç¥­¨ï ­¥â, â® £à ä¨ª äã­ªæ¨¨ �(t) § ¬¥­ï¥¬ ­ 
¯à®¬¥¦ãâª¥ (t0;1)). � «¥¥, ¯®¢â®àïï ®¯¨á ­­ãî ¯à®æ¥¤ãàã, ¯à®©¤¥¬ ¢¥áì £à ä¨ª äã­ªæ¨¨ �(t),
¢ë¯®«­ïï ¯à¥¤¯¨á ­­ë¥ § ¬¥­ë ªãáª®¢ £à ä¨ª  äã­ªæ¨¨ �(t) ­  ®âà¥§ª¨ ¯àï¬ëå. � à¥§ã«ìâ â¥
¡ã¤¥â ¯®áâà®¥­ £à ä¨ª ­®¢®© äã­ªæ¨¨ ��(t). �§ ¯®áâà®¥­¨ï ïá­®, çâ® ¤«ï ¢á¥å t ��(t) � �(t),
�0�(t) � 8e4 � log q2 ¢® ¢á¥å â®çª å ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨¨ ��(t), lim

t!1
��(t) = �1.

�¡®§­ ç¨¬ '�(t) = e��(t). � ª ¨ '(t), äã­ªæ¨ï '�(t) ã¡ë¢ ¥â ª ­ã«î. �®áª®«ìªã '�(t) � '(t),
â® â¥®à¥¬ã 2 ¬®¦­® ¤®ª §ë¢ âì ¤«ï äã­ªæ¨¨ '�(t); ¤ «¥¥ ¥¥ ¯®-¯à¥¦­¥¬ã ¡ã¤¥¬ ®¡®§­ ç âì
'(t). �® â¥¯¥àì ['

1

2 (t)qt] | ¢®§à áâ îé ï äã­ªæ¨ï, â. ª. ['
1

2 (t)qt]0 > 0 ¢® ¢á¥å â®çª å ¤¨ää¥à¥­-
æ¨àã¥¬®áâ¨.
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�§ ¢®§à áâ ­¨ï äã­ªæ¨¨ '
1

2 (t)qt ¢ëâ¥ª ¥â

E2 =
n�1X
k=1

'
1

2 (k)qk �
Z n

1

'
1

2 (x)qx dx: (11)

�®ª ¦¥¬, çâ® ¯à¨ A = e�4

4
á¯à ¢¥¤«¨¢®

Z t

1

'
1

2 (x)qx dx � A'
1

2 (t)qt; t 2 [1;1): (12)

�à¨ ¯®¤å®¤¥ ª t á­¨§ã ­¥à ¢¥­áâ¢® (12) ®ç¥¢¨¤­®. �®íâ®¬ã ¤®áâ â®ç­® ¯®ª § âì, çâ® ¢® ¢á¥å
â®çª å ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨¨ '

'
1

2 (t)qt � A

�
1
2
'0(t)'�

1

2 (t)qt + '
1

2 (t)qt log q
�
;

çâ® à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã (¢¨¤­®¬ã ¨§ ¯®áâà®¥­¨ï äã­ªæ¨¨ ��(t))

'0(t)
'(t)

�
2
A
� 2 log q = 8e�4 � 2 log q:

�§ (11) ¨ (12) ¯®«ãç ¥¬ ®æ¥­ªã

E2 �
e�4

4
'

1

2 (n)qn:

�«ï ­ âãà «ì­ëå q ¨ m, q � 2, m > s > 0, ¨ ¤«ï ­¥¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (ak)
¯®«®¦¨â¥«ì­ëå ç¨á¥« �¨à¥«  [11] ¯®«ãç¨« ­¥à ¢¥­áâ¢®

1X
k=n+1

akq
ks(1� q�n)q

k

� (me�1)man
1

qm�s � 1
qns; n = 1; 2; : : : (13)

�à¨¬¥­ïï «¥¬¬ã �¢ àæ  ¯à¨ jzj = rn ¨ ­¥à ¢¥­áâ¢® (13) ¯à¨ ak = '
1

2 (k), m = 4 ¨ s = 1, ¯®«ãç¨¬
®æ¥­ªã

E3 =
1X

k=n+1

'
1

2 (k)qkj!(z)jq
k

�
1X

k=n+1

'
1

2 (k)qk
����1� 1

qn

����
qk

<
e�4

4
'

1

2 (n)qn:

�ç¨âë¢ ï ¯®«ãç¥­­ë¥ ®æ¥­ª¨ E1, E2 ¨ E3, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

jf 0(z)j �
e�4

4
'

1

2 (n)qn; z =
�

1�
1
qn

�
eit; jtj � ��:

�® n =
log 1

1�rn

log q
¨ log q > 1, ¯®íâ®¬ã

jf 0(z)j �
e�4

4
1

1� rn
'

1

2

� log 1
1�rn

log q

�
>
e�4

4
1

1� rn
'

1

2

�
log

1
1� rn

�
: (14)

�â® ­¥à ¢¥­áâ¢® ¯®ª §ë¢ ¥â, çâ® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï K > 0, çâ®

I2(rn; f
0) � K

1
(1� rn)2

'

�
log

1
1� rn

�
:
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� ª ª ª I2(r; f 0) ¢®§à áâ ¥â ®â­®á¨â¥«ì­® r, â® ¯à¨ rn � r � rn+1 ¯®«ãç¨¬

I2(r; f 0) � I2(rn; f 0) � K
1

(1� rn)2
'

�
log

1
1� rn

�
=

= K
1

q2(1� rn+1)2
'

�
log

1
1� rn

�
� K

1
q2(1� r)2

'

�
log

1
1� r

�
�

� K
1

q2(1� r)2
'

�
1

1� r

�
= K

1
q2(1� r)2

e'1=2

�
1

1� r

�
:

�âáî¤  ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ 1) â¥®à¥¬ë 2.
2) � á¨«ã ¯à®¨§¢®«ì­®áâ¨ � 2 (0; 1) ­¥à ¢¥­áâ¢® (14), ¤®ª § ­­®¥ ¤«ï z = rne

i�, rn = 1� 1
qn

¨
j�j < ��, ¡ã¤¥â á¯à ¢¥¤«¨¢® ¤«ï «î¡®£® � 2 (��; �). �«¥¤®¢ â¥«ì­®, íâ® ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢®
¤«ï «î¡®£® � 2 [��; �]. �âáî¤  ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ 2) â¥®à¥¬ë.

�«ï ¤®ª § â¥«ìáâ¢  3) § ¬¥â¨¬, çâ® M(r) = max
�2[0;2�]

jf 0(rei�)j ï¢«ï¥âáï ­¥ã¡ë¢ îé¥© äã­ªæ¨-

¥© ®â r. �®íâ®¬ã ¯à¨ r � rn > 0  ­ «®£¨ç­® ¯. 1) ¯®«ãç¨¬

M(r) � jf 0(rnei�)j �
1

8qe4
1

1� r2
e'1=4

�
1

1� r

�
: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �®§ì¬¥¬ ®¤­® ¨§ �, ¤«ï ª®â®àëå ¢ë¯®«­¥­® (4). �®¦­®
áç¨â âì � = 0, ¢ ¯à®â¨¢­®¬ á«ãç ¥ à áá¬®âà¨¬ äã­ªæ¨î f(ze�i�). �¡®§­ ç¨¬ W� = W�(1) ¨
�(r) = fz : jzj = rg \ W� ¤«ï ª ¦¤®£® r 2 (0; 1). �«ï � 2 �(r) ®¡®§­ ç¨¬ ç¥à¥§ 
(�) ¤ã£ã
®ªàã¦­®áâ¨, á®¥¤¨­ïîéãî r á � ¯® �(r),   ç¥à¥§ j
(�)j | ¤«¨­ã íâ®© ¤ã£¨. �®£¤ 

jf(�)� f(r)j =
����
Z

(�)

f 0(t)dt
���� �

Z

(�)

jf 0(t)j(1 � jtj2)
jdtj

1� jtj2
�

kfkB
1� r2

j
(�)j:

�®áª®«ìªã

j
(�)j � � arcsin
�

sin�
r

1� r2q
r2 � sin2 � + cos �

�
�
� tg �

2
(1� r2)

¯à¨ r, ¤®áâ â®ç­® ¡«¨§ª¨å ª 1, â® ¤«ï â ª¨å r

jf(�)� f(r)j �
1
2

(�kfkB tg � + 1) = K: (15)

�«¥¤®¢ â¥«ì­®, jf(�)j � jf(r)j+K ¨ ¯® (4)

lim sup
W�3�!1

jf(�)j
A(1� r)

� lim sup
r!1

jf(r)j+K

A(1� r)
� CkfkB: �

�§ (15) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �á«¨ f 2 B, â® ¤«ï ¯. ¢. � ¤«ï «î¡®£® ­¥ª á â¥«ì­®£® ¯ãâ¨ 
(�), ®ª ­ç¨¢ îé¥-
£®áï ¢ ei�,

lim sup
r!1

jf(rei�)j
A(1� r)

= lim sup

(�)3�!ei�

jf(�)j
A(1 � r)

� CkfkB;

£¤¥ C | ¯®áâ®ï­­ ï ¨§ â¥®à¥¬ë M.

� ¬¥â¨¬, çâ® áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª ï ¢ � äã­ªæ¨ï f , ¤«ï ª®â®à®© lim
r!1

f(rei�) = 1 ¤«ï

¯. ¢. � (­ ¯à., [19], â¥®à¥¬  �13). �¤­ ª®, ¥á«¨ f 2 B, â® ­¥ áãé¥áâ¢ã¥â â ª®£® ¬­®¦¥áâ¢  E
¯®«®¦¨â¥«ì­®© ¬¥àë, çâ® ¤«ï ¢á¥å � 2 E lim

r!1
f(rei�) = 1. �¥©áâ¢¨â¥«ì­®, ¯® ­¥à ¢¥­áâ¢ã (15)

jf(rei�)j �K � jf(�)j ¯à¨ � 2 W�(ei�), j�j = r ! 1. �®íâ®¬ã ¤«ï ¢á¥å � 2 E áãé¥áâ¢ã¥â ¯à¥¤¥«
lim

W�(ei�)3�!ei�
f(�) = 1,   ¯® â¥®à¥¬¥ �à¨¢ «®¢  ([14], £«. 10, x 2) â ª®¥ ¬­®¦¥áâ¢® E ­¥ ¬®¦¥â

¨¬¥âì ¯®«®¦¨â¥«ì­ãî ¬¥àã.
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�®ª § â¥«ìáâ¢® â¥®p¥¬ë 4. �®áâ â®ç­® ¤®ª § âì â¥®à¥¬ã ¤«ï ¬¥¤«¥­­® ã¡ë¢ îé¨å
äã­ªæ¨© ', á«¥¤®¢ â¥«ì­®, ¬®¦­® áç¨â âì, çâ®

lim
r!1

�
'

�
1

1� r

�
(A(1� r))1=2

�
= 1:

�®íâ®¬ã ¨§ (5) ¨ (6), ¯à¨¬¥­ïï (15), ¯®«ãç¨¬ (7) ¨ (8).

� ¬¥â¨¬, çâ® ¢ â¥®à¥¬¥ 4 à ¢¥­áâ¢® ¢ (7) ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¯à¨ � ! ei� ¯® «î¡®¬ã
­¥ª á â¥«ì­®¬ã ¯ãâ¨ 
(�), ®ª ­ç¨¢ îé¥¬ãáï ¢ ei�.
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