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�§¢¥áâ­® [1], çâ® à §à¥è¨¬®áâì ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ([2], x 33; [3], x 3) á¢®¤¨â-
áï ª ®âëáª ­¨î íªáâà¥¬ «ì­®© â®çª¨ ¢­ãâà¥­­¥£® à ¤¨ãá  ­¥ª®â®à®© ®¡« áâ¨. �¤¨­áâ¢¥­­®áâì
à¥è¥­¨ï ¢­¥è­¥© § ¤ ç¨ ®¡¥á¯¥ç¨¢ ¥âáï ¥¤¨­áâ¢¥­­®áâìî íªáâà¥¬ «ì­®© â®çª¨,   íâ  ¥¤¨­-
áâ¢¥­­®áâì £ à ­â¨àã¥âáï ®¯à¥¤¥«¥­­ë¬¨ ¯®¤ª« áá ¬¨ à¥£ã«ïà­ëå äã­ªæ¨©.

� ¤ ­­®© áâ âì¥ â¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨ ãáâ ­ ¢«¨¢ ¥âáï ¢ á®¡áâ¢¥­­®¬ ¯®¤ª« áá¥ §¢¥§¤®-
®¡à §­ëå äã­ªæ¨© ¨ äã­ªæ¨© á ®£à ­¨ç¥­­ë¬ ¢à é¥­¨¥¬. �â  â¥®à¥¬  áä®à¬ã«¨à®¢ ­  ¢ x 4
­  ®á­®¢¥ ¤¢ãå á®¢®ªã¯­®áâ¥© â®ç­ëå ®æ¥­®ª, ¯®«ãç¥­­ëå ¢ x x 2 ¨ 3. � x 1 ¯à¨¢®¤ïâáï ¯à¥¤-
¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï ¨ á®¯®áâ ¢«ïîâáï ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë,   ¢ ¯®á«¥¤­¥¬ x 4, ªà®¬¥ â®£®,
¯®áâ ¢«¥­ë ¯à®¡«¥¬ë ¨ ­ ¬¥ç¥­ë ¯ãâ¨ ¨å ¨áá«¥¤®¢ ­¨ï.

1.

�­¥è­ïï ®¡à â­ ï ªà ¥¢ ï § ¤ ç  ¢ ¯®áâ ­®¢ª¥ �.�. � å®¢  ([2], x 33; [3], x 3) ¨¬¥¥â à¥è¥­¨¥
¢ ¢¨¤¥

F (�) =
Z �

a
f 0(�)

�
1� �0�

� � �0

�2

d�; j�j < 1; (1)

¯à¨ç¥¬ a, jaj < 1, | ª®¬¯«¥ªá­ ï ¯®áâ®ï­­ ï, f(�) ­¥¯à¥àë¢­  ¢ § ¬ª­ãâ®¬ ªàã£¥ E, äã­ªæ¨ï
ln jF 0(ei�)j = ln jf 0(ei�)j = p(�) ¢ëà ¦ ¥âáï ç¥à¥§ ¨áå®¤­ë¥ ¤ ­­ë¥, �0 ï¢«ï¥âáï ¯®«îá®¬ äã­ªæ¨¨
F (�). �«ï ®¯à¥¤¥«¥­¨ï â®çª¨ �0 á«ã¦¨â ãà ¢­¥­¨¥

0 = ¢ëç �0F
0(�) = f 00(�0)(1� j�0j

2)2 � 2�0f
0(�0)(1� j�0j

2);

ª®â®à®¥ ¯®á«¥ ¯à®áâ®£® ¯à¥®¡à §®¢ ­¨ï ¨ ®â¡à áë¢ ­¨ï ¨­¤¥ªá  ã �0 § ¯¨è¥âáï ¢ ¢¨¤¥

f 00(�)=f 0(�) = 2�=(1 � j�j2): (2)

�à ¢­¥­¨¥ (2) ¢ â¥®à¨¨ ®¡à â­ëå ªà ¥¢ëå § ¤ ç ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �.�. � å®¢ . �¤¨­-
áâ¢¥­­®áâì à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ®§­ ç ¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ®¡à â­®© ªà ¥¢®© § -
¤ ç¨. �®«ãç¥­¨î ãá«®¢¨© ¥¤¨­áâ¢¥­­®áâ¨ ¢ ¢¨¤¥ ®£à ­¨ç¥­¨© ­  äã­ªæ¨î p(�) ¯®á¢ïé¥­ë
­¥áª®«ìª® à ¡®â, á¯¨á®ª ª®â®àëå ¯®¬¥é¥­ ¢ áâ âì¥ [4] ¨ ¢ ®¡§®à­®© à ¡®â¥ [5]. �¯®á«¥¤áâ¢¨¨
¯®ï¢¨«¨áì ­¥áª®«ìª® ¨­â¥à¥á­ëå à ¡®â, á¯¨á®ª ª®â®àëå ¯à¨¢¥¤¥­ ¢ [6]. �§ íâ®£® á¯¨áª  ¢ë¤¥-
«¨¬ áâ âìî [7] á ¨§ïé­ë¬ à¥§ã«ìâ â®¬, ª®â®àë© ¬ë áª®à® ­ ¯®¬­¨¬.

�á«®¢¨ï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¨«¨ ¥¤¨­áâ¢¥­­®áâ¨ íªá-
âà¥¬ã¬  ¢­ãâà¥­­¥£® à ¤¨ãá  ®¡« áâ¨ f(E) (E | ¥¤¨­¨ç­ë© ªàã£) (á¬. [1]) ¬®¦­® ¯®¤à §¤¥«¨âì
­  ¢­ãâà¥­­¨¥ ãá«®¢¨ï (¯® ¯®¢¥¤¥­¨î äã­ªæ¨¨ f(�)) ¨ ¢­¥è­¨¥ ãá«®¢¨ï (¯® ¯®¢¥¤¥­¨î äã­ª-
æ¨¨ F (�) á ¯à¥¤áâ ¢«¥­¨¥¬ (1)). �­¥è­¨¥ ãá«®¢¨ï ã¤®¡­® ä®à¬ã«¨à®¢ âì á ¯®¬®éìî äã­ªæ¨¨
�(!) = F (1=!), ®¯à¥¤¥«¥­­®© ¢ ®¡« áâ¨ E� = f! : j!j > 1g ¨ ¨¬¥îé¥© ¢ 1 ¯®«îá ¯¥à¢®£®
¯®àï¤ª .

�¯®¬¨­ ¢è¨©áï à¥§ã«ìâ â �.�.� áëà®¢  ¨ �.�.�®å«®¢  [7] á®áâ®¨â ¢ â¥®à¥¬¥ ¥¤¨­áâ¢¥­-
­®áâ¨ ­  ¢á¥¬ ª« áá¥ äã­ªæ¨© �(!) á® §¢¥§¤®®¡à §­ë¬ ¨«¨ á¯¨à «¥®¡à §­ë¬ ¤®¯®«­¥­¨¥¬ ¤®
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¯«®áª®áâ¨ C n�(E�) ¨ á ãá«®¢¨¥¬ �0 = 0. � ª ã¦¥ ¡ë«® ®â¬¥ç¥­® ¢ [1], ¢­ãâà¥­­ïï §¢¥§¤®®¡à §-
­®áâì ¨«¨ á¯¨à «¥®¡à §­®áâì ¤«ï äã­ªæ¨¨ f(�) ­¥ £ à ­â¨àãîâ ¥¤¨­áâ¢¥­­®áâ¨ ªà¨â¨ç¥áª®©
â®çª¨ ¢­ãâà¥­­¥£® à ¤¨ãá . � á¢ï§¨ á íâ¨¬ ¡ã¤¥â ¨­â¥à¥á­ë¬ á®¯®áâ ¢«¥­¨¥ á®®â­®è¥­¨©, ª®-
â®àë¥ ¯®«ãç îâáï ¨§ ¯à¥¤¯®«®¦¥­¨ï §¢¥§¤®®¡à §­®áâ¨ äã­ªæ¨¨

�(!) = F
�
1
!

�
=
Z 1=!

a

f 0(�)
d�

�2
(3)

¨ §¢¥§¤®®¡à §­®áâ¨ äã­ªæ¨¨ f(�). �®«ãç¨¬ â ª¨¥ ¨¬¯«¨ª æ¨¨.

1) Re
!�0(!)
�(!)

> 0 =)
!�0(!)
�(!)

= h
� 1
!

�
(Re h(�) > 0; h(0) = 1).

�¥à¥¬ «®£ à¨ä¬¨ç¥áªãî ¯à®¨§¢®¤­ãî ¨ ¯®«ì§ã¥¬áï â¥¬, çâ® ¨§ (3) á«¥¤ã¥â

!
�00(!)
�0(!)

= ��
f 00(�)
f 0(�)

; � = 1=!:

�®£¤  ¡ã¤¥¬ ¨¬¥âì

1
!
�
f 00(1=!)
f 0(1=!)

1
!2
�
1
!
h
� 1
!

�
=

h0(1=!)
h(1=!)

�
�
1
!2

�
=) ��

f 00(�)
f 0(�)

= h(�)� 1� �
h0(�)
h(�)

: (4)

2) Re
�f 0(�)
f(�)

> 0 )
�f 0(�)
f(�)

= h(�) )

)
1
�
+
f 00(�)
f 0(�)

�
f 0(�)
f(�)

=
h0(�)
h(�)

) �
f 00(�)
f 0(�)

= h(�)� 1 + �
h0(�)
h(�)

. (5)

�¨¤­®, çâ® ¢­¥è­ïï §¢¥§¤®®¡à §­®áâì (¤«ï äã­ªæ¨¨ �(!)) ¨ ¢­ãâà¥­­ïï §¢¥§¤®®¡à §­®áâì (¤«ï
äã­ªæ¨¨ f(�)) ¯à¨¢®¤ïâ ª á®®â­®è¥­¨ï¬ (4) ¨ (5), ®â«¨ç îé¨¬áï §­ ª ¬¨ ¯à¨ �h0(�)=h(�) ¨
¯à¨ �f 00(�)=f 0(�).

� ¨á¯®«ì§®¢ ­¨¥¬ ¯à¥¤áâ ¢«¥­¨ï h(�) = 1+'(�)

1�'(�)
, j'(�)j � 1, '(�) � �2 ®ª®«® � = 0, ¯®«ãç¨¬ ¨§

(4) ¨ (5) à ¢¥­áâ¢ 

��
f 00(�)
f 0(�)

=
2('2 � �2('=�)0)

1� '2
(40)

¨

�
f 00(�)
f 0(�)

=
2('2 + (�')0)

1� '2
: (50)

� ¢¥­áâ¢® (40) ¯®á«¥ ®æ¥­ª¨ ¤ ¥â����� f 00(�)f 0(�)

���� � 2
�
j'j2 + j�j2

1� j'=�j2

1� j�j2

�.
(1� j'j2) =

2j�j2

1� j�j2

¨ ¯à¨¢®¤¨â ¢ á«ãç ¥ áâà®£®£® ­¥à ¢¥­áâ¢  ª ­¥¢®§¬®¦­®áâ¨ ¢â®à®£® ª®à­ï ãà ¢­¥­¨ï (2), ªà®¬¥
�0 = 0,   ¨§ à ¢¥­áâ¢  (50) â ª®© ®æ¥­ª¨ ­¥ ¯®«ãç ¥âáï.

�â® ¦¥ ¬®¦­® ®¦¨¤ âì ®â ¢­ãâà¥­­¥© §¢¥§¤®®¡à §­®áâ¨? � ¯à¥é îé¨¥ ¯à¨¬¥àë, á¢ï§ ­­ë¥
á á®®â­®è¥­¨¥¬ (50) , ¯à¨¢®¤ïâ ª ®¯à¥¤¥«¥­­®¬ã ª®­áâàãªâ¨¢­®¬ã ¢ë¢®¤ã. �¬¥­­®, ¢®§ì¬¥¬
äã­ªæ¨î f(�), ª®â®à ï ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

�
f 0(�)
f(�)

=
1 + ��2

1� ��2
; �+ � > 0; �; � 2 R: (6)

�à¨¬¥­¨¬ ª ­¥© à¥§ã«ìâ â ¨§ ([6], â¥®à¥¬  3, á. 32): ¥á«¨ � = a | ª®à¥­ì ãà ¢­¥­¨ï � å®¢  ¨
jff; agj > 2=(1 � jaj2)2, £¤¥ ff; �g = (f 00=f 0)0 � (f 00=f 0)2=2 | è¢ àæ¨ ­ äã­ªæ¨¨ f(�), â® ¢­¥è­ïï
®¡à â­ ï ªà ¥¢ ï § ¤ ç  ¨¬¥¥â ­¥ ¬¥­¥¥ ¤¢ãå áãé¥áâ¢¥­­® à §«¨ç­ëå à¥è¥­¨©. �®áª®«ìªã ¤«ï
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¯à¨¬¥à  (6) jff; 0gj = 3(� + �), â® ¯à¨ � + � > 2=3 ¥¤¨­áâ¢¥­­®áâ¨ ­ ¢¥à­ïª  ­¥ ¡ã¤¥â. �áâ¥-
áâ¢¥­­® ¯®á¬®âà¥âì, ¡ã¤¥â «¨ á®åà ­ïâìáï íää¥ªâ ¥¤¨­áâ¢¥­­®áâ¨, ª®â®àë© ¯à¨áãé ¯à¨¬¥àã
(6) á � + � < 2=3, ¨ ¢ ®¡é¥¬ á«ãç ¥ ¤«ï ¯®¤ç¨­¥­¨ï � f

0(�)
f(�)

� 1+��
1���

, ª®£¤  � + � < 2=3. �«ï
à¥è¥­¨ï íâ®£® ¢®¯à®á  ­ã¦­ë ®æ¥­ª¨, ª®â®àë¥ ¡ã¤ãâ ­ ©¤¥­ë ¢ x 3,   ¢ x 2 ¨áá«¥¤ã¥âáï ¡®«¥¥
¯à®áâ®¥ ¯®¤ç¨­¥­¨¥ á f 0(�) ¢ «¥¢®© ç áâ¨. �ë¢®¤ë ® ¥¤¨­áâ¢¥­­®áâ¨ ¡ã¤ãâ á¤¥« ­ë ¢ x 4.

2.

�ãáâì ¢ ªàã£¥ E = f� : j�j < 1g ¤«ï äã­ªæ¨¨

f(�) = � + a3�
3 + a4�

4 + � � � ; (7)

â. ¥. a2 = 0 (¨, ª ª ®¡ëç­®, a0 = 0, a1 = 1), ¢ë¯®«­ï¥âáï ¯®¤ç¨­¥­¨¥

f 0(�) � T (�; �; �) =
1 + ��

1� ��
(8)

¯à¨ �; � 2 (�1; 1] ¨
�� � 1
�� 1

�� = �+ � > 0. � ¯«®áª®áâ¨ �+ i� ­ ©¤¥¬ £à ­¨æã ®¡« áâ¨ Dm, ª®â®à ï
®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥ ¨¬¯«¨ª æ¨¨

ff 0(�) � T (�; �; �); �+ i� 2 Dmg =)
����f 00(�)f 0(�)

���� � 2mj�j
1� j�j2

; 0 �m � 2: (9)

�á«®¢¨¥ ¯®¤ç¨­¥­¨ï (8) à ¢­®á¨«ì­® ¯à¥¤áâ ¢«¥­¨î

f 0(�) =
1 + �'(�)
1� �'(�)

;

¯à¨ç¥¬ j'(�)j � 1 ¨ '(�) � �2 ¢ ®ªà¥áâ­®áâ¨ � = 0, ¥á«¨ äã­ªæ¨ï f(�) ¨¬¥¥â à §«®¦¥­¨¥ (7)
á a2 = 0 ¨ ¯®íâ®¬ã f 0(�) = 1 + 3a3�2 + 4a4�3 + � � � . �§ï¢ «®£ à¨ä¬¨ç¥áªãî ¯à®¨§¢®¤­ãî ®â
¯à¥¤áâ ¢«¥­¨ï f 0(�), ¡ã¤¥¬ ¨¬¥âì

f 00

f 0
=

(� + �)'0

(1 + �')(1 � �')
:

�®á«¥ ®æ¥­ª¨ á ¯à¨¬¥­¥­¨¥¬ ­¥à ¢¥­áâ¢ j'0(�)j � 2j�j(1 � j'j2)=(1 � j�j4) ¨ j'j � j�j2 ([8], £«. 8,
x 1) ¯®«ãç¨¬����f 00(�)f 0(�)

���� � 2(� + �)j�j(1� j'j2)=(1 � j�j4)
j1 + �'j j1 � �'j

�

�
2(� + �)j�j
1� j�j2

1 + j'j
1 + j�j2

1� j'j
(1 + �Re')(1 � �Re')

�
2j�j

1� j�j2
g(Re'); (10)

£¤¥ ®¡®§­ ç¥­®

g(t) � g(�; �; t) =
(�+ �)(1 � jtj)
(1 + �t)(1� �t)

= (1� jtj)
�

�

1 + �t
+

�

1� �t

�
: (11)

�à¨ ¯¥à¥å®¤¥ ª ¯®á«¥¤­¥¬ã ­¥à ¢¥­áâ¢ã ¢ (10) ¨á¯®«ì§®¢ ­®, çâ® jRe'j � j'j ¨ ¯®íâ®¬ã 1�j'j �
1� jRe'j. �¥¯¥àì ­ã¦­® ®æ¥­¨âì äã­ªæ¨î g(t) ¯à¨ t = Re' 2 [�1; 1].

�­ ç «¥ ¯®ª ¦¥¬, çâ® g(t) � g(0) = �+ � ¯à¨ � > 0 ¨ � > 0. �«ï íâ®£® ¢ëç¨á«¨¬ g0(t) ¯à¨
t < 0. �à¨ t > 0 ¬®¦­® ¢®á¯®«ì§®¢ âìáï ç¥â­®áâìî äã­ªæ¨¨ g(t) ¢ â ª®¬ á¬ëá«¥

g(�; �; t) = g(�; �;�t) =) g0(�; �; t) = �g0(�; �;�t): (12)

� (11) 1� jtj = 1 + t ¯à¨ t < 0 ¨ ¯®íâ®¬ã

g0(t) =
�(1� �)
(1 + �t)2

+
�(1 + �)
(1� �t)2

:
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�á«¨ 0 < � < 1 ¨ 0 < � < 1, â® g0(t) > 0 ¯à¨ t 2 (�1; 0) ¨ ¢ á¨«ã (12) g0(t) < 0 ¯à¨ t 2 (0; 1).
�­ ç¨â, äã­ªæ¨ï g(t) ¢®§à áâ ¥â ¯à¨ �1 � t � 0 ®â g(�1) = 0 ¤® g(0) = � + � ¨ ã¡ë¢ ¥â ¯à¨
0 � t � 1 ®â g(0) = �+ � ¤® g(1) = 0. �®íâ®¬ã max

[�1;1]
g(t) = g(0) = �+ � ¨ £à ä¨ç¥áª¨ g(t) ¡ã¤¥â

¢ë£«ï¤¥âì ¢ ä®à¬¥ è«¥¬  ­ ¤ ®âà¥§ª®¬ [�1; 1].
� áá¬®âà¥­­ë© á«ãç © �; � 2 (0; 1) á®®â¢¥âáâ¢ã¥â â®¬ã, çâ® ¢ ¯«®áª®áâ¨ �+ i� ¡¥à¥âáï ¢­ã-

âà¥­­®áâì ª¢ ¤à â  á ¢¥àè¨­ ¬¨ 0; 1; 1 + i; i. �çâ¥¬ ¤®¯®«­¨â¥«ì­® â ª¨¥ ¯®¤ç¨­¥­¨ï

T (k�; k�; �) = T (�; �; k�) � T (�; �; �) (0 < k < 1) ¨ T (�1; 1; �) � T (�2; 1; �) (�1 < �2);

T (1; �1; �) � T (1; �2; �) (�1 < �2):

�¥à¢®¥ ¯®¤ç¨­¥­¨¥ ®ç¥¢¨¤­®. �â®à®¥ ¨ âà¥âì¥ ¯®¤ç¨­¥­¨ï «¥£ª® ¯à®¢¥àïîâáï ¨ á«¥¤ãîâ ¨§
­¥à ¢¥­áâ¢

T (�1; 1; 1) < T (�2; 1; 1) () 1� �1 > 1� �2;

T (1; �1;�1) > T (1; �2;�1) () 1� �1 > 1� �2:

�®íâ®¬ã ¤®ª § ­­®¥ ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ­¥ â®«ìª® ¢ ®â¬¥ç¥­­®¬ ª¢ ¤à â¥, ­® ¨ ¢® ¢á¥¬
âà¥ã£®«ì­¨ª¥ á ¢¥àè¨­ ¬¨ ¢ â®çª å 1 � i, 1 + i, �1 + i á â ª®© ®£®¢®àª®©. �«ï â®ç¥ª âà ¯¥æ¨¨
Dm á ¢¥àè¨­ ¬¨ 1� i, 1 + i(m� 1), m� 1 + i, �1 + i ¡ã¤¥â á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

g(t) � m; 1 < m < 2; (13)

¯à¨ç¥¬ §­ ª à ¢¥­áâ¢  ®áãé¥áâ¢«ï¥âáï â®«ìª® ¢ â®çª å ®âà¥§ª , «¥¦ é¥£® ­  ¯àï¬®© á ãà ¢­¥-
­¨¥¬ �+� = m ¨ á®¥¤¨­ïîé¥£® â®çª¨ 1+ i(m�1) ¨ m�1+ i. �® ¢á¥å ¤àã£¨å â®çª å § ¬ª­ãâ®©
âà ¯¥æ¨¨ Dm ­¥à ¢¥­áâ¢® (13) ¬®¦­® ã«ãçè¨âì. �­ ª à ¢¥­áâ¢  ¤®áâ¨£ ¥âáï ¢ ª ¦¤®© â®ç-
ª¥ ãª § ­­®£® ®âà¥§ª , â. ª. g(0) = � + � = m. �¥à ¢¥­áâ¢® (13) ¯à¨¢®¤¨â ª ®æ¥­ª¥, ª®â®à ï
¯à®¤®«¦ ¥â ­¥à ¢¥­áâ¢® (10),����f 00(�)f 0(�)

���� � 2mj�j
1� j�j2

; �+ i� 2 Dm (f 0(�) � T (�; �; �)): (14)

�æ¥­ª  á á ¬ë¬ ¡®«ìè¨¬ ª®íää¨æ¨¥­â®¬ 4 ¤®áâ¨£ ¥âáï ¯à¨ � = � = 1 (m = 2). �®¯ãâ­®
§ ¬¥â¨¬, çâ® âà ¯¥æ¨ï Dm ¯à¨ m ! 2 ¯à¥¢à é ¥âáï ¢ âà¥ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ 1 � i, 1 + i,
�1 + i. � â®çª å âà ¯¥æ¨¨ D1 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (14) á ª®íää¨æ¨¥­â®¬ 2, ¨¬¥­­®,����f 00(�)f 0(�)

���� � 2j�j
1� j�j2

: (15)

�áá«¥¤ã¥¬ â¥¯¥àì á«ãç ¨ �+� = m, 0 < m < 1, â. ¥. ª®£¤  � ¨ � ¬®£ãâ ¡ëâì ®âà¨æ â¥«ì­ë¬¨.
�à®á«¥¤¨¬ §  §­ ª ¬¨ g0(�1 + 0), g0(�0); g0(+0), g0(1 � 0). �¥âàã¤­ë© áç¥â ¯à¨¢®¤¨â ª â ª¨¬
¢ë¢®¤ ¬

1) g0(�1 + 0) = �+�
(1+�)(1��)

> 0 ¯à¨ �1 < � < 1, �1 < � < 1 ¨ �+ � > 0;
2) g0(�0) = �(1 � �) + �(1 + �) = (� + �)(� � � + 1) ¨ §­ ª g0(�0) ®¯à¥¤¥«ï¥âáï §­ ª®¬

¢ëà ¦¥­¨ï � � � + 1: ¢ â®çª å ®âà¥§ª , á®¥¤¨­ïîé¥£® �1 ¨ i, g0(�0) = 0, ¯® ¯à ¢ãî áâ®à®­ã
®âà¥§ª  g0(�0) > 0, ¯® «¥¢ãî áâ®à®­ã ®âà¥§ª  g0(�0) < 0;

3) ª®£¤  ª®¬¯«¥ªá­ë© ¯ à ¬¥âà � + i� ä¨ªá¨à®¢ ­ ­  ¨­â¥à¢ «¥ (1 + i(m � 1);m � 1 + i)
¬¥¦¤ã â®çª ¬¨ m�1

2
+ im+1

2
¨ m� 1 + i (ª ª à § ¯® «¥¢ãî áâ®à®­ã ®âà¥§ª , á®¥¤¨­ïîé¥£® �1 ¨

i), â® ¢ á¨«ã g0(�1 + 0) > 0 ¨ g0(�0) < 0 ¯®ï¢«ï¥âáï g0(�) = 0, �1 < � < 0, | á«ãç © 1�;
4)  ­ «®£¨ç­® 2) ¯®ï¢«ï¥âáï ®âà¥§®ª, á®¥¤¨­ïîé¨© �i ¨ 1, ¢ â®çª å ª®â®à®£® g0(+0) = 0; ¯®

¯à ¢ãî áâ®à®­ã íâ®£® ®âà¥§ª  ¢ â®çª å ¨­â¥à¢ « 
�
m+1
2

+ im�1
2
; 1 + i(m � 1)

�
¨¬¥¥¬ g0(+0) > 0

¨ ¢ á¨«ã g0(1� 0) < 0 ( ­ «®£¨ç­® 1)) ¯®ï¢¨âáï g0(�) = 0, 0 < � < 1, | á«ãç © 2�.
� á«ãç ¥ 1� ¯®«ãç¨¬ ¯à¨ � > 0, � < 0 ¨¬¯«¨ª æ¨¨

g0(�) = 0 =)
�(1� �)
(1 + ��)2

+
�(1 + �)
(1� ��)2

= 0 =)
1 + ��

1� ��
=

s
�
�(1� �)
�(1 + �)

def= 
 =) � =

 � 1
�
 + �

:
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�®áç¨â ¥¬

(�+ �)g(�) = (�+ �)2
�
1 +


 � 1
�
 + �

��
1 +

�
 � �

�
 + �

��1�
1�

�
 � �

�
 + �

��1

=

= (�+ �
�1)[(1 + �)
 � (1� �)] = �(1 + �)
 � �(1� �)
�1 � �(1 � �) + �(1 + �) =

= (
q
�(1 + �)�

q
��(1� �) )2 = ��+ 2�� + � � 2

q
��(1 + �)�(1 � �) :

�«ï § ¯¨á¨ ãà ¢­¥­¨ï «¨­¨¨ (®¡®§­ ç¨¬ ¥¥ LM ), ¢ â®çª å ª®â®à®© g(�) = M , ¯à¥®¡à §ã¥¬
¢ëà ¦¥­¨¥ (�+ �)g(�) =M(�+ �) ª ¢¨¤ã (1�M)� � (1 +M)�+2�� = 2

p
��(1 + �)�(1 � �) ¨

¯®á«¥ ¢®§¢¥¤¥­¨ï ¢ ª¢ ¤à â ¨ ¢ë¤¥«¥­¨ï ¬­®¦¨â¥«ï �+ � ¨¬¥¥¬

f�[(1 +M)2 � 4M�] + (1�M)2�g(�+ �) = 0:

�âáî¤ 

LM : � =
(1 +M)2�

4M�� (1�M)2
: (16)

�â  «¨­¨ï á®¥¤¨­ï¥â â®çªã M�1
2

+ iM+1
2

¨ â®çªã �1 + i. �à®¨§¢®¤­ ï d�
d�

ï¢«ï¥âáï §­ ª®¯®áâ®-

ï­­®©, d�
d�

= � (1�M2)2

[4M��(1�M)2]2
< 0, ¨ ¬¥­ï¥âáï ®â d�

d�

���
�=�1

= �
�
1�M
1+M

�2
¤® d�

d�

���
�=M�1

2

= �1. �à¨

¨§¬¥­¥­¨¨M ®â 0 ¤® 1 «¨­¨ï LM ¡ã¤¥â ¤¢¨£ âìáï ¨§ ¯®«®¦¥­¨ï L0 = f� = ��; �1 < � < �1=2g
¢ ¯®«®¦¥­¨¥ L1 = f� = 1; �1 < � < 0g, § ¬¥â ï âà¥ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ �1 + i, �1=2 + i=2, i.

� á«ãç ¥ 2�  ­ «®£¨ç­ë¥ «¨­¨¨ eLM á ãà ¢­¥­¨ï¬¨

� =
(1�M)2�

4M�� (1 +M)2

¡ã¤ãâ § ¬¥â âì âà¥ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ ¢ â®çª å 1� i, 1, 1=2� i=2.
�¥âàã¤­® ¯®ª § âì, çâ® g(�) > g(0) ¤ ¥â ¬ ªá¨¬ã¬ g(t) ­  [�1; 1] ¢ á«ãç ïå 1� ¨ 2�, ¯à¨ç¥¬

íâ¨ ¬ ªá¨¬ã¬ë ¤®áâ¨£ îâáï ­  äã­ªæ¨ïå á f 00(�) =
1+��2

1���2
.

�ä®à¬ã«¨àã¥¬ ¨â®£®¢ë© à¥§ã«ìâ â.

�¥®à¥¬  1. �¡« áâ¨ Dm ¢ ¯«®áª®áâ¨ � + i�, £¤¥ ¢ë¯®«­ï¥âáï ¨¬¯«¨ª æ¨ï (9), ¯à¥¤áâ -
¢«ïîâ á®¡®© âà ¯¥æ¨¨ á ¢¥àè¨­ ¬¨ 1� i, 1 + i(m� 1), m� 1 + i, �1 + i, ª®£¤  1 � m < 2 (¯à¨
m = 2 ¯®«ãç ¥âáï âà¥ã£®«ì­¨ª), ¨ ªà¨¢®«¨­¥©­ë¥ âà ¯¥æ¨¨ á ¯àï¬®«¨­¥©­ë¬¨ ®á­®¢ ­¨ï¬¨�
m�1
2

+ im+1
2
; m+1

2
+ im�1

2

�
, [�1+ i; 1� i] ¨ ¡®ª®¢ë¬¨ ªà¨¢®«¨­¥©­ë¬¨ áâ®à®­ ¬¨ Lm, eLm, ª®£¤ 

0 < m < 1. � áè¨à¨âì íâ¨ ®¡« áâ¨ ­¥«ì§ï, â. ª. §­ ª¨ à ¢¥­áâ¢  ¢ (9) ®áãé¥áâ¢«ïîâáï ­ 

äã­ªæ¨ïå á f 00(�) =
1+��2

1���2
.

3.

�ãáâì ¢ ªàã£¥ E ¤«ï äã­ªæ¨¨ f(�) á à §«®¦¥­¨¥¬ (7) ¢ë¯®«­ï¥âáï ¯®¤ç¨­¥­¨¥

�
f 0(�)
f(�)

� T (�; �; �) =
1 + ��

1� ��
(17)

¯à¨ �+ � > 0 ¨ �; � 2 (�1; 1]. � ¯«®áª®áâ¨ �+ i� ­ ©¤¥¬ £à ­¨æã ®¡« áâ¨ Gm, ª®â®à ï ®¡¥á¯¥-
ç¨¢ ¥â ¢ë¯®«­¥­¨¥ ¨¬¯«¨ª æ¨¨�

�
f 0(�)
f(�)

� T (�; �; �); �+ i� 2 Gm

�
=)

����f 00(�)f 0(�)

���� � 3mj�j
1� j�j2

; 0 � m � 2: (18)

�áá«¥¤®¢ ­¨¥ ¯®áâ ¢«¥­­®© § ¤ ç¨ ¯à®¢¥¤¥¬ ¯® ¯« ­ã x 2 á á®åà ­¥­¨¥¬  ­ «®£¨ç­ëå ®¡®§­ -
ç¥­¨© ¤«ï ¯à®áâ®âë á®¯®áâ ¢«¥­¨ï à¥§ã«ìâ â®¢.
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�á«®¢¨¥ ¯®¤ç¨­¥­¨ï (18) à ¢­®á¨«ì­® ¯à¥¤áâ ¢«¥­¨î

�
f 0(�)
f(�)

=
1 + �'(�)
1� �'(�)

def= h(�); (19)

¯à¨ç¥¬ j'(�)j � 1 ¨ '(�) � �2, ¥á«¨ äã­ªæ¨ï f(�) ¨¬¥¥â à §«®¦¥­¨¥ (7) ¨ ¯®íâ®¬ã f 0(�) =
1 + 3a3�2 + � � � . �§ï¢ «®£ à¨ä¬¨ç¥áªãî ¯à®¨§¢®¤­ãî ®â ¯à¥¤áâ ¢«¥­¨ï (19), ¡ã¤¥¬ ¨¬¥âì

1
�
+
f 00(�)
f 0(�)

�
f 0(�)
f(�)

=
h0(�)
h(�)

=) �
f 00(�)
f 0(�)

= h(�)� 1+ �
h0(�)
h(�)

= (�+�)
�

�'0

(1 + �')(1 � �')
+

'

1� �'

�
:

�âáî¤   ­ «®£¨ç­® ®æ¥­ª¥ (10) ¯®«ãç¨¬����� f 00(�)f 0(�)

���� � (�+ �)
�
j�j 2j�j(1 � j'j2)(1 � j�j4)�1

j1 + �'j j1 � �'j
+

j�j2

j1� �'j

�
=

=
(�+ �)j�j2

1� j�j2

�
2(1� j'j)

j1 + �'j j1 � �'j

1 + j'j
1 + j�j2

+
1� j�j2

j1� �'j

�
�

j�j2

1� j�j2
g(t); (20)

£¤¥ g(t) = g(�; �; t) � j� + �j
�

2(1�jtj)
(1+�t)(1��t)

+ 1�jtj
1��t

�
, t = Re' 2 [�1; 1],   §­ ª ã � + � ¬®¦­® ­¥

®£®¢ à¨¢ âì. �à¥¤áâ ¢¨¢ äã­ªæ¨î g(t) ¢ ¢¨¤¥

g(t) = (1� jtj)
�

2�
1 + �t

+
3�+ �

1� �t

�
(21)

¯à¨ �+� > 0 (¨«¨ [�g(t)] ¢ â ª®¬ ¦¥ ¢¨¤¥ ¯à¨ �+� < 0), ¯à®¢¥¤¥¬ ¥¥ ®æ¥­ªã ¯®á«¥ ¢ëç¨á«¥­¨ï
¯à®¨§¢®¤­®©. �á¯®«ì§ã¥¬ ¯à¨ íâ®¬ á¨¬¬¥âà¨î

g(�; �; t) = g(��;��;�t) =) g0(a; �; t) = �g0(��;��;�t):

�à¨ t < 0 ¯®«ãç¨¬

g0(t) =
2�(1� �)
(1 + �t)2

+
(3�+ �)(1 + �)

(1� �t)2
;

 ­ «®£¨ç­® ¯à¨ t > 0

g0(t) = �
2�(1 + �)
(1 + �t)2

�
(3� + �)(1� �)

(1� �t)2
:

�á«¨ 0 < � < 1 ¨ 0 < � < 1, â® g0(t) > 0 ¤«ï t < 0 ¨ g0(t) < 0 ¤«ï t > 0. �â® §­ ç¨â, çâ®
äã­ªæ¨ï g(t) ¬®­®â®­­® ¬¥­ï¥âáï ­  ¨­â¥à¢ « å (�1; 0), (0; 1), ¨ ¤®áâ¨£ ¥â max

t2[�1;1]
g(t) = g(0) =

3(� + �). � ¬®¥ ¡®«ìè®¥ §­ ç¥­¨¥ íâ®â ¬ ªá¨¬ã¬ ¯à¨­¨¬ ¥â ¯à¨ � = � = 1 ¨ à ¢¥­ 6, á ¬®¥
¬ «®¥ §­ ç¥­¨¥ ¯®«ãç ¥âáï ¯à¨ �+ � = 0 ¨ à ¢­® ®­® ­ã«î.

� ©¬¥¬áï â¥¯¥àì á«ãç ï¬¨, ª®£¤  � ¨«¨ � áâ ­®¢ïâáï ®âà¨æ â¥«ì­ë¬¨. �à®á«¥¤¨¬ §  §­ -
ª ¬¨ g0(�1 + 0), g0(1� 0), g0(�0) ¨ g0(+0). �¥âàã¤­ë© áç¥â ¤ ¥â â ª¨¥ à¥§ã«ìâ âë

1) g0(�1 + 0) = (�+�)(3��)

(1��)(1+�)
> 0 ¯à¨ �+ � > 0, �1 < � < 1, �1 < � < 1;

2) g0(1� 0) = � (�+�)(3+�)

(1+�)(1��)
< 0 ¯à¨ â¥å ¦¥ � ¨ �;

3) g0(�0) = 2�(1� �) + (3�+ �)[(1� �) + �+ �] = (�+ �)(3�� 2� + 3), ¯®íâ®¬ã §­ ª g0(�0)
®¯à¥¤¥«¨âáï §­ ª®¬ ¢ëà ¦¥­¨ï 3� � 2� + 3: g0(�0) = 0 ¢ â®çª å ¯àï¬®© � = 3

2
� + 3

2
,

á®¥¤¨­ïîé¥© â®çª¨ �1 ¨ �1=3 + i; ¯® «¥¢ãî áâ®à®­ã íâ®© ¯àï¬®© g0(�0) < 0, ¯® ¯à ¢ãî
áâ®à®­ã íâ®© ¯àï¬®© ¨¬¥¥¬ g0(�0) > 0;

4) g0(+0) = �2�(1+�)�(3�+�)[(1+�)����] = �(�+�)(2��3�+3), ¯®íâ®¬ã g0(+0) = 0 ¢
â®çª å ¯àï¬®© � = 3

2
�� 3

2
, á®¥¤¨­ïîé¥© â®çª¨ 1=3� i ¨ 1, ¯® «¥¢ãî áâ®à®­ã íâ®© ¯àï¬®©

g0(+0) < 0, ¯® ¯à ¢ãî áâ®à®­ã ¯àï¬®© ¯®«ãç¨¬ g0(+0) > 0.
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�â¤¥«ì­® ®â¬¥â¨¬ ¯®¢¥¤¥­¨¥ g(t) ¯à¨ � = 1, �1 < � < 1 ¨ ¯à¨ � = 1, �1 < � < 1. �à¨ � = 1
¨ � < 0 ¨¬¥¥¬ ¤«ï t > 0 ¢ëà ¦¥­¨¥

g(t) = (1� t)
�

2�
1 + �t

+
3 + �

1� t

�
= 2�

1� t

1 + �t
+ 3 + �:

�®áª®«ìªã g0 = � 2�(1+�)
(1+�t)2

> 0 ¯à¨ �1 < � < 0, â® max
[0;1]

g(t) = g(1) = 3 + � > 3 + 3� = g(0). �à¨

t 2 (�1; 0) á ¨á¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢ � < 0 ¨ t < �t ¯®«ãç¨¬ g(t) = (1+t)
�

2�
1+�t

+ 3+�
1�t

�
< 3+�.

�«¥¤®¢ â¥«ì­®, max
[�1;1]

g(t) = g(1).

�à¨ � = 1 ¨ � < 0 ¨¬¥¥¬ ¤«ï t < 0 ¢ëà ¦¥­¨¥

g(t) = (1 + t)
�

2
1 + t

+
3� + 1
1� �t

�
= 2 +

(1 + 3�)(1 + t)
1� �t

:

�®áª®«ìªã g0 = (1 + 3�) 1+�
(1��t)2

< 0 ¯à¨ � < �1=3, â® max
[�1;0]

g(t) = g(�1) = 2. �à¨ t 2 (0; 1)

¯®«ãç¨¬ g(t) = (1 � t)
�

2
1+t

+ 1+3�
1��t

�
< 2 1�t

1+t
< 2, ¥á«¨ 1 + 3� < 0. �®íâ®¬ã max

[�1;1]
g(t) = g(�1) = 2

¯à¨ � = 1 ¨ �1 < � < �1=3. �à¨ � = 1 ¨ �1=3 � � < 0 (ª ª ¨ ¯à¨ 0 � � � 1) ¨¬¥¥¬
max
[�1;1]

g(t) = 3 + 3� = 3(1 + �).

�®á¬®âà¨¬, ª ª¨¬ ¡ã¤¥â max
[�1;1]

g(t), ª®£¤  �+ i� ­ å®¤¨âáï ­  â®© ç áâ¨ ¯àï¬®© á ãà ¢­¥­¨¥¬

�+ � = m, 0 < m < 1, ª®â®à ï á®¥¤¨­ï¥â â®çª¨ 3+2m
5
� i 3(1�m)

5
¨ 1� i(1 �m). � ª ª ª ¯à¨ íâ¨å

�+ i� ã¦¥ ¨¬¥«¨ g0(+0) > 0 ¨ g0(1� 0) < 0, â® ¡ã¤¥â áãé¥áâ¢®¢ âì â®çª  � , 0 < � < 1, ¢ ª®â®à®©
g0(�) = 0 ¨ ª®â®à ï ¡ã¤¥â â®çª®© ¬ ªá¨¬ã¬  g(t). � ©¤¥¬ ¢­ ç «¥ â®çªã � ,   ¯®â®¬ ¨ á ¬ íâ®â
¬ ªá¨¬ã¬.

�®áª®«ìªã � > 0, � > 0 ¨ � < 0, â®

g0(�) = 0 =)
(3�+ �)(1 � �)

(1� ��)2
= �

2�(1 + �)
(1� ��)2

=)

=)
1 + ��

1� ��
=

s
�

2�(1 + �)
(3�+ �)(1 � �)

def= 
 =) � =

 � 1
�
 + �

:

�«ï ¢ëç¨á«¥­¨ï ¬ ªá¨¬ «ì­®£® §­ ç¥­¨ï ¯®á«¥¤®¢ â¥«ì­® ¯®«ãç¨¬

g(�) = (1� �)
�

2�
1 + ��

+
3�+ �

1� ��

�
=

1
�+ �

[1 + � � 
(1� �)](2�
�1 + 3�+ �) =

=
1

�+ �
[2�(1 + �)
�1 � (3� + �)(1� �)
 + 2�(1 � �) + (3�+ �)(1 + �)] =

=
1

�+ �
(
q
(1 + �)(3� + �) �

q
�2�(1� �) )2:

� ©¤¥¬ â® £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª � + i�, ¤«ï ª®â®àëå g(�) = M , 0 < M < 1. �®á«¥
­¥âàã¤­ëå ¢ëç¨á«¥­¨© ¨§ ¢ëà ¦¥­¨ï

(1 + �)(3� + �)� 2�(1 � �) �M(� + �) = 2
q
�2�(1 + �)(3� + �)(1 � �)

¢ë¢¥¤¥¬ à ¢¥­áâ¢®

(� + �)f�3 + �2(�� 2M + 6) + �[(�10M + 6)�+M 2 + 2M + 9] + (M � 3)2�g = 0;

®âªã¤  á«¥¤ã¥â � = 0 ¯à¨ M = 3 ¨ ¯à¨ M 6= 3

� = ��
�2 + (6� 2M)� +M 2 + 2M + 9
�2 + (6� 10M)� + (M � 3)2

: (22)
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�®«ãç¨«¨ ãà ¢­¥­¨¥ â®© «¨­¨¨, ¢ â®çª å ª®â®à®© g(�(�; �)) =M . �â  £« ¤ª ï «¨­¨ï ¯à®å®-
¤¨â ç¥à¥§ â®çª¨ 0 ¨ 1� i. �­  ï¢«ï¥âáï ¢ë¯ãª«®© ªà¨¢®© ¢ ­ ¯à ¢«¥­¨¨ ®á¨ �: ¯à¨ ä¨ªá¨à®¢ ­-
­®¬ §­ ç¥­¨¨ � ¯®«ãç ¥¬ ®¤­® §­ ç¥­¨¥ �; ¯àï¬ë¬¨ «¨­¨ï¬¨ �+� = l íâ  ªà¨¢ ï ¯¥à¥á¥ª ¥âáï
¢ ¤¢ãå â®çª å, ¢ ®¤­®© â®çª¥ (â. ¥. ª á ¥âáï) ¨«¨ ­¥ ¯¥à¥á¥ª ¥âáï. � á ­¨¥ ¯®«ãç ¥âáï ¯à¨
l =M=3. �¥©áâ¢¨â¥«ì­®, ¯®á«¥ ¯®¤áâ ­®¢ª¨ � =M=3 � � ¨§ (22) ¢ë¯¨è¥¬

(�� +M=3)[�2 + (6� 10M)� +M 2 � 6M + 9] = ��[�2 + (6� 2M)� +M 2 + 2M + 9]

¨ ¯®á«¥ ¯à®áâëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬

[5� � (M � 3)]2M=3 = 0 =) � = �
3�M

5
=) � =

M

3
+
3�M

5
=
9 + 2M
15

:

�â  â®çª  ª á ­¨ï ª ª à § à á¯®«®¦¥­  ­  ¯àï¬®© � = 3
2
�� 3

2
.

�à¨ ¨§¬¥­¥­¨¨ M ®â 0 ¤® 3 ãç áâª¨ «¨­¨¨ LM á ãà ¢­¥­¨¥¬ (22) § ¬¥â îâ âà¥ã£®«ì­¨ª á
¢¥àè¨­ ¬¨ ¢ â®çª å 3=5� i3=5, 1� i, 1.

�­ «®£¨ç­® ¨áá«¥¤ã¥âáï á«ãç ©, ª®£¤  � < 0, 3� + � < 0 ¨ � > 0. �«ï ®¯à¥¤¥«¥­¨ï ­ã«ï
¯à®¨§¢®¤­®© à¥è ¥¬ ãà ¢­¥­¨¥

�
2�(1 � �)
(1 + ��)2

=
(3� + �)(1 + �)

(1� ��)2
=)

1 + ��

1� ��
=

s
�

2�(1� �)
(3�+ �)(1 + �)

def= 
 =) � =

 � 1
�
 + �

:

�®â®¬ ­ å®¤¨¬ g(�) ¨ ®¯à¥¤¥«ï¥¬ £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢-
­¥­¨î g[�(�; �)] = M . �â® £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª, ®¡®§­ ç ¥¬®¥ ç¥à¥§ eLM , á®®â¢¥âáâ¢ã¥â
¯à¥®¡à §®¢ ­­®¬ã ãà ¢­¥­¨î ¢ ¢¨¤¥

� = ��
�2 � (6 + 2M)� +M 2 � 2M + 9
�2 � (6 + 10M)� + (M + 3)2

: (23)

�ç áâª¨ «¨­¨¨ eLM á ãà ¢­¥­¨¥¬ (23) § ¬¥â îâ âà¥ã£®«ì­¨ª á ¢¥àè¨­ ¬¨ �3=5+ i3=5, �1=3+ i,
�1 + i, ª®£¤  M ¬¥­ï¥âáï ®â 2 ¤® 0.

�âëª®¢ª  ®âà¥§ª , «¥¦ é¥£® ­  ¯àï¬®© � + � = m, ¢ â®çª å ª®â®à®£® max
[�1;1]

g(t) = 3m, ¯à®-

¨áå®¤¨â á «¨­¨¥© L3m ¢ â®çª¥ 3+2m
5
� i 3(1�m)

5
¯àï¬®© � = 3

2
�� 3

2
(¯à¨ 0 < m < 1) ¨ á «¨­¨¥© eL3m

¢ â®çª¥ � 3+2m
5

+ i 3(1�m)

5
¯àï¬®© � = 3

2
�+ 3

2
(¯à¨ 0 < m < 2=3).

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¬ ªá¨¬ «ì­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ g(t) ¯à¨ t 2 [�1; 1] ¡ã¤ãâ ¤®áâ¨-
£ âìáï â¥¬¨ äã­ªæ¨ï¬¨, ª®â®àë¥ ¯®à®¦¤¥­ë à ¢¥­áâ¢®¬

�
f 00(�)
f0(�)

=
1 + ��2

1� ��2
: (24)

�ä®à¬ã«¨àã¥¬ £« ¢­ë¥ ¨§ ¯®«ãç¥­­ëå ãâ¢¥à¦¤¥­¨©.

�¥®à¥¬  2. �¡« áâ¨ Gm, £¤¥ ¢ë¯®«­ï¥âáï ¨¬¯«¨ª æ¨ï (18), ¯à¥¤áâ ¢«ïîâ á®¡®© âà ¯¥-

æ¨¨ á ¢¥àè¨­ ¬¨ 1 � i, 1 + i(m � 1), m � 1 + i, �1 + i, ª®£¤  1 � m < 2 (¯à¨ m = 2, â. ¥. ¯à¨
� = � = 1, ¯®«ãç ¥âáï âà¥ã£®«ì­¨ª), ¨ ªà¨¢®«¨­¥©­ë¥ âà ¯¥æ¨¨ á ¯àï¬®«¨­¥©­ë¬¨ ®á­®¢ -

­¨ï¬¨
h
m� 1 + i; 2m+3

5
+ i 3(m�1)

5

i
, [�1 + i; 1 � i], ®¤­®© ªà¨¢®«¨­¥©­®© ¡®ª®¢®© áâ®à®­®© L3m

¨ ¯àï¬®«¨­¥©­®© ¡®ª®¢®© áâ®à®­®© ¢ ¢¨¤¥ ®âà¥§ª  [�1 + i; m � 1 + i], ª®£¤  2
3
� m < 1, ¨«¨

á ¤¢ã¬ï ªà¨¢®«¨­¥©­ë¬¨ ¡®ª®¢ë¬¨ áâ®à®­ ¬¨ L3m ¨ eL3m, ª®£¤  0 < m < 2
3
. � áè¨à¨âì íâ¨

®¡« áâ¨ ­¥«ì§ï, â. ª. §­ ª¨ à ¢¥­áâ¢  ¢ ­¥à ¢¥­áâ¢ å (18) ®áãé¥áâ¢«ïîâáï ­  äã­ªæ¨ïå, ã¤®-

¢«¥â¢®àïîé¨å á®®â­®è¥­¨î (24).

� ¬¥ç ­¨¥ 1. �à¨ ã¬¥­ìè¥­¨¨ m ®¡« áâ¨ Dm ¨ Gm ã¬¥­ìè îâáï ¨ áã¦ îâáï ª« ááë
äã­ªæ¨©, á¢ï§ ­­ë¥ á íâ¨¬¨ ®¡« áâï¬¨: ¨¤¥â \¢ë¤ ¢«¨¢ ­¨¥" äã­ªæ¨© ¯à¨ ¤¢¨¦¥­¨¨ áâ¢®àª¨
�+ � = m ¨§ ¢¥àè¨­ë 1 + i âà¥ã£®«ì­¨ª  D2 ¨«¨ G2 ª ®á­®¢ ­¨î [�1 + i; 1� i]. �¡« áâ¨ D0 ¨
G0 ¢ëà®¦¤ îâáï ¢ á ¬® ®á­®¢ ­¨¥ ¨ á®®â¢¥âáâ¢ãîâ äã­ªæ¨¨ f(z) = z.
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4.

�  ¡ §¥ ¤®ª § ­­ëå â¥®à¥¬ 1 ¨ 2 áä®à¬ã«¨àã¥¬ ãâ¢¥à¦¤¥­¨¥ ® ¥¤¨­áâ¢¥­­®áâ¨ ª®à­ï �0 = 0
ãà ¢­¥­¨ï � å®¢  (2), â. ¥. ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï (1) ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨.

�¥®à¥¬  3. �á«¨ äã­ªæ¨ï f(�), á¢ï§ ­­ ï á à¥è¥­¨¥¬ F (�) ¢ ä®à¬¥ (1), ã¤®¢«¥â¢®àï¥â
®¤­®¬ã ¨§ ãá«®¢¨©:

1� [f 0(�)]c � T (�; �; �) = 1+��
1���

, �+ i� 2 Dm ¨§ â¥®à¥¬ë 1 ¨ c | ª®¬¯«¥ªá­ ï ¯®áâ®ï­­ ï ¯à¨

âà¥¡®¢ ­¨¨ jcj � m (§  ¨áª«îç¥­¨¥¬ (f 00)
c = (1 + ��2)=(1 � ��2));

2� �f 0(�)

f(�)
� T (�; �; �), � + i� 2 G2=3, £¤¥ Gm | ®¡« áâì ¨§ â¥®à¥¬ë 2 (§  ¨áª«îç¥­¨¥¬

�f 00=f0(�) = (1 + ��2)=(1� ��2)), | â® à¥è¥­¨¥ F (�) c �0 = 0 ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �«ï ®¡®á­®¢ ­¨ï ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï ­ã¦­® ®¡à â¨âì ¢­¨¬ ­¨¥ ­  â®,
çâ® ã «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤­®© äã­ªæ¨¨ f 0c(�) ¯®ï¢¨âáï ¬­®¦¨â¥«ì c. �â®â ¬­®¦¨â¥«ì
¢®©¤¥â ¢ ®ª®­ç â¥«ì­ãî ®æ¥­ªã ¢ ¢¨¤¥����f 00(�)f 0(�)

���� � 2j�jm=jcj

1� j�j2
: (25)

�à¨ âà¥¡®¢ ­¨¨ m=jcj < 1 ¡ã¤¥¬ ¨¬¥âì ç¨áâ®¥ ­¥à ¢¥­áâ¢®����f 00(�)f 0(�)

���� < 2j�j
1� j�j2

; (26)

¢ë¯®«­¥­¨¥ ª®â®à®£® ¢® ¢á¥¬ ªàã£¥, ªà®¬¥ � = 0, ¤¥« ¥â ­¥¢®§¬®¦­ë¬ áãé¥áâ¢®¢ ­¨¥ ¢â®à®£®
ª®à­ï ãà ¢­¥­¨ï � å®¢ . �á«¨ ¦¥ m=jcj = 1, â® à ¢¥­áâ¢® ¢ (26) ¬®¦¥â ¯®ï¢¨âìáï â®«ìª® â®£¤ ,
ª®£¤  f 0c = (1 + ��2)=(1� ��2),   íâ  äã­ªæ¨ï ¨áª«îç¥­ .

�«ï ®¡®á­®¢ ­¨ï ¢â®à®£® ãâ¢¥à¦¤¥­¨ï ¡¥à¥¬ ®æ¥­ªã ¨§ ¨¬¯«¨ª æ¨¨ (18) á m = 2=3 ¨ ¯®«ã-
ç ¥¬ (26). � ¢¥­áâ¢  ­¥ ¡ã¤¥â, ¯®â®¬ã çâ® ¨áª«îç¥­  äã­ªæ¨ï (24).

� ¬¥ç ­¨¥ 2. �«®áª®áâì ¯ à ¬¥âà®¢ �+ i� ¬®¦­® á¢ï§ âì á ¯«®áª®áâìî ¯ à ¬¥âà®¢ (a;R),
¯à¨ç¥¬ ª ¦¤ë© ¤®¯ãáâ¨¬ë© ¢ â¥®à¥¬¥ 3 ¯ à ¬¥âà �+i� ®¯à¥¤¥«ï¥â ¢¥«¨ç¨­ë a, R, ¯à¨¢®¤ïé¨¥
ª ªàã£ ¬ jw � aj < R, ª®â®àë¬¨ ¯®ªàë¢ îâáï ®¡« áâ¨ §­ ç¥­¨ï äã­ªæ¨© w = [f 0(�)]c ¨«¨
w = �f 0(�)=f(�). �¢ï§ì ¯ à ¬¥âà®¢ ¤ ¥âáï ¤¨ää¥®¬®àä¨§¬®¬�

a =
1 + ��

1 � �2
; R =

�+ �

1� �2

�
 !

�
� =

a� 1
R

; � = R�
a(a� 1)

R

�
:

D2 = G2 $ ¯®«ã¯®«®á  á £à ­¨æ¥© ¢ ¯«®áª®áâ¨ (a;R), á®áâ®ïé¥© ¨§ «ãç  l1, ª®â®àë© ­ ç¨­ ¥â-
áï ¢ â®çª¥ (1; 0) ¨ ¨¤¥â ¯®¤ ã£«®¬ �=4 ¢ 1, ¨§ ¯ à ««¥«ì­®£® ¥¬ã «ãç  l2, ª®â®àë© ­ ç¨­ ¥âáï
¢ â®çª¥ (1=2; 1=2), ¨ ¨§ ®âà¥§ª , ª®­æë ª®â®à®£® ¨¬¥îâ ª®®à¤¨­ âë (1; 0) ¨ (1=2; 1=2). �â® ¤¨ä-
ä¥®¬®àä­®¥ á®®â¢¥âáâ¢¨¥ ¢ëà®¦¤ ¥âáï ­  £à ­¨æ å ãª § ­­ëå ®¡« áâ¥©.

�áâ ­®¢¨¬áï ­  ­¥à¥è¥­­ëå § ¤ ç å. � ª ç¥áâ¢¥ ¯¥à¢®© ¯à®¡«¥¬ë ®â¬¥â¨¬ ¯®¨áª ®¡é¥©
å à ªâ¥à¨áâ¨ª¨ ª« áá  äã­ªæ¨®­ «®¢, ª®â®àë¥ ¤®¯ãáª îâ ¨¬¯«¨ª æ¨¨ ¢¨«  (9) ¨ (18). �æ¥­ª¨
¨§ íâ¨å ¨¬¯«¨ª æ¨© «¥£ª® ¯à¨¬¥­¨¬ë ª ãà ¢­¥­¨î � å®¢ , ¯®íâ®¬ã â ª®© ª« áá ¤®¯ãáâ¨¬ëå
äã­ªæ¨®­ «®¢ ®¯à¥¤¥«ï¥â ¯® áãé¥áâ¢ã ª« áá ª®àà¥ªâ­®áâ¨ ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨.

�®­ªà¥â­®© ­¥à¥è¥­­®© § ¤ ç¥© ï¢«ï¥âáï ¢ë¤¥«¥­¨¥ ¤®¯ãáâ¨¬ëå ¯®¤ª« áá®¢ á¯¨à «ì­ëå
äã­ªæ¨©, ®¡¥á¯¥ç¨¢ îé¨å ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï (1).

�®¯®áâ ¢«¥­¨¥ ¢­¥è­¥© ¨ ¢­ãâà¥­­¥© á¯¨à «ì­®áâ¨ ¢­ ç «¥ ¨¤¥â, ª ª ¨ ¢ á«ãç ¥ §¢¥§¤®-
®¡à §­ëå äã­ªæ¨©. �¬¥­­®,

Re
�
ei


!�0(!)
�(!)

�
> 0 =)

!�0(!)
�(!)

= H
� 1
!

�
(Re(ei
H(�)) > 0; H(0) = 1) =)

=) ��
f 00(�)
f 0(�)

= H(�)� 1�
H 0(�)
H(�)

; H(�) =
1 + e�i
'(�)
1� ei
'(�)

(j'(�)j � 1; '(�) � �2); (27)
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Re
�
ei
�

f 0(�)
f(�)

�
> 0 =)

�f 0(�)
f(�)

= H(�) =) �
f 00(�)
f 0(�)

= H(�)� 1 +
�H 0(�)
H(�)

: (28)

�æ¥­¨¢ ï ¢ëà ¦¥­¨¥ (27), ¯®«ãç¨¬����� f 00(�)f 0(�)

���� = ����2 cos 
 e�i
'2 � �2('=�)0

(1� ei
')(1 + e�i
')

���� �
� 2 cos 


j'j2 � j�j2(1� j'=�j2)(1� j�j2)�1

cos 
(1� j'j2)
=

2j�j2

1� j�j2
=) (26)

§  ¨áª«îç¥­¨¥¬ íªáâà¥¬ «ì­ëå äã­ªæ¨©. �à¨ íâ®¬ ¨á¯®«ì§ã¥âáï «¥£ª® ¯à®¢¥àï¥¬®¥ ­¥à ¢¥­-
áâ¢®

j(1� ei
')(1 + e�i
')j � cos 
(1� j'j2); ��=2 < 
 < �=2:

� á«ãç ¥ (28) �����f 00(�)f 0(�)

���� � cos 

je�i
'2 � (�')0j

j(1� ei
')(1 + e�i
')j
�
j'j2 + j(�')0j
1� j'j2

;

¯®íâ®¬ã ­ã¦­®© ®æ¥­ª¨ (26) ­¥ ¯®«ãç ¥âáï, ª ª ¨ ¯à¨ ¢­ãâà¥­­¥© §¢¥§¤®®¡à §­®áâ¨.

� ª à §¤à®¡¨âì ª« áá á¯¨à «ì­ëå äã­ªæ¨© á ãá«®¢¨¥¬ Re
�
ei
 �f

0(�)
f(�)

�
> 0, çâ®¡ë ­  ¢ë-

¤¥«¥­­ëå ¯®¤ª« áá å ¢ë¯®«­ï«¨áì ®æ¥­ª¨ (26), ¨ ¯®¤®©¤ãâ «¨ ¤«ï íâ®£® äã­ªæ¨¨ ¢¨¤  (1 +
e�i
��2)=(1�ei
��2), | ¯®ª  ­¥ïá­®. �¤­ ª® ãâ¢¥à¦¤¥­¨¥, ¯à®æ¨â¨à®¢ ­­®¥ ¢ x 1, ¤ ¥â ¢®§¬®¦-
­®áâì ãª § âì ®¡« áâ¨, ¢ ª®â®àëå ­¥â â®ç¥ª, ¤®áâ ¢«ïîé¨å ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨î (1), ¯à¨
¯®¤ç¨­¥­¨ïå ¢¨¤  �f 0(�)=f(�) � (1 + e�i
��)=(1 � ei
��).

�«ï íâ®£® ã¡¥¤¨¬áï, çâ® ¢ á«ãç ¥ � f
0(�)
f(�)

= 1+e�i
��2

1�ei
��2
¨¬¥¥¬

1 + �
f 00

f 0
� �

f 0

f
=

2e�i
��2

1 + e�i
��2
+

2ei
��2

1� ei
��2
=)

=)
f 00

f 0
=

2e�i
��
1 + e�i
��2

+
2ei
��

1� ei
��2
+
(e�i
� + ei
�)�
1� ei
��2

=)
f 00

f 0

����
�=0

= 0;

�
f 00

f 0

�0����
�=0

= 3(ei
�+ e�i
�) =) jff; �gj
��
�=0

= 3
q
(�+ �)2 cos2 
 + (�� �)2 sin2 
 ;

jff; �gj
��
�=0

> 2 =) �2 + �2 + 2�� cos 2
 � 4=9: (29)

�­ ª ­¥à ¢¥­áâ¢  å à ªâ¥à¨§ã¥â ¢­¥è­®áâì ®¡« áâ¨ á £à ­¨ç­ë¬ í««¨¯á®¬. � ¬ ­¥ ¡ã¤¥â â®ç¥ª
¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï (1). � ©â¨ ®¡« áâ¨, ª®â®àë¥ ¡ã¤ãâ £ à ­â¨à®¢ âì ¥¤¨­áâ¢¥­­®áâì, ¯®ª 
­¥ ã¤ «®áì. �­â¥à¥á­® ®â¬¥â¨âì, ª ª ¬¥­ïîâáï £à ­¨æë ®¡« áâ¥© á á®®â­®è¥­¨¥¬ (29) ¯à¨ ¨§¬¥-
­¥­¨¨ 
: ¯à¨ 
 = 0; �=4; �=2 ¢®§­¨ª­ãâ «¨­¨¨ ¢ ä®à¬¥ ¯ àë ¯ à ««¥«ì­ëå ¯àï¬ëå, ®ªàã¦­®áâ¨,
¢â®à®© ¯ àë ¯ à ««¥«ì­ëå ¯àï¬ëå,   ¯à®¬¥¦ãâ®ç­ë¥ ¯®«®¦¥­¨ï § ©¬ãâ í««¨¯áë.

�¥ª®â®àë¥ ¯à®¡«¥¬ë, ª á îé¨¥áï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï (1), ¢®§­¨ª îâ ¨§ á®¯®áâ ¢«¥-
­¨ï ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¨ ®¡à â­®© § ¤ ç¨ «®£ à¨ä¬¨ç¥áª®£® ¯®â¥­æ¨ « . � ç -
«® â ª®¬ã á®¯®áâ ¢«¥­¨î ¯®«®¦¨«  áâ âìï [4]. � ç áâ­®áâ¨, ¦¥« â¥«ì­® ¤®áâ¨çì à¥§ã«ìâ â ,
ã¦¥ ®¡®á­®¢ ­­®£® ¢ ®¡à â­®© § ¤ ç¥ «®£ à¨ä¬¨ç¥áª®£® ¯®â¥­æ¨ « : ¢ á«ãç ¥ §¢¥§¤®®¡à §­®áâ¨
íää¥ªâ ¥¤¨­áâ¢¥­­®áâ¨ ­¥ § ¢¨á¨â ®â æ¥­âà  §¢¥§¤®®¡à §­®áâ¨.

� ª®­æ¥ áâ âì¨ § ¬¥â¨¬, çâ® ª ¦¤®¥ ¨§ ãá«®¢¨© 1� ¨ 2� â¥®à¥¬ë 3 ®¡¥á¯¥ç¨¢ ¥â ¥¤¨­áâ¢¥­-
­®áâì ¬ ªá¨¬ã¬  ¢­ãâà¥­­¥£® (ª®­ä®à¬­®£®) à ¤¨ãá  ®¡« áâ¨ f(E). �¥¬ á ¬ë¬ ¤®¯®«­ïîâáï
ãâ¢¥à¦¤¥­¨ï ¯® ¯®¢¥¤¥­¨î ª®­ä®à¬­®£® à ¤¨ãá , ¯®«ãç¥­­ë¥ �è¨¦¥¬ [9], �î­ ã [10] ¨ ç -
áâ¨ç­® ¯®¢â®àïîé¨¥ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë (­ ¯à., [1], [6]).
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