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�ãáâì B | ª« áá ¢á¥å äã­ªæ¨© f(z) = a0 + a1z + � � � ,  ­ «¨â¨ç¥áª¨å ¢ ¥¤¨­¨ç­®¬ ªàã£¥
D = fz : jzj < 1g ¨ ã¤®¢«¥â¢®àïîé¨å ¢ D ãá«®¢¨ï¬ 0 < jf(z)j � 1.

�è¨¦ [1] ¢ëáª § « £¨¯®â¥§ã, çâ® ¤«ï «î¡ëå n � 1 sup
f2B

janj = 2=e á íªáâà¥¬ «ì­ë¬¨ äã­ª-

æ¨ï¬¨ �F (kzn), j�j = jkj = 1, £¤¥ F (z) = exp[(z � 1)=(z + 1)]. �â  £¨¯®â¥§  ¡ë«  ¤®ª § ­  ¤«ï
n = 1; 4. �à®¡«¥¬  ®æ¥­ª¨ ª®íää¨æ¨¥­â®¢ ¢ ª« áá¥ B ®¡áã¦¤ « áì ¢® ¬­®£¨å à ¡®â å (á¬. ­ -
¯à., [1]{[4]). � [3] ¡ë«¨ ¯®«ãç¥­ë  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥­ª¨ ¤«ï janj ¯à¨ ja0j, ¡«¨§ª¨e ª 0 ¨«¨ 1. �
¤ ­­®© áâ âì¥ ¯®«ãç¥­ë  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥­ª¨ «¨­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨®­ «®¢ ¢¨¤ 
L(f) = Re(an + �n�1an�1 + �n�2an�2 + � � � + �1a1), �1; : : : ; �n�1 2 C.

�¡®§­ ç¨¬ ç¥à¥§ B(t) ª« áá äã­ªæ¨© f 2 B, ¤«ï ª®â®àëå a0 = e�t, t > 0 ¨ Ft(z) =

exp[�t(1� z)=(1 + z)
�
=

1P
n=0

An(t)zn.

�ä®à¬ã«¨àã¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �«ï ¢áïª®£® n � 1 ­ ©¤¥âáï t0 > 0 â ª®¥, çâ® max
f2B(t)

janj = A1(t) 8t 2 [0; t0].

�¥®à¥¬  2. (a) �«ï ¢áïª®£® n � 1 ­ ©¤¥âáï t0 > 0 â ª®¥, çâ® íªáâà¥¬ «ì­ ï äã­ªæ¨ï ¤«ï

äã­ªæ¨®­ «  L(f) ¡ã¤¥â ®â«¨ç­®© ®â äã­ªæ¨¨ Ft(zn) 8t 2 [0; t0];
(b) ¤«ï ¢áïª®£® n � 1 ­ ©¤¥âáï t1 > 0 â ª®¥, çâ® íªáâà¥¬ «ì­ë¬¨ äã­ªæ¨ï¬¨ ¤«ï äã­ªæ¨-

®­ «  L(f) ¡ã¤ãâ ¢à é¥­¨ï äã­ªæ¨¨ Ft(z) 8t � t1.

�«¥¤áâ¢¨¥. �«ï ¢áïª®£® n � 1 ­ ©¤¥âáï t1 > 0 â ª®¥, çâ® max
f2B(t)

janj = An(t) 8t � t1.

1. �à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë

� [2] ¯®ª § ­®, çâ® «î¡ãî äã­ªæ¨î f 2 B(t0), t0 > 0, ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ f(z) =
f(z; t0), £¤¥ f(z; t) ï¢«ï¥âáï ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï â¨¯  �¥¢­¥à 

@f(z; t)
@t

= �f(z; t)(1 + e�iu(t)z)=(1 � e�iu(t)z); 0 � t � t0; z 2 D; f(z; 0) = 1; (1)

u(t) | ¢¥é¥áâ¢¥­­®§­ ç­ ï, ­¥¯à¥àë¢­ ï ­  [0; t0] äã­ªæ¨ï, ­ §ë¢ ¥¬ ï ã¯à ¢«¥­¨¥¬.
� àï¤ã á íâ¨¬ ãà ¢­¥­¨¥¬ ¯®­ ¤®¡¨âáï ®¡®¡é¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ â¨¯  �¥¢-

­¥à , ¯à¥¤áâ ¢«ïîé¥¥ ª« áá B(t0)

@f(z; t)
@t

= �f(z; t)
mX
k=1

�k[(1 + e�iuk(t)z)=(1 � e�iuk(t)z)]; (2)

�1 � 0; : : : ; �m � 0,
mP
k=1

�k = 1, uk(t) | ¢¥é¥áâ¢¥­­®§­ ç­ë¥ ­¥¯à¥àë¢­ë¥ ã¯à ¢«¥­¨ï.
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�ãáâì f(z; t) ¨¬¥¥â à §«®¦¥­¨¥ f(z; t) = a0(t) + a1(t)z + � � � ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥-
à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (1). �¢¥¤¥¬ ¢¥ªâ®à a = a(t) = (a1; : : : ; an)T . �§ ãà ¢­¥­¨ï (1) ¯®«ãç ¥¬
á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ¢¥ªâ®à  a(t)

_a0 = �a0(t); a0(0) = 1;

_ak = �ak(t)� 2ak�1(t)e
�iu(t) � � � � � 2a0(t)e

�iku(t) = Gk(t; a; u); ak(0) = 0; k = 1; : : : ; n:
(3)

�§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (3) á«¥¤ã¥â a0=e�t. �®«®¦¨¬G(t; a; u)=(G1(t; a; u); :::; Gn(t; a; u))T ,
a(0) = a0 = 0.

�«ï ­ å®¦¤¥­¨ï ®¡« áâ¨ §­ ç¥­¨© äã­ªæ¨®­ «  L(f) ¢ ª« áá¥ B(t) ¨á¯®«ì§ã¥¬ ¯à¨­æ¨¯
¬ ªá¨¬ã¬  �®­âàï£¨­  ([5], á. 25{26). �¢¥¤¥¬ ¬­®¦¨â¥«¨ � £à ­¦   k, k = 1; : : : ; n, ª®â®àë¥
®¡à §ãîâ á®¯àï¦¥­­ë© ª®¬¯«¥ªá­®§­ ç­ë© n-¬¥à­ë© ¢¥ªâ®à  = ( 1;  2; : : : ;  n)T . � ¯¨è¥¬

äã­ªæ¨î � ¬¨«ìâ®­  ¢ ª®¬¯«¥ªá­®© ä®à¬¥ H(t; a;  ; u) = Re(G(t; a; u) ) = Re
nP
k=1

Gk(t; a; u) k.

�«ï ¯à®¨§¢®«ì­®£® ä¨ªá¨à®¢ ­­®£® ã¯à ¢«¥­¨ï u ¨ ¤«ï á®®â¢¥âáâ¢ãîé¥£® ä §®¢®£® ¢¥ªâ®à  a
äã­ªæ¨ï  ¤®«¦­  ã¤®¢«¥â¢®àïâì á®¯àï¦¥­­®© £ ¬¨«ìâ®­®¢®© á¨áâ¥¬¥ d 

dt
= �

�
@G(t;a;u)

@a

�T
 , £¤¥

@G(t;a;u)
@a

| ïª®¡¨¥¢  ¬ âà¨æ .
�¡®§­ ç¨¬ ç¥à¥§ U�(t; a;  ) ¬­®¦¥áâ¢® absmax

u
H(t; a;  ; u) â®ç¥ª  ¡á®«îâ­®£® ¬ ªá¨¬ã¬ 

äã­ªæ¨¨ � ¬¨«ìâ®­ . �«ï ­ å®¦¤¥­¨ï ¬­®¦¥áâ¢  §­ ç¥­¨© äã­ªæ¨®­ «  L(f) ¤®áâ â®ç­® ¨á-
á«¥¤®¢ âì á¥¬¥©áâ¢® £ ¬¨«ìâ®­®¢ëå á¨áâ¥¬

da

dt
=

mX
k=1

�kG(t; a; uk); a(0) = a0;

d 

dt
= �

mX
k=1

�k

�
@G(t; a; uk)

@a

�T
 ;  (0) = �;

(4)

£¤¥ m � n, � = (�1; : : : ; �m) | ¯à®¨§¢®«ì­ë© ¯®áâ®ï­­ë© ¢¥ªâ®à á ­¥®âà¨æ â¥«ì­ë¬¨ ª®®à¤¨­ -

â ¬¨,
mP
k=1

�k = 1, uk 2 U�(t; a;  ), 0 � u1 < � � � < um < 2�. �¥ªâ®à ­ ç «ì­ëå ¤ ­­ëå á®¯àï¦¥­­®©

á¨áâ¥¬ë � = (�1; : : : ; �n) áç¨â ¥¬ ¯à®¨§¢®«ì­ë¬.
�®¦­® ¯®ª § âì, ¨á¯®«ì§ãï ([6], á. 124{126), çâ® á¯à ¢¥¤«¨¢ 

�¥¬¬ .� ªá¨¬ã¬ äã­ªæ¨®­ «  L(f) ¢ ª« áá¥ B(t) ¤®áâ¨£ ¥âáï ­  â ª¨å äã­ªæ¨ïå, ª®â®-

àë¥ ¯à¥¤áâ ¢¨¬ë ¨­â¥£à « ¬¨ ®¡®¡é¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2) á ¯®áâ®ï­­ë¬¨
ã¯à ¢«¥­¨ï¬¨.

�á«¨ 0 � t � T , â® á®¯àï¦¥­­ë© ¢¥ªâ®à  (t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î âà ­á¢¥àá «ì­®áâ¨ ­ 
¯à ¢®¬ ª®­æ¥ T :  (T ) = (0; : : : ; 0; 1).

2. �å¥¬  ¤®ª § â¥«ìáâ¢ â¥®à¥¬ 1 ¨ 2

1. �á¯®«ì§ãï ãá«®¢¨ï âà ­á¢¥àá «ì­®áâ¨, ¯®«®¦¨¬ � = �0 + o(1), £¤¥ �0 = (0; : : : ; 0; 1). �ã­ª-
æ¨ï � ¬¨«ìâ®­  ¡ã¤¥â ¨¬¥âì â®çª¨ ¬ ªá¨¬ã¬  uk = u0k + o(1), 1 � k � m, m � n, £¤¥ u01 = �=n,
u02 = 3�=n; : : : , u0n = (2n� 1)�=n.

�¡®§­ ç¨¬ Cp(�) =
mP
k=1

�ke
�ipuk . �¥à¥¯¨è¥¬ á¨áâ¥¬ã (4) ¢ ¢¨¤¥

_a1 = �a1 � 2e�tC1(�); a1(0) = 0;

: : : : : : : : : : : :

_an = �an � 2an�1C1(�)� � � � � 2a1Cn�1(�)� 2e�tCn(�); an(0) = 0:

(5)

�­â¥£à¨à®¢ ­¨¥ á¨áâ¥¬ë (5) ¯à¨¢®¤¨â ª ä®à¬ã«¥

an = �2te�tCn(�) + 2t2e�t�n(�) + t2Bn(�; t)e
�t; n > 1; (6)
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£¤¥ �n(�) = C1(�)Cn�1(�)+C2(�)Cn�2(�)+ � � �+Cn�1(�)C1(�), Bn(�; t) | ¬­®£®ç«¥­ ¢¨¤  b1(�)t+
b2(�)t2 + � � �+ bn�2(�)tn�2. �¥£ª® ¯®ª § âì, çâ® �n(�) = eio(1)��n(�), �

�

n(�) � 0.
�¥¯¥àì ¨§ ä®à¬ã«ë (6) ¯®«ãç¨¬

an = 2te�teio(1) + 2t2e�teio(1)��n(�) + e�tt2Bn(�; t): (7)

�§ ä®à¬ã«ë (7) á«¥¤ã¥â, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® Re an � A1(t) + t2e�t��n(�) � A1(t), £¤¥
A1(t) = 2te�t. �â® ­¥à ¢¥­áâ¢® â®ç­®, à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï ¤«ï �1 = � � � = �n = 1=n, uk =
u0k. �

2. (a) �à¨ ¬ «ëå t > 0 ¡ã¤¥¬ à áá¬ âà¨¢ âì � = �0 + o(1), £¤¥ �0 = (�1; �2; : : : ; �n�1; 1).
�ã­ªæ¨ï � ¬¨«ìâ®­  ¨¬¥¥â ¢¨¤

H(0; a0; �; u) = �Re[�1e
�iu + �2e

�2iu + � � � + �n�1e
�i(n�1)u + einu]:

�ãáâì max
u

H(0; a0; �; u) ¤®áâ¨£ ¥âáï ¢ â®çª å u1; u2; : : : ; um. �­â¥£à¨àãï á¨áâ¥¬ã (5), ¯®«ãç¨¬

an = �2te�tCn(�) + o(t). �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Re(an + �n�1an�1 + � � � + �1a1) � �2te�tRe(Cn(�) + �n�1Cn�1(�) + � � � + �1C1(�)) + o(t): (8)

�ëà ¦¥­¨¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (8) ¬®¦¥â ¡ëâì à ¢­® A1(t) â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
�Re[Cn(�) + �n�1Cn�1(�) + � � � + �1C1(�)] = 1. � íâ®¬ á«ãç ¥ ¬ ªá¨¬ã¬ äã­ªæ¨¨ � ¬¨«ìâ®­ 
à ¢¥­ 1. �«¥¤®¢ â¥«ì­®, íªáâà¥¬ «ì­ ï äã­ªæ¨ï ¡ã¤¥â ®â«¨ç­®© ®â äã­ªæ¨¨ Ft(zn).

(b) �ãáâì ¯à¨ ä¨ªá¨à®¢ ­­®¬ � äã­ªæ¨ï � ¬¨«ìâ®­  ¨¬¥¥âm â®ç¥ª ¬ ªá¨¬ã¬  u1; u2; : : : ; um
­  [0; 2�). �­â¥£à¨à®¢ ­¨¥ á¨áâ¥¬ë (5) ¯à¨¢®¤¨â ª ä®à¬ã«¥ an = (tn(�1)n2nCn

1 (�)=n! + � � � �
2tCn(�))e�t, £¤¥ ª®íää¨æ¨¥­â ¯à¨ tn à ¢¥­ e�t(�1)n2nCn

1 (�)=n!.
�à ¥ªâ®à¨ï an(t) ¬®¦¥â ¡ëâì ®¯â¨¬ «ì­®© ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å t, ¥á«¨ ç¨á«® m ¢ ®¡®¡-

é¥­­®¬ ãà ¢­¥­¨¨ �¥¢­¥à  (2) à ¢­® 1. �â® ®§­ ç ¥â, çâ® an = An(t), an�1 = An�1(t)kn�1; : : : ,
a1 = A1(t)k, £¤¥ jkj = 1. �

�¨â¥à âãà 
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