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1. �¢¥¤¥¨¥

�¡®§ ç¨¬ ç¥à¥§ A «®ª «ìãî  «£¥¡àã  ¤ ¯®«¥¬ ¢¥é¥áâ¢¥ëå ç¨á¥« R. �áî¤ã ¤ «¥¥ «®-
ª «ì ï  «£¥¡à  A ¡ã¤¥â ª®¥ç®¬¥à®©,  áá®æ¨ â¨¢®©, ª®¬¬ãâ â¨¢®©, ã¨â «ì®©  «£¥¡à®©.
�¡®§ ç¨¬ ç¥à¥§ I à ¤¨ª «  «£¥¡àë A. � ª ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ¯®«¥¬ R  «£¥¡à  A ¨§®-
¬®àä  ¯àï¬®© áã¬¬¥ R� I. �¡®§ ç¨¬ ç¥à¥§ n à §¬¥à®áâì  «£¥¡àë A  ¤ ¯®«¥¬ R, A � Rn.
�¡®§ ç¨¬ ç¥à¥§ M ª®¥ç®¬¥à®¥ ¬®£®®¡à §¨¥  ¤A. � ¯®¬¨¬ (á¬. [1], [2]), çâ® ¬®£®®¡à §¨¥
M  §ë¢ ¥âáï ¬®£®®¡à §¨¥¬  ¤  «£¥¡à®© A, ¥á«¨ ã ¥£® áãé¥áâ¢ã¥â  â« á f(Ui; 'i)gi2I â ª®©,
çâ® '(Ui) � Am (£¤¥ m ®¤® ¨ â® ¦¥ ¤«ï ¢á¥å i),   äãªæ¨¨ ¯¥à¥å®¤  'j � '

�1
i A-£®«®¬®àäë.

�â« á f(Ui; 'i)gi2I ¡ã¤¥¬  §ë¢ âì A- â« á®¬. (� ¯®¬¨¬, çâ® ®â®¡à ¦¥¨¥ f : (U � Ap)! Aq,
U ®âªàëâ® ¢ Ap,  §ë¢ ¥âáï A-£®«®¬®àäë¬, ¥á«¨ ®® ¯à¨ ¤«¥¦¨â ª« ááã C1 ª ª ®â®¡à ¦¥-
¨¥  ¤ R, ¥á«¨ ®â®¦¤¥áâ¢¨âì A á Rn (n | à §¬¥à®áâì  «£¥¡àë A  ¤ ¯®«¥¬ R) ¨ ¯à®¨§¢®¤ ï
f 0 A-«¨¥© .) �¨á«® m  §ë¢ ¥âáï à §¬¥à®áâìî ¬®£®®¡à §¨ï m  ¤ A. �î¡®¥ ¬®£®®¡à §¨¥
 ¤  «£¥¡à®© A ¬®¦® à áá¬ âà¨¢ âì ª ª ¢¥é¥áâ¢¥®¥ ¬®£®®¡à §¨¥. � §¬¥à®áâì ¬®£®®¡à -
§¨ï M  ¤ R à ¢  mn. � ¤ ®© áâ âì¥ ¨§ãç îâáï £®«®¬®àäë¥ ¢«®¦¥¨ï ¬®£®®¡à §¨ï M
 ¤ «®ª «ì®©  «£¥¡à®© A ¢ ¥ª®â®àãî ¤¥ª àâ®¢ã áâ¥¯¥ì Ar  «£¥¡àë A.

2. �¥ª®â®àë¥ â®¯®«®£¨ç¥áª¨¥ á¢®©áâ¢  ¬®£®®¡à §¨©  ¤ «®ª «ì®©  «£¥¡à®©
A, £®«®¬®àä® ¢«®¦¥ëå ¢ ¥ª®â®àãî ¤¥ª àâ®¢ã áâ¥¯¥ì Ar  «£¥¡àë A

�ãáâì ¤ «¥¥ M | ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ m  ¤ «®ª «ì®©  «£¥¡à®© A, ª®â®à ï ¨¬¥¥â
à §¬¥à®áâì n  ¤ R. �â®¡à ¦¥¨¥ F : M! Ar  §ë¢ ¥âáï A-£®«®¬®àäë¬ ¢«®¦¥¨¥¬ ¬®£®-
®¡à §¨ï M  ¤ «®ª «ì®©  «£¥¡à®© A ¢ Ar, ¥á«¨ F § ¤ ¥â ¢«®¦¥¨¥ ª« áá  C/ ¬®£®®¡à §¨ï
M, à áá¬ âà¨¢ ¥¬®£® ª ª ¢¥é¥áâ¢¥®¥ ¬®£®®¡à §¨¥, ¢ Rrn (Ar � Rrn) ¨ ®â®¡à ¦¥¨¥ F A-
£®«®¬®àä®. �®á«¥¤¥¥ ®§ ç ¥â, çâ® ¬®£®®¡à §¨¥ M ®¡« ¤ ¥â A- â« á®¬ f(Ui; 'i)gi2I â ª¨¬,
çâ® ®â®¡à ¦¥¨ï F�'�1i : ('i(Ui) � Am)! Ar A-£®«®¬®àäë. � áá¬®âà¨¬ ¨¦¨© æ¥âà «ìë©
àï¤ à ¤¨ª «  I  «£¥¡àë A

I � I2 � I3 � � � � � Iq�1 � Iq � Iq+1 = 0:

� áá¬®âà¨¬ ¨¤¥ « I[q=2]+1. �¤¥áì ç¥à¥§ [q=2] ®¡®§ ç¥  æ¥« ï ç áâì ç¨á«  q=2. �ãáâì à §¬¥à-
®áâì ¨¤¥ «  I[q=2]+1  ¤ ¯®«¥¬ R à ¢  k. �¡®§ ç¨¬ ç¥à¥§ I[q=2]+1 �TxM ¯®¤¯à®áâà áâ¢® ¢ ª á -

â¥«ì®¬ ¯à®áâà áâ¢¥ TxM ¬®£®®¡à §¨ï M ¢ â®çª¥ x, á®áâ®ïé¥¥ ¨§ ¢¥ªâ®à®¢ ¢¨¤  z =
mP
i=1

�izi,

£¤¥ �i 2 I[q=2]+1, zi 2 TxM. � §¬¥à®áâì ¯®¤¯à®áâà áâ¢  I[q=2]+1 � TxM  ¤ ¯®«¥¬ R à ¢  mk.

�¥¬¬ . �«ï «î¡®© £®«®¬®àä®© á¨áâ¥¬ë ª®®à¤¨ â (U;')   M ¨ ¤«ï «î¡ëå u; v 2
(I[q=2]+1)m � Am á¯à ¢¥¤«¨¢® (F � '�1)00(u; v) = 0.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ £®«®¬®àäãî á¨áâ¥¬ã ª®®à¤¨ â (U; ') ¢ ®ªà¥áâ®áâ¨ â®çª¨
x. �  § ¤ ¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã TxM ¨ Am � Rmn ¨ ¬¥¦¤ã ¯®¤¯à®áâà áâ¢®¬ I[q=2]+1 � TxM ¨
¤¥ª àâ®¢®© áâ¥¯¥ìî (I[q=2]+1)m ¨¤¥ «  I[q=2]+1. �ãáâì eF = F �'�1, ex = '(x). �â®à ï ¯à®¨§¢®¤ ïeF00(x) ®â®¡à ¦¥¨ï eF ¢ â®çª¥ ex â®¦¤¥áâ¢¥® à ¢  ã«î   ¤¥ª àâ®¢®¬ ¯à®¨§¢¥¤¥¨¨ (I[q=2]+1)m

¨¤¥ «  I[q=2]+1. �¥©áâ¢¨â¥«ì®, ¯ãáâì u; v 2 (I[q=2]+1)m, â®£¤  u =
mP
i=1

�iui, v =
mP
i=1

�ivi, £¤¥ ui; vi 2

Am � Rmn, �i; �i 2 I[q=2]+1. � ª ª ª ®â®¡à ¦¥¨¥ F A-£®«®¬®àä®, â® eF00(ex) | á¨¬¬¥âà¨ç¥áª ï
A-¡¨«¨¥© ï ä®à¬ . � ª¨¬ ®¡à §®¬,

eF00(ex)(u; v) = eF00(ex)� mX
i=1

�iui;
mX
i=1

�ivi

�
=

mX
i=1

mX
j=1

�i�j eF00(ex)(ui; vj):
(�¤¥áì ç¥à¥§ eF00(ex)(u; v) ®¡®§ ç¥® § ç¥¨¥ ¢â®à®© ¯à®¨§¢®¤®© ®â®¡à ¦¥¨ï eF ¢ â®çª¥ ex  
í«¥¬¥â å u ¨ v.) �® �i�j = 0,   § ç¨â, eF00(ex)(u; v) = 0.

�ãáâì F : M ! Ar | A-£®«®¬®àä®¥ ¢«®¦¥¨¥ ¬®£®®¡à §¨ï M. �¢¥¤¥¬ ¢ Ar � Rrn ¥¢-
ª«¨¤®¢ã áâàãªâãàã. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ Ar � Rrn ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ (a; b), £¤¥
a; b 2 Ar � Rrn. �«ï ¯®çâ¨ ¢á¥å ¢¥ªâ®à®¢ (â. ¥. ¤«ï ¢á¥å ¢¥ªâ®à®¢, ªà®¬¥ ¬®¦¥áâ¢  ¬¥àë ã«ì
(á¬. [3], â¥®à¥¬  6.6)) p 2 Ar � Rrn äãªæ¨ï Lp : M! R, £¤¥

Lp(x) = (F(x)� p;F(x)� p);

¨¬¥¥â ¥¢ëà®¦¤¥ë¥ ªà¨â¨ç¥áª¨¥ â®çª¨. �¬¥¥¬

L0p(x) = 2(F0(x);F(x) � p);

£¤¥ L0p(x) | ¯¥à¢ ï ¯à®¨§¢®¤ ï ®â®¡à ¦¥¨ï Lp ¢ â®çª¥ x. �ãáâì x0 | ªà¨â¨ç¥áª ï â®çª 
®â®¡à ¦¥¨ï Lp. �¢¥¤¥¬ £®«®¬®àäãî á¨áâ¥¬ã ª®®à¤¨ â ¢ ®ªà¥áâ®áâ¨ â®çª¨ x0, ¢ ª®â®à®©
¡ã¤¥¬ ¯à®¢®¤¨âì ¤ «ì¥©è¨¥ ¢ëç¨á«¥¨ï. �¬¥¥¬

L0p(x0) = 2(F0(x0);F(x0)� p) = 0

¨

L00p(x0) = 2((F0(x0);F0(x0)) + (F00(x0);F(x0)� p));

£¤¥ L00p(x0) | ¢â®à ï ¯à®¨§¢®¤ ï ®â®¡à ¦¥¨ï Lp ¢ ªà¨â¨ç¥áª®© â®çª¥ x0. L0p(x) | R-«¨¥© ï
ä®à¬ , ¤¥©áâ¢ãîé ï ¢ TxM,   ¥á«¨ x0 | ªà¨â¨ç¥áª ï â®çª  ®â®¡à ¦¥¨ï Lp, â® L00p(x0) |
R-¡¨«¨¥© ï á¨¬¬¥âà¨ç¥áª ï ä®à¬ , ¤¥©áâ¢ãîé ï ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ Tx0M. �ãáâì
(F0(x);F0(x)) | ¯¥à¢ ï ª¢ ¤à â¨ç ï ä®à¬  ¬®£®®¡à §¨ï M (¢«®¦¥®£® ¢ Rrn � Ar). �á«¨
x0 | ªà¨â¨ç¥áª ï â®çª  ®â®¡à ¦¥¨ï Lp, â® (F00(x0);F(x0)� p) | ¢â®à ï ª¢ ¤à â¨ç ï ä®à¬ 
¬®£®®¡à §¨ï M ¢ â®çª¥ x0, ¢ëç¨á«¥ ï ¢  ¯à ¢«¥¨¨ ¢¥ªâ®à  F(x0)� p. �á«¨ x0 | ¥¢ëà®-
¦¤¥ ï ªà¨â¨ç¥áª ï â®çª  äãªæ¨¨ Lp, â® L0p(x0) = 0,   ¡¨«¨¥© ïä®à¬  L00p(x0) ¥¢ëà®¦¤¥ 
(á¬. [3], [4]).

�¥®à¥¬ . �á«¨ F : M ! Ar | A-£®«®¬®àä®¥ ¢«®¦¥¨¥ ¬®£®®¡à §¨ï M  ¤ «®ª «ì®©

 «£¥¡à®© A â ª®¥, çâ® ®¡à § F(M) § ¬ªãâ ¢ Ar � Rrn, â® M ¨¬¥¥â £®¬®â®¯¨ç¥áª¨© â¨¯

ª«¥â®ç®£® ª®¬¯«¥ªá  à §¬¥à®áâ¨, ¥ ¡®«ìè¥ ç¥¬ m(n � k), £¤¥ k | à §¬¥à®áâì ¨¤¥ « 

I[q=2]+1  ¤ R.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ â®çªã p 2 Ar â ª, çâ® äãªæ¨ï

Lp(x) = (F(x) � p;F(x)� p)

¨¬¥¥â ¥¢ëà®¦¤¥ë¥ ªà¨â¨ç¥áª¨¥ â®çª¨. �®£¤  M ¨¬¥¥â £®¬®â®¯¨ç¥áª¨© â¨¯ ª«¥â®ç®£® ª®¬-
¯«¥ªá , ¯®áª®«ìªã ª®¬¯ ªâë ¬®¦¥áâ¢  Ma = L�1p ([0; a]) (á¬. [3], â¥®à¥¬  3.5;   â ª¦¥ [4]).
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�à¨ íâ®¬ ª ¦¤®© ªà¨â¨ç¥áª®© â®çª¥ x0 á ¨¤¥ªá®¬ � äãªæ¨¨ Lp á®®â¢¥âáâ¢ã¥â ®¤  ª«¥âª 
à §¬¥à®áâ¨ �. � ªà¨â¨ç¥áª®© â®çª¥ x0 ¢ á¨«ã «¥¬¬ë ¡¨«¨¥© ï ä®à¬ 

L00p(x0) = 2((F0(x0);F0(x0)) + (F00(x0);F(x0)� p))

¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥    ¯®¤¯à®áâà áâ¢¥ ¯à®áâà áâ¢  Tx0M à §¬¥à®áâ¨ mk. � ç¨â, ¡¨-
«¨¥© ï ä®à¬  L00p(x0) ®âà¨æ â¥«ì® ®¯à¥¤¥«¥    ¯®¤¯à®áâà áâ¢¥ ¯à®áâà áâ¢  Tx0M à §-
¬¥à®áâ¨, ¥ ¢ëè¥ ç¥¬ m(n� k).

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë Hi(M;Z) = 0, ¥á«¨ i > m(n � k). (�¤¥áì ç¥à¥§ Hi(M;Z)
®¡®§ ç¥  i-ï £àã¯¯  æ¥«®ç¨á«¥ëå £®¬®«®£¨¨ ¬®£®®¡à §¨ï M.)

�«¥¤áâ¢¨¥ 2. �®¬¯ ªâ®¥ ¬®£®®¡à §¨¥  ¤ «®ª «ì®©  «£¥¡à®© A ¥ ¤®¯ãáª ¥â A-£®«®-
¬®àä®¥ ¢«®¦¥¨¥ ¢ Ar ¨ ¤«ï ª ª®£® r.

�«¥¤áâ¢¨¥ 3. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë A |  «£¥¡à  ¤ã «ìëå ç¨á¥«, â® ¬®£®®¡à §¨¥ M
¨¬¥¥â £®¬®â®¯¨ç¥áª¨© â¨¯ ª«¥â®ç®£® ª®¬¯«¥ªá  à §¬¥à®áâ¨, ¥ ¡®«ìè¥ ç¥¬ m. �«¥¤®¢ â¥«ì®,
Hi(M;Z) = 0, ¥á«¨ i > m.
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