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1. � ª ¨§¢¥áâ­® ([1], á.199), äã­ªæ¨ï �¨¬ ­  ãà ¢­¥­¨ï

uxy + aux + buy + cu = 0 (1)

¥áâì à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï

vxy � (av)x � (bv)y + cv = 0; (2)

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

v(x; �; t; �) = exp
Z x

t

b(�; �)d�;

v(t; y; t; �) = exp
Z y

�
a(�; �)d�:

(3)

�à¥¤¯®« £ ¥âáï, çâ® ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ a; b; c 2 C2 ¨ áãé¥áâ¢ãîâ ax; by 2 C2. �«ï
­ å®¦¤¥­¨ï v § ¯¨è¥¬ (2) ¢ ä®à¬¥

�
@

@y
� a

��
@

@x
� b

�
v = hv; (4)

£¤¥ h | ¨­¢ à¨ ­â �¨¬ ­  ([1], á.176)

h = ax + ab� c: (5)

�®áâà®¨¬ á­ ç «  äã­ªæ¨î �¨¬ ­  R ¤«ï (4) áç¨â ï h � 0. �¥âàã¤­® ¯à®¢¥à¨âì ­¥¯®áà¥¤-
áâ¢¥­­®, çâ® R ¥áâì à¥è¥­¨¥ § ¤ ç¨:

�
@

@x
+ b

��
@

@y
+ a

�
R = 0; (6)

R(x; �; t; �) = exp
Z t

x
b(�; �)d�;

R(t; y; t; �) = exp
Z �

y
a(t; �)d�:

(7)

�à ¢­¥­¨¥ (6) à¥è ¥âáï ¢ ª¢ ¤à âãà å ([1], á.177). �à®¤¥« ¢ íâ® á ãç¥â®¬ (7), ­ ©¤¥¬

R(x; y; t; �) = exp
� Z �

y

a(x; �)d� +
Z t

x

b(�; �)d�
�
: (8)

�ãáâì â¥¯¥àì h 6� 0. � áá¬ âà¨¢ ï ãà ¢­¥­¨¥ (4) ª ª ­¥®¤­®à®¤­®¥, ä®à¬ «ì­® § ¯¨è¥¬ ¥£®
ç áâ­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ([2], á.65)Z x

t

Z y

�
R(�; �; x; y)h(�; �)v(�; �)d� d�:
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�à¨¡ ¢«ïï ª íâ®© äã­ªæ¨¨ ®¡é¥¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨© ¤«ï h � 0 ç¥à¥§ v(x; �), v(t; y) ([2],
á.66), ¯à¨¤¥¬ ª á®®â­®è¥­¨î

v(x; y) = R(x; �; x; y)v(x; �) +R(t; y; x; y)v(t; y) �R(t; �; x; y)v(t; �) +

+
Z x

t

Z y

�

R(�; �; x; y)h(�; �)v(�; �)d� d� �
Z x

t

�
@

@�
R(�; �; x; y) + b(�; �)R(�; �; x; y)

�
v(�; �)d� �

�
Z y

�

�
@

@�
R(t; �; x; y) + a(t; �)R(t; �; x; y)

�
v(t; �)d�:

�®¤áâ ¢«ïï áî¤  §­ ç¥­¨ï (3), (7), ¯®«ãç¨¬

v(x; y) =
Z x

t

Z y

�

R(�; �; x; y)h(�; �)v(�; �)d� d� +R(t; �; x; y): (9)

�­ «®£¨ç­® ¬®¦­® à ááã¦¤ âì, ®â¯à ¢«ïïáì ®â § ¯¨á¨ ãà ¢­¥­¨ï (2) ¢ ä®à¬¥
�
@

@x
� b

��
@

@y
� a

�
v = kv; (10)

k = by + ab� c: (11)

�®£¤  äã­ªæ¨ï �¨¬ ­  R1 ¤«ï (10) ¯à¨ k � 0 ¤ ¥âáï ä®à¬ã«®©

R1(x; y; t; �) = exp
� Z �

y
a(t; �)d� +

Z t

x
b(�; y)d�

�
; (12)

  ¢¬¥áâ® (9) ¯®«ãç ¥âáï à ¢¥­áâ¢®

v(x; y) =
Z x

t

Z y

�

R1(�; �; x; y)k(�; �)v(�; �)d� d� +R1(t; �; x; y): (13)

�®®â­®è¥­¨ï (9) ¨ (13) ¯à¥¤áâ ¢«ïîâ á®¡®© ­®¢ë¥ ¢ à¨ ­âë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© äã­ª-
æ¨¨ �¨¬ ­ , ¨¬¥îé¨¥ ¯¥à¥¤ áâ ­¤ àâ­ë¬ ãà ¢­¥­¨¥¬ ([2], c.63) â® ¯à¥¨¬ãé¥áâ¢®, çâ® ¢ ­¨å
®âáãâáâ¢ãîâ ®¤­®ªà â­ë¥ ¨­â¥£à «ë, á®¤¥à¦ é¨¥ ¨áª®¬ãî äã­ªæ¨î. �­â¥à¥á­® â ª¦¥, çâ® ¢
á«ãç ïå, ª®£¤  å®âï ¡ë ®¤¨­ ¨§ ¨­¢ à¨ ­â®¢ (5), (11) â®¦¤¥áâ¢¥­­® à ¢¥­ ­ã«î, íâ¨ ãà ¢­¥­¨ï
 ¢â®¬ â¨ç¥áª¨ ¤ îâ ï¢­ë© ¢¨¤ äã­ªæ¨¨ �¨¬ ­  (8) ¨«¨ (12).

2. �®«ãç¥­­ë¥ ãà ¢­¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì ¤«ï ¢ëï¢«¥­¨ï ­®¢ëå á«ãç ¥¢ ¯®áâà®¥­¨ï
äã­ªæ¨© �¨¬ ­  ¢ ï¢­®¬ ¢¨¤¥.

�à¥¤¯®«®¦¨¬, çâ®

a = a1(y) + �x; b = b1(x) + �y; � = const: (14)

�®£¤  h � k, ¨

R1 � R =
r(x)s(y) exp(�xy)
r(t)s(�) exp(�t�)

;

r(x) = exp
Z

0

x

b1(�)d�; s(y) = exp
Z

0

y

a1(�)d�: (15)

�®íâ®¬ã ãà ¢­¥­¨ï (9) ¨ (13) á®¢¯ ¤ îâ ¨ ¯®á«¥ ¢¢¥¤¥­¨ï ­®¢®© ¨áª®¬®© äã­ªæ¨¨

w = r(x)s(y)v(x; y) exp(��xy) (16)

§ ¯¨áë¢ îâáï ¢ ä®à¬¥

w(x; y) = r(t)s(�) exp(��t�) +
Z x

t

Z y

�
h(�; �)w(�; �)d� d�: (17)
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� ¬¥â¨¬, çâ® (16) ¥áâì ç áâ­ë© á«ãç © ¬ã«ìâ¨¯«¨ª â¨¢­®£® ¯à¥®¡à §®¢ ­¨ï ¨§ ([1], á.176). �ç¥-
¢¨¤­®, (17) íª¢¨¢ «¥­â­® § ¤ ç¥ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

wxy � hw = 0 (18)

á ãá«®¢¨ï¬¨ �ãàá 

w(x; �) = w(t; y) = r(t)s(�) exp(��t�): (19)

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¨­¢ à¨ ­â h ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå äã­ªæ¨©, ª ¦¤ ï
¨§ ª®â®àëå § ¢¨á¨â «¨èì ®â ®¤­®£® ¯¥à¥¬¥­­®£®

h = �'(x) (y): (20)

�«ï íâ®£® á«ãç ï ãà ¢­¥­¨ï (18) äã­ªæ¨ï �¨¬ ­  ¨§¢¥áâ­  [3]. �â® ¥áâì äã­ªæ¨ï �¥áá¥«ï


 = J0

�
2
� Z x

t
'(�)d�

Z y

�
 (�)d�

�1=2�
:

�­®¢  ¯®«ì§ãïáì ä®à¬ã«®© à¥è¥­¨ï § ¤ ç¨ �ãàá  ([2], á.66), ¢ëç¨á«ï¥¬ w(x; y) ¢ ¢¨¤¥

w = r(t)s(�) exp(��t�)
(x; y; t; �):
�âáî¤  ¯® ä®à¬ã« ¬ (15){(16) ­ å®¤¨¬ äã­ªæ¨î �¨¬ ­  ¨áå®¤­®£® ãà ¢­¥­¨ï (1)

v = 
(x; y; t; �) exp
� Z x

t
b1(�)d� +

Z y

�
a1(�)d� + �(xy � t�)

�
: (21)

�â ª, ¤®ª § ­® ãâ¢¥à¦¤¥­¨¥: ¯à¨ ãá«®¢¨ïå (14) ¨ c � ab � � = '(x) (y) äã­ªæ¨ï �¨¬ ­ 

ãà ¢­¥­¨ï (1) ¤ ¥âáï ä®à¬ã«®© (21).

3. �¡à â¨¬áï â¥¯¥àì ª ãà ¢­¥­¨î

L(u) � uxyz + auxy + buyz + cuxz + dux + euy + fuz + gu = 0: (22)

�ã­ªæ¨ï �¨¬ ­  ¥áâì ¢ íâ®¬ á«ãç ¥ [4] à¥è¥­¨¥ ãà ¢­¥­¨ï

vxyz � (av)xy � (bv)yz � (cv)xz + (dv)x + (ev)y + (fv)z � gv = 0; (23)

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

v(t; �; z; t; �; �) = exp
Z z

�

a(t; �; �)d�;

v(t; y; �; t; �; �) = exp
Z y

�

c(t; �; �)d�; (24)

v(x; �; �; t; �; �) = exp
Z x

t
b(�; �; �)d�:

�à¨ ¢ë¤¥«¥­¨¨ á«ãç ¥¢ ï¢­®£® ¯®áâà®¥­¨ï v áãé¥áâ¢¥­­ãî à®«ì ¨£à îâ ª®­áâàãªæ¨¨

h1 = ax + ab� e; h2 = ay + ac� d; h3 = by + bc� f;

h4 = bz + ab� e; h5 = cx + bc� f; h6 = cz + ac� d;
h7 = dx + bd� g; h8 = ey + ce� g; h9 = fz + af � g:

� ááã¦¤¥­¨ï ¯à¨ íâ®¬ ®á­®¢ ­ë ­  ãá«®¢¨ïå ¯à¥¤áâ ¢¨¬®áâ¨ ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¢ «¥¢®©
ç áâ¨ ãà ¢­¥­¨ï (22), ¢ ä®à¬¥ ª®¬¯®§¨æ¨¨ ®¯¥à â®à®¢ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª . � ¯à¨¬¥à,
­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® ¯à¨ ãá«®¢¨ïå

h4 � h6 � h9 � 0 (25)
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íâ  ª®¬¯®§¨æ¨ï á®áâ®¨â ¨§ L1 � @=@z + a ¨ L2 � @2=@x @y + c@=@x + b@=@y + f , ¯à¨ç¥¬ L �
L1L2 � L2L1. � ãà ¢­¥­¨î á ®¯¥à â®à®¬ L2 ¬®¦­® ¯à¨¬¥­¨âì ¯®«ãç¥­­ë© ¢ëè¥ à¥§ã«ìâ â,
áç¨â ï z ¯ à ¬¥âà®¬,   ãà ¢­¥­¨¥, ¯®à®¦¤ ¥¬®¥ ®¯¥à â®à®¬ L1, ¨­â¥£à¨àã¥âáï í«¥¬¥­â à­®.
�á«®¢¨ï (14), (20) ¯à¨­¨¬ îâ §¤¥áì ¢¨¤

c = c1(y; z) + �(z)x; b = b1(x; z) + �(z)y;

f � bc� � = '(x; z) (y; z);
(26)

  äã­ªæ¨ï �¨¬ ­  ¤ ¥âáï ä®à¬ã«®©

v(x; y; z; t; �; �) = J0(2
p
!) exp�(x; y; z; t; �; �); (27)

£¤¥

! =
Z x

t
'(�; �)d�

Z y

�
 (�; �)d�;

� =
Z x

t

b1(�; �)d� +
Z y

�

c1(�; �)d� +
Z x

�

a(x; y; �)d� + (xy � t�)�(z):
(28)

�­ «®£¨ç­® ¬®¦­® à ááã¦¤ âì, ¢§ï¢ L1 à ¢­ë¬ @=@x+b ¨ @=@y+c. � ¯¥à¢®¬ á«ãç ¥ ãá«®¢¨ï
â¨¯  (25){(26) ¯à¥¢à é îâáï ¢

a = a1(x; z) + �(x)y; c = c1(x; y) + �(x)z;

d� ac� � = '(x; y) (x; z); h1 � h5 � h7 � 0;
(29)

  ¢® ¢â®à®¬ | ¢

a = a1(y; z) + 
(y)x; b = b1(x; z) + 
(y)z;

e� ab� 
 = '(x; y) (y; z); h2 � h3 � h8 � 0:
(30)

�ã­ªæ¨ï �¨¬ ­  ¯®-¯à¥¦­¥¬ã ¤ ¥âáï ä®à¬ã«®© (27), ¯à¨ íâ®¬ ¢ ¯à¥¤¯®«®¦¥­¨ïå (29)

! =
Z y

�

'(t; �)d�
Z z

�

 (t; �)d�;

� =
Z y

�

c1(t; �)d� +
Z z

�

a1(t; �)d� +
Z x

t

b(�; y; z)d� + (yz � ��)�(x);
(31)

  ¢ ãá«®¢¨ïå (30)

! =
Z x

t

'(�; �)d�
Z z

�

 (�; �)d�;

� =
Z x

t
b1(�; �)d� +

Z z

�
a1(�; �)d� +

Z y

�
c(x; �; z)d� + (xz � t�)
(y):

(32)

�®«ãç¥­­ë¥ à¥§ã«ìâ âë ¤®¯ãáª îâ ­¥¯®áà¥¤áâ¢¥­­ãî ¯à®¢¥àªã: ¤«ï íâ®£® ¤®áâ â®ç­® ¯à¨
ãª § ­­ëå ãá«®¢¨ïå ¯®¤áâ ¢¨âì (27) ¢ ãà ¢­¥­¨¥ (23) ¨ ãá«®¢¨ï (24).

�®¤¢®¤ï ¨â®£, áä®à¬ã«¨àã¥¬ ãâ¢¥à¦¤¥­¨¥: ¯à¨ ãá«®¢¨ïå (25){(26), (29) ¨ (30) äã­ªæ¨ï �¨-
¬ ­  ãà ¢­¥­¨ï (22) ¨¬¥¥â ¢¨¤ (27), £¤¥ ! ¨ � ¤ îâáï á®®â¢¥âáâ¢¥­­® ä®à¬ã« ¬¨ (28), (31) ¨
(32).

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® àï¤ á«ãç ¥¢ ï¢­®£® ¯®áâà®¥­¨ï äã­ªæ¨¨ �¨¬ ­  ¤«ï ãà ¢­¥­¨ï
(22) ¡ë« ¢ë¤¥«¥­ ¢ áâ âìïå [4]{[7].
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