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�à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë | ®¤¨­ ¨§ ¯ãâ¥© ­ å®¦¤¥­¨ï â®ç­ëå à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨©. � íâ®© à ¡®â¥ ®¯¨áë¢ îâáï ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ¤«ï ãà ¢­¥­¨© �®­¦ {
�¬¯¥à . �ë¡®à ª« áá  ãà ¢­¥­¨© ï¢«ï¥âáï ¯à¨ç¨­®© â®£®, çâ® ­ è¨ à¥§ã«ìâ âë ¯®«ãç¥­ë
¢ à ¬ª å £¥®¬¥âà¨¨ 1-¤¦¥â®¢. �à¨¢®¤¨âáï ªà¨â¥à¨© áãé¥áâ¢®¢ ­¨ï ¯à®¬¥¦ãâ®ç­ëå ¨­â¥£à -
«®¢ ¤«ï ãà ¢­¥­¨© �®­¦ {�¬¯¥à . � ¨¬¥­­®, áãé¥áâ¢®¢ ­¨¥ ¯à®¬¥¦ãâ®ç­ëå ¨­â¥£à «®¢ ¤«ï
ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  ­  n-¬¥à­®¬ £« ¤ª®¬ ¬­®£®®¡à §¨¨ íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î
á¨¬¯«¥ªâ¨ç¥áª¨ â®ç­®© å à ªâ¥à¨áâ¨ç¥áª®© 1-ä®à¬ë ¤«ï «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥-
à â®à  ¢â®à®£® ¯®àï¤ª ,  áá®æ¨¨à®¢ ­­®£® á â®© ¦¥ íää¥ªâ¨¢­®© n-ä®à¬®©, çâ® ¨ ®¯¥à â®à
�®­¦ {�¬¯¥à . � 2-¬¥à­®¬ á«ãç ¥ íâ® ãá«®¢¨¥ íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î á®¡áâ¢¥­­®£®
¢¥ªâ®à  ¨§ ¯à®áâà ­áâ¢  á¨¬¯«¥ªâ¨ç¥áª¨ â®ç­ëå 1-ä®à¬ ¤«ï ®¯¥à â®à , ¯®à®¦¤¥­­®£® ¤¢ã-
¬ï 2-ä®à¬ ¬¨: ¤¨ää¥à¥­æ¨ «®¬ 1-ä®à¬ë � àâ ­  ¨ íää¥ªâ¨¢­®© ä®à¬®©,  áá®æ¨¨à®¢ ­­®© á
ãà ¢­¥­¨¥¬ �®­¦ {�¬¯¥à . �«ï ãà ¢­¥­¨© �®­¦ {�¬¯¥à ,  áá®æ¨¨à®¢ ­­ëå á § ¬ª­ãâë¬¨
ä®à¬ ¬¨ ¯®áâ®ï­­®£® ª« áá , ¯®«ãç¥­® ¯®«­®¥ ®¯¨á ­¨¥ ¯à®¬¥¦ãâ®ç­ëå ¨­â¥£à «®¢. � ¨¬¥­­®,
¥á«¨ ¯ä ää¨ ­ â ª®£® ãà ¢­¥­¨ï ®â«¨ç¥­ ®â ª®­áâ ­âë, â® ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë áãâì
äã­ªæ¨¨ íâ®£® ¯ä ää¨ ­ . �á«¨ ¯ä ää¨ ­ à ¢¥­ ª®­áâ ­â¥, â® ãà ¢­¥­¨¥ �®­¦ {�¬¯¥à  «¨-
¡® £¨¯¥à¡®«¨ç¥áª®¥, «¨¡® ¯ à ¡®«¨ç¥áª®¥. � ¯¥à¢®¬ á«ãç ¥ ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥â ¤¢  3-¬¥à­ëå
¨­â¥£à¨àã¥¬ëå à á¯à¥¤¥«¥­¨ï ­  ¬­®£®®¡à §¨¨ 1-¤¦¥â®¢, ¯¥à¥á¥ç¥­¨ï ª®â®àëå á à á¯à¥¤¥«¥-
­¨¥¬ � àâ ­  ­¥¨­â¥£à¨àã¥¬ë, ¨ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë áãâì ¯¥à¢ë¥ ¨­â¥£à «ë «î¡®£®
¨§ íâ¨å à á¯à¥¤¥«¥­¨©. �® ¢â®à®¬ á«ãç ¥ ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥â ®¤­® 3-¬¥à­®¥ ¨­â¥£à¨àã¥¬®¥
à á¯à¥¤¥«¥­¨¥ ­  ¬­®£®®¡à §¨¨ 1-¤¦¥â®¢, ¯¥à¥á¥ç¥­¨¥ ª®â®à®£® á à á¯à¥¤¥«¥­¨¥¬ � àâ ­  ¨­-
â¥£à¨àã¥¬®, ¨ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ï¢«ïîâáï ¯¥à¢ë¬¨ ¨­â¥£à « ¬¨ íâ®£® à á¯à¥¤¥«¥­¨ï.
�®«ãç¥­­ë¥ à¥§ã«ìâ âë ¨««îáâà¨àãîâáï ­  ¯à¨¬¥à¥ ¯®«­®£® ®¯¨á ­¨ï ¯à®¬¥¦ãâ®ç­ëå ¨­â¥-
£à «®¢ § ¤ ç �¨­ª®¢áª®£® ¨ �«¥ªá ­¤à®¢  ¢ ª« áá¨ç¥áª®© ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨.

�â¬¥â¨¬, çâ® ¤ ­­ ï à ¡®â  á®¤¥à¦¨â ¯®«­®¥ ¨§«®¦¥­¨¥ à¥§ã«ìâ â®¢,  ­®­á¨à®¢ ­­ëå ¢
áâ âì¥ [1].

1. �¥¬¥©áâ¢® «¨¥¢áª¨å áâàãªâãà ­  ¬­®£®®¡à §¨¨ 1-¤¦¥â®¢

�ãáâì M | £« ¤ª®¥ ¬­®£®®¡à §¨¥, dimM = n ¨ �x | ¨¤¥ « ª®«ìæ  C1(M), á¢ï§ ­­ë© á
â®çª®© x 2 M : �x = ff 2 C1(M) j f(x) = 0g. �« ¤ª®¥ ¢¥ªâ®à­®¥ à áá«®¥­¨¥ �k : JkM ! M á®
á«®¥¬ JkxM = C1(M)=�k+1x C1(M) ­ ¤ â®çª®© x 2 M ­ §ë¢ ¥âáï à áá«®¥­¨¥¬ k-¤¦¥â®¢. �«ï
«î¡ëå ç¨á¥« k > l � 0 ®¯à¥¤¥«¥­  ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï �k;l : JkM ! J lM . �¡à § äã­ªæ¨¨
f 2 C1(M) ¢ á«®¥ JkxM ®¡®§­ ç ¥âáï ç¥à¥§ jk(f)x = [f ]kx. �¡®§­ ç¨¬ â ª¦¥ ç¥à¥§ J k(M) ¬®¤ã«ì
£« ¤ª¨å á¥ç¥­¨© à áá«®¥­¨ï JkM ¨ ç¥à¥§ Sjk(f) � J k(M) | á¥ç¥­¨¥ Sjk(f)(m) = jk(f)m, m 2M .

�î¡®¥ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ F : M1 !M2 ¯®à®¦¤ ¥â £®¬®¬®àä¨§¬ ¬®¤ã«¥©

J k(F ) : J k(M2)! J k(M1);

[f ]km2
7! [F �(f)]km1

;

£¤¥ f 2 C1(M2), m1 2M1, m2 2M2, m2 = F (m1).
� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ ¥áâ¥áâ¢¥­­®© ª®­â ªâ­®© áâàãªâãàë ­  J1M [2].
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�à¥¤«®¦¥­¨¥ 1. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© í«¥¬¥­â �1 2 J
1(J1M) â ª®©, çâ® ¤«ï «î-

¡®£® á¥ç¥­¨ï � 2 J 1(M) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® J 1(�)(�1) = �.

�®¤ã«ì J 1(M) ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¬®¤ã«ï 1-ä®à¬ �1(M) ¨ ª®«ìæ  C1(M) : J 1(M) =
�1(M)� C1(M). �®«¥¥ â®£®, ®¯à¥¤¥«¥­ ®¯¥à â®à �¯¥­á¥à 

D : J 1(M)! �1(M);

(!; f) 7! df � !;

£¤¥ d | ®¯¥à â®à ¤¥ � ¬ , ! 2 �1(M), f 2 C1(M).

�à¥¤«®¦¥­¨¥ 2. �­®£®®¡à §¨¥ J1M ¤®¯ãáª ¥â ¥áâ¥áâ¢¥­­ãî ª®­â ªâ­ãî áâàãªâãàã,
®¯à¥¤¥«¥­­ãî ã­¨¢¥àá «ì­®© 1-ä®à¬®© � àâ ­  U1 = D�1.

�¯à¥¤¥«¥­¨¥ 1. �¨ää¥à¥­æ¨ «ì­ë© ¨¤¥ « C ¢  «£¥¡à¥ ��(J1M), ¯®à®¦¤¥­­ë© ä®à¬®©
U1, ­ §ë¢ ¥âáï ¨¤¥ «®¬ � àâ ­ . � á¯à¥¤¥«¥­¨¥ K : x1 7! KerU1;x1 , x1 2 J1M , ­ §ë¢ ¥âáï
à á¯à¥¤¥«¥­¨¥¬ � àâ ­ . �¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®®¡à §¨¨ J1M ­ §ë¢ ¥âáï ª®­â ªâ­ë¬
¢¥ªâ®à­ë¬ ¯®«¥¬, ¥á«¨ ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì ¯®«ï X á®åà ­ï¥â ¨¤¥ « � àâ ­  (¨«¨ à á¯à¥-
¤¥«¥­¨¥ � àâ ­ ) LX(C) � C (¨«¨ LX(K) � K).

�¡®§­ ç¨¬ ç¥à¥§ C1
� (J

1M) £àã¯¯ã (®â­®á¨â¥«ì­® ã¬­®¦¥­¨ï), ¯®à®¦¤¥­­ãî äã­ªæ¨ï¬¨
� 2 C1(J1M) â ª¨¬¨, çâ® � 6= 0 ¢ «î¡®© â®çª¥ x1 2 J1M . O¯à¥¤¥«¨¬ â ª¦¥ 1-ä®à¬ã U�

1 = 1
�
U1,

� 2 C1
� (J

1M).
�ç¥¢¨¤­®, «î¡ ï ä®à¬  U�

1 , � 2 C1
� (J

1M), â ª¦¥ ï¢«ï¥âáï ®¡à §ãîé¥© ¨¤¥ «  � àâ ­  C.
�ë¡®à ®¡à §ãîé¥© ¢ ¨¤¥ «¥ � àâ ­  ãáâ ­ ¢«¨¢ ¥â á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ª®­â ªâ­ë¬¨ ¢¥ªâ®à-
­ë¬¨ ¯®«ï¬¨ ¨ äã­ªæ¨ï¬¨ ­  ¬­®£®®¡à §¨¨ J1M . � ¨¬¥­­®, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 3. �ãáâì � 2 C1
� (J

1M). �î¡®¥ ª®­â ªâ­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®-
®¡à §¨¨ J1M ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© f = U�

1 (X).

�«ï � 2 C1
� (J

1M) ®¡®§­ ç¨¬ ç¥à¥§ Xhf j�i ª®­â ªâ­®¥ ¢¥ªâ®à­®¥ ¯®«¥ á ¯à®¨§¢®¤ïé¥© äã­ª-
æ¨¥© f ®â­®á¨â¥«ì­® 1-ä®à¬ë U�

1 ,   ç¥à¥§ Lhf j�i | ¯à®¨§¢®¤­ãî �¨ ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï
Xhf j�i. �ãáâì �; � 2 C1

� (J
1M): �®£¤  «¥£ª® ¢¨¤¥âì, çâ® ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï (á¬.

[3]): Xhf j�i = Xh �
�
fj�i.

�â¬¥â¨¬, çâ® «î¡®¥ ª®­â ªâ­®¥ ¢¥ªâ®à­®¥ ¯®«¥ Xh1j�i = Xh�j1i = X�, � 2 C1
� (J

1M), ®¯à¥¤¥-
«ï¥â à §«®¦¥­¨¥ ¯à®áâà ­áâ¢  Tx1(J

1M) ¢ ¯àï¬ãî áã¬¬ã

Tx1(J
1M) = Kx1 � IRXh1j�i;x1 (1)

¢ «î¡®© â®çª¥ x1 2 J1M .
� «®ª «ì­ëå ª®®à¤¨­ â å q1; : : : ; qn; u; p1; : : : ; pn ­  ¬­®£®®¡à §¨¨ J1M ¢¥ªâ®à­®¥ ¯®«¥ Xhf j�i

¨¬¥¥â ¢¨¤

Xhf j�i =
nX
i=1

�
�

@f

@pi

d(�)

dqi
+
d(�)f

dqi

@

@pi

�
+ fXh1j�i;

£¤¥ d(�)

dqi
= � @

@qi
+ piXh1j�i, i = 1; 2; : : : ; n:

�®¬¬ãâ â®à ¢¥ªâ®à­ëå ¯®«¥© [X;Y ] = X � Y � Y �X ¯®à®¦¤ ¥â áª®¡ªã ¢ ª®«ìæ¥ C1(J1M)

[f1; f2]� = U�
1 ([Xhf1j�i; Xhf2j�i]):

�â  áª®¡ª  ®¯à¥¤¥«ï¥â áâàãªâãàã  «£¥¡àë �¨ ­  C1(J1M) ¤«ï «î¡®© äã­ªæ¨¨ � 2 C1
� (J

1M).
�á¯®«ì§ãï á¢®©áâ¢  ¯à®¨§¢®¤­®© �¨, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï áª®¡ª¨:

[f1; f2]� = Lhf1j�i(f2)� [1; f1]�f2:

�¡®§­ ç¨¬ ç¥à¥§ Di� (J1M)  «£¥¡àã «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¢ ª®«ìæ¥
C1(J1M). � ¯ à®© ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ �1;�2 2 Di� (J1M) á¢ï¦¥¬ ª®á®á¨¬¬¥-
âà¨ç¥áª¨© ¡¨¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à (41;42) : C1(J1M)

N
C1(J1M)! C1(J1M) â ª®©,
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çâ® h(41;42) j (f1; f2)i = det(4i(fj)), £¤¥ i; j = 1; 2, f1; f2 2 C1(J1M). �®£¤  ¢ «®ª «ì­ëå
ª®®à¤¨­ â å ­  ¬­®£®®¡à §¨¨ J1M áª®¡ª  ¤®¯ãáª ¥â á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥:

[f1; f2]� = �
nX
i=1

��
@

@pi
;
d(�)

dqi

� ���� (f1; f2)
�
+ h(1; [1; ]�)j(f1; f2)i:

� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ N�
� : C1(J1M) ! C1(J1M) â ª®¥, çâ® f� 7! f� = �

�
f�. �¥©áâ¢¨¥

¯à®¨§¢®¤­®© �¨ ¢¤®«ì ª®­â ªâ­®£® ¢¥ªâ®à­®£® ¯®«ï ­  ã­¨¢¥àá «ì­ãî ä®à¬ã � àâ ­  á«¥¤ã-
îé¨¬ ®¡à §®¬ ¢ëà ¦ ¥âáï ç¥à¥§ ¢¢¥¤¥­­ãî áª®¡ªã ¨ ®â®¡à ¦¥­¨¥ N�

�

Lhf j�iU
�
1 =

�
1; N�

� (f)
�
�
U�
1 :

�®íâ®¬ã á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ (á¬. [3]).

�à¥¤«®¦¥­¨¥ 4. �ãáâì �; � 2 C1
� (J

1M), f1; f2 2 C1(J1M). �â®¡à ¦¥­¨¥ N�
� á®£« á®¢ ­®

á «¨¥¢áª¨¬¨ áâàãªâãà ¬¨ ­  C1(J1M)�
N�
� (f1); N

�
� (f2)

�
�
= N�

� ([f1; f2]�):

2. sl(2; IR)-¯à¥¤áâ ¢«¥­¨¥ ­  ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ å
­ ¤ ¬­®£®®¡à §¨¥¬ 1-¤¦¥â®¢

�«ï «î¡®© äã­ªæ¨¨ � 2 C1
� (J

1M) ®¯à¥¤¥«¥­® ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ��
�(K

�) � ��(T �J1M),
á«®© ª®â®à®£® ¢ â®çª¥ x1 2 J1M ¯®à®¦¤¥­ ¢­¥è­¨¬¨ ä®à¬ ¬¨,  ­­ã«¨àãîé¨¬¨ ¢¥ªâ®à Xh1j�i;x1.

� §«®¦¥­¨¥ (1) § ¤ ¥â ¯à®¥ªæ¨î P� : ��(T �
x1
J1M)! ��

�(K
�
x1
) â ªãî, çâ® ! 7! Xh1j�ic(U�

1 ^!).
�£à ­¨ç¥­¨¥ 2-ä®à¬ë dU�

1;x1
®¯à¥¤¥«ï¥â á¨¬¯«¥ªâ¨ç¥áªãî áâàãªâãàã ­  ¯à®áâà ­áâ¢¥ Kx1 . � ª

®¡ëç­®, á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  § ¤ ¥â ¤¢®©áâ¢¥­­®áâì � 2 K�
x1
7�! b� 2 Kx1 :

�¯à¥¤¥«¨¬ ®¯¥à â®àë >� : �s
�(K

�) ! �s+2
� (K�) ¨ ?�: �s

�(K
�) ! �s�2

� (K�) â ª, çâ® >� : ! 7!

dU�
1 ^ ! ¨ ?�: ! 7! ddU�

1 c!.

�¢¥¤¥¬ ®â®¡à ¦¥­¨¥ � : ��
�(K

�)! ��
�(K

�) â ª®¥, çâ® � =
2nP
k=0

(n� k)�k. �¤¥áì �r : ��
�(K

�)!

�r
�(K

�) | ¯à®¥ªæ¨ï ­  r-®¤­®à®¤­ãî ª®¬¯®­¥­âã ��
�(K

�).
�àï¬ë¬ ¢ëç¨á«¥­¨¥¬ ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 5. �¯¥à â®àë >�, ?� ¨ � ®¯à¥¤¥«ïîâ sl(2; IR)-¯à¥¤áâ ¢«¥­¨¥ ¢ à áá«®¥­¨¨
��
�(K

�).

�¡®§­ ç¨¬ ç¥à¥§ ��
";�(K

�) ¯®¤à áá«®¥­¨¥ ��
�(K

�), á«®¨ ª®â®à®£® ¯®à®¦¤¥­ë ¯à¨¬¨â¨¢­ë-
¬¨ í«¥¬¥­â ¬¨ sl(2; IR)-¯à¥¤áâ ¢«¥­¨ï. �®¤ã«¨ £« ¤ª¨å á¥ç¥­¨© à áá«®¥­¨© ��

�(K
�) ¨ ��

";�(K
�)

®¡®§­ ç¨¬ ç¥à¥§ ��
�(J

1M) ¨ ��
";�(J

1M) á®®â¢¥âáâ¢¥­­®. �á¯®«ì§ãï áâàãªâãàã ­¥¯à¨¢®¤¨¬®£®
sl(2; IR)-¯à¥¤áâ ¢«¥­¨ï [4], ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à¦¤¥­¨î.

�à¥¤«®¦¥­¨¥ 6. �ãáâì � 2 C1
� (J

1M), k � n. k-ä®à¬  ! 2 �k
�(J

1M) ¯à¨­ ¤«¥¦¨â ¬®¤ã-
«î �k

";�(J
1M) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  T n�k+1

� ! = 0.

�®à¬  ! 2 �k
";�(J

1M), k � n, ­ §ë¢ ¥âáï íää¥ªâ¨¢­®© ä®à¬®©.
�ç¥¢¨¤­®, á â®ç­®áâìî ¤® C ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ­¥ § ¢¨á¨â ®â ¢ë¡®à  � 2 C1

� (J
1M). � ª

á«¥¤áâ¢¨¥ ®¯à¥¤¥«¥­¨ï ¯®«ãç ¥¬

�¥¬¬  1. �ãáâì �; � 2 C1
� (J

1M) ¨ ! 2 �n�k
";� (J1M). �®£¤ 

P�(!) 2 �n�k
";� (J1M): (2)
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�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à®¢¥à¨âì, çâ®

Ak+1(!) = (dU�
1 )

k+1 ^ (Xh1j�ic[U�
1 ^ !]) = 0;

¥á«¨ (dU�
1 )

k+1 ^ ! = 0: �«ï íâ®£® § ¬¥â¨¬

Ak+1(!) = Xh1j�ic([dU�
1 ]

k+1 ^ U�
1 ^ !)� (Xh1j�ic[dU�

1 ]
k+1) ^ U�

1 ^ !:

�®áª®«ìªã

[dU�
1 ]

k+1 ^ U�
1 ^ ! =

�
�

�

�k+2
[dU�

1 ]
k+1 ^ U�

1 ^ ! = 0;Xh1j�icdU
�
1 = 0;

â® Ak+1(!) = 0.

�á¯®«ì§ãï ¨§¢¥áâ­ë¥ â¥®à¥¬ë ® áâàãªâãà¥ sl(2; IR)-¬®¤ã«¥© [4], ¯®«ãç ¥¬ à §«®¦¥­¨¥ �®¤¦ {
�¥¯ ¦  ä®à¬ ! 2 �k

�(J
1M) ¤«ï «î¡®© äã­ªæ¨¨ � 2 C1

� (J
1M), ª ª ¨ ¢ á«ãç ¥ � = 1 ([5]; [6];

[7], c. 24; [8], c. 199; [9]). � ¨¬¥­­®, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 7. �ãáâì � 2 C1
� (J

1M): �î¡ ï ä®à¬  ! 2 �k
�(J

1M) ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­-
­®¥ à §«®¦¥­¨¥ �®¤¦ {�¥¯ ¦ 

! = !�0 +>�!
�
1 +>2

�!
�
2 + � � �

�¤¥áì !�i 2 �k�2i
";� (J1M).

3. �à ¢­¥­¨ï �®­¦ {�¬¯¥à , á¨¬¢®«ë ¨ å à ªâ¥à¨áâ¨ª¨

�ãé¥áâ¢ã¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ®¯¥à â®à ¬¨ �®­¦ {�¬¯¥à  ¨ íä-
ä¥ªâ¨¢­ë¬¨ ä®à¬ ¬¨ [9].

�¯à¥¤¥«¥­¨¥ 2. �ãáâì ! 2 �n
";�(J

1M). �¯¥à â®à®¬ �®­¦ {�¬¯¥à  �!,  áá®æ¨¨à®¢ ­­ë¬
á ä®à¬®© !, ­ §ë¢ ¥âáï ®¯¥à â®à �! : C1(M)! �n(M) â ª®©, çâ® f 7! S�

j1(f)
!.

� ¯®¬­¨¬, çâ® «î¡ ï â®çª  x2 2 J2M , x2 = [f ]2x, f 2 C1(M), ®¯à¥¤¥«ï¥â ¯«®áª®áâì L(x2) =
Tx1 [Sj1(f)(M)] � Tx1(J

1M) ¢ â®çª¥ x1 2 J1M , x1 = [f ]1x.
�®íâ®¬ã ãà ¢­¥­¨¥ �®­¦ {�¬¯¥à ,  áá®æ¨¨à®¢ ­­®¥ á ä®à¬®© ! 2 �n

";�(J
1M), ï¢«ï¥âáï

¯®¤¬­®£®®¡à §¨¥¬ E! � J2M ¢¨¤ 

E! = fx2 2 J2M j !jL(x2) = 0g:

� áá¬®âà¨¬ á¨¬¢®«ë ¨ å à ªâ¥à¨áâ¨ª¨ ®¯¥à â®à®¢ �®­¦ {�¬¯¥à . �®áª®«ìªã ®¯¥à â®à
�®­¦ {�¬¯¥à  �!, ¢®®¡é¥ £®¢®àï, ­¥«¨­¥¥­, â® ¥£® á¨¬¢®« ®¯à¥¤¥«ï¥âáï ª ª á¨¬¢®« ¥£® «¨­¥-
 à¨§ æ¨¨ ­  ­¥ª®â®à®© äã­ªæ¨¨ h 2 C1(M).

�¨­¥ à¨§ æ¨ï lh(�!) ®¯¥à â®à  �! ­  äã­ªæ¨¨ h 2 C1(M) | íâ® ®â®¡à ¦¥­¨¥ lh(�!) :
C1(M)! �nM â ª®¥, çâ®

lh(�!)(g) =
@

@t

����
t=0

�!(h+ tg):

�®íâ®¬ã á¨¬¢®« �x2(!) ®¯¥à â®à  �®­¦ {�¬¯¥à  �! ¢ â®çª¥ x2 2 J2(M) | íâ® ®â®¡à ¦¥-
­¨¥ �x2(!) : S

2T �
xM ! �nT �

xM â ª®¥, çâ® �x2(!)([g2]) = lh(�!)(g2)mod�x�nT �
xM; £¤¥ g2 2 �2x,

[g2] = g2mod�3x, [h]
2
x = x2; �2(x2) = x. �¥£ª® ¯à®¢¥à¨âì, çâ® á¨¬¢®« �x2(!) ¢ëç¨á«ï¥âáï á«¥¤ã-

îé¨¬ ®¡à §®¬: �x2(!)([g2]) = S�
j1(h)

[Lhg2j�i!]mod�x�
nT �

xM: �ª®­ç â¥«ì­®, á¨¬¢®« �x2(!) ­¥«¨-
­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¢â®à®£® ¯®àï¤ª  �! ¢ â®çª¥ x2 2 J2(M) ®¯à¥¤¥«ï¥âáï
á®®â­®è¥­¨¥¬

�x2(!)(�1�2) =
1
2
S�
j1(h)

[�1 ^ [b�2c!] + �2 ^ [b�1c!]](x); (3)

£¤¥ �1; �2 2 T �
xM .
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�¯à¥¤¥«¥­¨¥ 3. �®¢¥ªâ®à � 2 T �
xM; � 6= 0, ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¤«ï ®¯¥à â®à 

�! ¢ â®çª¥ x2 2 J2M , ¥á«¨ �x2(!)(�
2) = 0. �ë ¡ã¤¥¬ ­ §ë¢ âì ª®¢¥ªâ®à � 2 T �

xM å à ªâ¥-
à¨áâ¨ç¥áª¨¬ ¢ â®çª¥ x1 2 J1M , ¥á«¨ ®­ å à ªâ¥à¨áâ¨ç¥­ ¢ «î¡®© â®çª¥ x2 2 J2M â ª®©, çâ®
�2;1(x2) = x1, �1(x1) = x.

� ç áâ­®áâ¨, ¤«ï «¨­¥©­ëå ®¯¥à â®à®¢ �®­¦ {�¬¯¥à  å à ªâ¥à¨áâ¨ç¥áª¨© ª®¢¥ªâ®à ¢ ­¥ª®-
â®à®© â®çª¥ x2 2 J2M ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¢ â®çª¥ x1 2 J1M â ª®©, çâ® �2;1(x2) = x1.

�¡®§­ ç¨¬ ç¥à¥§ Charx1(!) � T �
xM ¬­®¦¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å ª®¢¥ªâ®à®¢ ®¯¥à â®à 

�®­¦ {�¬¯¥à  �! ¢ â®çª¥ x1 2 J1M . �­®¦¥áâ¢  Charx1(!) ®¯à¥¤¥«ïîâ á¥¬¥©áâ¢® Char(!) :
x1 7! Charx1(!) ­  ¬­®£®®¡à §¨¨ J

1M .

4. �à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë

� ¯®¬­¨¬, çâ® äã­ªæ¨ï k 2 C1(J1M) ­ §ë¢ ¥âáï ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥-
­¨ï E � JkM , ¥á«¨ «î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï k = const ï¢«ï¥âáï ¢ â® ¦¥ ¢à¥¬ï à¥è¥­¨¥¬
ãà ¢­¥­¨ï E.

�¨¦¥ ¤®ª ¦¥¬ à §«¨ç­ë¥ ä®à¬ë ªà¨â¥à¨ï áãé¥áâ¢®¢ ­¨ï ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  ¤«ï
ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  (á¬. [1]).

�®  ­ «®£¨¨ á [9] ®¯à¥¤¥«¨¬ ®¯¥à â®à d�p : �
s
�(J

1M)! �s+1
� (J1M) â ª®©, çâ® ! 7! P�d!.

�à¥¤«®¦¥­¨¥ 8. �ãáâì � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �ã­ªæ¨ï k 2 C1(J1M) ï¢«ï¥âáï
¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

d�pk ^ � � ! 2 C (4)

¤«ï ­¥ª®â®à®© � 2 �n�1
";� (J1M).

�®ª § â¥«ìáâ¢®. �§ á®®â­®è¥­¨ï (4) ¯®«ãç ¥¬, çâ® «î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï k = const
ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï E!.

�à¥¤¯®«®¦¨¬, çâ® ä®à¬  ! à ¢­  ­ã«î ­  «î¡®¬ n-¬¥à­®¬ ¨­â¥£à «ì­®¬ ¬­®£®®¡à §¨¨ L
à á¯à¥¤¥«¥­¨ï � àâ ­  â ª®¬, çâ® d�pk jL= 0. � áá¬®âà¨¬ à §«®¦¥­¨¥ ¢ «î¡®© â®çª¥ x1 2 J1M

K = X+ �X� �K0;

£¤¥ X+;X� 2 K, �+ = bX+ = d�pk, �
� = bX�, X�c�

+ = 1. �®£¤  K0 = Ann�+ \ Ann�� \ K
| á¨¬¯«¥ªâ¨ç¥áª®¥ ¯à®áâà ­áâ¢® á á¨¬¯«¥ªâ¨ç¥áª®© ä®à¬®© dU�0

1 , á¢ï§ ­­®© á ä®à¬®© dU�
1

á®®â­®è¥­¨¥¬
dU�

1 = �+ ^ �� + dU�0
1 :

�®íâ®¬ã ®¯¥à â®àë >� ¨ ?� ®¯à¥¤¥«ïîâ ®¯¥à â®àë >�0 ¨ ?�0 ¨ à áá«®¥­¨ï �
�
�0
(K�

0 ), �
�
";�0

(K�
0 ).

� ª á«¥¤áâ¢¨¥ ¯®«ãç ¥¬ à §«®¦¥­¨¥ ¢ «î¡®© â®çª¥ x1 2 J1M

! = �+ ^ 
1 + �� ^ 
2 +>�
3; (5)

£¤¥ 
1; 
2 2 �n�1
";�0

(K�
0;x1

), 
3 2 �n�2
";�0

(K�
0;x1

). �® â®© ¦¥ ¯à¨ç¨­¥ «î¡ ï « £à ­¦¥¢  n-¬¥à­ ï ¯«®á-
ª®áâì L ¢ áâàãªâãà¥ dU�

1 ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ L = X� � L0, £¤¥ X� ¯à¨­ ¤«¥¦¨â
«¨­¥©­®© ®¡®«®çª¥ X+ ¨ X�,   L0 ï¢«ï¥âáï « £à ­¦¥¢®© (n�1)-¬¥à­®© ¯«®áª®áâìî ¢ áâàãªâãà¥
dU�0

1 .
�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ L 2 ker�+, â® L = X�+ � L0, £¤¥ X�+ = X+ ¨ L0 | ¯à®¨§¢®«ì­ ï

« £à ­¦¥¢  (n�1)-¬¥à­ ï ¯«®áª®áâì ¢ áâàãªâãà¥ dU�0
1 .

�ãáâì �+ jL= 0. � íâ®¬ á«ãç ¥ ¢ ­ è¨å ¯à¥¤¯®«®¦¥­¨ïå ! jL= 0. �®áª®«ìªã X�+c�
� = �1,

X�+c
2 = 0, â® ª ª á«¥¤áâ¢¨¥ ¯®«ãç ¥¬ 
1 jL0
= 0 ¤«ï ¯à®¨§¢®«ì­®© « £à ­¦¥¢®© (n�1)-¬¥à­®©

¯«®áª®áâ¨ ¢ áâàãªâãà¥ dU�0
1 . �§ â¥®à¥¬ë �¥¯ ¦  (á¬. á«¥¤áâ¢¨¥ â¥®à¥¬ë 1.6 ¨§ [9]) ¯®«ãç ¥¬,

çâ® ä®à¬  
2 ¯à¨­ ¤«¥¦¨â ®¡à §ã ®¯¥à â®à  >�0 . �®áª®«ìªã 
2 | íää¥ªâ¨¢­ ï ä®à¬ , â® 
2 =
0. �®íâ®¬ã à §«®¦¥­¨¥ (5) ¨¬¥¥â ¢¨¤ ! = �+^
1+>�
3, ®âªã¤  ¨ á«¥¤ã¥â ­ è¥ ãâ¢¥à¦¤¥­¨¥.

�à¨¢¥¤¥¬ ¤àã£ãî ä®à¬ã ¯à¥¤ë¤ãé¥£® ªà¨â¥à¨ï.
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�à¥¤«®¦¥­¨¥ 9. �ãáâì � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �ã­ªæ¨ï k 2 C1(J1M) ï¢«ï¥â-
áï ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

d�pk ^ (Xhkj�ic!) = 0: (6)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ä®à¬  ! íää¥ªâ¨¢­ , â® >�! = 0. �à¨¬¥­ïï ª ¯®á«¥¤­¥¬ã
à ¢¥­áâ¢ã ®¯¥à â®à Xhkj�ic, ¯®«ãç ¥¬

d�pk ^ ! +>�(Xhkj�ic!) = 0: (7)

�ãáâì äã­ªæ¨ï k 2 C1(J1M) | ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à « ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E!, â. ¥.
áãé¥áâ¢ãîâ ä®à¬ë � 2 �n�1

";� (J1M) ¨ # 2 �n�2
� (J1M) â ª¨¥, çâ® ! = d�pk ^ � + T�#: �®íâ®¬ã

¢­¥è­¥¥ ã¬­®¦¥­¨¥ ä®à¬ë ! ­  1-ä®à¬ã d�pk ¤ ¥â

d�pk ^ ! = >�(d�pk ^ #): (8)

�á¯®«ì§ãï á®®â­®è¥­¨¥ (7) ¨ ¬®­®¬®àä­®áâì ®¯¥à â®à  >� ­  ä®à¬ å �s
�(J

1M) ¯à¨ s < n,
¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

d�pk ^ #+X<kj�>c! = 0; (9)

¯à®áâë¬ á«¥¤áâ¢¨¥¬ ª®â®à®£® ï¢«ï¥âáï á®®â­®è¥­¨¥ (6).
� ®¡®à®â, ¯ãáâì á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ (6). �®£¤  áãé¥áâ¢ã¥â ä®à¬  # 2 �n�2

� (J1M) â -
ª ï, çâ® á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ (9). �à¨¬¥­ïï ®¯¥à â®à >� ª íâ®¬ã à ¢¥­áâ¢ã ¨ ¨á¯®«ì§ãï
(7), ¯®«ãç¨¬ á®®â­®è¥­¨¥ d�pk ^ (! �>�#) = 0; ¯à®áâë¬ á«¥¤áâ¢¨¥¬ ª®â®à®£® ï¢«ï¥âáï (4).

�à ¢­¨¢ ªà¨â¥à¨© á ®¯à¥¤¥«¥­¨¥¬ á¨¬¢®«  ¨ å à ªâ¥à¨áâ¨ª ®¯¥à â®à®¢ �®­¦ {�¬¯¥à ,
¤ ¤¨¬ ¤àã£®¥ ®¯¨á ­¨¥ ¯à®¬¥¦ãâ®ç­ëå ¨­â¥£à «®¢.

�à®¬¥ ®¯¥à â®à  �®­¦ {�¬¯¥à  �! «î¡ ï ä®à¬  ! 2 �n
";�(J

1M) ®¯à¥¤¥«ï¥â «¨­¥©­ë©
¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª 

�! : C
1(J1M)! �n

";�(J
1M)

â ª®©, çâ® f 7! P�Lhf j�i!. �¥£ª® ¢¨¤¥âì, çâ® á¨¬¢®«

�[!] : S2�1
�(J

1M)
 C1(J1M)! �n
";�(J

1M)

®¯¥à â®à  �! ¨¬¥¥â ¢¨¤ �1�2f 7! 1
2
[�1 ^ [b�2c!] + �2 ^ [b�1c!]]f .

�¯à¥¤¥«¥­¨¥ 4. �®¢¥ªâ®à � 2 �1
�(J

1M)x1 , � 6= 0, ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¤«ï ®¯¥-
à â®à  �! ¢ â®çª¥ x1 2 J1M , ¥á«¨ �[!](�2) = 0.

�¡®§­ ç¨¬ ç¥à¥§ Charx1 [!] � �1
�(J

1M)x1 ¬­®¦¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å ª®¢¥ªâ®à®¢ ®¯¥à -
â®à  �! ¢ â®çª¥ x1 2 J1M . �­®¦¥áâ¢  Charx1 [!] ®¯à¥¤¥«ïîâ á¥¬¥©áâ¢® Char[!] : x1 7! Charx1 [!]
­  J1M . � ª á«¥¤áâ¢¨¥ ¯®«ãç ¥¬, çâ® ª®¢¥ªâ®à � 2 T �

xM , � 6= 0, å à ªâ¥à¨áâ¨ç¥­ ¤«ï ®¯¥à â®à 
�! ¢ â®çª¥ x1 2 J1M â ª®©, çâ® �1(x1) = x, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ å à ªâ¥à¨áâ¨ç¥­ ¤«ï
®¯¥à â®à  �! ¢ â®© ¦¥ â®çª¥. �àã£¨¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ Char(!) � Char[!]:

�ã¤¥¬ ­ §ë¢ âì 1-ä®à¬ã � 2 �1
�(J

1M) å à ªâ¥à¨áâ¨ç¥áª®© ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à -
â®à  �!, ¥á«¨ ª®¢¥ªâ®àë �x1 2 T �

x1
(J1M) å à ªâ¥à¨áâ¨ç­ë ¢® ¢á¥å â®çª å x1 2 J1M .

�à ¢­¨¢ ï ®¯à¥¤¥«¥­¨¥ 4 ¨ ãá«®¢¨¥ (6), ¯®«ãç ¥¬ á«¥¤ãîéãî ¯¥à¥ä®à¬ã«¨à®¢ªã ªà¨â¥à¨ï
áãé¥áâ¢®¢ ­¨ï ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à « .

�à¥¤«®¦¥­¨¥ 10. �ãáâì � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �ã­ªæ¨ï k 2 C1(J1M) ï¢«ï¥â-
áï ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ®¯¥à â®à  �®­¦ {�¬¯¥à  �! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
1-ä®à¬  d�pk å à ªâ¥à¨áâ¨ç­  ¤«ï ®¯¥à â®à  �!.
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�ã¤¥¬ ­ §ë¢ âì 1-ä®à¬ã � 2 �1
�(J

1M) á¨¬¯«¥ªâ¨ç¥áª¨ â®ç­®©, ¥á«¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
� = d�p g ¤«ï ­¥ª®â®à®© äã­ªæ¨¨ g 2 C1(J1M).

� ª¨¬ ®¡à §®¬, áãé¥áâ¢®¢ ­¨¥ ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  íª¢¨-
¢ «¥­â­® áãé¥áâ¢®¢ ­¨î á¨¬¯«¥ªâ¨ç¥áª¨ â®ç­®© å à ªâ¥à¨áâ¨ç¥áª®© 1-ä®à¬ë ¤«ï ®¯¥à â®à 
�!.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ¤«ï ãà ¢­¥­¨© �®­¦ -�¬¯¥à 
­ ¤ 2-¬¥à­ë¬ ¬­®£®®¡à §¨¥¬M . �ãáâì 
 2 �2

�(J
1M). �¡®§­ ç¨¬ ç¥à¥§ �
 ®â®¡à ¦¥­¨¥ TM !

T �M â ª®¥, çâ® v! vc
.
�¥£ª® ¢¨¤¥âì, çâ® ªà¨â¥à¨© áãé¥áâ¢®¢ ­¨ï ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  ãà ¢­¥­¨ï �®­¦ {

�¬¯¥à  ¤®¯ãáª ¥â ¢ íâ®¬ á«ãç ¥ á«¥¤ãîéãî ¯¥à¥ä®à¬ã«¨à®¢ªã.

�à¥¤«®¦¥­¨¥ 11. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �à ¢­¥­¨¥ �®­¦ {�¬¯¥à 
E! â®£¤  ¨ â®«ìª® â®£¤  ¤®¯ãáª ¥â ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à «, ª®£¤  áãé¥áâ¢ã¥â á¨¬¯«¥ª-
â¨ç¥áª¨ â®ç­ ï 1-ä®à¬ , ª®â®à ï ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ®¯¥à â®à  �! ��

�1
dU�

1
.

� «¥¥ ¢ ¢ëç¨á«¥­¨ïå ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¯ä ää¨ ­ íää¥ªâ¨¢­®© ä®à¬ë !,  áá®æ¨¨à®-
¢ ­­ë© á á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà®© dU�

1 .

�¯à¥¤¥«¥­¨¥ 5. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �ã­ªæ¨ï Pf�(!) 2 C1(J1M)
­ §ë¢ ¥âáï ¯ä ää¨ ­®¬ íää¥ªâ¨¢­®© ä®à¬ë !, ¥á«¨ á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ Pf�(!)dU�

1 ^
dU�

1 = ! ^ !:

�àï¬ë¬ á«¥¤áâ¢¨¥¬ ®¯à¥¤¥«¥­¨ï ï¢«ï¥âáï á®®â­®è¥­¨¥

Lh1j�i(Pf�(!)) = 0: (10)

� ¤ «ì­¥©è¥¬ ¤«ï á®ªà é¥­¨ï § ¯¨á¨ ¡ã¤¥¬ ®¯ãáª âì ¨­¤¥ªá �. � ¯®¬­¨¬, çâ® ä®à¬  ! 2
�n
";�(J

1M) ­ §ë¢ ¥âáï

1. í««¨¯â¨ç¥áª®©, ¥á«¨ Pf! > 0,
2. £¨¯¥à¡®«¨ç¥áª®©, ¥á«¨ Pf! < 0,
3. ¯ à ¡®«¨ç¥áª®©, ¥á«¨ Pf! = 0.

�à¥¤«®¦¥­¨¥ 12. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M). �á«¨ ãà ¢­¥­¨¥ �®­¦ {
�¬¯¥à  E! ¤®¯ãáª ¥â ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à «, â® ä®à¬  ! ­¥ ï¢«ï¥âáï í««¨¯â¨ç¥áª®©,
â. ¥. Pf! � 0:

�®ª § â¥«ìáâ¢®. � ­ è¥¬ á«ãç ¥ á®®â­®è¥­¨¥ (4) ¨¬¥¥â ¢¨¤

! � d�pk ^ � = tdU�
1 ; (11)

£¤¥ � 2 �1
";�(J

1M), t 2 IR1. �á¯®«ì§ãï íää¥ªâ¨¢­®áâì ä®à¬ë !, ¯®«ãç ¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥
áãé¥áâ¢®¢ ­¨ï ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  Pf! + t2 = 0: �®íâ®¬ã Pf! � 0.

� ¬¥ç ­¨¥ 1. �¥£®«®­®¬­ë¬ ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E!

­ §ë¢ ¥âáï ä®à¬  � 2 �1
�(J

1M) â ª ï, çâ® � ^ � � ! 2 C ¤«ï ­¥ª®â®à®© ä®à¬ë � 2 �n�1
";� (J1M).

�á«®¢¨ï áãé¥áâ¢®¢ ­¨ï ­¥£®«®­®¬­®£® ¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  ®¯à¥¤¥«ïîâáï ¯à¥¤«®¦¥­¨-
ï¬¨ 9, 10, 11, 12 á ¥áâ¥áâ¢¥­­®© § ¬¥­®© á¨¬¯«¥ªâ¨ç¥áª¨ â®ç­®© ä®à¬ë d�pk 2 �1

�(J
1M) ­ 

¯à®¨§¢®«ì­ãî ä®à¬ã � 2 �1
�(J

1M).

�ã¤¥¬ ­ §ë¢ âì ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à « k 2 C1(J1M) ¯®«®¦¨â¥«ì­ë¬ (®âà¨æ â¥«ì-
­ë¬), ¥á«¨ äã­ªæ¨ï t ¢ ä®à¬ã«¥ (11) ¯®«®¦¨â¥«ì­  (®âà¨æ â¥«ì­ ).

� ¬¥ç ­¨¥ 2. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ ï (®âà¨æ â¥«ì­ ï) äã­ªæ¨ï

 2 C1(J1M) ¨ ä®à¬ë $1;$2 2 �1

�(J
1M) â ª¨¥, çâ® ! � 
dU�

1 = $1 ^ $2. �®£¤  äã­ª-
æ¨ï f 2 C1(J1M) | ¯®«®¦¨â¥«ì­ë© (®âà¨æ â¥«ì­ë©) ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à « ãà ¢­¥­¨ï
�®­¦ {�¬¯¥à  E!, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ d�p f ^$1 ^$2 = 0:
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�¨¦¥ ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥

C1
� (J

1M) = ff 2 C1(J1M) j Lh1j�i(f) = 0g:

�¥¬¬  2. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M), d! = 0, cl! = const. �á«¨ ä®à¬  !
£¨¯¥à¡®«¨ç¥áª ï, â® ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! ¯à¨­ ¤«¥-
¦ â C1

�t(J
1M).

�®ª § â¥«ìáâ¢®. �ãáâì k 2 C1(J1M) | ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à « ãà ¢­¥­¨ï �®­¦ {
�¬¯¥à  E!. �á¯®«ì§ãï á®®â­®è¥­¨¥ (10), ¯®«ãç ¥¬ d�p t = dt. �à¨¬¥­ïï ®¯¥à â®à d�p ª à ¢¥­áâ¢ã
(11), ¯à¨å®¤¨¬ ª á®®â­®è¥­¨î �dt^dU�

1 = �Lh1j�i(k)�^dU�
1 �d

�
pk^d

�
p �: �¬­®¦ ï ¥£® ­  d

�
pk ¨ ¨á-

¯®«ì§ãï ¥é¥ à § (11), ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã 0 = dU�
1 (dd�pk; cdt )+ tXh1j�i(k) = Xhtj�i(k) = Xh1j�ti(k);

â. ¥. ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! ¯à¨­ ¤«¥¦ â C1
�t(J

1M).

�®á¯®«ì§®¢ ¢è¨áì à¥§ã«ìâ â®¬ ¯à¥¤ë¤ãé¥© «¥¬¬ë ¨ ¯à¨¬¥­ïï ®¯¥à â®à Xhtj�ic ª á®®â­®è¥-
­¨î (6), ¯®«ãç¨¬ dk!(cdt ;cdk) = 0: �®áª®«ìªã ä®à¬  ! £¨¯¥à¡®«¨ç¥áª ï, â. ¥. ­¥¢ëà®¦¤¥­­ ï,
â® dt ^ dk = 0. �®íâ®¬ã áãé¥áâ¢ãîâ â®«ìª® ¤¢¥ ¢®§¬®¦­®áâ¨: «¨¡® dk = �dt ¤«ï ­¥ª®â®à®©
äã­ªæ¨¨ � 2 C1

�t(J
1M), â. ¥. t | ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à «, «¨¡® dt = 0.

�ã¬¬¨àãï, ¯®«ãç¨¬

�à¥¤«®¦¥­¨¥ 13. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M), d! = 0, cl! = const,
Pf! 6= const. �®£¤  áãé¥áâ¢ãîâ â®«ìª® ¤¢¥ ¢®§¬®¦­®áâ¨.

1. Pf! ï¢«ï¥âáï ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E!. � íâ®¬ á«ã-
ç ¥ ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! | äã­ªæ¨¨ Pf!.

2. Pf! ­¥ ï¢«ï¥âáï ¯à®¬¥¦ãâ®ç­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E!. � íâ®¬
á«ãç ¥ ãà ¢­¥­¨¥ �®­¦ {�¬¯¥à  E! ­¥ ¨¬¥¥â ¯à®¬¥¦ãâ®ç­ëå ¨­â¥£à «®¢.

�¯¨è¥¬ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! ¯à¨ ãá«®¢¨¨, çâ® Pf! =
const.

�à¥¤«®¦¥­¨¥ 14. �ãáâì n = 2, � 2 C1
� (J

1M), ! 2 �n
";�(J

1M), d! = 0, cl! = const. �á«¨
ä®à¬  ! £¨¯¥à¡®«¨ç¥áª ï ¨ Pf! = const, â® ¢á¥ ¯®«®¦¨â¥«ì­ë¥ (á®®â¢¥âáâ¢¥­­® ®âà¨æ -
â¥«ì­ë¥) ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! ¯à¨­ ¤«¥¦ â C1

� (J
1M).

�®«¥¥ â®£®, íâ¨ ¨­â¥£à «ë áãâì ¯¥à¢ë¥ ¨­â¥£à «ë 3-¬¥à­ëå ¨­â¥£à¨àã¥¬ëå à á¯à¥¤¥«¥­¨©
T (J1M) � �� = 	� � IRXh1j�i, £¤¥ 	� | 2-¬¥à­ë¥ ­¥¨­â¥£à¨àã¥¬ë¥ à á¯à¥¤¥«¥­¨ï ¨§ K â -
ª¨¥, çâ® [	�;	�] 6� K. �á«¨ ä®à¬  ! ¯ à ¡®«¨ç¥áª ï, â® ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë
ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! áãâì ¯¥à¢ë¥ ¨­â¥£à «ë 3-¬¥à­®£® ¨­â¥£à¨àã¥¬®£® à á¯à¥¤¥«¥-
­¨ï T (J1M) � � = 	 � IRXh1j�i â ª®£®, çâ® 	 | ¤¢ã¬¥à­®¥ ¨­â¥£à¨àã¥¬®¥ à á¯à¥¤¥«¥­¨¥ ¨§
K.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ 2-ä®à¬ã !0 = ! + t � dU�
1 , £¤¥ t =

p
jPf!j. �®áª®«ìªã cl! =

const, cldU�
1 = const ¨ Pf! = const, â® cl!0 = const. �®«¥¥ â®£®, ¯®áª®«ìªã Pf! � 0, â® ä®à¬  !0

à §«®¦¨¬  (á¬. ¯à¥¤«®¦¥­¨¥ 12), cl!0 = 2 ¨ !0 = #1 ^ #2. � á¨«ã à ¢¥­áâ¢  d!0 = 0 ¨ â¥®à¥¬ë
� à¡ã ä®à¬  !0 ¨¬¥¥â ¢¨¤ dg1 ^ dg2, £¤¥ g1; g2 2 C1

� (J
1M).

�§ § ¬¥ç ­¨ï 2 á«¥¤ã¥â, çâ® äã­ªæ¨ï f 2 C1(J1M) ï¢«ï¥âáï ¯®«®¦¨â¥«ì­ë¬ ¯à®¬¥¦ãâ®ç-
­ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï �®­¦ {�¬¯¥à  E! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­® á®®â­®-
è¥­¨¥

d�p f ^ dg1 ^ dg2 = 0: (12)

�®áª®«ìªã fdg1; dg2g | ¨­â¥£à¨àã¥¬ ï ¯ä ää®¢  á¨áâ¥¬ , â® à á¯à¥¤¥«¥­¨¥ �+ = Anndg1 \
Anndg2 � T (J1M) ¨­â¥£à¨àã¥¬®. �®«¥¥ â®£®, ¯®áª®«ìªã g1, g2 2 C1

� (J
1M), â® �+ = 	+�IRXh1j�i,

£¤¥ 	 � K | 2-¬¥à­®¥ à á¯à¥¤¥«¥­¨¥.
�á«¨ 	+ ¨­â¥£à¨àã¥¬®, â® ¢ á¨«ã (12) f | ¯¥à¢ë© ¨­â¥£à « 	+. �¥£ª® ¢¨¤¥âì, çâ® 	+ ¨­â¥-

£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  U�
1 ([X;Y ]) = 0 ¤«ï ¢á¥å X;Y 2 	+, â. ¥. 	+ | « £à ­¦¥¢®
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à á¯à¥¤¥«¥­¨¥. � á¯à¥¤¥«¥­¨¥ 	+ « £à ­¦¥¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Ann	+ = 	+cdU
�
1 =

fdg1; dg2g « £à ­¦¥¢® ¢ áâàãªâãà¥, ®¯à¥¤¥«¥­­®© ¡¨¢¥ªâ®à®¬ cdU�

1 , â. ¥. ¢ë¯®«­¥­® à ¢¥­áâ¢®

?�(dg1 ^ dg2) = 0: (13)

�®áª®«ìªã dg1^dg2 = !+t�dU�
1 ¨ !| íää¥ªâ¨¢­ ï ä®à¬ , â® à ¢¥­áâ¢® (13) ¬®¦­® ¯à¥¤áâ ¢¨âì

¢ ¢¨¤¥ t =
p
jPf!j = 0. �àã£¨¬¨ á«®¢ ¬¨, ä®à¬  ! ¯ à ¡®«¨ç¥áª ï ¨ 	+ = 	�.

�á«¨ à á¯à¥¤¥«¥­¨ï 	� ­¥¨­â¥£à¨àã¥¬ë, â® ¨­â¥£à¨àã¥¬ë à á¯à¥¤¥«¥­¨ï ��. � íâ®¬ á«ãç ¥
ä®à¬  ! £¨¯¥à¡®«¨ç¥áª ï, ¨ ãà ¢­¥­¨¥ �®­¦ {�¬¯¥à E! ¨¬¥¥â ¤¢  á¥¬¥©áâ¢  ¯à®¬¥¦ãâ®ç­ëå
¨­â¥£à «®¢ ¨§ C1

� (J
1M). �®«¥¥ â®£®, íâ¨ ¨­â¥£à «ë áãâì ¯¥à¢ë¥ ¨­â¥£à «ë 3-¬¥à­ëå ¨­â¥£à¨-

àã¥¬ëå à á¯à¥¤¥«¥­¨© �� ­  J1M .

5. �à¨¬¥à: § ¤ ç¨ �¨­ª®¢áª®£® ¨ �«¥ªá ­¤à®¢ 

� ¤ ç  �¨­ª®¢áª®£® á®áâ®¨â ¢ ¢®ááâ ­®¢«¥­¨¨ ¯®¢¥àå­®áâ¨ ¯® ¤ ­­®© äã­ªæ¨¨ ªà¨¢¨§­ë (¢
­ è¥¬ á«ãç ¥, £ ãáá®¢®© ªà¨¢¨§­ë),   § ¤ ç  �«¥ªá ­¤à®¢  | ¢ ¢®ááâ ­®¢«¥­¨¨ ¯®¢¥àå­®áâ¨
¯® ¤ ­­®© ¯«®é ¤¨ áä¥à¨ç¥áª®£® ®â®¡à ¦¥­¨ï ª ª äã­ªæ¨¨ ¯à®¥ªæ¨¨ â®ç¥ª ¯®¢¥àå­®áâ¨ ­ 
­¥ª®â®àãî ¯«®áª®áâì ([10], [11]).

�¥ «¨§ æ¨ï¬ íâ¨å ¯®¢¥àå­®áâ¥© ¢ ¯à®áâà ­áâ¢¥ J0IR2 = (q1; q2; u) ®â¢¥ç îâ à¥è¥­¨ï ãà ¢­¥-
­¨© �®­¦ {�¬¯¥à  EM ¨ EA. �â¨ ãà ¢­¥­¨ï  áá®æ¨¨à®¢ ­ë á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ 2-ä®à¬ ¬¨

!M = dp1 ^ dp2 � 'M (p1; p2)dq1 ^ dq2;

!A = (1 + p21 + p22)
� 3

2 dp1 ^ dp2 � 'A(q1; q2)dq1 ^ dq2

­  ¯à®áâà ­áâ¢¥ J1IR2 = (q1; q2; u; p1; p2), £¤¥ 'M ; 'A 2 C1(IR2).
�¡ê¥¤¨­ïï § ¤ ç¨ �¨­ª®¢áª®£® ¨ �«¥ªá ­¤à®¢ , à áá¬®âà¨¬ ãà ¢­¥­¨¥ �®­¦ {�¬¯¥à ,

 áá®æ¨¨à®¢ ­­®¥ á ä®à¬®© ! = vdp1 ^ dp2 � wdq1 ^ dq2, £¤¥ v = 1, w = 'M ¤«ï EM ¨ v =
(1 + p21 + p22)

� 3
2 , w = 'A ¤«ï EA: � ¬¥â¨¬, çâ® Pf(!) = 2wv:

� ©¤¥¬ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë § ¤ ç �¨­ª®¢áª®£® ¨ �«¥ªá ­¤à®¢ . �®®â­®è¥­¨¥ (6)
íª¢¨¢ «¥­â­® ¤¢ã¬ á¨áâ¥¬ ¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª :

dk

dq1
�B

@k

@p2
= 0;

dk

dq2
�B

@k

@p1
= 0;

(14)

£¤¥ B2 = �w
v
. �®íâ®¬ã § ¤ ç  ¤®¯ãáª ¥â ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à «, ¥á«¨ Pf! = vw � 0 (á¬.

¯à¥¤«®¦¥­¨¥ 12). �á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ (14) ¨¬¥îâ ¢¨¤

dB

dq1
�B

@B

@p2
= 0;

dB

dq2
�B

@B

@p1
= 0:

(15)

�¥è ï á¨áâ¥¬ë (14) ¨ (15), ¯®«ãç ¥¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë ¤«ï § ¤ ç �¨­ª®¢áª®£® ¨ �«¥ª-
á ­¤à®¢ .

1. �«ï § ¤ ç¨ �«¥ªá ­¤à®¢  ãá«®¢¨¥ ¨­â¥£à¨àã¥¬®áâ¨ (15) ¨¬¥¥â ¢¨¤ 'A = 0 (â. ¥. ãà ¢­¥-
­¨¥ �«¥ªá ­¤à®¢  ¤®¯ãáª ¥â ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à «, ¥á«¨ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ à §-
¢¥àâë¢ îé¨åáï ¯®¢¥àå­®áâ¥©). � íâ®¬ á«ãç ¥ á¨áâ¥¬ë (14) ¨ ¨­â¥£à¨àã¥¬®¥ à á¯à¥¤¥-
«¥­¨¥ 	 � K áãâì

dk

dqi
= 0; i = 1; 2; 	 =

�
d

dq1
;
d

dq2

�

(á¬. ¯à¥¤«®¦¥­¨¥ 14),   ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë áãâì k = g(p1; p2); £¤¥ g 2 C1(IR2).

24



2. �«ï § ¤ ç¨ �¨­ª®¢áª®£® ãá«®¢¨¥ ¨­â¥£à¨àã¥¬®áâ¨ (15) ¨¬¥¥â ¢¨¤ 'M = const � 0. �á«¨
'M = 0, â® ¯®«ãç ¥¬ ¯à¥¤ë¤ãé¨© à¥§ã«ìâ â. �à¥¤¯®«®¦¨¬, çâ® 'M = const < 0. �®-
£¤  B = const, ¨ ¨§ á¨áâ¥¬ (14) ¯®«ãç ¥¬, çâ® ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë áãâì ¯¥à¢ë¥
¨­â¥£à «ë ¤¢ãå ¨­â¥£à¨àã¥¬ëå à á¯à¥¤¥«¥­¨©: �� � T (J1M), § ¤ ­­ëå £¥­¥à â®à ¬¨

X� =
d

dq1
�B

@

@p2
; Y� =

d

dq2
�B

@

@p1
; H� = �B

@

@u

¨ ®¡é¥© â ¡«¨æ¥© ã¬­®¦¥­¨ï

[X�; Y�] = 2H�; [X�;H�] = [Y�;H�] = 0

(á¬. ¯à¥¤«®¦¥­¨¥ 14). �«®© íâ¨å à á¯à¥¤¥«¥­¨© ¨§®¬®àä¥­ ¬ ªá¨¬ «ì­®© ­¨«ì¯®â¥­â-
­®© ¯®¤ «£¥¡à¥  «£¥¡àë sl(3; IR). �®íâ®¬ã ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ ¨­â¥£à «ë § ¤ ç¨ �¨­-
ª®¢áª®£® ¢ íâ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤ k = g(p1 �Bq2; p2 �Bq1); £¤¥ g 2 C1(IR2).
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