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�¥à¥ç¨á«ïï  m-¬¥à®¬ ¤¨ää¥à¥æ¨àã¥¬®¬ ¬®£®®¡à §¨¨M  ¨¡®«¥¥ ¢ ¦ë¥ G-áâàãªâã-
àë, �.�®¡ ïá¨ (á¬. [1], £«. 1, x 2) ¢ë¤¥«ï¥â G-áâàãªâãàë á £àã¯¯®© G = GL(n;R)�GL(m�n;R),
á®áâ®ïé¥© ¨§ ¡«®ç®-¤¨ £® «ìëå ¬ âà¨æ A = diagfB;Cg á B 2 GL(n;R) ¨ C 2 GL(m�n;R).
�â¨ áâàãªâãàë  å®¤ïâáï ¢ ¥áâ¥áâ¢¥®¬ ¡¨¥ªâ¨¢®¬ á®®â¢¥âáâ¢¨¨ á ¬®¦¥áâ¢®¬ ¯ à (H;V)
¢§ ¨¬® ¤®¯®«¨â¥«ìëå n- ¨ (m� n)-¬¥àëå ¤¨ää¥à¥æ¨àã¥¬ëå à á¯à¥¤¥«¥¨©   M .

� ë¬ áâàãªâãà ¬ ¯®á¢ïé¥® ¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â, ®¡§®à ª®â®àëå ¬®¦®  ©â¨ ¢
[2],   â ª¦¥ ®â¤¥«ìë¥ £« ¢ë ¨ ¯ à £à äë ¢ ¬®®£à ä¨ïå [3], [4] ¨ ¤à. �.�.�®à¤¥®¬ (á¬. [5],
á. 128{129) ¡ë«  ¤   ç áâ¨ç ï ª« áá¨ä¨ª æ¨ï GL(n;R) � GL(m � n;R)-áâàãªâãà, ¢ ®á®¢ã
ª®â®à®© ® ¯®«®¦¨« ¯®ïâ¨¥ ¯ à ««¥«ì®£® ¯¥à¥®á  áâàãªâãàëå à á¯à¥¤¥«¥¨©H ¨ V. � ¤ -
®© à ¡®â¥ ¬ë ¯à®¤®«¦¨«¨ ¨áá«¥¤®¢ ¨ï ¢ íâ®¬  ¯à ¢«¥¨¨, á¢¥¤ï ¯à®¡«¥¬ã ª« áá¨ä¨ª æ¨¨
ª ª« áá¨ç¥áª®© § ¤ ç¥ í«¥¬¥â à®© â¥®à¨¨ ¯à¥¤áâ ¢«¥¨© ¯®«®© «¨¥©®© £àã¯¯ë ® à §«®¦¥-
¨¨ â¥§®à®£® ¯à®¨§¢¥¤¥¨ï ¯à¥¤áâ ¢«¥¨©   ¥¯à¨¢®¤¨¬ë¥ ª®¬¯®¥âë. � à¥§ã«ìâ â¥  àï¤ã
á ¨§¢¥áâë¬¨ ª« áá ¬¨ GL(n;R)�GL(m� n;R)-áâàãªâãà (á¬. [5], á. 128{129) ¢ë¤¥«¥ë ®¢ë¥
ª« ááë, ª®â®àë¥ ¯®«ãç¨«¨ §¤¥áì ¦¥ ¨ £¥®¬¥âà¨ç¥áªãî å à ªâ¥à¨áâ¨ªã.

1. GL(n;R)�GL(m� n;R)-áâàãªâãàë   m-¬¥à®¬ ¬®£®®¡à §¨¨

�ãáâì M | ¤¨ää¥à¥æ¨àã¥¬®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ m ¨ L(M) | à áá«®¥¨¥ «¨-
¥©ëå à¥¯¥à®¢  ¤ M á® áâàãªâãà®© £àã¯¯®© GL(;R). � áá¬®âà¨¬ ¢ GL(m;R) ¯®¤£àã¯¯ã
G = GL(n;R)�GL(m�n;R), ª®â®àãî ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª £àã¯¯ã «¨¥©ëå ¯à¥®¡à §®¢ -
¨© ¢¥ªâ®à®£® ¯à®áâà áâ¢  E = TxM , ®áâ ¢«ïîé¨å ¨¢ à¨ âë¬¨ ¤¢  ¥£® ¤®¯®«¨â¥«ìëå
¯®¤¯à®áâà áâ¢  H ¨ V à §¬¥à®áâ¥© n ¨ m� n á®®â¢¥âáâ¢¥® (m < n).

� ¤ ¤¨¬   ¬®£®®¡à §¨¨ M £« ¢®¥ G-¯®¤à áá«®¥¨¥ à áá«®¥¨ï L(M) á® áâàãªâãà®©
£àã¯¯®© G = GL(n;R) � GL(m � n;R). �®£¤    ¬®£®®¡à §¨¨ M ®¯à¥¤¥«ïâáï (á¬. [1], á. 22)
¤¢  ¢§ ¨¬® ¤®¯®«¨â¥«ìëå ¤¨ää¥à¥æ¨àã¥¬ëå à á¯à¥¤¥«¥¨ï | £®à¨§®â «ì®¥ H ¨ ¢¥à-

â¨ª «ì®¥ V à §¬¥à®áâ¥© n ¨ m� n á®®â¢¥âáâ¢¥®.
� ªãî G-áâàãªâãàã   ¬®£®®¡à §¨¨ M  §®¢¥¬ ¯®«ã¨â¥£à¨àã¥¬®©, ¥á«¨ ®¤® ¨§ ¥¥ à á-

¯à¥¤¥«¥¨©,  ¯à¨¬¥à, V, ¨¢®«îâ¨¢®. � íâ®¬ á«ãç ¥ ç¥à¥§ ª ¦¤ãî â®çªã x 2 M ¯à®å®¤¨â
¥¤¨áâ¢¥®¥ ¬ ªá¨¬ «ì®¥ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ M 0 ¤«ï V. �à¨ íâ®¬ ¢ ®ªà¥áâ®áâ¨ U
â®çª¨ x áãé¥áâ¢ã¥â «®ª «ì ï á¨áâ¥¬  ª®®à¤¨ â x1; : : : ; xm â ª ï, çâ®

�
@

@x1
; : : : ; @

@xm

	
®¡à §ã¥â

«®ª «ìë© ¡ §¨á à á¯à¥¤¥«¥¨ï V.
� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© (á¬. [1], £«. 1, x 1, á. 8 ¨ x 2, á. 22) ¨â¥£à¨àã¥¬ ï GL(n;R)�

GL(m � n;R)-áâàãªâãà    ¬®£®®¡à §¨¨ M ¨¬¥¥â ®¡  á¢®¨å à á¯à¥¤¥«¥¨ï H ¨ V ¨¢®«î-
â¨¢ë¬¨ ¨, á«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâ¨ U ª ¦¤®© â®çª¨ x 2 M áãé¥áâ¢ã¥â â ª ï á¨áâ¥¬ 
ª®®à¤¨ â x1; : : : ; xm, çâ® V = Span

�
@

@x1
; : : : ; @

@xn

	
¨ H = Span

�
@

@xn+1 ; : : : ;
@

@xm

	
.

�¡®§ ç¨¬ ç¥à¥§ h ¨ v ®¯¥à â®àë ¯à®¥ªâ¨à®¢ ¨ï   H ¨ V á®®â¢¥âáâ¢¥®, ª®â®àë¥ ®¡« -
¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

h2 = h; v2 = v; hv = vh = 0: (1.1)
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�¯à¥¤¥«¨¬ â¥§®àë ¨â¥£à¨àã¥¬®áâ¨ F h ¨ F v à á¯à¥¤¥«¥¨© H ¨ V á®®â¢¥âáâ¢¥® à ¢¥-
áâ¢ ¬¨:

F h(X;Y ) =
1
2
v[hX; hY ]; F v =

1
2
h[vX; vY ]

¤«ï «î¡ëå X;Y 2 C1TM . �§¢¥áâ® (á¬. [6], á. 19), çâ® à á¯à¥¤¥«¥¨¥,  ¯à¨¬¥à, V, ¨¢®«îâ¨¢-
®, ¥á«¨ [X;Y ] ¯à¨ ¤«¥¦¨â V, ª ª â®«ìª® ¤¢  ¢¥ªâ®àëå ¯®«ï X ¨ Y ¯à¨ ¤«¥¦ â V. �®£¤ 
®¡à é¥¨¥ ¢ ã«ì   M â¥§®à  ¨â¥£à¨àã¥¬®áâ¨ F v ®§ ç ¥â ¨¢®«îâ¨¢®áâì à á¯à¥¤¥«¥¨ï
V ¨§ãç ¥¬®© áâàãªâãàë.

�¯à¥¤¥«¨¬äã¤ ¬¥â «ìë© â¥§®àGL(n;R)�GL(m�n;R)-áâàãªâãàë ª ª â¥§®à®¥ ¯®«¥
P 2 C1T (1;1)M â ª®¥, çâ® P = v � h. � á¨«ã (1.1) â¥§®à®¥ ¯®«¥ P ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã
P 2 = Id. �®£¤  ¢ ¯à®¨§¢®«ì®© â®çª¥ x 2 M ¤«ï á®¡áâ¢¥®£® ¢¥ªâ®à  X 2 TxM ®¯¥à â®à  P
¨¬¥¥¬ PX = �X ¨ X = P 2X = P (�X) = �2X. �«¥¤®¢ â¥«ì®, � = +1 ¨«¨ � = �1 ¨ ¯à¨ íâ®¬
¢á¥ ¢¥ªâ®àë ¯®¤¯à®áâà áâ¢  H = Hx ¨§ TxM ®â¢¥ç îâ á®¡áâ¢¥®¬ã § ç¥¨î �1,   ¢¥ªâ®àë
¯®¤¯à®áâà áâ¢  V = Vx | á®¡áâ¢¥®¬ã § ç¥¨î +1.

�¡à â®, ¯ãáâì   ¬®£®®¡à §¨¨ M § ¤ ® â¥§®à®¥ ¯®«¥ P 2 C1T (1;1)M , ¯®¤ç¨ïîé¥¥áï
ãá«®¢¨î P 2 = Id. � íâ®¬ á«ãç ¥ £®¢®àïâ (á¬.,  ¯à., [3], £«. �I, x 1), çâ®   M § ¤   áâàãªâãà 
¯®çâ¨ ¯à®¨§¢¥¤¥¨ï,   ¢ á«ãç ¥, ª®£¤  ç¨á«® á®¡áâ¢¥ëå § ç¥¨© P , à ¢ëå �1, à ¢® ç¨á«ã
¥£® á®¡áâ¢¥ëå § ç¥¨©, à ¢ëå +1, áâàãªâãà  ®á¨â  §¢ ¨¥ ¯ à ª®¬¯«¥ªá®©. �¯à¥¤¥«¨¬
  M ¤¢  ¤®¯®«¨â¥«ìëå à á¯à¥¤¥«¥¨ï H ¨ V ®¯¥à â®à ¬¨ ¯à®¥ªâ¨à®¢ ¨ï

h =
1
2
(Id�P ) ¨ v =

1
2
(Id+P ): (1.2)

�ç¥¢¨¤®, çâ® ®¡  à á¯à¥¤¥«¥¨ï ¡ã¤ãâ ¤¨ää¥à¥æ¨àã¥¬ë¬¨, â. ¥. ª ¦¤ ï â®çª  x 2 M ¨¬¥¥â
®ªà¥áâ®áâì U ¨ m «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®àëå ¯®«¥© X1; : : : ;Xn; Xn+1; : : : ;Xm   U , ¯¥à-
¢ë¥ n ¨§ ª®â®àëå ®¡à §ãîâ ¡ §¨á Hy,   ®áâ «ìë¥ | ¡ §¨á Vy ¤«ï ª ¦¤®© y 2 U . �à¨ íâ®¬
£àã¯¯  GL(m;R), à¥¤ãæ¨à®¢  ï ª ¤ ®© áâàãªâãà¥, à §« £ ¥âáï ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ ¯®¤-
£àã¯¯ GL(n;R) ¨ GL(m� n;R). �â® ¯®¤â¢¥à¦¤ ¥â íª¢¨¢ «¥â®áâì ®¯¨á ëå ¢ëè¥ ¯®¤å®¤®¢
ª ®¯à¥¤¥«¥¨î GL(n;R)�GL(m� n;R)-áâàãªâãàë.

�«ï ¯à®¨§¢®«ìëå â¥§®àëå ¯®«¥© A;B 2 C1T (1;1)M á®£« á® ¯à¥¤«®¦¥®© �¥©¥å¥©á®¬
ª®áâàãªæ¨¨

N(X;Y ) = [A;B](X;Y ) = [AX;BY ] + [BX;AY ] +AB[X;Y ] +BA[X;Y ]�

�A[X;BY ]�A[BX;Y ]�B[X;AY ]�B[AX;Y ];

£¤¥ X;Y 2 C1TM , áâà®¨âáï â¥§®à®¥ ¯®«¥ N 2 C1(TM 
�2M),  §ë¢ ¥¬®¥ (á¬. [6], £«. 1, x 3,
á. 44) ªàãç¥¨¥¬ A ¨ B. �®« £ ï A = B = P , ¯®«ãç ¥¬ ¯®«¥

N(X;Y ) = [P; P ](X;Y ) = [X;Y ] + [PX;PY ]� P [PX; Y ]� P [X;PY ];

ª®â®à®¥ ¢ á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© ¬®¦®  §¢ âì â¥§®à®¬ �¥©¥å¥©á  ¨«¨ ªàãç¥¨¥¬

GL(n;R)�GL(m� n;R)-áâàãªâãàë. �á«¨ ¢®á¯®«ì§®¢ âìáï à ¢¥áâ¢ ¬¨ (1.2), ¯®«ãç¨¬

F h(X;Y ) + F v(X;Y ) =

=
1
16
f(Id+P )[(Id�P )X; (Id�P )Y ] + (Id�P )[(Id+P )X; (Id+P )Y ]g =

=
1
8
f[X;Y ] + [PX;PY ]� P [PX; Y ]� P [X;PY ]g;

  ¢ à¥§ã«ìâ â¥ ¤®ª § ® â®¦¤¥áâ¢® (á¬. â ª¦¥ [7])

N = 8(F h + F v):

�®íâ®¬ã ®¡à é¥¨¥ ¢ ã«ì   M â¥§®à  �¥©¥å¥©á  N ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬
ãá«®¢¨¥¬ (áà. [3], £«. �I, x 2) ¨â¥£à¨àã¥¬®áâ¨ GL(n;R)�GL(m� n;R)-áâàãªâãàë.
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2. GL(n;R)�GL(m� n;R)-á¢ï§®áâì   m-¬¥à®¬ ¬®£®®¡à §¨¨

� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© (á¬. [1], £«. 1, x 1 ¨ [8], £«. 2, x 11) ¤«ï ¨â¥£à¨àã¥¬®©
GL(n;R) � GL(m � n;R)-áâàãªâãàë   M áãé¥áâ¢ã¥â «¨¥© ï á¢ï§®áâì r0 ¡¥§ ªàãç¥¨ï,
à¥¤ãæ¨àã¥¬ ï ª ¯®¤£àã¯¯¥ GL(n;R) � GL(m � n;R). � ª ï á¢ï§®áâì å à ªâ¥à¨§ã¥âáï ãá«®-
¢¨¥¬ r0P = 0. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ®   M ã¦¥ ¨¬¥¥âáï «¨¥© ï á¢ï§®áâì r,  ¯à¨¬¥à,
á¢ï§®áâì �¥¢¨-�¨¢¨â  r, ª®â®àãî ¢á¥£¤  ¬®¦® § ¤ âì   C1-¤¨ää¥à¥æ¨àã¥¬®¬ ¬®£®®¡à -
§¨¨ M (á¬. [9], x 3, áá. 91, 102), â® ¨áª®¬ ï á¢ï§®áâì ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ r0 = r+ T ¤«ï
â¥§®à  ¤¥ä®à¬ æ¨¨ (áà. [10])

T (X;Y ) =
1
4
f(rXP )PY � (rPXP )Y + 2P [(rY P )X]g; (2.1)

£¤¥ X;Y 2 C1TM . �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¢ ¤¢  íâ ¯ . �®-¯¥à¢ëå, § ¬¥â¨¬, çâ®

T (X;Y )� T (Y;X) = �
1
4
N(X;Y ): (2.2)

�®íâ®¬ã ®âáãâáâ¢¨¥ ã á¢ï§®áâ¨ r0 ªàãç¥¨ï à ¢®á¨«ì® ¨â¥£à¨àã¥¬®áâ¨ GL(n;R)�GL(m�
n;R)-áâàãªâãàë. �®-¢â®àëå, ¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®© ¢ à ¢¥áâ¢®

(r0

XP )Y = (rY P )Y � PT (X;Y ) + T (PY;X) (2.3)

¢ëà ¦¥¨ï ¤«ï T ¨§ (2.1) ¯®«ãç¨¬r0P = 0. �¥©áâ¢¨â¥«ì®, ¯¥à¥¯¨áë¢ ï (2.1) ¨ (2.3) ¢ â¥à¬¨ å
«®ª «ìëå ª®®à¤¨ â, ¡ã¤¥¬ ¨¬¥âì

T i
jk =

1
4
[P l

k(rjP
k
l )� P l

j (rlP
i
k)]�

1
2
P i
l (rkP

l
j ); (2.4)

r0

kP
i
j = rkP

i
j � P i

l T
l
jk + P l

jT
i
lk: (2.5)

�®£¤  ¥¯®áà¥¤áâ¢¥ë¥ à áç¥âë ¯®ª §ë¢ îâ, çâ®

r0

kP
i
j = rkP

i
j �

1
4
P i
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l
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s
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1
4
P i
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l
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s
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�
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2
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l P

i
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l
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4
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l
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i
l )�

1
4
P t
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l
t (rlP

i
k) +

1
2
P t
jP

i
l (rkP

l
t ) =

= rkP
i
j +

1
4
P i
sP

s
l (rjP

l
k)�

1
4
P l
jP

s
k (rlP

i
s)�

�
1
2
rkP

i
j +

1
4
P l
jP

s
k (rlP

i
s)�

1
4
rjP

i
k �

1
2
P t
jP

l
t (rkP

i
l ) = 0:

� ¬¥ç ¨¥. �ëà ¦¥¨¥ (2.4) ¤«ï â¥§®à  ¤¥ä®à¬ æ¨¨ T ¡ë«® ¯®«ãç¥® ¨§ à ¢¥áâ¢  (2.5)
ª ª à¥è¥¨¥ ãà ¢¥¨ï r0P = 0.

3. �«®áª¨¥ GL(n;R)�GL(m� n;R)-áâàãªâãàë   m-¬¥à®¬ ¬®£®®¡à §¨¨

�à¥¤¯®«®¦¨¬  «¨ç¨¥ «¨¥©®© á¢ï§®áâ¨ r ¡¥§ ªàãç¥¨ï  M . �â® ¯®§¢®«¨â  ¬ (á¬. [7])
¢¢¥áâ¨   C1TM áª®¡ªã �®à¤¥  fX;Y g = 1

2
(rXY +rYX) ¤«ï «î¡ëå X;Y 2 C1TM . �  ®á®¢¥

áª®¡ª¨ �®à¤¥  § ¤ ¤¨¬   ¬®£®®¡à §¨¨ M ¤¢  â¥§®àëå ¯®«ï Qh; Qv 2 C1(TM 
 S2M)
á«¥¤ãîé¨¬¨ à ¢¥áâ¢ ¬¨:

Qh(X;Y ) = vfhX; hY g; Qv(X;Y ) = hfvX; vY g

¤«ï ¢á¥å X;Y 2 C1TM . � §®¢¥¬ Qh ¨ Qv ¢â®àë¬¨ äã¤ ¬¥â «ìë¬¨ ä®à¬ ¬¨ à á¯à¥¤¥«¥-
¨© H ¨ V á®®â¢¥âáâ¢¥® (áà. [4], á. 148).

� á«ãç ¥ ¯®«ã¨â¥£à¨àã¥¬®© GL(n;R)�GL(m�n;R)-áâàãªâãàë  M á ¨¢®«îâ¨¢ë¬ à á-
¯à¥¤¥«¥¨¥¬ V ª ¦¤®¥ ¥£® ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ M 0 ï¢«ï¥âáï á¢ï§ë¬ (m � n)-¬¥àë¬
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¯®¤¬®£®®¡à §¨¥¬ ¢ M , ®á é¥ë¬ ¯®«¥¬ n-¬¥àëå ¯®¤¯à®áâà áâ¢ H(M 0),   Qv ¡ã¤¥â § ¤ -
¢ âì ¥£® ¢â®àãî äã¤ ¬¥â «ìãî ä®à¬ã

II : C1TM 0 
 C1TM 0 ! C1H(M 0):

�à¨ íâ®¬ Qv ¡ã¤¥â ®¡à é âìáï ¢ ã«ì  M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥ ¥£® ¨â¥£à «ì®¥
¬®£®®¡à §¨¥ M 0 ¡ã¤¥â ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬ ¯®¤¬®£®®¡à §¨¥¬ ¢ M . �®á«¥¤¥¥, ª ª ¨§¢¥áâ®
(á¬. [6], á. 174), å à ªâ¥à¨§ã¥âáï â¥¬, çâ® ¤«ï «î¡®© â®çª¨ x 2 M 0 ¨ «î¡®£® X 2 TxM £¥®¤¥§¨-
ç¥áª ï  : J � R!M , ®¯à¥¤¥«ï¥¬ ï  ç «ìë¬¨ ãá«®¢¨ï¬¨ x = (t0) ¨

d

dt
(t0) = X ¤«ï t0 2 J ,

«¥¦¨â ¢ M 0.
�ãáâì à á¯à¥¤¥«¥¨¥ V ¥ ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬. �®£¤  V â ª¦¥  §ë¢ ¥âáï (á¬.,  ¯à.,

[4], á. 150 ¨ [11]) ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬, ¥á«¨ ¤«ï «î¡®© â®çª¨ x 2 M ¨ «î¡®£® X 2 Vx £¥®¤¥§¨-
ç¥áª ï  : J � R!M , ®¯à¥¤¥«ï¥¬ ï  ç «ìë¬¨ ãá«®¢¨ï¬¨ x = (t0) ¨

d

dt
(t0) = X ¤«ï t0 2 J ,

ï¢«ï¥âáï   ¢á¥¬ á¢®¥¬ ¯à®âï¦¥¨¨ ¨â¥£à «ì®© ªà¨¢®© à á¯à¥¤¥«¥¨ï V. �¥®¡å®¤¨¬ë¬ ¨
¤®áâ â®çë¬ ãá«®¢¨¥¬ íâ®£® á«ã¦¨â (á¬. [11]; [4], á. 150) à ¢¥áâ¢® h(rXY +rYX) = 0 ¤«ï ¢á¥å
X;Y 2 C1V, ª®â®à®¥ ¢  è¨å ®¡®§ ç¥¨ïå ¨¬¥¥â ¢¨¤ Qh = 0.

�¯à¥¤¥«¨¬   M â¥§®à �®à¤¥  J 2 C1(TM 
 S2M) á«¥¤ãîé¨¬ à ¢¥áâ¢®¬:

J(X;Y ) = fJ; Jg(X;Y ) = fX;Y g+ fPX;PY g � PfPX; Y g � PfX;PY g

¤«ï «î¡ëå X;Y 2 C1TM . �á¯®«ì§ãï à ¢¥áâ¢  (1.3), ¡¥§ âàã¤  ¤®ª §ë¢ ¥¬, çâ®

Qh(X;Y ) +Qv(X;Y ) =

=
1
16
[(Id+P )f(Id�P )X; (Id�P )Y g+ (Id�P )f(Id+P )X; (Id+P )Y g] =

=
1
8
[fX;Y g+ fPX;PY g � PfPX; Y g � PfX;PY g];

â. ¥. á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢® (á¬. â ª¦¥ [7]) J = 8(Qh +Qv). �®íâ®¬ã ®¡à é¥¨¥ ¢ ã«ì â¥§®à 
�®à¤¥  J ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ¤«ï â®£®, çâ®¡ë ®¡  à á¯à¥¤¥«¥¨ïGL(n;R)�
GL(m� n;R)-áâàãªâãàë ¡ë«¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨.

�®áª®«ìªã ¯® ¤àã£®© â¥à¬¨®«®£¨¨ (á¬.,  ¯à., [12]) ¢¯®«¥ £¥®¤¥§¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥
 §ë¢ îâ ¥é¥ ¨ ¯«®áª¨¬, â® GL(n;R) � GL(m � n;R)-áâàãªâãàã á à á¯à¥¤¥«¥¨ï¬¨ H ¨ V
 §®¢¥¬ ¯®«ã¯«®áª®© ¨«¨ ¯«®áª®©, ¥á«¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬ ¡ã¤¥â ®¤® ¨«¨ áà §ã ¤¢  ¨§ íâ¨å
à á¯à¥¤¥«¥¨©.

4. �¢ à¨ âë¥ ª« ááë GL(n;R)�GL(m� n;R)-áâàãªâãà   m-¬¥à®¬
¬®£®®¡à §¨¨

� áá¬®âà¨¬ GL(n;R)�GL(m�n;R)-áâàãªâãàã   ¬®£®®¡à §¨¨ M á «¨¥©®© á¢ï§®áâìî
r ¡¥§ ªàãç¥¨ï. �®£¤  ª®¢ à¨ â ï ¯à®¨§¢®¤ ï rP äã¤ ¬¥â «ì®£® â¥§®à  áâàãªâãàë
ï¢«ï¥âáï á¥ç¥¨¥¬ â¥§®à®£® à áá«®¥¨ï

P(TM) = (H� 
H� 
 V)� (V� 
 V� 
H)� (V� 
H� 
 V)� (H� 
 V� 
H) (4.1)

 ¤ M á® áâ ¤ àâë¬ á«®¥¬

P(E) = (H� 
H� 
 V )� (V � 
 V � 
H)� (V � 
H� 
 V )� (H� 
 V � 
H) (4.2)

¨ £àã¯¯®© ¯à¥®¡à §®¢ ¨© G = GL(n;R) � GL(m � n;R). �¤¥áì ç¥à¥§ H� ¨ V � ®¡®§ ç¥ë
¯®¤¯à®áâà áâ¢  E� = T �xM , á®áâ®ïé¨¥ ¨§ 1-ä®à¬, ª®â®àë¥ ®¡à é îâáï ¢ ã«ì   V ¨ H á®®â-
¢¥âáâ¢¥®.

�®ª ¦¥¬ íâ®. � ç «  ¯à®¤¨ää¥à¥æ¨àã¥¬ ª®¢ à¨ âë¬ ®¡à §®¬ â®¦¤¥áâ¢® P 2 = Id ¨
¯®«ãç¨¬

rP � P + P � rP = 0: (4.3)
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�®á¯®«ì§®¢ ¢è¨áì ¥é¥ à § â®¦¤¥áâ¢®¬ P 2 = Id, ¨§ (4.3) ¢ë¢®¤¨¬

rP = �P � rP � P: (4.4)

�§ (4.4), ¢ ç áâ®áâ¨, á«¥¤ã¥â

v(rXP )vY = 0; h(rXP )hY = 0 (4.5)

¤«ï «î¡ëå X;Y 2 C1TM . �®áª®«ìªã P 2 C1T (1;1)M , ¢ ª ¦¤®© â®çª¥ x 2 M ª®¢ à¨ â ï
¯à®¨§¢®¤ ï rP , ¢®®¡é¥ £®¢®àï, ¥áâì í«¥¬¥â â¥§®à®£® ¯à®áâà áâ¢  E�
E�
E â ª®£®, çâ®
E = H � V ¨ E� = H� � V �. �®íâ®¬ã

E� 
E� 
E = (H� � V �)
 (H� � V �)
 (H � V ): (4.6)

�®£« á® á¢®©áâ¢ ¬ (4.5) äã¤ ¬¥â «ì®£® â¥§®à  P ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (4.6) ®âáãâ-
áâ¢ãîâ ª®¬¯®¥âë ¢¨¤  H�
V �
 V ; V �
V �
 V ; H�
H�
H ¨ V 
H�
H. �«¥¤®¢ â¥«ì®,
¤«ï ¯®¤¯à®áâà áâ¢  (4.2) â¥§®à®£® ¯à®áâà áâ¢  E�
E�
E, ª®â®à®¥ ®¡« ¤ ¥â ãª § ë¬¨
á¢®©áâ¢ ¬¨, ¡ã¤¥¬ ¨¬¥âì

P(E) = (H� 
H� 
 V )� (V � 
 V � 
H)� (V � 
H� 
 V )� (H� 
 V � 
H); (4.7)

çâ® ¨ ¤®ª §ë¢ ¥â  è¥ ãâ¢¥à¦¤¥¨¥.
�§¢¥áâ® (á¬. [13], c. 178{179), çâ® GL(n;R) | ¥¯à¨¢®¤¨¬®¥ à §«®¦¥¨¥ â¥§®à®£® ¯à®-

áâà áâ¢ 

H� 
H� = S2H � �2H (4.8)

¨ GL(m� n;R) | ¥¯à¨¢®¤¨¬®¥ à §«®¦¥¨¥ â¥§®à®£® ¯à®áâà áâ¢ 

V � 
 V � = S2V � �2V: (4.9)

�  ®á®¢ ¨¨ à ¢¥áâ¢ (4.8) ¨ (4.9) à §«®¦¥¨î (4.7) ¬®¦® ¥é¥ ¯à¨¤ âì á«¥¤ãîé¨© ¢¨¤:

P(E) = (S2H 
 V )� (�2H 
 V )� (S2V 
H)� (�2V 
H)� (V � 
H� 
 V )� (H� 
 V 
H):

� á¢®î ®ç¥à¥¤ì ¯à®áâà áâ¢® V �
V ¤®¯ãáª ¥â á«¥¤ãîé¥¥ GL(n;R)-¥¯à¨¢®¤¨¬®¥ à §«®¦¥¨¥:

V � 
 V = R IdV �T
(1;1)
0 V:

�à¨ íâ®¬ ¤«ï ª ¦¤®£® K 2 V � 
 V ¨¬¥¥¬ K = K1 + K0, £¤¥ K1 2 R IdV ¨ K0 2 T
(1;1)
0 V

ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ K1 = 1
m�n

(traceK) IdV ¨ traceK0 = 0.
� «®£¨ç®¥GL(m�n;R)-¥¯à¨¢®¤¨¬®¥ à §«®¦¥¨¥   \á«¥¤®¢ãî" ¨ \¡¥áá«¥¤®¢ãî" ª®¬¯®-

¥âë ¤®¯ãáª ¥â ¨ ¯à®áâà áâ¢® H�
H. � ãç¥â®¬ áª § ®£® ¯®«ãç ¥¬GL(n;R)�GL(m�n;R)-
¥¯à¨¢®¤¨¬®¥ à §«®¦¥¨¥ ¢¨¤ 

P(E) = (S2H 
 V )� (�2H 
 V )� (S2V 
H)� (�2V 
H)�

� (R IdV 
H�)� (T (1;1)
0 V 
H�)� (R IdH 
V �)� (T (1;1)

0 H 
 V �): (4.10)

�  ®á®¢ ¨¨ (4.10) ¬®¦® ®¯à¥¤¥«¨âì ¯®â®ç¥ç® GL(n;R) �GL(m� n;R)-¥¯à¨¢®¤¨¬®¥ à §-
«®¦¥¨¥ â¥§®à®£® à áá«®¥¨ï (4.1). �à¨ íâ®¬ ¯à®¥ªæ¨¨   ¥¯à¨¢®¤¨¬ë¥ ª®¬¯®¥âë à §«®-
¦¥¨ï ¡ã¤ãâ § ¤ ¢ âìáï ä®à¬ã«®©

IdP(TM) = PrS2H
V +Pr�2H
V +PrS2V
H+Pr�2V
H+

+ PrC1M IdV 
H� +Pr
T
(1;1)
0 V
H�

+PrC1M IdH
V� +Pr
T
(1;1)
0 H
V�

:
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�¤¥áì ¥¯®áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®§¢®«ïîâ § ª«îç¨âì, çâ®

[PrS2H
V rP ](X;Y ) =
1
2
v[(rhXP )hY + (rhY P )hX] =

= �v(rhXhY +rhY hX) = �2Qh(X;Y );

[Pr�2H
V rP ](X;Y ) =
1
2
v[(rhXP )hY � (rhY P )hX] =

= �v(rhXhY �rhY hX) = �2F h(X;Y );

[PrS2V
HrP ](X;Y ) =
1
2
h[(rvXP )vY + (rvY P )vX] =

= h(rvXvY +rvY vX) = 2Qv(X;Y );

[Pr�2V
HrP ](X;Y ) =
1
2
h[(rvXP )vY � (rvY P )vX] =

= h(rvXvY �rvY vX) = 2F v(X;Y );

[PrC1M IdV 
H� rP ](X;Y ) =
2

m� n
[(tracerv)hY ]vX;

[Pr
T
(1;1)
0 V
H�

rP ](X;Y ) = �2
n
v(rvXhY ) +

1
m� n

[(tracerv)hY ]vX
o
;

[PrC1M IdH
V� rP ](X;Y ) = �
2
n
f[(tracerh)vY ]hXg;

[Pr
T
(1;1)
0 H
V�

rP ](X;Y ) = 2
n
h(rhXvY ) +

1
n
[(tracerh)vY ]hX

o

¤«ï «î¡ëå X;Y 2 C1TM . � à¥§ã«ìâ â¥ ¤®ª §  

�¥®à¥¬  A. �®¢ à¨ â ï ¯à®¨§¢®¤ ï rP äã¤ ¬¥â «ì®£® â¥§®à  GL(n;R)�GL(m�
n;R)-áâàãªâãàë   m-¬¥à®¬ ¤¨ää¥à¥æ¨àã¥¬®¬ ¬®£®®¡à §¨¨ M à §« £ ¥âáï ¢ áã¬¬ã ¨§

¢®áì¬¨ ¯®â®ç¥ç® ¥¯à¨¢®¤¨¬ëå ®â®á¨â¥«ì® ¤¥©áâ¢¨© £àã¯¯ë GL(n;R) � GL(m � n;R)
ª®¬¯®¥â, ç¥âëà¥ ¨§ ª®â®àëå | íâ® ¢â®àë¥ äã¤ ¬¥â «ìë¥ ä®à¬ë ¨ â¥§®àë ¨â¥-

£à¨àã¥¬®áâ¨ à á¯à¥¤¥«¥¨© áâàãªâãàë.

� ©¤¥¬ â¥¯¥àì ¯à®¥ªæ¨¨ ª®¢ à¨ â®© ¯à®¨§¢®¤®© rP äã¤ ¬¥â «ì®£® â¥§®à 
GL(n;R) � GL(m � n;R)-áâàãªâãàë   â¥§®àë¥ à áá«®¥¨ï V� 
 H� 
 V ¨ H� 
 H� 
 H,
â¨¯®¢ë¥ á«®¨ ª®â®àëå V �
H�
V ¨ H�
H�
H ï¢«ïîâáï ¯à¨¢®¤¨¬ë¬¨ ª®¬¯®¥â ¬¨ ¨¢ -
à¨ â®£® ®â®á¨â¥«ì® ¤¥©áâ¢¨ï £àã¯¯ë G = GL(n;R)�GL(m�n;R) à §«®¦¥¨ï (4.2). �ã¤¥¬
¨¬¥âì

[PrV�
H�
V rP ](X;Y ) = v(rvXP )hY = �2v(rvXhY );

[PrH�
V�
HrP ](X;Y ) = h(rhXP )vY = 2h(rhXvY ):

� §®¢¥¬ ¯à®¥ªæ¨î ª®¢ à¨ â®© ¯à®¨§¢®¤®© rP äã¤ ¬¥â «ì®£® â¥§®à  P  
GL(n;R) � GL(m � n;R)-¨¢ à¨ â®¥ à áá«®¥¨¥ V� 
 H 
 V â¥§®à®¬ ªà¨¢¨§ë KHV à á-

¯à¥¤¥«¥¨ï H ¢  ¯à ¢«¥¨¨ à á¯à¥¤¥«¥¨ï V. �®®â¢¥âáâ¢ãîé¥¥  §¢ ¨¥ ¤ ¤¨¬ ¨ ¯à®¥ªæ¨¨
rP   H� 
V� 
H. � ª¨¬ ®¡à §®¬,

KHV(X;Y ) = �2v(rvXhY ); KVH(X;Y ) = 2h(rhXvY ):

�ç¥¢¨¤®, ®¡à é¥¨¥   ¬®£®®¡à §¨¨ M ¢ ã«ì â¥§®à  ªà¨¢¨§ë KHV ®§ ç ¥â, çâ® à á-
¯à¥¤¥«¥¨¥ H ¯ à ««¥«ì® ¢¤®«ì ¨â¥£à «ìëå ªà¨¢ëå à á¯à¥¤¥«¥¨ï V. � «®£¨çë© ¢ë¢®¤
¬®¦® á¤¥« âì ¨ ¯à¨ ®¡à é¥¨¨ ¢ ã«ì â¥§®à  ªà¨¢¨§ë KVH. � íâ®¬ á«ãç ¥ à á¯à¥¤¥«¥¨¥
V ¡ã¤¥â ¯ à ««¥«ì® ¢¤®«ì ¨â¥£à «ìëå ªà¨¢ëå à á¯à¥¤¥«¥¨ï H. � ª ¦¤®¬ ¨§ íâ¨å á«ãç -
¥¢ GL(n;R) �GL(m� n;R)-áâàãªâãà  á®£« á® �.�.�®à¤¥ã (á¬. [5]) ¡ã¤¥â ¯®«ãç¥¡ëè¥¢áª®©.
�¡à é¥¨¥ ¦¥   M ¢ ã«ì áà §ã ®¡®¨å â¥§®à®¢ KHV ¨ KVH ¢ë¤¥«ï¥â (á¬. [5]) ç¥¡ëè¥¢áªãî
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GL(n;R)�GL(m�n;R)-áâàãªâãàã. � ª¨¬ ®¡à §®¬, ¬ë  è«¨ £¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯à®¥ªæ¨¨
rP ¥   ¯®â®ç¥ç® ¥¯à¨¢®¤¨¬ë¥ ª®¬¯®¥âë C1M IdH
V� ¨ T

(1;1)
0 H 
 V�, C1M IdV 
H� ¨

T
(1;1)
0 V 
H�,     ¨å ¯àï¬ë¥ áã¬¬ë | ª®¬¯®¥âë H� 
 V� 
H ¨ V� 
H� 
 V.
� ¬¥â¨¬ §¤¥áì ¦¥, çâ®  M à ¢¥áâ¢  Qh=F h=0 § ¯¨áë¢ îâáï ¢ ¢¨¤¥ ®¤®£® v(rhXhY )=0

¤«ï ¢á¥å X;Y 2 C1TM . �®á«¥¤¥¥ ®§ ç ¥â, çâ® à á¯à¥¤¥«¥¨¥H ¯ à ««¥«ì® ¢¤®«ì á¢®¨å ¨-
â¥£à «ìëå ªà¨¢ëå. � «®£¨çë© ¢ë¢®¤ ¬®¦® á¤¥« âì ¨ ¯à¨ ®¤®¢à¥¬¥®¬ ®¡à é¥¨¨  M
¢ ã«ì â¥§®à®¢ Qv ¨ F v. � ª ¦¤®¬ ¨§ íâ¨å á«ãç ¥¢ GL(n;R)�GL(m�n;R)-áâàãªâãà  á®£« á®
�.�.�®à¤¥ã (á¬. [5])  §ë¢ ¥âáï ¯®«ã£¥®¤¥§¨ç¥áª®©. �à¨ Qh = F h = Qv = F v = 0 áâàãªâãà 
¡ã¤¥â  §ë¢ âìáï £¥®¤¥§¨ç¥áª®©. �á«¨ ¦¥ ¯à¨ íâ®¬ ¡ã¤¥â á¯à ¢¥¤«¨¢® ®¤® ¨§ à ¢¥áâ¢ KHV = 0
¨«¨ KVH = 0 (¨«¨ áà §ã ®¡ ), â® GL(n;R)�GL(m� n;R)-áâàãªâãà   §ë¢ ¥âáï (á¬. [5]) ¯®«ã-
¤¥ª àâ®¢®© (¨«¨ á®®â¢¥âáâ¢¥® ¤¥ª àâ®¢®©).

� ¬¥ç ¨¥. � ª¨¬ ®¡à §®¬, ¬ë ¯¥à¥ç¨á«¨«¨ ¢á¥ ¢¨¤ë GL(n;R) �GL(m� n;R)-áâàãªâãà
¯® ª« áá¨ä¨ª æ¨¨ �.�.�®à¤¥  (á¬. [5], á. 128{129), ¯®¯®«¨¢ ¥¥ áâàãªâãà ¬¨ á ¢¯®«¥ £¥®¤¥§¨-
ç¥áª¨¬¨ ¨ ¨¢®«îâ¨¢ë¬¨ áâàãªâãàë¬¨ à á¯à¥¤¥«¥¨ï¬¨.

� ¨â®£¥ ¤®ª §  

�¥®à¥¬  B. �  ¬®£®®¡à §¨¨ M á «¨¥©®© á¢ï§®áâìî r ¡¥§ ªàãç¥¨ï ¨¢ à¨ âë¬

®¡à §®¬ ¢ë¤¥«ïîâáï ¢®á¥¬ì ®á®¢ëå ª« áá®¢ GL(n;R) � GL(m � n;R)-áâàãªâãà. �â® ¯®-

«ã¨â¥£à¨àã¥¬ë¥ ¨ ¨â¥£à¨àã¥¬ë¥, ¯®«ã¯«®áª¨¥ ¨ ¯«®áª¨¥, ¯®«ãç¥¡ëè¥¢áª¨¥ ¨ ç¥¡ëè¥¢áª¨¥,

¯®«ã£¥®¤¥§¨ç¥áª¨¥ ¨ £¥®¤¥§¨ç¥áª¨¥ GL(n;R)�GL(m� n;R)-áâàãªâãàë.

� § ª«îç¥¨¥ ¯à¨¢¥¤¥¬ ®¤® ¬¥â®¤¨ç¥áª®¥

� ¬¥ç ¨¥. �¯¨á®ª áâàãªâãà, ¯à¨¢¥¤¥ë© ¢ ¤ ®¬ ãâ¢¥à¦¤¥¨¨, ¬®¦¥â ¡ëâì § ç¨â¥«ì-
® ã¢¥«¨ç¥, ¥á«¨,  ¯à¨¬¥à, ª âà¥¡®¢ ¨î ¤«ï GL(n;R) � GL(m � n;R)-áâàãªâãàë ¡ëâì ç¥-
¡ëè¥¢áª®© ¤®¡ ¢¨âì ãá«®¢¨¥ ¥¥ ¨â¥£à¨àã¥¬®áâ¨ ¨«¨ £¥®¤¥§¨ç®áâ¨. � íâ®¬ á«ãç ¥ ¯®«ãç¨¬
¤¥ª àâ®¢ãGL(n;R)�GL(m�n;R)-áâàãªâãàã. �®íâ®¬ã ¢ ä®à¬ã«¨à®¢ªã â¥®à¥¬ë � ¢®è«® á«®¢®-
á®ç¥â ¨¥ \®á®¢ëå ª« áá®¢ GL(n;R)�GL(m�n;R)-áâàãªâãà". �®«¥¥ â®£®, ®áâ «áï ®âªàëâë¬
¢®¯à®á £¥®¬¥âà¨ç¥áª®© ¨â¥à¯à¥â æ¨¨ ®¡à é¥¨ï ¢ ã«ì ¯à®¥ªæ¨© rP   ¯®â®ç¥ç® ¥¯à¨¢®-
¤¨¬ë¥ ª®¬¯®¥âë C1M IdH
V� ¨ T

(1;1)
0 H 
 V�, C1M IdV 
H� ¨ T (1;1)

0 V 
 H�. �â®, ®ç¥¢¨¤®,
â ª¦¥ ¯à¨¢¥¤¥â ª ¯®ï¢«¥¨î ®¢ëå ª« áá®¢ GL(n;R)�GL(m� n;R)-áâàãªâãà.
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