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�®«ì â®à®¢ ¢ ¬®¤ã«ïà­ëå  «£¥¡à å �¨ á®áâ®¨â ¢ ¨å á¢ï§¨ á ¯®¤ «£¥¡à ¬¨ � àâ ­ . � ª« á-
á¨ç¥áª¨å ¯à®áâëå ¬®¤ã«ïà­ëå  «£¥¡à å �¨ ¢á¥ ¯®¤ «£¥¡àë � àâ ­  á®¯àï¦¥­ë ¬¥¦¤ã á®¡®©
¨ ï¢«ïîâáï â®à ¬¨. � p- «£¥¡à å �¨ ¯®¤ «£¥¡à ¬¨ � àâ ­  ï¢«ïîâáï æ¥­âà «¨§ â®àë ¬ ªá¨-
¬ «ì­ëå â®à®¢ ¨ â®«ìª® ®­¨ [1]{[3]. �« áá¨ä¨ª æ¨ï â®à®¢ ¢ ¯à®áâëå ­¥ª« áá¨ç¥áª¨å p- «£¥¡à å
�¨ ¡ë«  ¯®«ãç¥­  ¢ [3], [4]. �  «£¥¡à å �¨, ­¥ ï¢«ïîé¨åáï p- «£¥¡à ¬¨, ¯®¤ «£¥¡àë � àâ ­ 
ï¢«ïîâáï æ¥­âà «¨§ â®à ¬¨ ¤®¯ãáâ¨¬ëå â®à®¢ ¢ p-§ ¬ëª ­¨¨  «£¥¡àë �¨ [5].

�®¤ «£¥¡àë � àâ ­  ¢  «£¥¡à¥ � áá¥­å ã§  ¡ë«¨ ª« áá¨ä¨æ¨à®¢ ­ë ¢ [6]. � [7] ¯®«ãç¥­®
®¯¨á ­¨¥ á®®â¢¥âáâ¢ãîé¨å ¨¬ ¤®¯ãáâ¨¬ëå â®à®¢ ¢ p-§ ¬ëª ­¨¨  «£¥¡àë � áá¥­å ã§ .

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ®¯¨á ­¨¥ ¢á¥å â®à®¢ ¢ p-§ ¬ëª ­¨¨  «£¥¡àë � áá¥­å ã§ .
�á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï ¬®¦­® ­ ©â¨ ¢ [8] ¨ [7].

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

�ãáâì K | ¯®«¥ å à ªâ¥à¨áâ¨ª¨ p > 0,

A1(n) = h1; x; x(2); : : : ; x(p
n
�1)i

|  «£¥¡à  à §¤¥«¥­­ëå áâ¥¯¥­¥©,

L =W1(n) = ff(x)@ j f(x) 2 A1(n)g;

£¤¥ @ = d

dx
, |  «£¥¡à  � áá¥­å ã§ , â.¥.  «£¥¡à  �¨ á¯¥æ¨ «ì­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©  «£¥¡àë

A1(n). �â   «£¥¡à  ¨¬¥¥â ¥áâ¥áâ¢¥­­ãî ä¨«ìâà æ¨î fLig (�1 � i � pn � 1) ¨ ­¥ ï¢«ï¥âáï
p- «£¥¡à®© �¨. �¥ p-§ ¬ëª ­¨¥¬ ¢ p- «£¥¡à¥ �¨ DerA1(n) ï¢«ï¥âáï

L = L� h@p; @p
2

; : : : ; @p
n�1

i:

�®¯ãáâ¨¬ë©  ¢â®¬®àä¨§¬ �  «£¥¡àë A1(n) ®¯à¥¤¥«ï¥âáï ®¡à §®¬ y = �(x) í«¥¬¥­â  x. �à¨

íâ®¬, ¥á«¨ y =
pn�1P
i=1

aix
(i), â® a1 6= 0, apk = 0 (k � n � 1). � £àã¯¯¥ ¤®¯ãáâ¨¬ëå  ¢â®¬®àä¨§¬®¢

¢ë¤¥«ï¥âáï ¯®¤£àã¯¯  G ®¤­®à®¤­ëå  ¢â®¬®àä¨§¬®¢ G = f�" j " 2 K�g, �"(x) = " � x, ¨ ¯®¤-
£àã¯¯  F  ¢â®¬®àä¨§¬®¢ á â®¦¤¥áâ¢¥­­®© «¨­¥©­®© ç áâìî. �®¯ãáâ¨¬ë©  ¢â®¬®àä¨§¬  «£¥¡àë
�¨ L ¨­¤ãæ¨à®¢ ­ ¤®¯ãáâ¨¬ë¬  ¢â®¬®àä¨§¬®¬  «£¥¡àë A1(n) ¯® ä®à¬ã«¥ �(g(x)@) =

g(y)

y0
� @.

�®¯ãáâ¨¬ë©  ¢â®¬®àä¨§¬  «£¥¡àë �¨ L ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ ¤®¯ãáâ¨¬®£®  ¢â®¬®àä¨§¬ 
 «£¥¡àë �¨ L ¨ ­  í«¥¬¥­â å @p

i

¤®®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: �(@p
i

) = (�(@))p
i

.

�®¤¥à¦ ­¨¥¬ ¬­®£®ç«¥­  g(x) =
pn�1P
i=1

aix
(i) 2 A1(n) ¡ã¤¥¬ ­ §ë¢ âì ¬­®£®ç«¥­

f = cont g =
n�1X
i=1

apix
(pi):

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­â ò94-01-
00431- ).
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�ëá®â®© ht(g) ¬­®£®ç«¥­  g ¡ã¤¥¬ ­ §ë¢ âì ¬ ªá¨¬ «ì­®¥ ç¨á«® k, ¤«ï ª®â®à®£® apk 6= 0.
�®¤¥à¦ ­¨¥¬ contD ¤¨ää¥à¥­æ¨à®¢ ­¨ï D = g(x)@ 2 L â ª¦¥ ¡ã¤¥¬ ­ §ë¢ âì ¬­®£®ç«¥­
f = cont g. �®à®¬ ­ §ë¢ ¥âáï  ¡¥«¥¢  p-¯®¤ «£¥¡à , á®áâ®ïé ï ¨§ ¯®«ã¯à®áâëå í«¥¬¥­â®¢.

2. �­ãâà¥­­¨¥ â®àë

� ªá¨¬ «ì­ ï ¯®¤ «£¥¡à 
L0 = fg(x)@ j g(0) = 0g

ï¢«ï¥âáï p-¯®¤ «£¥¡à®©. �®àë  «£¥¡àë L, á®¤¥à¦ é¨¥áï ¢ L0, ¡ã¤¥¬ ­ §ë¢ âì ¢­ãâà¥­­¨¬¨,
  ®áâ «ì­ë¥ | ¢­¥è­¨¬¨. �®à hx@i ¡ã¤¥¬ ­ §ë¢ âì áâ ­¤ àâ­ë¬. �î¡®© â®à ¨¬¥¥â ¡ §¨á,
á®áâ®ïé¨© ¨§ â®à®¨¤ «ì­ëå í«¥¬¥­â®¢. �®áª®«ìªã ç«¥­ ¥áâ¥áâ¢¥­­®© ä¨«ìâà æ¨¨ L0 ï¢«ï¥âáï
­¨«ì¯®â¥­â­ë¬ p-¨¤¥ «®¬ ¢ L0, â® ¢á¥ ¢­ãâà¥­­¨¥ â®àë ®¤­®¬¥à­ë.

�ãáâì T | ¢­ãâà¥­­¨© â®à. �ë¡¥à¥¬ ¡ §¨á­ë© â®à®¨¤ «ì­ë© í«¥¬¥­â D 2 T â ª, çâ® D �
x@ (mod L1), ¨ ¯ãáâì contD = f . � à ¡®â¥ [7] ¤®ª § ­®, çâ® ¤¨ää¥à¥­æ¨à®¢ ­¨¥D  ¢â®¬®àä¨§-
¬®¬ � 2 F ¯à¨¢®¤¨âáï ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã

Df = [x+ f + xfp�1(@pf)]@: (1)

�¡à â­®, ¤«ï «î¡®£® ¬­®£®ç«¥­ 

f =
n�1X
i=1

�ix
(pi) 2 A1(n)

¤¨ää¥à¥­æ¨à®¢ ­¨¥ Df ¢¨¤  (1) â®à®¨¤ «ì­®. �¤­®à®¤­ë©  ¢â®¬®àä¨§¬ �" 2 G ¯¥à¥¢®¤¨â
¤¨ää¥à¥­æ¨à®¢ ­¨¥ Df ¢ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ Df1 , £¤¥

f1 =
f("x)
"

=
n�1X
i=1

�i"
pi�1x(p

i):

� ª¨¬ ®¡à §®¬, ª« áá á®¯àï¦¥­­ëå ¢­ãâà¥­­¨å â®à®¢ ®¯à¥¤¥«ï¥âáï ­ ¡®à®¬ ¯ à ¬¥âà®¢
(�1; �2; : : : ; �n�1) á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ (�1; �2; : : : ; �n�1) � (�1; �2; : : : ; �n�1) , 9" 2

K� : �i = �i �"
pi�1 (1 � i � n�1). �à¨ n = 1 áãé¥áâ¢ã¥â ®¤­  ®à¡¨â  ¢­ãâà¥­­¨å â®à®¢ | íâ® ®à-

¡¨â  áâ ­¤ àâ­®£® â®à . �à¨ n = 2 áãé¥áâ¢ãîâ ¤¢¥ ®à¡¨âë: ®¤­  á®®â¢¥âáâ¢ã¥â §­ ç¥­¨î �1 = 0
| ®à¡¨â  áâ ­¤ àâ­®£® â®à , ¤àã£ ï | §­ ç¥­¨î �1 = 1 | ®à¡¨â  â®à  h(x+ x(p)� x(p

2
�p+1))@i.

�àã£®© ª ­®­¨ç¥áª®© ä®à¬®© ¢­ãâà¥­­¥£® â®à®¨¤ «ì­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï, ¨¬¥îé¥£®
á®¤¥à¦ ­¨¥ f , ï¢«ï¥âáï

Tf =
x+ f

1 + f 0
@ = [x+ f � f(@pf)x(p�1)]@:

�¡®§­ ç¨¬ ç¥à¥§ C0 = hx(ip) j 0 � i � pn�1 � 1i  «£¥¡àã ª®­áâ ­â áâ ­¤ àâ­®£® â®à . �«£¥¡à®©
ª®­áâ ­â ¤«ï â®à  hTf i ï¢«ï¥âáï ¥¥ ä¨«ìâà®¢ ­­ ï ¤¥ä®à¬ æ¨ï

Cf = fc(�) j � 2 C0g; £¤¥ c(�) = �+
� p�1X

i=1

f (p�i) � x(i)
�
� @p�:

�­  ¨§®¬®àä­   «£¥¡à¥ à §¤¥«¥­­ëå áâ¥¯¥­¥© A1(n� 1). �®¡áâ¢¥­­ë© ¢¥ªâ®à g ¤¨ää¥à¥­æ¨à®-
¢ ­¨ï Tf , á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­®¬ã §­ ç¥­¨î k 2 f1; 2; : : : ; p� 1g, ¨¬¥¥â ¢¨¤

g = c(�) � y(k); £¤¥ c(�) 2 Cf ; y = x+ f:

�«£¥¡à  A1(n) ¨¬¥¥â à §«®¦¥­¨¥ ­  ¢¥á®¢ë¥ ¯®¤¯à®áâà ­áâ¢  ®â­®á¨â¥«ì­® â®à  hTf i

A1(n) =
p�1
�
i=0

Cf � y
(i):
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�­ «®£¨ç­®, á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ¤«ï adTf ¨¬¥îâ ¢¨¤

D = c(�) �
y(k+1)

y0
@ (0 � k � p� 2); D = c(�) �

1
y0
@ (k = p� 1); c(�) 2 Cf :

�âáî¤  á«¥¤ã¥â, ¢ ç áâ­®áâ¨, çâ® «î¡®© ¢­ãâà¥­­¨© â®à ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬, ¯®¤ «£¥¡à 
� àâ ­  Hf , á®®â¢¥âáâ¢ãîé ï â®àã hTf i, ¨¬¥¥â ¢¨¤ Hf = Cf � Tf , á®¤¥à¦¨âáï ¢ L0 ¨ ï¢«ï¥âáï
ä¨«ìâà®¢ ­­®© ¤¥ä®à¬ æ¨¥© áâ ­¤ àâ­®© ¯®¤ «£¥¡àë � àâ ­ 

H0 = hx(ip+1)@ j 0 � i � pn�1 � 1i:

3. �­¥è­¨¥ â®à®¨¤ «ì­ë¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï

�  «£¥¡à¥ �¨ââ  W1(1) áãé¥áâ¢ã¥â ®¤­  ®à¡¨â  ¢­¥è­¨å â®à®¨¤ «ì­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©
| ®à¡¨â  ¤¨ää¥à¥­æ¨à®¢ ­¨ï (1 + x)@ [3]. �­ «®£¨ç­ë© à¥§ã«ìâ â ¨¬¥¥â ¬¥áâ® ¨ ¤«ï  «£¥¡àë
� áá¥­å ã§ .

�¥®à¥¬  1. �àã¯¯   ¢â®¬®àä¨§¬®¢  «£¥¡àë � áá¥­å ã§  ¤¥©áâ¢ã¥â âà ­§¨â¨¢­® ­  ¬­®-

¦¥áâ¢¥ ¢­¥è­¨å â®à®¨¤ «ì­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �à¨ n > 1 ¢­¥è­¥¥ â®à®¨¤ «ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ «¥¦¨â ¢ L, ­® ¢­¥
L, â.ª. L ­¥ ï¢«ï¥âáï p-¯®¤ «£¥¡à®©. �ãáâì

D =
n�1X
i=0

�i(@)
pi + f(x)@; £¤¥ f(0) = 0;

| ¢­¥è­¥¥ â®à®¨¤ «ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥. �§ ãá«®¢¨ï â®à®¨¤ «ì­®áâ¨ á«¥¤ã¥â, çâ® �i = �pi

0

(i = 1; 2; : : : ; n� 1). �¤­®à®¤­ë©  ¢â®¬®àä¨§¬ ��0
¯à¨¢®¤¨â D ª ¢¨¤ã

D =
n�1X
i=0

@p
i

+ g(x)@; £¤¥ g(0) = 0:

� «¥¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì  ¢â®¬®àä¨§¬ë ¨§ £àã¯¯ë F . �á«¨ �(x) = y, â®

�(@) =
1
y0
@ � @ (mod L0); �(@p) = @p + �1@:

�§ ãá«®¢¨ï @px = 0 á«¥¤ã¥â

0 = �(@px) = �(@p)y = @py + �1 � y
0:

�â® ®§­ ç ¥â, çâ® ¬­®£®ç«¥­ �1 = �@py

y0
­¥ ¨¬¥¥â á¢®¡®¤­®£® ç«¥­ , â.¥. �(@p) � @p (mod L0).

�­ «®£¨ç­®, �(@p
i

) = @p
i

+ �i@, £¤¥ �i = �@p
i
y

y0
­¥ ¨¬¥¥â á¢®¡®¤­®£® ç«¥­ . �¥¯¥àì �(D) =

@p
n�1

+ � � �+@p+
�
1+�(g)�@py�����@p

n�1
y

y0

�
@. �á«¨ D � @p

n�1

+ � � �+@p+(1+ax(i))@ (mod Li) ¨ y = x+

ax(p
n�1+i) (0 < i < pn�pn�1), â® �(D) � @p

n�1

+ � � �+@p+@ (mod Li). � ¨â®£¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥
D ¡ã¤¥â ¯à¨¢¥¤¥­® ª ¢¨¤ãD = @p

n�1

+� � �+@p+(1+x(p
n
�pn�1)�l)@, £¤¥ l 2 A1(n�1). �«ï ­ å®¦¤¥­¨ï

¬­®£®ç«¥­  l ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ãá«®¢¨¥ â®à®¨¤ «ì­®áâ¨,   â ª¦¥ à §«®¦¥­¨¥  «£¥¡àë A1(n)
­ ¤ ¯®¤ «£¥¡à®© A1(n�1). �â  ¯®¤ «£¥¡à  ­¥ ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® D, ­® ®­  ¨­¢ à¨ ­â­ 
®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨à®¢ ­¨ï Y = @p

n�1

+� � �+@p+@. � ¬¥â¨¬, çâ® ¤«ï «î¡®£® v 2 A1(n�1)
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

x(ip
n�1)Dv = x(ip

n�1)Y v (i = 1; : : : ; p� 1):

�ëç¨á«ï¥¬ ¤¥©áâ¢¨¥ áâ¥¯¥­¥© ¤¨ää¥à¥­æ¨à®¢ ­¨ï D ­  ¬­®£®ç«¥­ x

Dx = 1 + x((p�1)p
n�1) � l;

D2x = x((p�1)p
n�1) �Dl +Dx((p�1)p

n�1) � l = x((p�1)p
n�1) � Y l + x((p�2)p

n�1) � lh;
(2)
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£¤¥ h = 1+x(p
n�1

�pn�2)+x(p
n�1

�pn�3)+ � � �+x(p
n�1

�p)+x(p
n�1

�1) 2 A1(n� 1). �¥£ª® ¯à®¢¥à¨âì, çâ®

Dx(ip
n�1) = X((i�1)pn�1)h (i = 2; 3; : : : ; p� 1);

Dx(p
n�1) = h+ x((p�1)p

n�1)lx(p
n�1

�1):

�ãáâì ã¦¥

Dkx =
kX

i=1

x((p�i)p
n�1)gik (k < p� 1); ¯à¨ç¥¬ gij 2 A1(n� 1) ¨ gkk = lhk�1:

�®£¤ 

Dk+1x =
kX

i=1

x((p�i)p
n�1)Dgik +

kX
i=1

gikDx
((p�i)pn�1) =

=
kX

i=1

x((p�i)p
n�1)Y gik +

kX
i=1

x((p�i�1)p
n�1)gikh =

= x((p�1)p
n�1)Y gik +

kX
i=2

x((p�i)p
n�1)(Y gik + gi�1;kh) + x((p�(k+1))p

n�1)gkkh:

� ª®­¥æ,

Dpx =
p�1X
i=1

x((p�i)p
n�1)Dgi;p�1 +

p�2X
i=1

gi;p�1Dx
((p�i)pn�1) + gp�1;p�1Dx

(pn�1) =

=
p�1X
i=1

x((p�i)p
n�1)Y gi;p�1 +

p�2X
i�1

gi;p�1hx
((p�i�1)pn�1) + lhp�2(h+ x((p�1)p

n�1)lx(p
n�1

�1)) =

= x((p�1)p
n�1)[Y g1;p�1 + l2hp�2x(p

n�1
�1)] +

p�1X
i=2

x((p�i)p
n�1)[Y gi;p�1 + gi�1;p�1h] + lhp�1:

�à ¢­¨¢ ï íâ® à §«®¦¥­¨¥ á à §«®¦¥­¨¥¬ (2), ­ å®¤¨¬, çâ® lhp�1 = 1. �âáî¤  l = h ¨

D = @p
n�1

+ � � � + @p + (1 + x(p
n
�pn�1) + x(p

n
�pn�2) + � � � + x(p

n
�p) + x(p

n
�1))@: �

� ¬¥ç ­¨¥. � ª ç¥áâ¢¥ ¯à¥¤áâ ¢¨â¥«ï ®à¡¨âë ¬®¦­® ¢§ïâì â®à®¨¤ «ì­®¥ ¤¨ää¥à¥­æ¨à®-
¢ ­¨¥ B = @p

n�1

+ � � �+ @p+(1+x)@. � ©¤¥¬  «£¥¡àã ª®­áâ ­â C(B) íâ®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï.
�ãáâì Z = @p

n�1

+ � � �+ @p, â.¥. B = Z + (1 + x)@. � §«®¦¨¢ í«¥¬¥­â f 2 C(B) ®â­®á¨â¥«ì­®
C0

f =
p�1X
i=0

fi � x
(i); £¤¥ fi 2 C0 (i = 0; 1; : : : ; p� 1);

¨§ ãá«®¢¨ï Bf = 0 ­ ©¤¥¬, çâ® ¢á¥ ª®íää¨æ¨¥­âë fi (i = 1; : : : ; p� 1) ¢ëà ¦ îâáï ç¥à¥§ f0 ¯®
ä®à¬ã«¥ fi = (�1)i � Z � (Z + 1) � � � (Z + (i� 1))f0, ¨«¨, ¢ ¤àã£®© ä®à¬¥,

fi =
� p�iY

j=1

(j � Z)�1
�
@pf0:

�«ï í«¥¬¥­â  � 2 C0 ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥

d(�) = �+
� p�1X
i=1

�� p�iY
j=1

(j � Z)�1
�
@p�

�
x(i)

�
:
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�®£¤  f = d(f0). � ç áâ­®áâ¨, ¥á«¨ ¢§ïâì f0 = �x(p), â®

f = d(�x(p)) = ln(1 + x) =
pX

i=1

(�1)i�1(i� 1) !x(i):

�«£¥¡à  C(B) ¨§®¬®àä­   «£¥¡à¥ à §¤¥«¥­­ëå áâ¥¯¥­¥© A1(n� 1), ¯à¨ç¥¬

C(B) = hy(i) j 0 � i � pn�1 � 1i; £¤¥ y = ln(1 + x):

�â   «£¥¡à  ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨à®¢ ­¨© Z ¨ (1 + x)@, â.¥.

Zd(�) = d(Z�); (1 + x)@d(�) = d(�Z�):

�®¡áâ¢¥­­ë© ¢¥ªâ®à ¤«ï ¤¨ää¥à¥­æ¨à®¢ ­¨ï B, á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­®¬ã §­ ç¥­¨î
k 2 f1; : : : ; p � 1g, ¨¬¥¥â ¢¨¤ u = d(�)(1 + x)k (� 2 C0). �â® ¤ ¥â à §«®¦¥­¨¥  «£¥¡àë A1(n)
®â­®á¨â¥«ì­® B

A1(n) =
p�1

�
k=0

C(B) � (1 + x)k:

�«£¥¡à  ª®­áâ ­â ¤«ï adLB ¥áâì

C(B) � (1 + x)@ =
n y(i)

y0
@ j 0 � i � pn�1 � 1

o
(y = ln(1 + x)):

�­  ¨§®¬®àä­  W1(n� 1).

4. �­¥è­¨¥ â®àë

�®¤ «£¥¡àã  «£¥¡àë �¨ L ¡ã¤¥¬ ­ §ë¢ âì âà ­§¨â¨¢­®©, ¥á«¨ ®­  ¨¬¥¥â ­ã«¥¢®¥ ¯¥à¥á¥ç¥­¨¥
á ¯®¤ «£¥¡à®© L0.

�«ï «î¡®© ®¤­®¬¥à­®© âà ­§¨â¨¢­®© ¯®¤ «£¥¡àë R � L áãé¥áâ¢ã¥â ®¤­®§­ ç­® ®¯à¥¤¥«¥­-
­ë© ¡ §¨á­ë© í«¥¬¥­â D 2 R â ª®©, çâ® D � @ (mod L0). �à¥¤áâ ¢¨¬ ¥£® ¢ ¢¨¤¥ D = 1

y0
@,

£¤¥ y | ¬­®£®ç«¥­ ¡¥§ á¢®¡®¤­®£® ç«¥­ , ¯à¨­ ¤«¥¦ é¨© A1(n)� hx(p
n)i. �®¤ «£¥¡àã R ¡ã¤¥¬

®¡®§­ ç âì ç¥à¥§ R(y). �ëá®â®© ¯®¤ «£¥¡àë R(y) ¡ã¤¥¬ ­ §ë¢ âì ç¨á«® ht(y).

�¥®à¥¬  2. �ãáâì R | ®¤­®¬¥à­ ï âà ­§¨â¨¢­ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ L ¨ ht(R) = k.
�®£¤  R = T � N , £¤¥ T | âà ­§¨â¨¢­ë© â®à, N |  ¡¥«¥¢  ­¨«ì-¯®¤ «£¥¡à , dimT = k,
dimN = n� k.

�®ª § â¥«ìáâ¢®. �ãáâì cont y = d1x
(p) + � � � + dkx

(pk) (dk 6= 0, ¥á«¨ k > 0). � à ¡®â¥ [9]
¤®ª § ­®, çâ® ¤¨ää¥à¥­æ¨à®¢ ­¨¥ D ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

Dpn + (d1D)
pn�1

+ � � �+ (dkD)
pn�k = 0:

�âáî¤  á«¥¤ã¥â

1) R = hD;Dp; : : : ; Dpn�1

i;
2) U = Dpn�k | ¯®«ã¯à®áâ®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯à¨ k > 0 ¨ U = 0 ¯à¨ k = 0, V =

Dpk + (d1D)p
k�1

+ � � �+ dkD | ­¨«ì¯®â¥­â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥;
3) T = hU;Up; : : : ; Upk�1

i | âà ­§¨â¨¢­ë© â®à ¯à¨ k > 0 ¨ T = f0g ¯à¨ k = 0, dimT = k,
N = hV; V p; : : : ; V pn�k�1

i |  ¡¥«¥¢  ­¨«ì-¯®¤ «£¥¡à , dimN = n� k, ¨ R = T �N �.

�®ª § ­­ ï â¥®à¥¬  ª ¦¤®© ®¤­®¬¥à­®© âà ­§¨â¨¢­®© ¯®¤ «£¥¡à¥ R = R(y) áâ ¢¨â ¢ á®®â-
¢¥âáâ¢¨¥ âà ­§¨â¨¢­ë© â®à T = T (y) (¯à¨ k = 0 ¡ã¤¥¬ ¯®« £ âì, çâ® T (y) = f0g). �¡®§­ ç¨¬

ç¥à¥§ L(y) ¥£® æ¥­âà «¨§ â®à ¢ L| ¯®¤ «£¥¡àã L(y) =
D
y(i)

y0
@ j 0 � i � pn�k � 1

E
. �­  ¨§®¬®àä­ 

 «£¥¡à¥ �¨ W1(n� k) ¯à¨ k < n ¨ á®¢¯ ¤ ¥â á R(y) ¯à¨ k = n. �â  ¯®¤ «£¥¡à  á®¤¥à¦¨â R(y) ¨
ï¢«ï¥âáï ­ã«ì-ª®¬¯®­¥­â®© �¨ââ¨­£  ¤¨ää¥à¥­æ¨à®¢ ­¨ï adD, â.¥. ï¤à®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï
adL U .
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�¥®à¥¬  3. �«ï «î¡®£® âà ­§¨â¨¢­®£® â®à  T � L à §¬¥à­®áâ¨ k > 0 áãé¥áâ¢ã¥â ®¤­®-

¬¥à­ ï âà ­§¨â¨¢­ ï ¯®¤ «£¥¡à  R = R(y) � L ¢ëá®âë k â ª ï, çâ® T = T (y).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç © k < n. �ë¡¥à¥¬ â®à®¨¤ «ì­ë© ¡ §¨á
ft1; t2; : : : ; tkg â®à  T . �®£« á­® ¯. 3 ¯®¤ «£¥¡à  CL(t1) ï¢«ï¥âáï âà ­§¨â¨¢­®© ¯®¤ «£¥¡à®©, ¨§®-
¬®àä­®© W1(n � 1). �¨ää¥à¥­æ¨à®¢ ­¨ï t2; : : : ; tk ¯à¨­ ¤«¥¦ â CL

(t1) = CL(t1). �® ¨­¤ãªæ¨¨
¯®¤ «£¥¡à  M = CL(T ) ¥áâì âà ­§¨â¨¢­ ï ¯®¤ «£¥¡à , ¨§®¬®àä­ ï W1(n � k). �ë¡¥à¥¬ ¢ M
âà ­§¨â¨¢­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ D â ª®¥, çâ® adM D ­¨«ì¯®â¥­â­® ¨ D � @ (mod L0). � ª -
ç¥áâ¢¥ ¯®¤ «£¥¡àë R(y) ¢®§ì¬¥¬ hDi. �§ â®£®, çâ® dimM = pn�k, á«¥¤ã¥â ht(R) = k. �® â¥®à¥¬¥
2 ¤¨ää¥à¥­æ¨à®¢ ­¨¥ U = Dpn�k ¯®«ã¯à®áâ®. �®ª ¦¥¬, çâ® U 2 T . �â® ¤¨ää¥à¥­æ¨à®¢ ­¨¥
ª®¬¬ãâ¨àã¥â á M ¨ T . �®§ì¬¥¬ â®à T1 = T + U . �£® æ¥­âà «¨§ â®à®¬ ï¢«ï¥âáï

CL(T1) = CL(T ) \ CL(U) =M: (3)

�á«¨ ¡ë â®à T1 ­¥ ¡ë« âà ­§¨â¨¢­ë¬, â® ®­ á®¤¥à¦ « ¡ë ¢­ãâà¥­­¨© ®¤­®¬¥à­ë© â®à S. �®
â®£¤  T1 = T � S, ¨ ¥£® æ¥­âà «¨§ â®à

CL(T1) = CL(T ) \ CL(S) =M \ CL(S) = CM (S)

¡ë« ¡ë ¢­ãâà¥­­¥© ¯®¤ «£¥¡à®© � àâ ­   «£¥¡àë �¨ M , çâ® ¯à®â¨¢®à¥ç¨â (3). �â ª, T , T1,
T � T1, | ¤¢  âà ­§¨â¨¢­ëå â®à , ¨¬¥îé¨å ®¤¨­ ª®¢ë¥ æ¥­âà «¨§ â®àë, CL(T ) = CL(T1) =M .
�® à §¬¥à­®áâì pn�k æ¥­âà «¨§ â®à  âà ­§¨â¨¢­®£® â®à  ®¯à¥¤¥«ï¥â à §¬¥à­®áâì k á ¬®£® â®à ,
¯®íâ®¬ã T = T1 ¨ U 2 T .

�§ ¢ª«îç¥­¨© U;Up; : : : ; Upn�k 2 T á«¥¤ã¥â, çâ® T = hU;Up; : : : ; Upn�ki. �â® ®§­ ç ¥â, çâ®
T = T (y).

�ãáâì â¥¯¥àì k = n. �®£¤  M = CL(T ) | ®¤­®¬¥à­ ï ¯®¤ «£¥¡à , ¯à¨ç¥¬ ht(M) = n.
�ë¡¥à¥¬ ¢ M ¡ §¨á­ë© í«¥¬¥­â D = 1

y0
@ á ãá«®¢¨¥¬ D � @ (mod L0). �â® ¯®«ã¯à®áâ®¥ ¤¨ä-

ä¥à¥­æ¨à®¢ ­¨¥, â.ª. ht(y) = n. �®ª ¦¥¬, çâ® D 2 T . �á«¨ D =2 T , â® T1 = hD;T i | â®à,
dimT1 = n+ 1. �® â®£¤  dim(T1 \ L) � 2, çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î, â.ª. ¢  «£¥¡à¥ � áá¥­-
å ã§  âà ­§¨â¨¢­ ï  «£¥¡à , à §¬¥à­®áâì ª®â®à®© ¡®«ìè¥ 1, ­¥ ¬®¦¥â ¡ëâì  ¡¥«¥¢®©. �âáî¤ 
T = hD;Dp; : : : ;Dpn�1

i, â.¥. T = T (y).

�¥®à¥¬ë 2 ¨ 3 ¤ îâ ®¯¨á ­¨¥ âà ­§¨â¨¢­ëå â®à®¢. � áá¬®âà¨¬ ­¥âà ­§¨â¨¢­ë¥ ¢­¥è­¨¥
â®àë. �ãáâì m | ¬ ªá¨¬ «ì­ë© ¨¤¥ «  «£¥¡àë A1(n), ¨ y 2 A1(n) | ¬­®£®ç«¥­ ¢ëá®âë k < n,
ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î y � x (mod m(2)). �®£¤  ¤¨ää¥à¥­æ¨à®¢ ­¨¥ �(y) = y

y0
@ â®à®¨¤ «ì-

­®. �­® ¯à¨­ ¤«¥¦¨â ¯®¤ «£¥¡à ¬ L0 ¨ L(y). �î¡®© ¢­ãâà¥­­¨© â®à ¨¬¥¥â ¢¨¤ h�(y)i. �®¤¯à®-
áâà ­áâ¢® S(y) = T (y)� h�(y)i ï¢«ï¥âáï ­¥âà ­§¨â¨¢­ë¬ ¢­¥è­¨¬ â®à®¬ à §¬¥à­®áâ¨ k + 1.

�¥®à¥¬  4. �®à S(y) ¬ ªá¨¬ «¥­.

�®ª § â¥«ìáâ¢®. �ãáâì t | â®à®¨¤ «ì­ë© í«¥¬¥­â, ­¥ ¯à¨­ ¤«¥¦ é¨© â®àã S(y) ¨ ª®¬-
¬ãâ¨àãîé¨© á ­¨¬. �®áª®«ìªã [t; �(y)] = 0, â® t =2 L0. �®à T (y) � hti âà ­§¨â¨¢¥­, ¯®íâ®¬ã ¨§
â¥®à¥¬ë 3 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®£® ¬­®£®ç«¥­  z ¢ëá®âë k + 1, çâ® T (y)� hti = T (z).

�á«¨ k < n� 1, â® ¢­ãâà¥­­¥¥ â®à®¨¤ «ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ �(y) ¯à¨­ ¤«¥¦¨â ¯®¤ «-
£¥¡à¥ L(z) (æ¥­âà «¨§ â®àã ¢ L â®à  T (z)), ¯®íâ®¬ã y

y0
= f(z)

z0
, £¤¥ f | ¬­®£®ç«¥­ ¡¥§ á¢®¡®¤­®£®

ç«¥­ . �® ht
�
y

y0

�
= ht(y) = k, â®£¤  ª ª ht

�
f(z)

z0

�
= ht(f(z)) > ht(z) = k + 1.

�á«¨ ¦¥ k = n�1, â® â®à T (z) | ¬ ªá¨¬ «ì­ë© âà ­§¨â¨¢­ë© â®à ¢ L. �£® æ¥­âà «¨§ â®à®¬
ï¢«ï¥âáï ®¤­®¬¥à­ ï âà ­§¨â¨¢­ ï ¯®¤ «£¥¡à  R(z), ª®â®à ï ­¥ ¬®¦¥â á®¤¥à¦ âì �(y) 2 L0.

�«¥¤áâ¢¨¥. �­ãâà¥­­¨© â®à h�(y)i ¬ ªá¨¬ «¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ht(y) = 0, â.¥.
cont y = 0.

�§ ¤®ª § ­­®© â¥®à¥¬ë á«¥¤ã¥â, çâ® «î¡®© âà ­§¨â¨¢­ë© â®à T = T (y), à §¬¥à­®áâì ª®-
â®à®£® ¬¥­ìè¥ n, á®¤¥à¦¨âáï ¢ ¬ ªá¨¬ «ì­®¬ â®à¥ S(y). �â® ¦¥ ¢¥à­® ¨ ¤«ï ­¥âà ­§¨â¨¢­ëå
â®à®¢.
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�¥®à¥¬  5. �«ï «î¡®£® ­¥âà ­§¨â¨¢­®£® â®à  T � L áãé¥áâ¢ã¥â â®à S(y) â ª®©, çâ®
T � S(y).

�®ª § â¥«ìáâ¢®. �ãáâì dimT = k. �á«¨ k = 1, â® T � L0. �®£¤ 

T = h�(y)i ¨ T � S(y):

�ãáâì â¥¯¥àì k > 1. �ë¡¥à¥¬ ¢ â®à¥ T ¡ §¨á ft1; : : : ; tkg ¨§ â®à®¨¤ «ì­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©
â ª, çâ® t1 2 L0. �® â¥®à¥¬¥ 3 áãé¥áâ¢ã¥â ¬­®£®ç«¥­ z ¢ëá®âë k � 1 â ª®©, çâ® ht2; : : : ; tki =
T (z). �®£¤  T = T (z) � ht1i. �­ãâà¥­­¥¥ â®à®¨¤ «ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ t1 ¯à¨­ ¤«¥¦¨â
¯®¤ «£¥¡à¥ L(z) �= W1(n � k + 1). �§ à¥§ã«ìâ â®¢ ¯. 2 á«¥¤ã¥â, çâ® ¯®¤ «£¥¡à  L(z) á®¤¥à¦¨â
®¤­®¬¥à­ãî âà ­§¨â¨¢­ãî ¯®¤ «£¥¡àã R(y) â ªãî, çâ® t1 = �(y). �®áª®«ìªã D = 1

y0
@ 2 L(z), â®

D ª®¬¬ãâ¨àã¥â á â®à®¬ T (z),   §­ ç¨â, â®à T (y) � hDi ª®¬¬ãâ¨àã¥â á T (z) ¨, á«¥¤®¢ â¥«ì­®, á
T . �®à T (y)+T á®¤¥à¦¨â â®à S(y), ­® ¯® â¥®à¥¬¥ 4 S(y) ¬ ªá¨¬ «¥­, ¯®íâ®¬ã S(y) = T (y)+T .
�âáî¤  T (y) + T (z) = T (y), â.¥. T (z) � T (y) ¨ T = T (z)� h�(y)i � S(y).

�«¥¤áâ¢¨¥ 1. �î¡®© ¬ ªá¨¬ «ì­ë© ­¥âà ­§¨â¨¢­ë© â®à ¨¬¥¥â ¢¨¤ S(y).

�«¥¤áâ¢¨¥ 2. �«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  k (1 � k � n) ¢ p- «£¥¡à¥ �¨ L áãé¥áâ¢ã¥â
¬ ªá¨¬ «ì­ë© â®à à §¬¥à­®áâ¨ k.

�«¥¤áâ¢¨¥ 3. �à ­§¨â¨¢­ë© â®à ¬ ªá¨¬ «¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® à §¬¥à­®áâì
à ¢­  n.

�«¥¤áâ¢¨¥ 4. �­¥è­¨© â®à ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ âà ­§¨â¨-
¢¥­ ¨ ¬ ªá¨¬ «¥­, â.¥. T = T (y), £¤¥ ht(y) = n. � íâ®¬ á«ãç ¥ ¥£® æ¥­âà «¨§ â®à®¬ ¢ L ï¢«ï¥âáï
®¤­®¬¥à­ ï ¯®¤ «£¥¡à  � àâ ­  R(y).

�. �à ã­ [6] § ¬¥â¨«, çâ® ¯®¤ «£¥¡à¥ � àâ ­  H = R(y) á®®â¢¥âáâ¢ã¥â ¯®¤£àã¯¯  �(y)  ¤¤¨-
â¨¢­®© £àã¯¯ë ¯®«ï K, ¨¬¥îé ï ¯®àï¤®ª pn. �­  § ¤ ¥âáï p-ãà ¢­¥­¨¥¬

�p
n

+ (�1�)
pn�1

+ � � �+ (�n�1�)
p + �n� = 0;

  ®¤­®à®¤­ë©  ¢â®¬®àä¨§¬ �" 2 G ¨­¤ãæ¨àã¥â íª¢¨¢ «¥­â­®áâì �! " � � ­  ¬­®¦¥áâ¢¥ â ª¨å
¯®¤£àã¯¯.

�¢â®¬®àä¨§¬®¬ ¨§ £àã¯¯ë F ¯®¤ «£¥¡à  � àâ ­  H ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­  ª ¢¨¤ã

H =
D 1
y0
@
E
=
D�
1�

nX
i=1

�ix
(pi�1)

�
@
E
; £¤¥ y = x+ f:

�¤­®à®¤­ë©  ¢â®¬®àä¨§¬ �" 2 G ¯¥à¥¢®¤¨â R(x+ f) ¢ R(x+ f1), £¤¥

f1 =
f("x)
"

=
nX
i=1

�i"
pi�1x(p

i):

� ª¨¬ ®¡à §®¬, ª« áá á®¯àï¦¥­­ëå ¢­¥è­¨å ¯®¤ «£¥¡à � àâ ­  ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤®
íª¢¨¢ «¥­â­®áâ¨ ­ ¡®à®¬ ¯ à ¬¥âà®¢

(�1; : : : ; �n) � (�1"
p�1; �2"

p2�1; : : : ; �n"
pn�1); £¤¥ �n 6= 0; " 2 K�:

�®¡áâ¢¥­­ë¥ ¢¥ªâ®àë g� = exp�y (� 2 �) ¤¨ää¥à¥­æ¨à®¢ ­¨ï D = 1
y0
@ ¨¬¥îâ ¢¨¤

g� =
nY
i=1

fi
�
�(�i�)

p�i � x
�
; £¤¥ fi(x) = 1 +

pi�1X
j=1

x(j):

�á¥ ¢¥á®¢ë¥ ¯®¤¯à®áâà ­áâ¢  ®¤­®¬¥à­ë, ¨  «£¥¡à  A1(n) ¨§®¬®àä­  £àã¯¯®¢®©  «£¥¡à¥ £àã¯¯ë
�(y): K(�) �= A1(n) = �

�2�
hg�i.
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�®à­¥¢ë¥ ¢¥ªâ®àë Z� ¤¨ää¥à¥­æ¨à®¢ ­¨ï D ¨¬¥îâ ¢¨¤

Z� = g� �D =
exp�y
y0

�D:

�á¥ ª®à­¥¢ë¥ ¯®¤¯à®áâà ­áâ¢  ®¤­®¬¥à­ë, ¨ ª®à­¥¢®¥ à §«®¦¥­¨¥  «£¥¡àë � áá¥­å ã§  ®â­®-
á¨â¥«ì­® âà ­§¨â¨¢­®© ¯®¤ «£¥¡àë � àâ ­  H = R(y) ¨¬¥¥â ¢¨¤ L = �

�2�
hZ�i.
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