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� á®¢à¥¬¥­­®© ¬ â¥¬ â¨ª¥ ¢á¥ ¡®«ìè¥¥ §­ ç¥­¨¥ ¯à¨®¡à¥â îâ à §«¨ç­ë¥ ¯à®¥ªæ¨®­­ë¥ ¬¥-
â®¤ë à¥è¥­¨ï â¥å ¨«¨ ¨­ëå ãà ¢­¥­¨© (á¬., ­ ¯à., [1]{[3]). � ­ áâ®ïé¥¥ ¢à¥¬ï ¤®¢®«ì­® ¯®«­®
®¯¨á ­ë ãá«®¢¨ï ¯à¨¬¥­¨¬®áâ¨ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ ª ®¯¥à â®à ¬ â¨¯  á¢¥àâª¨, ��e¯«¨æ ,
á¨­£ã«ïà­ë¬ ¨­â¥£à «ì­ë¬ ®¯¥à â®à ¬. � [4] ¨ [5] à áá¬ âà¨¢ «¨áì ¯à®¥ªæ¨®­­ë¥ ¬¥â®¤ë ¤«ï
¨­â¥£à «ì­ëå ®¯¥à â®à®¢ á ®¤­®à®¤­ë¬¨ ï¤à ¬¨.

�á­®¢­ ï æ¥«ì ¤ ­­®© à ¡®âë | ¯®«ãç¨âì ªà¨â¥à¨© ¯à¨¬¥­¨¬®áâ¨ ¯à®¥ªæ¨®­­®£® ¬¥â®¤ 
ª ¬­®£®¬¥à­ë¬ ¯ à­ë¬ ¨­â¥£à «ì­ë¬ ®¯¥à â®à ¬ á ï¤à ¬¨, ®¤­®à®¤­ë¬¨ áâ¥¯¥­¨ (�n) ¨ ¨­-
¢ à¨ ­â­ë¬¨ ®â­®á¨â¥«ì­® ¢á¥å ¢à é¥­¨© ¢ Rn � Rn . �«ï â ª¨å ®¯¥à â®à®¢ ¢¢®¤¨âáï ¯®­ïâ¨¥
á¨¬¢®« , ¢ â¥à¬¨­ å ª®â®à®£® ¨ ä®à¬ã«¨àã¥âáï ¢ëè¥ã¯®¬ï­ãâë© ªà¨â¥à¨©.

� áâ âì¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Rn | n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®;
x = (x1; : : : ; xn) 2 Rn ; jxj =

p
x21 + � � � + x2n; x

0 = x=jxj; x � y = x1y1 + � � � + xnyn; dx = dx1 : : : dxn;
e1 = (1; 0; : : : ; 0); �n�1 = fx 2 Rn : jxj = 1g; _R | ª®¬¯ ªâ¨ä¨ª æ¨ï R ®¤­®© ¡¥áª®­¥ç­® ã¤ «¥­-
­®© â®çª®©; Z+ | ¬­®¦¥áâ¢® ¢á¥å æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á¥«; Z+ _�R | ª®¬¯ ªâ¨ä¨ª æ¨ï
¬­®¦¥áâ¢  Z+ � R ®¤­®© ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª®©; Ym�(�) | áä¥à¨ç¥áª¨¥ £ à¬®­¨ª¨ ¯®-
àï¤ª  m; dn(m) | à §¬¥à­®áâì ¯à®áâà ­áâ¢  áä¥à¨ç¥áª¨å £ à¬®­¨ª ¯®àï¤ª  m:

dn(m) = (n+ 2m� 2)
(n+m� 3)!
m!(n� 2)!

;

Pm(t) | ¬­®£®ç«¥­ë �¥¦ ­¤à , ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

Pm(t) =

(
cos(m arccos t); n = 2;

(Cm
m+n�3)

�1C(n�2)=2
m (t); n > 3;

£¤¥ C(n�2)=2
m (t) | ¬­®£®ç«¥­ë �¥£¥­¡ ãíà .

1. �ãáâì X ¨ Y | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , A 2 L(X;Y ), fP�1;�2g ¨ fQ�1;�2g (0 < �1 < 1, 1 <
�2 < 1) | á¥¬¥©áâ¢  ¯à®¥ªâ®à®¢, ¤¥©áâ¢ãîé¨å ¢ X ¨ Y á®®â¢¥âáâ¢¥­­®. �ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® ¯à®¥ªâ®àë P�1;�2 ¨ Q�1;�2 áå®¤ïâáï ¢ á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ ¯à¨ �1 ! 0 ¨ �2 !1 ª
¥¤¨­¨ç­ë¬ ®¯¥à â®à ¬ IX ¨ IY á®®â¢¥âáâ¢¥­­®. � áá¬®âà¨¬ ãà ¢­¥­¨¥

Q�1;�2AP�1;�2x = Q�1;�2y: (1)

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ª ®¯¥à â®àã A ¯à¨¬¥­¨¬ ¯à®¥ªæ¨®­­ë© ¬¥â®¤ ¯® á¨-
áâ¥¬¥ ¯à®¥ªâ®à®¢ (P�1;�2 ;Q�1;�2) ¯à¨ �1 ! 0 ¨ �2 !1, ¥á«¨

1) áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  �1 2 (0; 1) ¨ �2 2 (1;1), çâ® ¯à¨ ¢á¥å �1 < �1 ¨ �2 > �2 ¤«ï «î¡®£®
y 2 Y ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�1;�2 2 P�1;�2X;

2) ¯à¨ �1 ! 0 ¨ �2 !1 à¥è¥­¨¥ x�1;�2 áâà¥¬¨âáï ¯® ­®à¬¥ ¯à®áâà ­áâ¢  X ª à¥è¥­¨î x 2 X
ãà ¢­¥­¨ï Ax = y.

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, ¯à®¥ªâ ò 00-01-00046a.
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�« áá ®¯¥à â®à®¢, ª ª®â®àë¬ ¯à¨¬¥­¨¬ ¯à®¥ªæ¨®­­ë© ¬¥â®¤ ¯® á¨áâ¥¬¥ ¯à®¥ªâ®à®¢
(P�1;�2 ;Q�1;�2), ®¡®§­ ç¨¬ ç¥à¥§ �fP�1;�2 ;Q�1;�2g. �á«¨ X = Y ¨ P�1;�2 = Q�1;�2 , â® ¡ã¤¥¬ ¯¨á âì
�fP�1;�2g ¢¬¥áâ® �fP�1;�2 ;P�1;�2g.

�¯à¥¤¥«¥­¨¥ 1 íª¢¨¢ «¥­â­® â®¬ã, çâ® ®¯¥à â®à A ®¡à â¨¬, ¯à¨ 0 < �1 < �1 ¨ �2 < �2 < 1
®¯¥à â®àë Q�1;�2AP�1;�2 ª ª ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¨§ P�1;�2X ¢ Q�1;�2Y , ®¡à â¨¬ë, ¨ ®¯¥à â®àë
(Q�1;�2AP�1;�2)

�1Q�1;�2 ¯à¨ �1 ! 0 ¨ �2 !1 á¨«ì­® áå®¤ïâáï ª A�1.
�ç¥¢¨¤­®, ¢á¥ ®á­®¢­ë¥ â¥®à¥¬ë ® ¯à®¥ªæ¨®­­ëå ¬¥â®¤ å, ¤®ª § ­­ë¥ ¢ [1] ¤«ï á«ãç ï ®¤­®-

¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  ¯à®¥ªâ®à®¢, á®åà ­ïîâ á¯à ¢¥¤«¨¢®áâì ¨ ¤«ï ¨áá«¥¤ã¥¬®£® §¤¥áì
á«ãç ï. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ááë« âìáï ­  à¥§ã«ìâ âë [1], ¯à¥¤¯®« £ ï, çâ® ®­¨ ¯¥à¥ä®à¬ã«¨-
à®¢ ­ë ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ 1.

2. � ¯à®áâà ­áâ¢¥ Lp(Rn), 1 < p <1, à áá¬®âà¨¬ ¨­â¥£à «ì­ë© ®¯¥à â®à

(K')(x) =
Z
Rn

k(x; y)'(y) dy; x 2 R
n ; (2)

¯à¥¤¯®« £ ï, çâ® ï¤à® k(x; y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

1�. ®¤­®à®¤­®áâ¨ áâ¥¯¥­¨ (�n), â. ¥.

k(�x; �y) = ��nk(x; y) 8� > 0;

2�. ¨­¢ à¨ ­â­®áâ¨ ®â­®á¨â¥«ì­® £àã¯¯ë SO(n) ¢à é¥­¨© ¯à®áâà ­áâ¢  Rn , â. ¥.

k(!(x); !(y)) = k(x; y) 8! 2 SO(n);

3�. áã¬¬¨àã¥¬®áâ¨, â. ¥.

k =
Z
Rn

jk(e1; y)j jyj
�n=pdy <1:

�¯à¥¤¥«¨¬ ¢ Lp(Rn) ¯à®¥ªâ®à P ¯® ä®à¬ã«¥

(P')(x) =

(
'(x); jxj 6 1;

0; jxj > 1;

¨ ¯®«®¦¨¬ Q = I � P . � áá¬®âà¨¬ ®¯¥à â®à

A = �I �K1P �K2Q;

£¤¥ � 2 C ,   K1 ¨ K2 | ®¯¥à â®àë ¢¨¤  (2). �¨¬¢®«®¬ ®¯¥à â®à  A ­ §®¢¥¬ ¯ àã äã­ªæ¨©
(�1(m; �), �2(m; �)), § ¤ ­­ëå ­  ª®¬¯ ªâ¥ Z+ _�R à ¢¥­áâ¢ ¬¨

�j(m; �) = ��

Z
Rn

kj(e1; y)Pm(e1 � y
0)jyj�n=p+i� dy; j = 1; 2:

� «¥¥, ¢ ¯à®áâà ­áâ¢¥ Lp(Rn), 1 < p <1, ®¯à¥¤¥«¨¬ ¯à®¥ªâ®à P�1;�2 (0 < �1 < 1, 1 < �2 <1)
¯® ä®à¬ã«¥

(P�1;�2')(x) =

(
'(x); �1 < jxj < �2;

0; jxj < �1 ¨«¨ jxj > �2:

�¥âàã¤­® ¢¨¤¥âì, çâ® s� lim
�1!0
�2!1

P�1;�2 = I.

� è  § ¤ ç  | ¨§ãç¨âì ¢®¯à®á ® ¯à¨¬¥­¨¬®áâ¨ ª ®¯¥à â®àã A ¯à®¥ªæ¨®­­®£® ¬¥â®¤  ¯®
á¨áâ¥¬¥ ¯à®¥ªâ®à®¢ (P�1;�2 ;P�1;�2). �«ï íâ®£® ¢ ¯à®áâà ­áâ¢¥ Lp(Rn ) à áá¬®âà¨¬ ¨­â¥£à «ì­®¥
ãà ¢­¥­¨¥, ¯®à®¦¤ ¥¬®¥ ®¯¥à â®à®¬ A,

�'(x) =
Z
jyj61

k1(x; y)'(y) dy +
Z
jyj>1

k2(x; y)'(y) dy + f(x): (3)
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�®áª®«ìªã äã­ªæ¨ï kj(x; y), j = 1; 2, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2�, â® áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï
k0j(r2; �2; t), çâ® kj(x; y) = k0j(jxj2; jyj2; x0 � y0) ([6], á. 36). �ç¨âë¢ ï íâ® ¨ ¯¥à¥å®¤ï ¢ ãà ¢­¥­¨¨
(3) ª áä¥à¨ç¥áª¨¬ ª®®à¤¨­ â ¬ x = r�, y = ��, ¯®«ãç¨¬

��(r�) =
Z 1

0

Z
�n�1

1
r
D1

�
�

r
; � � �

�
�(��) d� d� +

+
Z 1

1

Z
�n�1

1
r
D2

�
�

r
; � � �

�
�(��) d� d� + F (r�); (4)

£¤¥

�(r�) = '(r�)r(n�1)=p; F (r�) = f(r�)r(n�1)=p;

Dj(�; t) = k0j(1; �2; t)�(n�1)=p
0

:

�¥£ª® ¯à®¢¥à¨âì, çâ® Z 1

0

Z 1

�1

jDj(�; t)j��1=p(1� t2)(n�3)=2d� dt <1: (5)

�¬­®¦ ï ãà ¢­¥­¨¥ (4) ­  Ym�(�), ¨­â¥£à¨àãï ¯® ¥¤¨­¨ç­®© áä¥à¥ ¨ ¯à¨¬¥­ïï ä®à¬ã«ã �ã­ª {
�¥ªª¥ ([6], á. 43), ¯®«ãç¨¬ ¡¥áª®­¥ç­ãî ¤¨ £®­ «ì­ãî á¨áâ¥¬ã ®¤­®¬¥à­ëå ¨­â¥£à «ì­ëå ãà ¢-
­¥­¨©

��m�(r) =
Z 1

0

1
r
Dm1

�
�

r

�
�m�(�) d�+

Z 1

1

1
r
Dm2

�
�

r

�
�m�(�) d�+ Fm�(r); r 2 (0;1); (6)

£¤¥ m 2 Z+, � = 1; 2; : : : ; dn(m),

�m�(r) =
Z
�n�1

�(r�)Ym�(�) d�; Fm�(r) =
Z
�n�1

F (r�)Ym�(�) d�;

Dmj(r) =
2�(n�1)=2

�
�
n�1
2

� Z 1

�1
Dj(�; t)Pm(t)(1� t2)(n�3)=2 dt; j = 1; 2:

� áá¬®âà¨¬ ¢ Lp(0;1), 1 < p <1, ®¯¥à â®à

(Amg)(r) = �g(r) �
Z 1

0

1
r
Dm1

�
�

r

�
g(�) d� �

Z 1

1

1
r
Dm2

�
�

r

�
g(�) d�; r 2 (0;1):

�§ ãá«®¢¨ï (5) áà §ã á«¥¤ã¥â, çâ® äã­ªæ¨ï Dmj(�), j = 1; 2, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î áã¬¬¨àã¥-
¬®áâ¨. �¨¬¢®«®¬ ®¯¥à â®à  Am ï¢«ï¥âáï ¯ à  äã­ªæ¨© (�m1(�); �m2(�)), § ¤ ­­ëå à ¢¥­áâ¢ ¬¨

�mj(�) = ��

Z 1

0

Dmj(�)�
�1=p+i�d�; � 2 R; j = 1; 2:

�®§¢à é ïáì ª ¨áå®¤­ë¬ ®¡®§­ ç¥­¨ï¬, ¯®«ãç ¥¬

�mj(�) = ��

Z
Rn

kj(e1; y)Pm(e1 � y
0)jyj�n=p+i�dy; � 2 R;

â. ¥. �mj(�) = �j(m; �) ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ m.

�¥¬¬ . �á«¨ A 2 �fP�1;�2g, â® Am 2 �f eP�1;�2g ¤«ï ¢á¥å m 2 Z+.

�®ª § â¥«ìáâ¢®. �ãáâì A 2 �fP�1;�2g. �®£¤ , ª ª ã¦¥ ¡ë«® ®â¬¥ç¥­® ¢ëè¥, ®¯¥à â®à A
®¡à â¨¬, ®¯¥à â®àë P�1;�2AP�1;�2 ª ª ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ P�1;�2(Lp(Rn)), ®¡à â¨¬ë ¤«ï
¤®áâ â®ç­® ¬ «ëå �1 ¨ ¤®áâ â®ç­® ¡®«ìè¨å �2, ¨ s� lim

�1!0
�2!1

(P�1;�2AP�1;�2)
�1P�1;�2 = A�1.

�á«¨ ®¯¥à â®à A ®¡à â¨¬ ¢ Lp(Rn ), â® ¤«ï «î¡®© äã­ªæ¨¨ f(x) 2 Lp(Rn ) ãà ¢­¥­¨¥ (3) ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �®£¤ , ãç¨âë¢ ï á¢ï§ì ¬¥¦¤ã ãà ¢­¥­¨¥¬ (3) ¨ á¨áâ¥¬®© (6), ¯®«ãç ¥¬,
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çâ® ª ¦¤®¥ ¨§ ãà ¢­¥­¨© á¨áâ¥¬ë (6) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ «î¡®¬ á¢®¡®¤­®¬ ç«¥­¥.
�«¥¤®¢ â¥«ì­®, ®¯¥à â®à Am ®¡à â¨¬ ¢ Lp(0;1) ¤«ï «î¡®£® m 2 Z+.

�­ «®£¨ç­®, ¥á«¨ \ãá¥ç¥­­ë©" ®¯¥à â®à P�1;�2AP�1;�2 ®¡à â¨¬ ¢ P�1;�2(Lp(Rn)), â® ¨ ®¯¥à â®àeP�1;�2Am
eP�1;�2 ®¡à â¨¬ ¢ eP�1;�2(Lp(0;1)).

� ª®­¥æ, ¨§ ãá«®¢¨ï s� lim
�1!0
�2!1

(P�1;�2AP�1;�2)
�1P�1;�2=A

�1 á«¥¤ã¥â s� lim
�1!0
�2!1

( eP�1;�2Am
eP�1;�2)�1 eP�1;�2=

A�1
m . �­ ç¨â, Am 2 �f eP�1;�2g ¤«ï ¢á¥å m 2 Z+.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . �«ï â®£® çâ®¡ë ®¯¥à â®à A 2 �fP�1;�2g, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥£®

á¨¬¢®« (�1(m; �), �2(m; �)) ã¤®¢«¥â¢®àï« ãá«®¢¨ï¬

1) �1(m; �) 6= 0, �2(m; �) 6= 0 8 (m; �) 2 Z+ _�R;
2) ind� �1(m; �) = ind� �2(m; �) = 0 8m 2 Z+,

£¤¥ ind� f(m; �) | ¨­¤¥ªá äã­ªæ¨¨ f(m; �) ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ m.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ A 2 �fP�1;�2g, â® ¯® «¥¬¬¥ ®¯¥à â®à Am 2

�f eP�1;�2g ¤«ï «î¡®£® m 2 Z+. �çâ¥¬ ¢¨¤ á¨¬¢®«  ®¯¥à â®à  Am ¨ ¯à¨¬¥­¨¬ «¥£ª® ¯à®¢¥àï-
¥¬ãî íª¢¨¢ «¥­â­®áâì

H 2 �f eP�1;�2g () f�k(�) 6= 0 8� 2 _R ; ind�k(�) = 0; k = 1; 2g;

£¤¥ f�1(�); �2(�)g | á¨¬¢®« ®¯¥à â®à  H. �¥¬ á ¬ë¬ ¯®«ãç¨«¨ ãá«®¢¨ï 1) ¨ 2).

�®áâ â®ç­®áâì. �à¥¤áâ ¢¨¬ ®¯¥à â®à A ¢ ¢¨¤¥

A = P (�I �K1)P +Q(�I �K2)Q+ T;

£¤¥ T = �QK1P �PK2Q. �®áª®«ìªã ¤«ï «î¡®£® ®¯¥à â®à  K ¢¨¤  (2) ®¯¥à â®àë PKQ ¨ QKP
ï¢«ïîâáï ª®¬¯ ªâ­ë¬¨ ¢ Lp(Rn ) [4], â® T | ª®¬¯ ªâ­ë© ®¯¥à â®à. �®«®¦¨¬ A0 = P (�I �
K1)P +Q(�I �K2)Q ¨ ¯®ª ¦¥¬, çâ® A0 2 �fP�1;�2g. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�I � K1 = P (�I �K1)P
��
imP

= A0

��
imP

;

�I � K2 = Q(�I �K2)Q
��
imQ

= A0

��
imQ

;

P�1 = P�1;�2
��
imP

; P�2 = P�1;�2
��
imQ

:

� ª ª ª �1(m; �) 6= 0 8 (m; �) 2 Z+ _�R ¨ ind� �1(m; �) = 0 8m 2 Z+, â® ®¯¥à â®à �I � K1 ®¡à â¨¬
[4]. �®£¤  �I�K1 2 �fP�1g [5]. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® �I�K2 2 �fP�2g. � á¨«ã â¥®à¥¬ë
® ¯®¡«®ç­®© ¯à¨¬¥­¨¬®áâ¨ ¯à®¥ªæ¨®­­®£® ¬¥â®¤  ([1], á. 93) ®¯¥à â®à A0 2 �fP�1;�2g.

� «¥¥, ¨§ ãá«®¢¨© 1) ¨ 2) â¥®à¥¬ë á«¥¤ã¥â, çâ® ®¯¥à â®à A ®¡à â¨¬. �®áª®«ìªã A0 2 �fP�1;�2g
¨ ®¯¥à â®à A = A0+T ®¡à â¨¬, â® ¯® â¥®à¥¬¥ ® ¢®§¬ãé¥­¨¨ ª®¬¯ ªâ­ë¬ ®¯¥à â®à®¬ ([1], á. 94)
®¯¥à â®à A 2 �fP�1;�2g.

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ªà¨â¥à¨© ¯à¨¬¥­¨¬®áâ¨ ¯à®¥ªæ¨®­­®£® ¬¥â®¤  ª ®¯¥à â®àã �I �K,
£¤¥K ®¯à¥¤¥«ï¥âáï ¨§ (2). �ç¨âë¢ ï, çâ® �I�K = �I�KP�KQ, ¨ ¯à¨¬¥­ïï â¥®à¥¬ã, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �«ï â®£® çâ®¡ë ®¯¥à â®à �I �K 2 �fP�1;�2g, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
¥£® á¨¬¢®« �(m; �) ã¤®¢«¥â¢®àï« ãá«®¢¨ï¬

1) �(m; �) 6= 0 8 (m; �) 2 Z+ _�R,
2) ind� �(m; �) = 0 8m 2 Z+.
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