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� ����������� ��������

� â¥®à¨¨ ®¡à âëå ªà ¥¢ëå § ¤ ç (���) ¯®áâà®¥ë à¥è¥¨ï íâ¨å § ¤ ç ¢ â®¬ á«ãç ¥, ª®£¤ 
¥¨§¢¥áâ ï äãªæ¨ïw(z), z = x+iy,   £à ¨æ¥ Lz ¥¨§¢¥áâ®© ®¡« áâ¨ Dz § ¤   ª ª äãªæ¨ï
®â x, s | ¤«¨ë ¤ã£¨ Lz, � = arg z [1] ¨«¨ ª ª äãªæ¨ï ®â ¤¢ãå ¯ à ¬¥âà®¢ (x; y), (y; �) [2]. �
¤ ®© à ¡®â¥ à áá¬®âà¥ á«ãç © âà¥å ¯ à ¬¥âà®¢ (x; y; �) ¨ (y; x; �) ¤«ï ¢ãâà¥¥© ¨ ¢¥è¥©
��� ¢ ®¤®á¢ï§®© ®¡« áâ¨.

� áá¬®âà¨¬ ¢ ç «¥ ¢ãâà¥îî ��� ¢ á«¥¤ãîé¥© ¯®áâ ®¢ª¥ (¢áî¤ã ¢ ¤ «ì¥©è¥¬ áç¨-
â ¥¬ 0 � � = arg z < 2� 8z 2 C).

�à¥¡ã¥âáï ®¯à¥¤¥«¨âì ª®¥çãî ®¤®á¢ï§ãî ®¡« áâì Dz ¨   «¨â¨ç¥áªãî ¢ íâ®© ®¡« áâ¨
äãªæ¨î w(z), ¥¯à¥àë¢® ¯à®¤®«¦¨¬ãî   £à ¨æã Lz, ¥á«¨ Lz = L1

z [ L
2
z [ L

3
z ¨ ¨§¢¥áâë

£à ¨çë¥ § ç¥¨ï äãªæ¨¨ w(z):

w(z) jz2L1
z
= '1(�) + i 1(�); 0 � � � l1;

w(z) jz2L2
z
= '2(K�) + i 2(K�); 0 � � � l2;

K = 1 ¯à¨ § ¤ ®¬ l2; K = 1=l2 ¯à¨ ¥¨§¢¥áâ®¬ l2;
w(z) jz2L3

z
= '3(�) + i 3(�); 0 < �1� � � � �2� � �=2:

(1)

�¤¥áì ª®áâ âë �1, �2 § ¤ îâáï § à ¥¥,   l1 ¨ l2 ®¯à¥¤¥«¨¬ ¯®§¤¥¥. �§ ¯®áâ ®¢ª¨ § ¤ ç¨
á«¥¤ã¥â, çâ® z = 0 ï¢«ï¥âáï â®çª®© áâëª  ¤ã£ L1

z ¨ L2
z, ¯®íâ®¬ã 0 =2 L3

z. �ãªæ¨¨ 'k ¨  k,
k = 1; 2; 3, ¯à¥¤¯®« £ îâáï ®¤®§ çë¬¨ £¥«ì¤¥à®¢ë¬¨ äãªæ¨ï¬¨ á¢®¨å  à£ã¬¥â®¢. �ã¤¥¬
áç¨â âì, çâ® ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (1) ï¢«ïîâáï ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ªà¨¢®© �ï-
¯ã®¢  Lw, ª®â®à ï ®£à ¨ç¨¢ ¥â ª®¥çãî ®¤®á¢ï§ãî ®¡« áâì Dw. �áâ ®¢¨¬   Lz ¨ Lw

¯®«®¦¨â¥«ì®¥  ¯à ¢«¥¨¥ ®¡å®¤ , ¯à¨ ª®â®à®¬ ®¡« áâ¨ Dz ¨ Dw ®áâ îâáï á«¥¢ . �à¨ â ª®¬
®¡å®¤¥ ®¡®§ ç¨¬  ç «ìë¥ â®çª¨ ¤ã£ Lk

z ç¥à¥§ zk. �®®â¢¥âáâ¢ãîé¨¥ ¨¬ â®çª¨   £à ¨æ¥ Lw

¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ wk,   á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¤ã£¨ | ç¥à¥§ Lk
w.

�ãáâì � = x, � = y. � íâ®¬ á«ãç ¥ áç¨â ¥¬ l1 ä¨ªá¨à®¢ ®©,   l2 ¯®ª  ¥®¯à¥¤¥«¥®©
ª®áâ â®©. � ªãî § ¤ çã  §®¢¥¬ ¢ãâà¥¥© ��� (1A). �á«¨ ¦¥ � = y, � = x, â® l1; l2 > 0
áç¨â ¥¬ § à ¥¥ ä¨ªá¨à®¢ ë¬¨, ¨ â ªãî § ¤ çã  §®¢¥¬ ¢ãâà¥¥© ��� (1�).

�à¨áâã¯¨¬ ª à¥è¥¨î § ¤ ç¨ (1A). �â®¡à §¨¬ ®¡« áâìDw   ¢ãâà¥®áâì ¥¤¨¨ç®£® ªàã£ 
D� = f� : j�j < 1g ¢® ¢á¯®¬®£ â¥«ì®© ¯«®áª®áâ¨ � á ¯®¬®éìî äãªæ¨¨ � = �(w), ¯à¨ç¥¬ ¤«ï
¥¤¨áâ¢¥®áâ¨ ãª § ®£® ®â®¡à ¦¥¨ï â®çª ¬ w1, w2, w3 ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â®çª¨ i, �1
¨ �i. �¡®§ ç¨¬ L� = fei : 0 �  � 2�g. �§ á®¯®áâ ¢«¥¨ï Lz ¨ ¥¤¨¨ç®© ®ªàã¦®áâ¨ L�

®¯à¥¤¥«¨¬ § ¢¨á¨¬®áâ¨ x(), by() ¨ �() á®®â¢¥âáâ¢¥®   ¤ã£ å L1
� = fei : �=2 �  � �g, L2

� =
fei : � �  � 3�=2g ¨ L3

� = L3
�0

S
L3
�1, £¤¥ L

3
�0 = fei : 0 �  � �=2g, L3

�1 = fei : 3�=2 �  � 2�g.
� íâ®¬ á«ãç ¥ ¤«ï ®¤®§ ç®©   «¨â¨ç¥áª®© äãªæ¨¨ z(�), ®â®¡à ¦ îé¥© D�   ¨áª®¬ãî
®¡« áâì Dz ¨ ¯®¨¬ ¥¬®© ¢ ¤ «ì¥©è¥¬ ª ª à¥è¥¨¥ ¨áå®¤®© § ¤ ç¨, ¯®«ãç¨¬ ªà ¥¢ãî § ¤ çã

8><
>:
Re z(ei) = x(); ei 2 L1

� ;
Im z(ei) = l2by(); ei 2 L2

� ;
arg z(ei) = �(); ei 2 L3

� :

(2)
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� ª ª ª
arg z(ei) = �(), Re

�
ei(

�

2
��())z(ei)

�
= 0;

â® (2) ¯à¥¤áâ ¢«ï¥â á®¡®© ªà ¥¢ãî § ¤ çã �¨«ì¡¥àâ  á à §àë¢ë¬¨ ª®íää¨æ¨¥â ¬¨. �®áª®«ì-
ªã ¨áª®¬ ï ®¡« áâì Dz ª®¥ç , â® äãªæ¨ï z(�) ¢ ®ªà¥áâ®áâ¨ â®ç¥ª áâëª  i, �1, �i ¤®«¦ 
¡ëâì ®£à ¨ç¥®©. �ã¤¥¬ à¥è âì § ¤ çã (2) ¬¥â®¤®¬ à¥£ã«ïà¨§ãîé¥£® ¬®¦¨â¥«ï, ¨§«®¦¥-
ë¬ ¢ à ¡®â¥ [5]. �«ï íâ®£® § ¯¨è¥¬ (2) ¢ ¢¨¤¥ ®¤®£® ªà ¥¢®£® ãá«®¢¨ï

Re[e�i�()z(ei)] = c(); (3)

£¤¥

�() =

8><
>:
2�k; ei 2 L1

� ;
�=2 + 2�l; ei 2 L2

� ;
�()� �=2 + 2�mj ; ei 2 L3

�j;

c() =

8><
>:
x(); ei 2 L1

� ;
l2by(); ei 2 L2

� ;
0; ei 2 L3

� :

(4)

� ¤ «ì¥©è¥¬ ¤«ï äãªæ¨¨ f(), § ¤ ®©   L� , ¯®¤ f(0 � 0) ¨ f(0 + 0) ¡ã¤¥¬ ¯®¨¬ âì
¯à¥¤¥«ë, ª ª®â®àë¬ áâà¥¬¨âáï f(), ª®£¤  â®çª  ei áâà¥¬¨âáï ª ei0 ¢ ¯®«®¦¨â¥«ì®¬ ¨«¨
®âà¨æ â¥«ì®¬  ¯à ¢«¥¨¨ á®®â¢¥âáâ¢¥®.

�¥¯¥àì ¯à¨áâã¯¨¬ ª ¢ëç¨á«¥¨î ¨¤¥ªá  § ¤ ç¨ (3). �«ï íâ®£®   ¨â¥à¢ «¥ (0; �=2) ¢¥â¢ì
äãªæ¨¨ �() § ä¨ªá¨àã¥¬ ãá«®¢¨¥¬ �() = �()� �=2, â. ¥. m0 = 0. �®£¤  �(0+ 0) = �(0)��=2.
�à¨ ¯¥à¥å®¤¥ ç¥à¥§ ª ¦¤ãî â®çªã áâëª  ¢¥â¢ì �() ¡ã¤¥¬ ¢ë¡¨à âì â ª, çâ®¡ë 0 � �k = �(k +
0)� �(k � 0) < 2�. �®£« á® íâ®¬ã ¯à ¢¨«ã ¨ á ãç¥â®¬ â®£®, çâ® 0 < �() < �=2, ¡ã¤¥¬ ¨¬¥âì

0 � �1 = �(�=2 + 0)� �(�=2 � 0) = 2�k � (�(�=2) � �=2) < 2�:

� ç¨â,  ¤® ¯®«®¦¨âì k = 0. �®£¤  �(� � 0) = 0. � «¥¥

0 � �2 = �(� + 0)� �(� � 0) = �=2 + 2�l � 0 < 2�:

� §¤¥áì ¯®« £ ¥¬ l = 0,   �(3�=2 � 0) = �=2. � ª®¥æ,

0 � �3 = �(3�=2 + 0)� �(3�=2� 0) = �(3�=2) � �=2 + 2�m� �=2 < 2�:

� íâ®¬ á«ãç ¥ á«¥¤ã¥â ¢§ïâìm1 = 1, ¯®íâ®¬ã �(0�0) = �(2�)��=2+2�. � á¨«ã 2�-¯¥à¨®¤¨ç®áâ¨
äãªæ¨¨ �()

�(0� 0)� �(0 + 0) = �(2�)� �=2 + 2� � (�(0)� �=2) = 2�:

� áá¬®âà¨¬ äãªæ¨î �() = �() � �()�, £¤¥ �() | ªãá®ç®-¯®áâ®ï ï äãªæ¨ï. � ç «¥
§ ä¨ªá¨àã¥¬ ¥¥ § ç¥¨¥ �0 = 0   ¨â¥à¢ «¥ (0; �=2). �®áª®«ìªã ®âëáª¨¢ ¥âáï à¥è¥¨¥ § ¤ ç¨
(3), ®£à ¨ç¥®¥ ¢¡«¨§¨ ¢á¥å â®ç¥ª áâëª , â® § ç¥¨ï �() ¤®«¦ë ¢ë¡¨à âìáï â ª, çâ®¡ë
�� < �(k + 0) � �(k � 0) < 0. �«ï íâ®£® ¤®áâ â®ç® ¯®«®¦¨âì �() = 1   ¨â¥à¢ «¥ (�=2; �),
�() = 2   ¨â¥à¢ «¥ (�; 3�=2) ¨ �() = 4   ¨â¥à¢ «¥ (3�=2; 2�). �à¨ ®¡å®¤¥ L� ¢ ¯®«®¦¨â¥«ì-
®¬  ¯à ¢«¥¨¨ äãªæ¨ï �() ¯®«ãç¨â ¯à¨à é¥¨¥ �0 = 2� � 4� = �2�. �¨á«® { = �0=� = �2
ï¢«ï¥âáï ¨¤¥ªá®¬ § ¤ ç¨ (3), ®â¢¥ç îé¨¬ ¤ ®¬ã ª« ááã à¥è¥¨©.

�¥à¥¯¨è¥¬ ãá«®¢¨¥ (3) ¢ ¢¨¤¥

Re[expf�i(�() + )gz(ei)ei ] = c() cos(�()�): (5)

�ãªæ¨ï, ®¯à¥¤¥«¥ ï ä®à¬ã«®© �¢ àæ 

�(�) =
i

2�

Z 2�

0

[�() + ]
ei + �

ei � �
d; (6)

¯à¨¨¬ ¥â § ç¥¨¥ �+(ei) = �0(ei) + i[�() + ] ¯à¨ � ! ei ¨§ D� , ¯à¨ç¥¬

�0(e
i) =

1
2�

Z 2�

0
[�(s) + s] ctg

s� 

2
ds: (7)
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�¬®¦ ï ãá«®¢¨¥ (5)   à¥£ã«ïà¨§ãîé¨© ¬®¦¨â¥«ì exp[��0(ei)], ¯®«ãç¨¬

Re[exp[��+(ei)]z(ei)ei ] = c() cos(�()�) exp[��0(e
i)] � c1(): (8)

�à¨è«¨ ª § ¤ ç¥ �¢ àæ  ®  å®¦¤¥¨¨   «¨â¨ç¥áª®© ¢ D� äãªæ¨¨ �z(�) exp[��(�)], ®¡à -
é îé¥©áï ¢ ã«ì ¢ â®çª¥ � = 0. �¥ à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

�z(�) exp[��(�)] =
1
2�

Z 2�

0

c1()
ei + �

ei � �
d

á ãá«®¢¨¥¬ Z 2�

0
c1()d = 0: (9)

�âáî¤ 

z(�) =
exp�(�)

�

�
1
2�

Z 2�

0

c1()
ei + �

ei � �
d

�
: (10)

� ãç¥â®¬ ä®à¬ã« (4), (8) ¨ § ç¥¨© äãªæ¨¨ �()   ®ªàã¦®áâ¨ L� ãá«®¢¨¥ (9) ¯¥à¥¯¨è¥¬ ¢
¢¨¤¥

�

Z �

�=2
x() exp[��0(e

i)]d +
Z 3�=2

�
l2by() exp[��0(e

i)]d = 0: (11)

� ª ª ª 0 � x() � l1, â® á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ x() = l1bx(), £¤¥ 0 � bx() � 1. �®íâ®¬ã
ä®à¬ã«ã (11) ¯à¥¤áâ ¢¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:

�l1

Z �

�=2

bx() exp[��0(ei)]d + l2

Z 3�=2

�

by() exp[��0(ei)]d = 0: (12)

� ª ª ª ¯®¤¨â¥£à «ìë¥ äãªæ¨¨ ¢ (12) ¥®âà¨æ â¥«ìë, â® ¯à¨ § ¤ ®© ¢¥«¨ç¨¥ l1 > 0
¯®áâ®ï ï l2 > 0 ®¯à¥¤¥«¨âáï ®¤®§ ç®. � ª¨¬ ®¡à §®¬, ¯à¨  ¡®à¥ ¯ à ¬¥âà®¢ (x; y; �)
§ ¤ ç  (1A) ï¢«ï¥âáï à §à¥è¨¬®©.

�¥¯¥àì à áá¬®âà¨¬ § ¤ çã (1B). � ª ¡ã¤¥â ¯®ª § ® ¢ ¤ «ì¥©è¥¬, § ¤ ç  (1) ¯à¨ â ª®¬
 ¡®à¥ ¯ à ¬¥âà®¢ ®â«¨ç ¥âáï ®â â®«ìª® çâ® à áá¬®âà¥®©. � «®£¨çë¬ ®¡à §®¬ ¯à¨¢¥¤¥¬
¥¥ ª § ¤ ç¥ (3) ¤«ï z(�), ¢ ª®â®à®© äãªæ¨¨ �() ¨ c() ¢ ®â«¨ç¨¥ ®â ä®à¬ã« (4) ®¯à¥¤¥«ïîâáï
¢ ¢¨¤¥

�() =

8><
>:
�=2 + 2�k; ei 2 L1

� ;
2�l; ei 2 L2

� ;
�()� �=2 + 2�mj ; ei 2 L3

�j ;

c() =

8><
>:
y(); ei 2 L1

� ;
x(); ei 2 L2

� ;
0; ei 2 L3

� :

(13)

�®¤áç¨â ¥¬ ¨¤¥ªá § ¤ ç¨ (3) ¢ íâ®¬ á«ãç ¥. �  ¨â¥à¢ «¥ (0; �=2) ¯®«®¦¨¬ �() = �()� �=2,
â. ¥. m0 = 0. �®£¤  �(0 + 0) = �(0)� �=2. � «¥¥

0 � �1 = �(�=2 + 0)� �(�=2� 0) = �=2 + 2�k � (�(�=2)� �=2) < 2�:

� ç¨â, ã¦® ¯®«®¦¨âì k = 0. �®£¤  �(� � 0) = �=2,

0 � �2 = �(� + 0)� �(� � 0) = 2�l � �=2 < 2�:

�¤¥áì ¯®« £ ¥¬ l = 1,   �(3�=2 � 0) = 3�=2. � ª®¥æ,

0 � �3 = �(3�=2 + 0)� �(3�=2 � 0) = �(3�=2)� �=2 + 2�m� 2� < 2�:

� íâ®¬ á«ãç ¥ ¥®¡å®¤¨¬® ¢§ïâì m1 = 2, ¯®íâ®¬ã �(0� 0) = �(2�)� �=2 + 4�. �«¥¤®¢ â¥«ì®,

�(0� 0)� �(0 + 0) = �(2�)� �=2 + 4� � (�(0)� �=2) = 4�:
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� «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¢¢®¤¨¬ äãªæ¨î �() = �() � �()�, ¯à¨ç¥¬ â¥¯¥àì § ç¥¨ï �()
®¯à¥¤¥«ïîâáï â ª:

�() =

8>>>><
>>>>:

0;  2 (0; �=2);
1;  2 (�=2; �);
3;  2 (�; 3�=2);
5;  2 (3�=2; 2�):

�à¨à é¥¨¥ äãªæ¨¨ �() ¯à¨ ¯®«®¦¨â¥«ì®¬ ®¡å®¤¥ L� ®ª ¦¥âáï à ¢ë¬ 4� � 5� = ��,
¯®íâ®¬ã { = �1. �á«®¢¨¥ (5) â¥¯¥àì § ¬¥¨âáï á«¥¤ãîé¨¬:

Re[expf�i(�() + p())gz(ei )(ei � 1)] = c()jei � 1j cos(�()�); (14)

£¤¥ p() = arg(ei � 1) = (� + )=2 ¨ ¯à¨ ¯®«®¦¨â¥«ì®¬ ®¡å®¤¥ L� ¯®«ãç ¥â ¯à¨à é¥¨¥ �.
�®à¬ã«  (6) ¯à¨¬¥â ¢¨¤

�(�) =
i

2�

Z 2�

0

[�() + p()]
ei + �

ei � �
d: (15)

� ç¨â, �+(ei) = �0(ei) + i[�() + p()], £¤¥ äãªæ¨ï �0(ei) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (7), ¢
ª®â®à®© ¢¬¥áâ® s  ¤® ¯®¤áâ ¢¨âì p(s). � ¤ ç  �¢ àæ  (8) â¥¯¥àì ¢ë£«ï¤¨â â ª:

Re[exp[��+(ei)]z(ei)(ei � 1)] = jei � 1jc() cos(�()�) exp[��0(e
i)] � c2(): (16)

�«¥¤®¢ â¥«ì®, ¨áª®¬ ï äãªæ¨ï z(�) ¨¬¥¥â ¢¨¤

z(�) =
exp�(�)
� � 1

�
1
2�

Z 2�

0

c2()
ei + �

ei � �
d + iB0

�
: (17)

�«ï ¯®«ãç¥¨ï ª®¥ç®© ®¡« áâ¨ Dz ¥®¡å®¤¨¬® ¯®âà¥¡®¢ âì, çâ®¡ë £à ¨ç®¥ § ç¥¨¥ äãª-
æ¨¨, áâ®ïé¥© ¢ ä¨£ãàëå áª®¡ª å ä®à¬ã«ë (17), ¢ â®çª¥ � = 1 ®¡à é «®áì ¢ ã«ì. �§ íâ®£®
ãá«®¢¨ï á ãç¥â®¬ c2(0) = 0 ¨¬¥¥¬

B0 =
1
2�

Z 2�

0

c2() ctg


2
d: (18)

�®£¤  ä®à¬ã«ã (17) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

z(�) = exp�(�)
1
�

Z 2�

0

eic2()
ei � 1

d

ei � �
: (19)

�®à¬ã«  (19) ¨ ¤ ¥â à¥è¥¨¥ § ¤ ç¨ (3) ¯à¨ � = y, � = x. �«¥¤®¢ â¥«ì®, ¯à¨  ¡®à¥ ¯ à ¬¥âà®¢
(y; x; �) ï¢«ï¥âáï à §à¥è¨¬®© § ¤ ç  (1B).

�áå®¤ï ¨§ £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥¨©, ¯®ïá¨¬ â®â ä ªâ, çâ® ¢ãâà¥ïï ��� (1) ¢ ¯¥à-
¢®¬ á«ãç ¥ | ¯à¨ ç¥à¥¤®¢ ¨¨ ¯ à ¬¥âà®¢ (x; y; �) ¯®á«¥ ¥¥ á¢¥¤¥¨ï ª § ¤ ç¥ �¨«ì¡¥àâ  (3)
¨¬¥¥â ¨¤¥ªá   ¥¤¨¨æã ¬¥ìè¨©, ç¥¬   «®£¨ç ï § ¤ ç  ¢ á«ãç ¥  ¡®à  ¯ à ¬¥âà®¢ (y; x; �).
�¡« áâì ¯® ¯ à ¬¥âà ¬ (y; x; �) ¯®«ãç ¥âáï ª ª â®¯®«®£¨ç¥áª¨© ®¡à § ç¥â¢¥àâ¨ ¥¤¨¨ç®£® ªàã-
£ , «¥¦ é¥£® ¢ ¯¥à¢®¬ ª¢ ¤à â¥, á § ¤ ë¬ ¯®«®¦¨â¥«ìë¬ ®¡å®¤®¬, ¨ ¯à¨ íâ®© ¤¥ä®à¬ æ¨¨
¥£® ®à¨¥â æ¨ï ¥ ¬¥ï¥âáï. � á«ãç ¥ ¯ à ¬¥âà®¢ (x; y; �) ãª §  ï ç¥â¢¥àâì ªàã£  ¢ ç -
«¥ ¤®«¦  ¯®¤¢¥à£ãâìáï á¨¬¬¥âà¨¨ ®â®á¨â¥«ì® «ãç  arg z = �=4, § â¥¬ á¬¥¥ ®à¨¥â æ¨¨
  ¯à®â¨¢®¯®«®¦ãî, ¨ «¨èì § â¥¬ ®  ¬®¦¥â ¡ëâì â®¯®«®£¨ç¥áª¨ ¯à¥®¡à §®¢   ¢ ã¦ãî
®¡« áâì. �¬¥® íâ  á¨¬¬¥âà¨ï ¨ ¯®á«¥¤ãîé ï á¬¥  ®à¨¥â æ¨¨ ¯à¨¢®¤ïâ ª ã¬¥ìè¥¨î ¨-
¤¥ªá  § ¤ ç¨ (3)   ¥¤¨¨æã ¨ ¯®ï¢«¥¨î ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï (10).

� ª ª ª äãªæ¨ï z(�) ®£à ¨ç¥  ¢ ®ªà¥áâ®áâ¨ â®ç¥ª i, 1, �i, L� | £« ¤ª¨© ª®âãà ¨ x(),
y() ¨ �() ï¢«ïîâáï £¥«ì¤¥à®¢áª¨¬¨ äãªæ¨ï¬¨, â® z(�) ¥¯à¥àë¢® ¯à®¤®«¦¨¬    £à ¨æã
L� ([3], c. 131). �â¨¬ ¦¥ á¢®©áâ¢®¬ ®¡« ¤ ¥â ¨ äãªæ¨ï �(w), ®áãé¥áâ¢«ïîé ï ¢á¯®¬®£ â¥«ì®¥
®â®¡à ¦¥¨¥ Dw   D� . �®£¤  w(z) = z�1[��1(w)] â ª¦¥ ¥¯à¥àë¢  ¢ Dz, çâ® ¨ âà¥¡®¢ «®áì.
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�®çª¨ z1, z2, z3 ï¢«ïîâáï ã£«®¢ë¬¨ â®çª ¬¨ ®¡« áâ¨ Dz. �¡®§ ç¨¬ ¢ãâà¥¨¥ ã£«ë ¢ íâ¨å
â®çª å ç¥à¥§  1�,  2� ¨  3� á®®â¢¥âáâ¢¥®. �§ £¥®¬¥âà¨ç¥áª¨å ¯®áâà®¥¨© ¢¨¤®, çâ® ¢ á«ãç ¥
 ¡®à  (y; x; �)

0 �  1 < 3=2 + �2; 0 �  2 � 1=2; 0 �  3 < 2� �1;

  ¢ á«ãç ¥  ¡®à  (x; y; �)

0 �  1 < 1 + �2; 0 �  2 � 1=2; 0 �  3 < 3=2 � �1:

�®ª ¦¥¬ â¥¯¥àì, çâ® à¥è¥¨¥ § ¤ ç¨ (1) ª ª ¤«ï  ¡®à  (x; y; �), â ª ¨ ¤«ï  ¡®à  (y; x; �)
¥¤¨áâ¢¥®. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¬¥â®¤®¬ ®â ¯à®â¨¢®£®. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨-
â âì, çâ® à áá¬ âà¨¢ ¥âáï  ¡®à (x; y; �), ¨ ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¤¢  à §«¨çëå à¥è¥-
¨ï w1(z) ¨ w2(z) íâ®© § ¤ ç¨, ª®â®àë¬ ®â¢¥ç îâ ¤¢¥ à §«¨çë¥ äãªæ¨¨ z1(�) ¨ z2(�) § ¤ ç¨
(2), â. ¥. 8><

>:
Re zk(ei) = x(); ei 2 L1

� ;
Im zk(ei) = y(); ei 2 L2

� ;
arg zk(ei) = �(); ei 2 L3

� ; k = 1; 2:
(20)

� áá¬®âà¨¬ à¥£ã«ïàãî äãªæ¨î ez(�) = z1(�) � z2(�) 6� 0. � á¨«ã «¨¥©®áâ¨ ¯¥à¢ëå ¤¢ãå
ªà ¥¢ëå ãá«®¢¨© § ¤ ç¨ (20) äãªæ¨ï ez(�) ®â®¡à ¦ ¥â L1

�   ª®¥çãî ç áâì £à ¨æë L1ez, ¯®«-
®áâìî «¥¦ éãî   ¬¨¬®© ®á¨,   L2

� |   ª®¥çãî ç áâì £à ¨æë L2ez, ¯®«®áâìî «¥¦ éãî
  ¢¥é¥áâ¢¥®© ®á¨. �á«¨ ¦¥ ei 2 L3

� , â®

ez(ei) = jz1()jei�() � jz2()jei�() = (jz1()j � jz2()j) ei�():

�®«®¦¨¬ er() = jz1()j � jz2()j. � á«ãç ¥, ¥á«¨ ¢¥«¨ç¨  er() á®åà ï¥â § ª, ®¡à § ç áâ¨ £à -
¨æë L3

� ¯à¨ ®â®¡à ¦¥¨¨ äãªæ¨¥© ez(�) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥â«¥®¡à §ãî ªà¨¢ãî á  ç «®¬
¢ ã«¥, «¥¦ éãî ¢ á¥ªâ®à¥ f�1� � arg ez � �2�g ¯à¨ er > 0 ¨ ¢ á¥ªâ®à¥ f�1�+� � arg ez � �2�+�g
¯à¨ er < 0.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¢ ¥ª®â®à®© â®çª¥ ei0 ¤ã£¨ L3
� , ®â«¨ç®© ®â ¥¥ ª®æ®¢, er(0) = 0 ¨

arg ez(ei0) = �0�. �®£¤  ¢®§¬®¦ë ¤¢  á«ãç ï.
1) � â®çª¥ ei0 er() ¬¥ï¥â § ª, ¯à¥¤¯®«®¦¨¬ á ¯®«®¦¨â¥«ì®£®   ®âà¨æ â¥«ìë©. �®£¤ 

®¡à § L3
� ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢¥ ¯¥â«¥®¡à §ë¥ ªà¨¢ë¥, ®¤  ¨§ ª®â®àëå «¥¦¨â ¢ á¥ªâ®à¥ f�1� �

arg ez � �0�g,   ¤àã£ ï { ¢ á¥ªâ®à¥ f�0� + � � arg ez � �2� + �g.
2) � â®çª¥ ei0 er() ¥ ¬¥ï¥â § ª , ®áâ ¢ ïáì,  ¯à¨¬¥à, ¯®«®¦¨â¥«ì®©. � íâ®¬ á«ãç ¥

®¡à §®¬ L3
� ¡ã¤ãâ ¤¢¥ ¯¥â«¥®¡à §ë¥ ªà¨¢ë¥, «¥¦ é¨¥ ¢ á®á¥¤¨å á¥ªâ®à å f�1� � arg ez � �0�g

¨ f�0� � arg ez � �2�g.
� â®¬ á«ãç ¥, ª®£¤  â®ç¥ª ei , ¢ ª®â®àëå er() = 0, ¡®«ìè¥, ç¥¬ ®¤ , ª àâ¨  ®¡à §  L3

�

¯®«ãç ¥âáï ª®¬¡¨ æ¨¥© ¤¢ãå à áá¬®âà¥ëå á«ãç ¥¢.
�¥¯¥àì ¤«ï ¬ «®£® " > 0 à áá¬®âà¨¬ â®çªã �0 = (1 � ")e

3�i

4 , ª®â®à ï ï¢«ï¥âáï ¢ãâà¥¥©
â®çª®© ®¡« áâ¨ D� . �®£« á® ¯à¨æ¨¯ã á®åà ¥¨ï ®¡« áâ¨ ®¡à § ez0 íâ®© â®çª¨ â ª¦¥ ¤®«¦¥
ï¢«ïâìáï ¢ãâà¥¥© â®çª®© ®¡« áâ¨ D~z = ez(D�), «¥¦ é¥© ¢¡«¨§¨ £à ¨æë L1

~z. � áá¬®âà¨¬
¢¥«¨ç¨ã (2�)�1�arg[ez(�)� ez0], ª®£¤  â®çª  � ¯à®¡¥£ ¥â ¥¤¨¨çãî ®ªàã¦®áâì L� . �®áª®«ìªã
äãªæ¨ï ez(�) à¥£ã«ïà , â® á ®¤®© áâ®à®ë, ¯® ¯à¨æ¨¯ã  à£ã¬¥â  íâ  ¢¥«¨ç¨  à ¢  ç¨á«ã
ª®à¥© ãà ¢¥¨ï ez(�)� ez0 = 0 ¢ ®¡« áâ¨ D� , â. ¥. ¡®«ìè¥ ¨«¨ à ¢  1. � ¤àã£®© áâ®à®ë, ¢¥ªâ®àez(�)� ez0 ¯à¨ ®¡å®¤¥ Lz ¢®§¢à é ¥âáï ¢ ¯¥à¢® ç «ì®¥ ¯®«®¦¥¨¥, ¥ ¯®«ãç¨¢ ¯à¨à é¥¨ï, â. ¥.
� arg[ez(�)� ez0] = 0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯à¨¢®¤¨â ª â®¬ã, çâ® ez(�) � 0, â. ¥. z1(�) � z2(�).
� «®£¨ç® ¤®ª §ë¢ ¥âáï ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ ¢ á«ãç ¥  ¡®à  (y; x; �).

�®ª ¦¥¬ â¥¯¥àì ®¤®«¨áâ®áâì ®¡« áâ¨ Dz, ï¢«ïîé¥©áï ®¡à §®¬ ¥¤¨¨ç®£® ªàã£  D� ¯à¨
®â®¡à ¦¥¨¨ äãªæ¨¥© z(�). �®¢ì ¤«ï ®¯à¥¤¥«¥®áâ¨ ¯à¥¤¯®«®¦¨¬, çâ® à áá¬ âà¨¢ ¥âáï  -
¡®à (x; y; �), § ç¨â, äãªæ¨ï z(�) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (9).

� ª ª ª ª®âãà Lw ¯® ¯à¥¤¯®«®¦¥¨î ï¢«ï¥âáï ªà¨¢®© �ï¯ã®¢ , â® w0(ei) ¥ ®¡à é ¥â-
áï ¢ ã«ì ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ([4], á. 117). �®íâ®¬ã äãªæ¨¨ x(), y() ¨ �()
ï¢«ïîâáï ¬®®â®ë¬¨,   § ç¨â, á®®â¢¥âáâ¢ãîé¨¥ ãç áâª¨ L1

z, L
2
z ¨ L

3
z £à ¨æë ®¡« áâ¨ Dz ¥
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¡ã¤ãâ ¨¬¥âì á ¬®¯¥à¥á¥ç¥¨©. �®á«¥ íâ®£®  ¤ ãç áâª ¬¨ L1
z ¨ L

2
z ¬®¦® ¯®áâà®¨âì ¤®áâ â®ç®

¡®«ìè¨¥ �-®¡à §ë¥ ªà¨¢ë¥ C1 ¨ C2, ¥ ¨¬¥îé¨¥ á ®¡« áâìî Dz ®¡é¨å â®ç¥ª, §  ¨áª«îç¥¨¥¬
ª®æ®¢, «¥¦ é¨¥ ¢ ¯®«®á å f0 � Re z � l1g ¨ f0 � Im z � l2g á®®â¢¥âáâ¢¥® ¨, á«¥¤®¢ â¥«ì®, ¥
¯¥à¥á¥ª îé¨¥áï ¤àã£ á ¤àã£®¬. �®£¤  ®¤®«¨áâ®áâì ®¡« áâ¨ Dz ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¯à¨æ¨¯ 
 à£ã¬¥â  ([6], á. 5). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãâà¥ïï ��� (1A) ¢ á«ãç ¥  ¡®à  (y; x; �) ¡¥§ãá«®¢® à §à¥è¨¬  ¨ ¥¥ à¥-

è¥¨¥ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (19),   ¢ á«ãç ¥  ¡®à  (x; y; �) ¡¥§ãá«®¢® à §à¥è¨¬  § ¤ ç 

(1B) ¨ ¥¥ à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (10).

� áá¬®âà¨¬ â¥¯¥àì ¢¥èîî ��� ¢ ¯®áâ ®¢ª¥ �ã¦¨  ([1], c. 34). � íâ®¬ á«ãç ¥ âà¥¡ã¥âáï
®âëáª âì ®¡« áâì Dz, á®¤¥à¦ éãî ¡¥áª®¥ç® ã¤ «¥ãî â®çªã, ¨ äãªæ¨î w(z),   «¨â¨ç¥-
áªãî ¢ íâ®© ®¡« áâ¨ ¨ ¥¯à¥àë¢® ¯à®¤®«¦¨¬ãî   ¥¥ £à ¨æã, ¥á«¨ £à ¨çë¥ § ç¥¨ï w(z)
®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (1),   ¯®«®¦¥¨¥ â®çª¨ w0 = w(1) § ¤ ¥âáï § à ¥¥. �®áâ âë
�1, �2, l1 ¨ l2 ä¨ªá¨àã¥¬ ¨ ¡ã¤¥¬ ª®à®âª®  §ë¢ âì íâã § ¤ çã ¢¥è¥© ��� (1).

�ãáâì � = x, � = y. �â®¡à §¨¬ á ¯®¬®éìî äãªæ¨¨ w = w(�) ®¡« áâì Dw   ¢ãâà¥®áâì
¥¤¨¨ç®£® ªàã£  D� á á®®â¢¥âáâ¢¨¥¬ â®ç¥ª w1 ! i, w0 ! 0. �®£¤  w2 ! ei2 , w3 ! ei3 , ¯à¨ç¥¬
¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® 2 < 3 < 2�(¢ ¯à®â¨¢®¬ á«ãç ¥ íâ®£® ¬®¦®
¤®¡¨âìáï á®®â¢¥âáâ¢ãîé¨¬ ¯®¢®à®â®¬ ¥¤¨¨ç®£® ªàã£  D�). � ª¨¬ ®¡à §®¬, ¤«ï   «¨â¨ç¥-
áª®© ¢ D� äãªæ¨¨ z(�), §  ¨áª«îç¥¨¥¬ â®çª¨ � = 0, £¤¥ ®  ¨¬¥¥â ¯à®áâ®© ¯®«îá, ¯®«ãç ¥âáï
ªà ¥¢ ï § ¤ ç  (2). �ã¤¥¬ ®âëáª¨¢ âì íâã äãªæ¨î ¢ ¢¨¤¥ z(�) = �(�)+C=�, £¤¥ �(�) | ®¢ ï
¥¨§¢¥áâ ï   «¨â¨ç¥áª ï ¢ D� äãªæ¨ï, C = A + iB | ¯®ª  ¥®¯à¥¤¥«¥ ï ª®¬¯«¥ªá ï
¯®áâ®ï ï, ï¢«ïîé ïáï ¢ëç¥â®¬ ¢ ã«¥ ¨áª®¬®© äãªæ¨¨.

�«ï  å®¦¤¥¨ï �(�) ¯®«ãç ¥¬ ªà ¥¢ãî § ¤ çã (3), £¤¥ �() ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (4),
 

c() =

8><
>:
ex() = x()�Re(C=ei); ei 2 L1

� ;ey() = y()� Im(C=ei); ei 2 L2
� ;

Re
�
ei(

�

2
��())C=ei

�
; ei 2 L3

� :

� ª ª ª ¨¤¥ªá íâ®© § ¤ ç¨ ¯®-¯à¥¦¥¬ã à ¢¥ �2, â® �(�) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

�(�) =
exp �(�)

�

1
2�

Z 2�

0

c1()
ei + �

ei � �
d (21)

á ¢ë¯®«¥¨¥¬ ãá«®¢¨ï à §à¥è¨¬®áâ¨ (9), ª®â®à®¥ ¯à¨¬¥â ¢¨¤

�

Z 2

�=2

ex() exp[��0(e
i)]d +

Z 3

2

ey() exp[��0(e
i)]d +

�Z �=2

0
+
Z 2�

3

�
Re

�
ei(

�

2
��())C=ei

�
exp[��0(e

i)]d = 0: (22)

� ª ª ª gx() = x()� (A cos  +B sin), gy() = y()� (B cos  �A sin),   Re
�
ei(

�

2
��())C=ei

�
=

B cos(�() + )�A sin(�() + ), â® ¢¢¥¤ï ®¡®§ ç¥¨ï

K1 =
Z 2

�=2

ex() exp[��0(e
i)]d; K2 =

Z 2

�=2
cos  exp[��0(e

i)]d;

K3 =
Z 2

�=2

sin exp[��0(e
i)]d;

L1 =
Z 3

2

ey() exp[��0(ei)]d; L2 =
Z 3

2

cos  exp[��0(ei)]d;

L3 =
Z 3

2

sin exp[��0(ei)]d;

M1 =
�Z �=2

0

+
Z 2�

3

�
cos(�() + ) exp[��0(e

i)]d;
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M2 =
�Z �=2

0

+
Z 2�

3

�
sin(�() + ) exp[��0(e

i)]d;

¯¥à¥¯¨è¥¬ ãá«®¢¨¥ (22) ¢ ¢¨¤¥

(K2 + L3 +M2)A+ (K3 � L2 +M1)B + (L1 �K1) = 0: (23)

�â® ®§ ç ¥â, çâ® ª®áâ â  C ¢ ¯«®áª®áâ¨ A+ iB ¤®«¦  «¥¦ âì   ¯àï¬®© á ãà ¢¥¨¥¬ (23).
�®¢¥àè¥®   «®£¨ç® à¥è ¥âáï § ¤ ç  ¢ á«ãç ¥ � = y, � = x. �á«¨ ¢®¢ì ¨áª âì z(�) ¢

¢¨¤¥ z(�) = �(�) + C=�, â® �(�) ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¯® ä®à¬ã«¥

�(�) =
exp�(�)
� � 1

�
1
2�

2�Z
0

c2()
ei + �

ei � �
d + iB0

�
; (24)

£¤¥ B0 = 1
2�

2�R
0

c2() ctg

2
d.

�á«¨ à áá¬ âà¨¢ âì § ¤ çã ¯® ¯ à ¬¥âà ¬ (x; y; �), â® ¨§¬¥¥¨î ¢¥«¨ç¨ A ¨ B ¯à¨ ¢ë-
¯®«¥¨¨ ãá«®¢¨ï (23) á®®â¢¥âáâ¢ã¥â ¤¢¨¦¥¨¥ ãç áâª®¢ L1

z, L
2
z ¨ L

3
z, ª®â®à®¥ ¥ ¢ë¢®¤¨â ¨å § 

¯à¥¤¥«ë ¯®«®á P1 = fz : 0 � Re z � l1g, P2 = fz : 0 � Im z � l2g ¨ á¥ªâ®à  fz : �1� � arg z � �2�g
¨ ¥ ¢«¨ï¥â   ¢¥é¥áâ¢¥ãî ç áâì, ¬¨¬ãî ç áâì ¨  à£ã¬¥â äãªæ¨¨ z(�)   ¤ã£ å L1

� , L
2
� ¨ L

3
�

á®®â¢¥âáâ¢¥®. � «®£¨çë¥ à ááã¦¤¥¨ï, ® ¡¥§ ®£à ¨ç¥¨©   ª®áâ âë A ¨ B á¯à ¢¥¤«¨-
¢ë ¨ ¤«ï § ¤ ç¨ ¯® ¯ à ¬¥âà ¬ (y; x; �) á ¯¥à¥áâ ®¢ª®© ¯®«®á P1 ¨ P2 ¨ § ¬¥®© ¢¥é¥áâ¢¥®©
ç áâ¨ z(�)   ¬¨¬ãî,   ¬¨¬®© ç áâ¨ z(�)   ¢¥é¥áâ¢¥ãî á®®â¢¥âáâ¢¥®   ¤ã£ å L1

� ¨ L
2
� .

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  2. �¥è¥¨¥ ¢¥è¥© ��� (1) ¯® ¯ à ¬¥âà ¬ (x; y; �) ¤ ¥âáï ä®à¬ã«®© z(�) =
�(�) + C=�, £¤¥ �(�) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (21),   A ¨ B ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (23).
�¥è¥¨¥ ¢¥è¥© ��� (1) ¯® ¯ à ¬¥âà ¬ (y; x; �) ¤ ¥âáï â®© ¦¥ ä®à¬ã«®© z(�) = �(�)+C=�,
£¤¥ �(�) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (24),   ª®áâ â  C ï¢«ï¥âáï ¯à®¨§¢®«ì®©.

� § ª«îç¥¨¥  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä. �ªá¥âì¥¢ã �.�. §  ¯®«¥§ë¥ § ¬¥ç ¨ï
¯à¨ à ¡®â¥  ¤ áâ âì¥©.
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