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� ­­ ï áâ âìï ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¤®«¦¥­¨¥ á¥à¨¨ à ¡®â [1]{[3]  ¢â®à , ¯®á¢ïé¥­­ëå ¨§-
ãç¥­¨î ª®­æ¨àªã«ïà­ëå ¯®«¥© ¨ ¨å ¢§ ¨¬®á¢ï§¨ á® á¢®©áâ¢ ¬¨ ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢,
¤®¯ãáª îé¨å £¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥­¨ï. � ¯¥à¢®¬ ¯ à £à ä¥ ¯®áâà®¥­  ­ «®£ ¯®­ïâ¨ï \ª®­-
æ¨àªã«ïà­®¥ ¯®«¥" ¤«ï â¥­§®à­ëå ¯®«¥© ¯à®¨§¢®«ì­®© ¢ «¥­â­®áâ¨. �â®à®© ¯ à £à ä ¯®á¢ïé¥­
¢ë¤¥«¥­¨î § ¬ª­ãâëå ®â­®á¨â¥«ì­® £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥­¨© ª« áá®¢ ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®-
áâà ­áâ¢, ¤®¯ãáª îé¨å ª®­æ¨àªã«ïà­ë¥ â¥­§®à­ë¥ ¯®«ï. � âà¥âì¥¬ ¯ à £à ä¥ ¤ ¥âáï à¥è¥­¨¥
¯à®¡«¥¬ë ® à á¯à¥¤¥«¥­¨¨ áâ¥¯¥­¥© £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ ¤«ï à¨¬ ­®¢ëå ¯à®áâà ­áâ¢.
�áá«¥¤®¢ ­¨ï ¢¥¤ãâáï «®ª «ì­®, ¢ ª« áá¥ ¤®áâ â®ç­® £« ¤ª¨å äã­ªæ¨©.

1. �®­æ¨àªã«ïà­ë¥ â¥­§®à­ë¥ ¯®«ï ­  ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ å

1. �ãáâì (M; g = h�; �i) | n-¬¥à­®¥ ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢®, f(M) | ¬®¤ã«ì ¤¨ää¥-
à¥­æ¨àã¥¬ëå äã­ªæ¨© ­  M , X(M) |  «£¥¡à  �¨ ¢¥ªâ®à­ëå ¯®«¥© ­  M , r | à¨¬ ­®¢ 
á¢ï§­®áâì, á®®â¢¥âáâ¢ãîé ï ¬¥âà¨ª¥ g.

�¯à¥¤¥«¥­¨¥ 1. �®¢¥ªâ®à­®¥ ¯®«¥ t ­  M ­ §ë¢ ¥âáï ª®­æ¨àªã«ïà­ë¬, ¥á«¨

(rZ�)(X) = �hX;Zi 8X;Z 2 X(M); (1)

£¤¥ � | ­¥ª®â®à®¥ áª «ïà­®¥ ¯®«¥.
�á«¨ ª â®¬ã ¦¥ ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥

(rZ�)(X) = ��(Z) 8Z 2 X(M); (1a)

£¤¥ K | ­¥ª®â®à ï ª®­áâ ­â , â® ª®­æ¨àªã«ïà­®¥ ª®¢¥ªâ®à­®¥ ¯®«¥ ­ §ë¢ ¥âáï á¯¥æ¨ «ì­ë¬.

� á«ãç ¥, ª®£¤  � = const, ¢¯¥à¢ë¥ â ª®¥ ¯®«¥ (¯®¤ ­ §¢ ­¨¥¬ ¯®«¥ áå®¤ïé¨åáï ­ ¯à ¢«¥-
­¨©) ¨§ãç « �.�.�¨à®ª®¢ [4]. � ¨¡®«¥¥ à ­­¥© à ¡®â®©, ¯®á¢ïé¥­­®© ª®­æ¨àªã«ïà­ë¬ ¯®«ï¬,
ï¢«ï¥âáï áâ âìï �.�¨ «ª®¢  [5]. � ¬® ­ §¢ ­¨¥ ª®­æ¨àªã«ïà­®¥ ¯®«¥ ¯à¥¤«®¦¥­® �.�­® [6].
�¯¥æ¨ «ì­ë¥ ª®­æ¨àªã«ïà­ë¥ ¯®«ï ¡ë«¨ ¢¢¥¤¥­ë �à¨§®¬ [7]. �®­æ¨àªã«ïà­ë¥ ¯®«ï ¨£à îâ
¢ ¦­ãî à®«ì ¢ â¥®à¨ïå £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥­¨© ¨ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¢
íâ®© á¢ï§¨ ¨§ãç «¨áì ¢ [1]{[3], [8]{[13].

� áá¬®âà¨¬ â¥¯¥àì ¯®­ïâ¨¥, ®¡®¡é îé¥¥ ¯®­ïâ¨¥ ª®­æ¨àªã«ïà­®£® ¢¥ªâ®à­®£® ¯®«ï ­  á«ã-
ç © â¥­§®à®¢ â¨¯  (0; q).

�¯à¥¤¥«¥­¨¥ 2. T¥­§®à­®¥ ¯®«¥ T ­  M â¨¯  (0; q) ¡ã¤¥¬ ­ §ë¢ âì ª®­æ¨àªã«ïà­ë¬, ¥á«¨

(rZT )(X1; : : : ;Xq) =
qX

�=1

L
�
(X1; : : : ;X�; : : : ;Xq)hX�; Zi (2)
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¤«ï ¢á¥å Z;X1; : : : ;Xq 2 X(M), £¤¥ L
1
: : : L

q
| ­¥ª®â®àë¥ â¥­§®à­ë¥ ¯®«ï â¨¯  (0; q � 1),   ç¥àâ 

­ ¤  à£ã¬¥­â®¬ ®§­ ç ¥â ¥£® ®âáãâáâ¢¨¥ ¢ ¤ ­­®¬ ¢ëà ¦¥­¨¨. �ã¤¥¬ £®¢®à¨âì, çâ® ª®­æ¨àªã-
«ïà­®¥ ¯®«¥ ®â­®á¨âáï ª ®á­®¢­®¬ã â¨¯ã, ¥á«¨ å®âï ¡ë ®¤¨­ ¨§ â¥­§®à®¢ L

�
®â«¨ç¥­ ®â ­ã«ï, ¨

ª ¨áª«îç¨â¥«ì­®¬ã â¨¯ã ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�ç¥¢¨¤­®, çâ® ¢ á«ãç ¥, ª®£¤  q = 1, á®®â­®è¥­¨ï (2) ¯à¥¢à é îâáï ¢ (1).

� ¬¥ç ­¨¥ 1. �ç¥¢¨¤­®, «¨­¥©­ ï ª®¬¡¨­ æ¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ª®­æ¨à-
ªã«ïà­ëå ¯®«¥© â¨¯  (0; q) ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬ â¨¯  (0; q), ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå
ª®­æ¨àªã«ïà­ëå ¯®«¥© â ª¦¥ ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬. �à®¬¥ â®£®, ¬®¦­® â ª¦¥ £®-
¢®à¨âì ® ª®­æ¨àªã«ïà­ëå ¯®«ïå â¨¯  (p; q), ª ª ® â¥­§®à­ëå ¯®«ïå, ¯®«ãç îé¨åáï ¨§ ª®­æ¨à-
ªã«ïà­ëå ¯®«¥© â¨¯  (0; p+ q) ¯ãâ¥¬ ¯®¤­ïâ¨ï ¨­¤¥ªá®¢ ¯à¨ ¯®¬®é¨ ¬¥âà¨ç¥áª®£® â¥­§®à  g.

�à¨¢¥¤¥¬ â¥¯¥àì ­¥áª®«ìª® ¯à¨¬¥à®¢ ª®­æ¨àªã«ïà­ëå â¥­§®à­ëå ¯®«¥©, ¢áâà¥ç ¢è¨åáï à -
­¥¥ ¢ «¨â¥à âãà¥.

�à¨¬¥à 1. � ª ¨§¢¥áâ­® [13], ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ â®£®, çâ® à¨¬ ­®¢®
¯à®áâà ­áâ¢® (M; g) ¤®¯ãáª «® £¥®¤¥§¨ç¥áª®¥ ®â®¡à ¦¥­¨¥, ï¢«ï¥âáï áãé¥áâ¢®¢ ­¨¥ ­  ­¥¬ á¨¬-
¬¥âà¨ç¥áª®£® â¥­§®à­®£® ¯®«ï a(X;Y ), ã¤®¢«¥â¢®àïîé¥£® á®®â­®è¥­¨ï¬

(rZa)(X;Y ) = �(X)hY;Zi + �(Y )hX;Zi (3)

¤«ï «î¡ëå X;Y 2 X(M). �á«®¢¨ï (3) ¯®ª §ë¢ îâ, çâ® â¥­§®à a ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬
¯®«¥¬ â¨¯  (0,2).

�à¨¬¥à 2. � á ª¨¥¢® ¯à®áâà ­áâ¢® ®¯à¥¤¥«ï¥âáï § ¤ ­¨¥¬ ­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­-
áâ¢¥ (M; g) ª®á®á¨¬¬¥âà¨ç¥áª®£® ¯®«ï F â¨¯  (0; 2) â ª®£®, çâ®

(rZF )(X;Y ) = l(X)hY;Zi � l(Y )hX;Zi; (4a)

(rZ l)(X) = F (X;Z); (4b)

l(l�) = 1; (4c)

£¤¥ l� | á®¯àï¦¥­­®¥ ®â­®á¨â¥«ì­® ¬¥âà¨ª¨ g ¢¥ªâ®à­®¥ ¯®«¥. T¥­§®à F , ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬
¯à¨¬¥à¥, ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬ â¨¯  (0; 2).

2. � áá¬®âà¨¬ â¥¯¥àì ®¡®¡é¥­¨¥ ¯®­ïâ¨ï á¯¥æ¨ «ì­®£® ª®­æ¨àªã«ïà­®£® ¯®«ï ­  á«ãç ©
â¥­§®à®¢ â¨¯  (0; q). �¡®§­ ç¨¬ ç¥à¥§ �q ¬­®¦¥áâ¢® ¢á¥å q-à §àï¤­ëå ¤¢®¨ç­ëå ç¨á¥«. � ¦¤®-
¬ã í«¥¬¥­âã íâ®£® ¬­®¦¥áâ¢  
 = (�1; : : : ; �q)2 (�m ¯à¨­¨¬ îâ §­ ç¥­¨ï 0 ¨«¨ 1) ¯®áâ ¢¨¬ ¢

á®®â¢¥âáâ¢¨¥ ­¥ª®â®àë© â¥­§®à T


(C(X1); : : : ; C(Xq)) ¢ «¥­â­®áâ¨ (0; p), £¤¥ p =

qP
m=1

�m,

C(Xm) =

(
Xm; ¥á«¨ �m = 0;

Xm; ¥á«¨ �m = 1:

� ¯®¬­¨¬, çâ® ç¥àâ  ­ ¤  à£ã¬¥­â®¬ ®§­ ç ¥â ¥£® ®âáãâáâ¢¨¥ ¢ ¤ ­­®¬ ¢ëà ¦¥­¨¨.

�¯à¥¤¥«¥­¨¥ 3. �®­æ¨àªã«ïà­®¥ ¯®«¥ T ­  (M; g) â¨¯  (0; q) ¡ã¤¥¬ ­ §ë¢ âì á¯¥æ¨ «ì­ë¬,
¥á«¨ áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® â¥­§®à®¢ fT



g
2Aq (£¤¥ T

(11:::1)2
= T ) â ª¨å, çâ®

(rZ T
(�1�2:::�q)2

)(C(X1); : : : ; C(Xq)) =
qX

m=1; �m 6=0

T
(�1:::s(�m):::�q)2

(C(X1); : : : ; C(Xq))hXm; Zi+

+K

qX
m=1; �m=0

T
(�1:::s(�m):::�q)2

(C(X1); : : : ; C(Xq)); (5)
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£¤¥ K = const, a

s(�m) =

(
1; ¥á«¨ �m = 0;

0; ¥á«¨ �m = 1:

�à¨¬¥à 3. �á«¨ q = 2, â® á¨áâ¥¬  (5) ¨¬¥¥â ¢¨¤

(rZ T
(11)

)(X1;X2) = T
(01)

(X2)hX1; Zi+ T
(10)

(X1)hX2; Zi;

(rZ T
(10)

)(X1) = T
(00)

hX1; Zi+K T
(11)

(X1; Z);

(rZ T
(01)

)(X2) = T
(00)

hX2; Zi+K T
(11)

(Z;X2);

rZ T
(00)

= K T
(01)

(Z) +K T
(10)

(Z):

�âáî¤ , ¢ ç áâ­®áâ¨, ¢ëâ¥ª ¥â, çâ® â¥­§®à F , ®¯à¥¤¥«ïîé¨© ­  (M; g) á á ª¨¥¢ã áâàãªâãàã
(á¬. ãá«®¢¨ï (4)), ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬ ª®­æ¨àªã«ïà­ë¬ â¨¯  (0; 2).

�à¨¬¥à 4. � ª ¨§¢¥áâ­® [12], ¥á«¨ (M; g) ¤®¯ãáª ¥â ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï
ãà ¢­¥­¨© (3), ­¥ ¯à®¯®àæ¨®­ «ì­ëå ¬¥âà¨ç¥áª®¬ã â¥­§®àã, â® ¨¬¥îâ ¬¥áâ® ãá«®¢¨ï

(rZ�)(X) = Ka(X;Z) + �hX;Zi; (6a)

rZ� = 2K�(Z); (6b)

£¤¥ K | ­¥ª®â®à ï ª®­áâ ­â . �à¨ íâ®¬ (M; g) ­ §ë¢ îâ ¯à®áâà ­áâ¢®¬ V (K). �®®â­®è¥­¨ï
(6a), (6b) £®¢®àïâ ® â®¬, çâ® à¥è¥­¨ï á¨áâ¥¬ë (3) § ¤ îâ ­  ¯à®áâà ­áâ¢¥ V (K) á¨¬¬¥âà¨ç¥áª®¥
ª®­æ¨àªã«ïà­®¥ ¯®«¥ â¨¯  (0; 2).

3. �ãáâì T | á¯¥æ¨ «ì­®¥ ª®­æ¨àªã«ïà­®¥ ¯®«¥ â¨¯  (0; q) ­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­-
áâ¢¥ (M; g). �â­¥á¥¬ M ª ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â (xi) (¨­¤¥ªáë i; j; k; : : : §¤¥áì ¨ ¢áî¤ã
¢ ¤ «ì­¥©è¥¬ ¨§¬¥­ïîâáï ®â 1 ¤® n). �ãáâì ª®­áâ ­â  �, ãç áâ¢ãîé ï ¢ ãà ¢­¥­¨ïå (5), ®â-
«¨ç­  ®â ­ã«ï. � áá¬®âà¨¬ (n + 1)-¬¥à­®¥ ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢o (fM;G), ®â­¥á¥­­®¥ ª
á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â (x0; xi), £¤¥ fM =M �R,

GIJ = exp(2Kx0)
�
�1 0
0 1

K
gij

�
: (7)

�¤¥áì GIJ | ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  G ¢ á¨áâ¥¬¥ ª®®à¤¨­ â (x0; xi) ­  fM ,   gij
| ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  g ¢ á¨áâ¥¬¥ ª®®à¤¨­ â (xi) ­  M (I; J;K; : : : ¯à¨­¨¬ îâ
§­ ç¥­¨ï ®â 0 ¤® n). �ãâ¥¬ ¯àï¬ëå ¢ëª« ¤®ª «¥£ª® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãé¥£®
ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  1. �ãáâì �ijk | ª®¬¯®­¥­âë à¨¬ ­®¢®© á¢ï§­®áâ¨, á®®â¢¥âáâ¢ãîé¥© g, ¢ á¨áâ¥-

¬¥ ª®®à¤¨­ â (xi) ­  M , â®£¤  ª®¬¯®­¥­âë à¨¬ ­®¢®© á¢ï§­®áâ¨ e�IJK, á®®â¢¥âáâ¢ãîé¥© G,
¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â (x0; xi) ­  fM ¨¬¥îâ á«¥¤ãé¨¥ ­¥­ã«¥¢ë¥ ¡«®ª¨:

e�0
jk = gij ; e�0

00 = K; e�i0j = e�ij0 = K�ij ; e�ijk = �ijk: (8)

� ¬¥ç ­¨¥ 2. �á¯®«ì§ãï (8), ¬®¦­® ¯®ª § âì, çâ® ª®¢¥ªâ®à­®¥ ¯®«¥, ®¯à¥¤¥«¥­­®¥ ¢ ª®®à-
¤¨­ â­®© á¨áâ¥¬¥ (x0; xi) ­  fM á®®â­®è¥­¨¥¬

 I = � exp(2Kx0)�0I ;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

 I ; J = KGIJ ; (9)
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£¤¥ § ¯ïâ ï ®§­ ç ¥â ª®¢ à¨ ­â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢ à¨¬ ­®¢®© á¢ï§­®áâ¨. �®®â­®è¥­¨ï
(9) £®¢®àïâ ® â®¬, çâ®  I ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ (áå®¤ïé¨¬áï) ¯®«¥¬. �®«¥¥ â®£®, ª ª ¯®-
ª § ­® ¢ [4], áãé¥áâ¢®¢ ­¨¥ ª®¢¥ªâ®à­®£® ¯®«ï  I , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (9), ï¢«ï¥âáï
­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ â®£®, çâ® ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  ¯á¥¢¤®à¨-
¬ ­®¢  ¯à®áâà ­áâ¢  (fM;G) ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â ¯à¨¢®¤¨«¨áì ª ¢¨¤ã (7). �¥âàã¤­®
â ª¦¥ ¯®ª § âì, çâ® (fM;G) ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ V (0).

�ãáâì eTI1:::Iq | ª®¬¯®­¥­âë â¥­§®à­®£® ¯®«ï â¨¯  (0; q) ¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â
(x0; xi) ­  fM . �â¨ ª®¬¯®­¥­âë ¬®£ãâ ¡ëâì à áé¥¯«¥­ë ­  2q ¡«®ª®¢, ª®â®àë¥ ã¤®¡­® ¯¥à¥­ã-
¬¥à®¢ âì, ¨á¯®«ì§ãï q-à §àï¤­ë¥ ¤¢®¨ç­ë¥ ç¨á« . T ª, ç¨á«ã (�1 : : : �q)2 ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì
¡«®ª eT

(1:::q)
d(I1):::d(Iq), £¤¥

d(Im) =

(
0; ¥á«¨ �m = 0;

im; ¥á«¨ �m = 1:

T ª, ­ ¯à¨¬¥à, ª®¬¯®­¥­âë â¥­§®à  T â¨¯  (0; 2) à á¯ ¤ îâáï ­  ç¥âëà¥ ¡«®ª  eT
(11)

i1i2 , eT
(01)

0i2 ,eT
(10)

i10, eT
(00)

00. �¬¥¥â ¬¥áâ®

�¥®à¥¬  1. T¥­§®à­®¥ ¯®«¥ eTI1:::Iq ï¢«ï¥âáï ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¬ ¯®«¥¬ â¨¯  (0; q)
­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (fM;G) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥
ª®®à¤¨­ â (x0; xi) ¥£® ª®¬¯®­¥­âë ¯à¨¢®¤ïâáï ª ¢¨¤ãeT

(�1:::�q)
d(I1):::d(Iq) = exp(Kqx0) T

(�1:::�q)
c(I1):::c(Iq);

£¤¥ T
(�1:::�q)

d(I1):::d(Iq) | ª®¬¯®­¥­âë â¥­§®à®¢, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (5) ­  (M; g); §¤¥áì

c(Im) =

(
¨­¤¥ªá ®âáãâáâ¢ã¥â; ¥á«¨ �m = 0;

im; ¥á«¨ �m = 1;

â. ¥. ª®£¤  T
(11:::1)

ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬ ª®­æ¨àªã«ïà­ë¬ â¥­§®à­ë¬ ¯®«¥¬ â¨¯  (0; q).

�¯à ¢¥¤«¨¢®áâì íâ®£® ãâ¢¥à¦¤¥­¨ï «¥£ª® ãáâ ­®¢¨âì ¯à¨ ¯®¬®é¨ ¯àï¬ëå ¢ëç¨á«¥­¨© á
¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥­¨© (8).

�à¨¬¥à 5. �®¬¯®­¥­âë ª®¢ à¨ ­â­® ¯®áâ®ï­­®£® ª®¢¥ªâ®à­®£® ¯®«ï e�I ¢ á¯¥æ¨ «ì­®© á¨-
áâ¥¬¥ ª®®à¤¨­ â (x0; xi) ­  fM ¯à¨¢®¤ïâáï ª ¢¨¤ã (e�0; e�i), £¤¥e�0 = exp(Kx0)�(xj); e�i = exp(Kx0)�i(x

j);

¯à¨ç¥¬
�i;j = �gij ; �;j = K�j:

2. �¥®¤¥§¨ç¥áª¨¥ ®â®¡à ¦¥­¨ï ¨ ª®­æ¨àªã«ïà­ë¥ ¯®«ï

1. �¯à¥¤¥«¥­¨¥ 4. �â®¡à ¦¥­¨¥ ¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g) ­  ­¥ª®â®à®¥ ¯á¥¢¤®-
à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g) ­ §ë¢ ¥âáï £¥®¤¥§¨ç¥áª¨¬, ¥á«¨ ¯à¨ íâ®¬ ®â®¡à ¦¥­¨¨ ª ¦¤ ï
£¥®¤¥§¨ç¥áª ï ¯à®áâà ­áâ¢  (M; g) ¯¥à¥å®¤¨â ¢ £¥®¤¥§¨ç¥áªãî ¯à®áâà ­áâ¢  (M; g). � ®¡é¥© ¯®
®â®¡à ¦¥­¨î á¨áâ¥¬¥ ª®®à¤¨­ â ®¡ê¥ªâë á¢ï§­®áâ¥© íâ¨å ¯à®áâà ­áâ¢ ã¤®¢«¥â¢®àïîâ á®®â­®-
è¥­¨ï¬

�
i

jk = �ijk + �ij k + �ik j ; (10)

£¤¥  j = ( ;j ) | ­¥ª®â®àë© £à ¤¨¥­â­ë© ª®¢¥ªâ®à. � á«ãç ¥, ª®£¤   j 6= 0, £¥®¤¥§¨ç¥áª®¥
®â®¡à ¦¥­¨¥ ­ §ë¢ ¥âáï ­¥âà¨¢¨ «ì­ë¬ (���).
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�«ï â®£® çâ®¡ë ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® ¤®¯ãáª «® ���, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,
çâ®¡ë ­  ­¥¬ áãé¥áâ¢®¢ «® ­¥¢ëà®¦¤¥­­®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥­§®à­®¥ ¯®«¥ aij , ã¤®¢«¥â¢®àïî-
é¥¥ ãá«®¢¨ï¬

aij;k = �igjk + �jgik (11)

¯à¨ ­¥ª®â®à®¬ ­¥­ã«¥¢®¬ £à ¤¨¥­â­®¬ ª®¢¥ªâ®à¥ �i = �;i. �®¢¥ªâ®àë  i ¨ �i á¢ï§ ­ë á®®â­®-
è¥­¨ï¬¨

�i = ati t; (12)

£¤¥ aki = aimg
mk,   gmk | ª®¬¯®­¥­âë ª®­âàa¢ à¨ ­â­®£® ¬¥âà¨ç¥áª®£® â¥­§®à  ­  M .

� ¬¥ç ­¨¥ 3. �à ¢­¥­¨ï (11) áãâì ª®®à¤¨­ â­ ï ä®à¬  § ¯¨á¨ á®®â­®è¥­¨© (3), § ¤ îé¨å
­  (M; g) á¨¬¬¥âà¨ç¥áª®¥ ª®­æ¨àªã«ïà­®¥ ¯®«¥ â¨¯  (0; 2) (á¬. ¯à¨¬¥à 1).

2. �¤­¨¬ ¨§ ¢ ¦­ëå ­ ¯à ¢«¥­¨© â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥­¨© ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®-
áâà ­áâ¢ ï¢«ï¥âáï ¢ë¤¥«¥­¨¥ ª« áá®¢ ¯à®áâà ­áâ¢, § ¬ª­ãâëå ®â­®á¨â¥«ì­® £¥®¤¥§¨ç¥áª¨å ®â®-
¡à ¦¥­¨©. �ª §ë¢ ¥âáï, çâ® â ª¨¬ á¢®©áâ¢®¬ ®¡« ¤ îâ ¯à®áâà ­áâ¢ , ¤®¯ãáª îé¨¥ ª®­æ¨àªã-
«ïà­ë¥ ¯®«ï. �¬¥¥â ¬¥áâ®

�¥¬¬  2. �ãáâì ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g) ¤®¯ãáª ¥â £¥®¤¥§¨ç¥áª®¥ ®â®¡à ¦¥-
­¨¥ ­  ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g) ¨ ­  M áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­®¥ â¥­§®à­®¥
¯®«¥ â¨¯  (0; q). T®£¤  ­  M â ª¦¥ áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­®¥ ¯®«¥ â¨¯  (0; q).

�®ª § â¥«ìáâ¢®. �ãáâì Ti1:::iq | ª®¬¯®­¥­âë ª®­æ¨àªã«ïà­®£® â¥­§®à­®£® ¯®«ï ­ M â¨¯ 
(0; q). �«¥¤®¢ â¥«ì­®,

rkTi1:::iq = L
1
i2:::iqgi1k + L

2
i1i3:::iqgi2k + L

q
i1:::iq�1giqk:

� áá¬®âà¨¬ â¥­§®à

T i1:::iq = Tk1:::kqb
k1
i1
: : : b

kq
iq
;

£¤¥ bki = exp(� )gkjgij . �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (10) ¨ (5), «¥£ª® ã¡¥¤¨âìáï, çâ®

rkT i1:::iq = L
1
p2:::pqgki1 + � � �+ L

q
p1:::pq�1gkiq ;

£¤¥

L
1 i1:::iq

= exp(� )(L
1
p2:::pq +  kTkp2:::pq)b

p2
i2
: : : b

pq
iq
;

... (13)

L
q
i1:::iq�1 = exp(� )(L

q p1:::pq�1

+  kTp1:::pq�1k)b
p1
i1
: : : b

pq�1
iq�1

:

�â® £®¢®à¨â ® â®¬, çâ® T ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬ â¨¯  (0; q) ­  M .

� ¬¥ç ­¨¥ 4. � ­­ ï «¥¬¬  ®¡®¡é ¥â à¥§ã«ìâ â ¨§ [11], ¯®«ãç¥­­ë© ¤«ï ª®­æ¨àªã«ïà­ëå
ª®¢¥ªâ®à­ëå ¯®«¥©.

3. �®ª ¦¥¬ â¥¯¥àì ­¥áª®«ìª® ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©, ­¥®¡å®¤¨¬ëå ¤«ï ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ë, ãá¨«¨¢ îé¥© «¥¬¬ã 2.

�¥¬¬  3. �ãáâì ­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (M; g), ¤®¯ãáª îé¥¬ ���, áãé¥áâ¢ã-
¥â ­¥­ã«¥¢ ï ª®¢ à¨ ­â­® ¯®áâ®ï­­ ï q-ä®à¬ , q < n, â®£¤  ª®¢¥ªâ®à �i, ãç áâ¢ãîé¨© ¢
ãà ¢­¥­¨ïå (11), ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ª®¢¥ªâ®à­ë¬ ¯®«¥¬.
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�®ª § â¥«ìáâ¢®. �ãáâì (M; g) ¤®¯ãáª ¥â ���, â®£¤  ­  ­¥¬ áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ë©
á¨¬¬¥âà¨ç¥áª¨© â¥­§®à aij , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ (11). �á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥-
­¨© (11) ¨¬¥îâ ¢¨¤

atiR
t
jkm + atjR

t
ikm = �i;mgkj + �j;mgik � �i;kgmj � �j;kgik; (14)

£¤¥ Rt
ikm | ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë. �ãáâì Fi1:::iq | ª®¢ à¨ ­â­® ¯®áâ®ï­­ ï q-ä®à¬  ­ 

M , â. ¥. ª®á®á¨¬¬¥âà¨ç¥áª¨© â¥­§®à â¨¯  (0; q) â ª®©, çâ®

Fi1:::iq ;k = 0: (15)

� áá¬®âà¨¬ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (15)

qX
p=1

Rt
ipkm

Fi1:::ip�1tip+1:::iq = 0:

�¢¥à­ã¢ íâ¨ á®®â­®è¥­¨ï á ak� j ¯® k (£¤¥ ¨­¤¥ªá k ¯®¤­ïâ ¯à¨ ¯®¬®é¨ ¬¥âà¨ç¥áª®£® â¥­§®à ) ¨
¯à®á¨¬¬¥âà¨à®¢ ¢ ¯®«ãç¥­­®¥ á®®â­®è¥­¨¥ ¯® j ¨ m, á ãç¥â®¬ (14) ¯®«ãç ¥¬

(Fji2 :::�p�m;i1 + Fmi2:::iq�j;i1 � F t
:i2:::iq

�m;tgji1 � F t
:i2:::�q

�j;tgmi1) + � � �+

+ (Fi1:::ig�1j�m;iq + Fi1:::iq�1m�j;iq � Fi1:::iq�1
t
:�j;tgmiq � Fi1:::iq1

t
:�m;tgjiq ) = 0: (16)

�¢¥à­ã¢ (16) á gjm ¯® ¨­¤¥ªá ¬ j ¨ m, ­ å®¤¨¬

nF t
:i2:::iq

�t;j = �Fji2:::iq ; (17)

£¤¥ � = gir�i;r. � ãç¥â®¬ (17) á®®â­®è¥­¨ï (16) ¯à¨¢®¤ïâáï ª ¢¨¤ã

(Fji2 :::iq�mi1 + Fmi2:::iq�ji1) + � � �+ (Fi1:::iq1 j�miq + Fi1:::iq�1m�jiq ) = 0;

£¤¥ �ij = n�i;j��gij . �âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ª®áãî á¨¬¬¥âà¨î ¯® ¢á¥¬ ¨­¤¥ªá ¬ â¥­§®à 
Fi1:::iq ¨ á¨¬¬¥âà¨ç­®áâì â¥­§®à  �ij , ­¥âàã¤­® ¯®ª § âì, çâ® �ij = 0, â. ¥.

�i;j =
�

n
gij : � (18)

� ¬¥ç ­¨¥ 5. �áá«¥¤ãï ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (18), (15), ¯®¤®¡­® â®¬ã, ª ª
íâ® ¤¥« «®áì ¢ «¥¬¬¥ 3, «¥£ª® ãáâ ­®¢¨âì, çâ® � = const.

�¥¬¬  4. �ãáâì ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g) â ª®¢®, çâ® ­  ­¥¬ áãé¥áâ¢ã¥â ª®-
¢ à¨ ­â­® ¯®áâ®ï­­ ï q-ä®à¬  F (q < n ¨ ä¨ªá¨à®¢ ­®), ­® ®­® ­¥ ¤®¯ãáª ¥â ª®­æ¨àªã«ïà­ëå
q-ä®à¬ ®á­®¢­®£® â¨¯ . T®£¤ , ¥á«¨ (M; g) ¤®¯ãáª ¥â ���, ­  ­¥¬ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-

­®áâì ª®¢ à¨ ­â­® ¯®áâ®ï­­ëå q-ä®à¬ f
m

Fgm2N, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

m

F i1:::iq�1t�
t
: = 0 8m 2N:

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë. T ª ª ª (M; g) ¤®¯ãáª ¥â ���, â® ­ 
­¥¬ áãé¥áâ¢ã¥â á¨¬¬¥âà¨ç¥áª®¥ ª®­æ¨àªã«ïà­®¥ ¯®«¥ a â¨¯  (0; 2). �à¨ç¥¬, ª ª íâ® á«¥¤ã¥â
¨§ «¥¬¬ë 3, ª®¢¥ªâ®à �i, ãç áâ¢ãîé¨© ¢ ãà ¢­¥­¨ïå (11), ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬.
�à¨ç¥¬ ®­ ¤®«¦¥­ ¡ëâì ª®¢ à¨ ­â­® ¯®áâ®ï­¥­, â. ¥. �i;j = 0. T ª ª ª ¢ ¯à®â¨¢­®¬ á«ãç ¥
á«¥¤®¢ «® ¡ë, çâ® q-ä®à¬ 

L = � ^ � � � ^ �| {z }
q à §

ï¢«ï¥âáï ª®­æ¨àªã«ïà­®© q-ä®à¬®© ®á­®¢­®£® â¨¯ . �â® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î, çâ®
M ­¥ ¤®¯ãáª ¥â â ª¨å ä®à¬. �ãáâì F | ª®¢ à¨ ­â­® ¯®áâ®ï­­ ï q-ä®à¬  ­  M . T®£¤  F
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ï¢«ï¥âáï § ¬ª­ãâ®©,   á«¥¤®¢ â¥«ì­®, â®ç­®© (­ ¯®¬­¨¬, çâ® ¨áá«¥¤®¢ ­¨ï ¢¥¤ãâáï «®ª «ì­®).
�â® ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â â ª ï (q � 1)-ä®à¬  f , ¤«ï ª®â®à®©

fi1:::iq�1;k = Fi1:::iq�1k: (19)

� áá¬®âà¨¬ q-ä®à¬ã
2

F i1:::iq = F[i1:::iq�1taiq ]
t � f[i1:::iq�1�iq ]:

�¨ää¥à¥­æ¨àãï íâ¨ á®®â­®è¥­¨ï ª®¢ à¨ ­â­®, á ãç¥â®¬ (11) ¨ (19) ¯®«ãç¨¬

2

F i1:::iq;k = F[i1:::iq�1jtjgiq ]k�
t
: :

�âáî¤  á«¥¤ã¥â, çâ®
Fi1:::iq�1t�

t
: = 0;

â. ª. ¢ ¯à®â¨¢­®¬ á«ãç ¥ q-ä®à¬  Fi1:::iq ¡ë«  ¡ë ª®­æ¨àªã«ïà­®© ä®à¬®© ®á­®¢­®£® â¨¯ . �«¥-
¤®¢ â¥«ì­®,

2

F i1:::iq ;k = 0:

�à¨¬¥­¨¢ â¥¯¥àì â ª¨¥ à ááã¦¤¥­¨ï ª ä®à¬¥
2

F i1:::iq ¨ ¯à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¬®¦­® à¥ªãà-
à¥­â­ë¬ á¯®á®¡®¬

1

F i1:::iq = Fi1:::iq ;
m

F i1:::iq =
m�1

F [i1:::iq�1taiq ]
t �

m�1

f [i1:::iq�1�iq ] 8m 2 N (20)

¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì­®áâì ª®¢ à¨ ­â­® ¯®áâ®ï­­ëå q-ä®à¬ f
m

F gm2N, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬

m

F i1:::iq�1t�
t
: = 0 8m 2 N: � (21)

� ¬¥ç ­¨¥ 6. �®®â­®è¥­¨ï (21) ¢ á¨«ã (20) à ¢­®á¨«ì­ë â®¬ã, çâ®

Fi1 :::iq�1t
m
atp�

p
: = 0 8m 2N; (22)

£¤¥
m
atp | m-ï áâ¥¯¥­ì  ää¨­®à  atp.

�¥®à¥¬  2. �ãáâì ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g) ¤®¯ãáª ¥â ��� ­  ¯á¥¢¤®à¨¬ ­®¢®
¯à®áâà ­áâ¢® (M; g) ¨ ­  M áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­ ï q-ä®à¬  ®á­®¢­®£® â¨¯  (q < n).
T®£¤  ­  M â ª¦¥ áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­ ï q-ä®à¬  ®á­®¢­®£® â¨¯ .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì (M; g) ¤®¯ãáª ¥â ��� ­  (M; g), ¯à¨ç¥¬
­  M áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­ ï q-ä®à¬  F ®á­®¢­®£® â¨¯ ,   M ­¥ ¤®¯ãáª ¥â â ª¨å q-ä®à¬.
�  ®á­®¢ ­¨¨ «¥¬¬ë 2 ­ M áãé¥áâ¢ã¥â ª®­æ¨àªã«ïà­ ï q-ä®à¬  F , ª®â®à ï ¢ á¨«ã á¤¥« ­­®£®
¯à¥¤¯®«®¦¥­¨ï ¯à¨­ ¤«¥¦¨â ª ¨áª«îç¨â¥«ì­®¬ã â¨¯ã, â. ¥. Fi1:::iq;k = 0. T®£¤  ¨§ (13) á«¥¤ã¥â

Fi1:::iq�1t 
t
: 6= 0; (23)

£¤¥  i | ª®¢¥ªâ®à, ®¯à¥¤¥«ïîé¨© £¥®¤¥§¨ç¥áª®¥ ®â®¡à ¦¥­¨¥. �¢ï§ ­­ë© á ­¨¬ á®®â­®è¥­¨ï¬¨
(12) ª®¢¥ªâ®à �i ¢ á¨«ã «¥¬¬ë 3 ¨ ¯à¥¤¯®«®¦¥­¨ï ï¢«ï¥âáï ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¬. �®íâ®¬ã
­  ®á­®¢ ­¨¨ «¥¬¬ë 4 ¤«ï ­¥£® à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨

1

�i = �i;
m

�i =
m�1

� ta
t
i �

m�1

� �i; m 2 N; (24)

¬®¦¥â ¡ëâì ¯®áâà®¥­  ¯®á«¥¤®¢ â¥«ì­®áâì ª®¢ à¨ ­â­® ¯®áâ®ï­­ëå â®ç­ëå 1-ä®à¬ (�i = �;i),
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

m

�t:�t = 0 8m 2 N: (25)

61



T ª ª ª «î¡®¥ ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® ¤®¯ãáª ¥â ­¥ ¡®«¥¥ n «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®¢ -
à¨ ­â­® ¯®áâ®ï­­ëå 1-ä®à¬, â® áãé¥áâ¢ã¥â â ª®© ­®¬¥à r (� n), çâ®

r+1

� i =
rX

k=1

C
k

k

�i; (26)

£¤¥ C
k
| ­¥ª®â®àë¥ ª®­áâ ­âë,  

1

�i; : : : ;
r

�i «¨­¥©­® ­¥§ ¢¨á¨¬ë. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨,

¬®¦­® áç¨â âì
r+1

�i = 0, â. ¥.

ati
r

�t =
r

��i: (27)

�¥©áâ¢¨â¥«ì­®, â. ª. äã­ªæ¨¨
m

� ®¯à¥¤¥«¥­ë á â®ç­®áâìî ¤® ª®­áâ ­âë, â® ¯à¨¬¥­¨¢ § ¬¥­ã

1

� =
1

�+ C
r
;

2

� =
2

�� C
r

1

�+ C
r�1
; : : : ;

r

� =
r

��C
r

r�1

� � C
r�1

r�2

� � � � � � C
2

1

�+ C
1
;

«¥£ª® ã¡¥¤¨âìáï, çâ® á®®â­®è¥­¨ï (26) ¯à¨¬ãâ ¢¨¤ (27). �á«®¢¨ï (25), ª ª ã¦¥ £®¢®à¨«®áì ¢
§ ¬¥ç ­¨¨ 6, ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ä®à¬¥

�t
m
ati�i = 0: (28)

�­ «®£¨ç­ë¥ ãá«®¢¨ï (22) ¤«ï ª®¢ à¨ ­â­® ¯®áâ®ï­­®© ä®à¬ë F ¢ á¨«ã (24), (28) ¯à¨­¨¬ îâ
¢¨¤

Fi1:::iq�1t
m

�t: = 0 8m 2 N: (29)

�®«®¦¨¢ ¢ á®®â­®è¥­¨ïå (29) m = r, ¯®«ãç¨¬

Fi1:::iq�1t
r

�t: = 0: (30)

T ª ª ª  ää¨­®à aij ­¥¢ëà®¦¤¥­, â®, á¢¥à­ã¢ (27) á ®¡à â­ë¬ ª ­¥¬ã  ää¨­®à®¬ eaik, ­  ®á­®-
¢ ­¨¨ (12) ¨¬¥¥¬

r

�k = �
r

� k: (31)

� á¨«ã (31) ãá«®¢¨ï (30) ¯à¨­¨¬ îâ ¢¨¤

Fi1:::iq�1t 
t
: = 0;

çâ® ¯à®â¨¢®à¥ç¨â (23).

� ¬¥ç ­¨¥ 7. T¥®à¥¬  2 à §¡¨¢ ¥â ¯á¥¢¤®à¨¬ ­®¢ë ¯à®áâà ­áâ¢ , ¤®¯ãáª îé¨¥ ª®­æ¨àªã-
«ïà­ë¥ q-ä®à¬ë, ­  ¤¢  ­¥¯¥à¥á¥ª îé¨åáï ¨ § ¬ª­ãâëå ®â­®á¨â¥«ì­® £¥®¤¥§¨ç¥áª¨å ®â®¡à -
¦¥­¨© ª« áá : ¤®¯ãáª îé¨å ª®­æ¨àªã«ïà­ë¥ q-ä®à¬ë ®á­®¢­®£® â¨¯  ¨ ¤®¯ãáª îé¨å â®«ìª®
«¨èì ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¥ q-ä®à¬ë (q ä¨ªá¨à®¢ ­®). �â  â¥®à¥¬  ®¡®¡é ¥â à¥§ã«ìâ â, ¯®-
«ãç¥­­ë©  ¢â®à®¬ ¤«ï ª®­æ¨àªã«ïà­ëå ª®¢¥ªâ®à­ëå ¯®«¥© [3].
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3. �¥è¥­¨¥ ¯à®¡«¥¬ë ® £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ à¨¬ ­®¢ëå ¯à®áâà ­áâ¢

1. �¯à¥¤¥«¥­¨¥ 5. �â¥¯¥­ìî £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ p n-¬¥à­®£® ¯á¥¢¤®à¨¬ ­®¢ 
¯à®áâà ­áâ¢  (M; g) ­ §ë¢ ¥âáï à §¬¥à­®áâì «¨­¥©­®£® ¯à®áâà ­áâ¢  à¥è¥­¨© á¨áâ¥¬ë (11).

�¯à¥¤¥«¥­¨¥ ¯®­ïâ¨ï £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ ¡ë«® ¤ ­® ¢ [13]. Ta¬ ¦¥ ¡ë«® ¤®ª § ­®,
çâ® ¬ ªá¨¬ «ì­ãî áâ¥¯¥­ì ¯®¤¢¨¦­®áâ¨ p = (n+1)(n+2)

2
¨¬¥îâ ¯à®áâà ­áâ¢  ¯®áâ®ï­­®© ªà¨¢¨§-

­ë ¨ â®«ìª® ®­¨, ¡ë«  ®¡­ àã¦¥­  « ªã­  ¢ à á¯à¥¤¥«¥­¨¨ áâ¥¯¥­¥© £¥®¤¥§¨ç¥áª¨å ¯®¤¢¨¦­®-
áâ¥©, ¡ë«® ¤®ª § ­®, çâ® ­¥ áãé¥áâ¢ã¥â ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ¨¬¥îé¨å áâ¥¯¥­ì £¥®¤¥-
§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ p â ªãî, çâ®

(n� 1)n
2

+ 3 < p <
(n+ 1)(n+ 2)

2
:

�®§¦¥ ¢ [12] ¡ë«¨ ®¯à¥¤¥«¥­ë â®ç­ë¥ £à ­¨æë ¯¥à¢®© « ªã­ë

(n� 1)(n� 2)
2

+ 1 < p <
(n+ 1)(n+ 2)

2

¨ ¯®ª § ­®, çâ® áâ¥¯¥­ì ¯®¤¢¨¦­®áâ¨ p = (n�1)(n�2)
2

+ 1 ¤®áâ¨£ îâ ¯á¥¢¤®à¨¬ ­®¢ë ¯à®áâà ­-
áâ¢ , ¤®¯ãáª îé¨¥ n�2 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ª®¢¥ªâ®à­ëå ¯®«ï ¨ â®«ìª® ®­¨.
�¨¦¥ ¤ ¤¨¬ ¯®«­®¥ à¥è¥­¨¥ ¯à®¡«¥¬ë ® à á¯à¥¤¥«¥­¨¨ áâ¥¯¥­¥© £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨
à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ (¯à®áâà ­áâ¢ á® §­ ª®®¯à¥¤¥«¥­­®© ¬¥âà¨ª®©) ¨ ®¯à¥¤¥«¨¬ â®ç­ë¥ £à -
­¨æë ¢á¥å « ªã­.

� ¬¥ç ­¨¥ 8. �á«¨ ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M; g), ®â«¨ç­®¥ ®â ¯à®áâà ­áâ¢ ¯®áâ®-

ï­­®© ªà¨¢¨§­ë, ¤®¯ãáª ¥â m «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®¢¥ªâ®à­ëå ¯®«¥© ®á­®¢­®£® â¨¯ 
1

�i : : :
m

�i,
â® â¥­§®à­®¥ ¯®«¥

aij =
mX

�;�=1

C
��

�

�(i
�

�j) + Cgij

ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (11), £¤¥ C, C
��
| ­¥ª®â®àë¥ ª®­áâ ­âë,   ªàã£«ë¥ áª®¡ª¨ ®§­ ç îâ

á¨¬¬¥âà¨à®¢ ­¨¥ ¡¥§ ¤¥«¥­¨ï. �â® £®¢®à¨â ® â®¬, çâ® áâ¥¯¥­ì ¯®¤¢¨¦­®áâ¨ â ª®£® ¯à®áâà ­áâ¢ 
­¥ ­¨¦¥ m(m+1)

2
, â. ¥.

p =
m(m+ 1)

2
+ l; (32)

£¤¥ l 2 N. T ª¨¬ ®¡à §®¬, çâ®¡ë ­ ©â¨ p, ­¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì §­ ç¥­¨¥ l.

2. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® (M; g) ï¢«ï¥âáï à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢®¬,
â. ¥. ¬¥âà¨ª  g ¯®«®¦¨â¥«ì­  ®¯à¥¤¥«¥­ . �®ª ¦¥¬, çâ® § ¤ ç  ®¡ ®¯à¥¤¥«¥­¨¨ áâ¥¯¥­¨ £¥®¤¥§¨-
ç¥áª®© ¯®¤¢¨¦­®áâ¨ à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g) ¬®¦¥â ¡ëâì á¢¥¤¥­  ª § ¤ ç¥ ® ­ å®¦¤¥­¨¨
ª®«¨ç¥áâ¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå  ¡á®«îâ­® ¯ à ««¥«ì­ëå á¨¬¬¥âà¨ç¥áª¨å â¥­§®à­ëå ¯®«¥©
â¨¯  (0; 2) ­  à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥, ¤®¯ãáª îé¥¬ áå®¤ïé¥¥áï ª®¢¥ªâ®à­®¥ ¯®«¥. �¥©áâ¢¨-
â¥«ì­®, ª ª ã¦¥ ¡ë«® áª § ­® ¢ëè¥ (á¬. ¯à¨¬¥à 4), ¯á¥¢¤®à¨¬ ­®¢ë ¯à®áâà ­áâ¢ , ¤®¯ãáª îé¨¥
áâ¥¯¥­ì ¯®¤¢¨¦­®áâ¨ p � 3, â. ¥. ¨¬¥îé¥¥ ­¥ ¬¥­¥¥ ¤¢ãå «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á¨áâ¥¬ë
(11), ­¥ ¯à®¯®àæ¨®­ «ì­ëå ¬¥âà¨ç¥áª®¬ã â¥­§®àã, ï¢«ïîâáï ¯® ­¥®¡å®¤¨¬®áâ¨ ¯à®áâà ­áâ¢ ¬¨
V (K). � áá¬®âà¨¬ ¤¢  ¢®§¬®¦­ëå á«ãç ï.

1) K = 0. � ª ¯®ª § ­® ¢ à ¡®â¥ [11], ­  ¯à®áâà ­áâ¢ å V (0) á® §­ ª®®¯à¥¤¥«¥­­®© ¬¥âà¨ª®©
áãé¥áâ¢ã¥â áå®¤ïé¥¥áï ª®­æ¨àªã«ïà­®¥ ¯®«¥ �i ®á­®¢­®£® â¨¯ , â. ¥.

�i;j = �gij ; � = const :
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�ãáâì (M; g) ¤®¯ãáª ¥â m «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ª®¢¥ªâ®à­ëå ¯®«¥©. � §¨á

«¨­¥©­®£® ¯à®áâà ­áâ¢  ª®­æ¨àªã«ïà­ëå ¯®«¥©
1

�i : : :
m

�i ¬®¦­® ¢ë¡à âì â ª, çâ®

1

�i;j = gij ;
2

�i;j = 0; : : : ;
m

�i;j = 0:

�§ á®®â­®è¥­¨© (6a) ¯à¨ K = 0 á«¥¤ã¥â, çâ® �i ï¢«ï¥âáï ª®­æ¨àªã«ïà­ë¬ ¯®«¥¬, ¯®íâ®¬ã

�i =
mX
�=1

C
�

�

�i:

�ãáâì aij | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (11) ­  V (0), â®£¤ , ª ª ­¥âàã¤­® ¯à®¢¥à¨âì,
â¥­§®à

bij = 2aij � 2
mX
�=2

C
�

�

�(i
1

�j) � C
1

1

�(i
1

�j) (33)

ï¢«ï¥âáï  ¡á®«îâ­® ¯ à ««¥«ì­ë¬ ­  M . T ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥¬¬  5. �â¥¯¥­ì £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ à¨¬ ­®¢  ¯à®áâà ­áâ¢  V (0) à ¢­  áã¬-
¬¥ ç¨á«  «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ¯®«¥© ­  V (0) ¨ ç¨á«  «¨­¥©­® ­¥§ ¢¨á¨¬ëå
 ¡á®«îâ­® ¯ à ««¥«ì­ëå ¤¢ ¦¤ë ª®¢ à¨ ­â­ëå á¨¬¬¥âà¨ç¥áª¨å â¥­§®à­ëå ¯®«¥© ­  V (0).

� ª ¨§¢¥áâ­® [14], à¨¬ ­®¢® ¯à®áâà ­áâ¢® (M;S), ¤®¯ãáª îé¥¥ ­¥âà¨¢¨ «ì­®¥ ª®¢ à¨ ­â­®
¯®áâ®ï­­®¥ á¨¬¬¥âà¨ç¥áª®¥ ¯®«¥ bij â¨¯  (0; 2), ¯à¨¢®¤¨¬® (­¥¯à¨¢®¤¨¬ë¥ à¨¬ ­®¢ë ¯à®áâà ­-
áâ¢  ¤®¯ãáª îâ â ª¨¥ ¯®«ï â®«ìª® ¢¨¤  b = const �g). M¥âà¨ç¥áª ï ä®à¬  ds2 = gijdx

idxj ¨
ª¢ ¤à â¨ç­ ï ä®à¬  B = bijdx

idxj ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â ­  M ¬®£ãâ ¡ëâì ¯à¨¢¥¤¥­ë
ª ¢¨¤ã

ds2 =
0
gi0j0dx

i0dxj0 +
lX

�=1

�
gi�j�(x

k�)dxi�dxj� ; (34)

B = Ci0j0dx
i0dxj0 +

lX
�=1

C
�

�
gi�j�(x

k�)dxi�dxj� ; (35)

£¤¥ Ci0j0 , C
�
| ­¥ª®â®àë¥ ª®­áâ ­âë,

�
gi�j�(x

k�) | ¬¥âà¨ç¥áª¨© â¥­§®à ­¥ª®â®à®£® ­¥¯à¨¢®¤¨-

¬®£® à¨¬ ­®¢®£® ¯à®áâà ­áâ¢  (
�

M;
�
g),

0
gi0j0 = const | ¬¥âà¨ç¥áª¨© â¥­§®à ¯«®áª®£® à¨¬ ­®¢ 

¯à®áâà ­áâ¢  (
0

M;
0
g), dim

�

M = n�, dim
0

M = n0 = k (k à ¢­® ç¨á«ã «¨­¥©­® ­¥§ ¢¨á¨¬ëå  ¡á®-
«îâ­® ¯ à ««¥«ì­ëå ª®¢¥ªâ®à­ëå ¯®«¥© ­  (M; g)); ¨­¤¥ªáë i0; j0; k0; : : : ¨§¬¥­ïîâáï ®â 1 ¤®

n0; i�; j�; k�; : : : ¨§¬¥­ïîâáï ®â 1 +
��1P
�=0

n� ¤®
�P

�=0
n�,

lP
�=0

n� = n.

�â¬¥â¨¬, çâ® â. ª. ¨áá«¥¤ã¥¬®¥ V (0) ¤®¯ãáª ¥â áå®¤ïé¥¥áï ª®­æ¨àªã«ïà­®¥ ¯®«¥, â® ¢á¥ ¯à®-

áâà ­áâ¢  (
�

M;
�
g) ¡ã¤ãâ â ª¦¥ ¤®¯ãáª âì â ª¨¥ ¯®«ï,   á«¥¤®¢ â¥«ì­®, ¤®«¦­ë ¨¬¥âì à §¬¥à-

­®áâì ­¥ ­¨¦¥ 3, â. ª. ¢ ¯à®â¨¢­®¬ á«ãç ¥ ®­¨ ¡ë«¨ ¡ë ¯«®áª¨¬¨, çâ® ¯à®â¨¢®à¥ç¨â ¨å ­¥¯à¨¢®-
¤¨¬®áâ¨. �®íâ®¬ã ¢¥«¨ç¨­  l ¢ ä®à¬ã« å (34), (35) ¬®¦¥â ¯à¨­¨¬ âì §­ ç¥­¨¥ ®â 0 ¤® [n�k

3
], £¤¥

ª¢ ¤à â­ë¥ áª®¡ª¨ ®§­ ç îâ æ¥«ãî ç áâì ç¨á« . �à¨ç¥¬ á«ãç © l = 0 á®®â¢¥âáâ¢ã¥â ¯«®áª®¬ã
¯à®áâà ­áâ¢ã. �à¨­¨¬ ï íâ® ¢® ¢­¨¬ ­¨¥, ­  ®á­®¢ ­¨¨ á®®â­®è¥­¨© (33) ¬®¦­® áä®à¬ã«¨à®-
¢ âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  6. �¨á«® pa «¨­¥©­® ­¥§ ¢¨á¨¬ëå  ¡á®«îâ­® ¯ à ««¥«ì­ëå á¨¬¬¥âà¨ç¥áª¨å â¥­-
§®à­ëå ¯®«¥© â¨¯  (0; 2) ­  n-¬¥à­®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ V (0) ¬®¦¥â ¯à¨­¨¬ âì «¨èì
á«¥¤ãîé¨¥ §­ ç¥­¨ï:

pa =
k(k � 1)

2
+ l;
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£¤¥ l ¨§¬¥­ï¥âáï ®â 0 ¤® La,

La =
�
n� k

3

�
;

  k | ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®¢¥ªâ®à­ëå ¯®«¥© ­  V (0). �«ãç © l = 0 á®®â¢¥âáâ¢ã¥â
¯«®áª®¬ã V (0).

�ç¨âë¢ ï, çâ® k = m� 1, ¨§ «¥¬¬ 5 ¨ 6 ¯®«ãç ¥¬, çâ® áâ¥¯¥­ì £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨
¯à®áâà ­áâ¢  V (0) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨ (32), £¤¥ l ¨§¬¥­ï¥âáï ®â 0 ¤® L,  

L =
�
n+ 1�m

3

�
: (36)

� ¬¥ç ­¨¥ 9. �á«¨ bij |  ¡á®«îâ­® ¯ à ««¥«ì­®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥­§®à­®¥ ¯®«¥ â¨¯ 
(0; 2) ­  à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ V (0), â® áãé¥áâ¢ã¥â ª®¢¥ªâ®à­®¥ ¯®«¥ �i â ª®¥, çâ® �i;j = bij .

�¥©áâ¢¨â¥«ì­®, â ª®¢ë¬ ï¢«ï¥âáï �i = bij
1

�j . �®«¥¥ â®£®, â. ª. �i;jk = 0, â® �i ®¯à¥¤¥«ï¥â ­  V (0)
 ää¨­­®¥ ¤¢¨¦¥­¨¥.

2) �ãáâì K 6= 0. T¥®à¥¬  1 ãáâ ­ ¢«¨¢ ¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã à¥è¥-
­¨ï¬¨ á¨áâ¥¬ë (11) ­  n-¬¥à­®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (M; g) ¨ ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¬¨,
¡¨«¨­¥©­ë¬¨ ä®à¬ ¬¨ ­  (n+1)-¬¥à­®¬ ¯à®áâà ­áâ¢¥ V (0) á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ G, ®¯à¥¤¥-
«ï¥¬ë¬ ä®à¬ã«®© (7). �á«¨ K < 0, â® G ¡ã¤¥â §­ ª®®¯à¥¤¥«¥­ , ¨ ª ­¥© ¯à¨¬¥­¨¬ë à ááã¦¤¥-
­¨ï, ¨á¯®«ì§®¢ ­­ë¥ ¢ ¯. 1. �®íâ®¬ã ¨§ á®®â­®è¥­¨© (34) á ãç¥â®¬ â®£®, çâ® k = m, N = n+ 1,
®¯ïâì ¯à¨å®¤¨¬ ª ®æ¥­ª¥ (32), (36). �á«¨ ¦¥ K > 0, â® ¬¥âà¨ª  G ¨¬¥¥â «®à¥­æ¥¢ã á¨£­ âãàã.

T®£¤  ®¤­  ¨§ ¬¥âà¨ª
0

G;
1

G; : : : ;
l

G ¢ à §«®¦¥­¨¨ (34) ¤«ï G ¡ã¤¥â ¨¬¥âì «®à¥­æ¥¢ã á¨£­ âã-

àã,   ®áâ «ì­ë¥ ¡ã¤ãâ §­ ª®®¯à¥¤¥«¥­ë. �á«¨ â ª®¢®© ï¢«ï¥âáï
0

G, â® íâ® ­¨ç¥£® ­¥ ¨§¬¥­ï¥â

¯® áà ¢­¥­¨î á® á«ãç ¥¬ K < 0 ¢ ®æ¥­ª¥ l. �ãáâì â ª®¢®© ï¢«ï¥âáï ®¤­  ¨§ ¬¥âà¨ª
�

G. �ã-

¤¥¬ áç¨â âì ¤«ï ®¯à¥¤¥«¥­­®áâ¨
1

G. � ª ¯®ª § ­® ¢ [9], [10], [15], ­¥¯à¨¢®¤¨¬®¥ ¯á¥¢¤®à¨¬ ­®¢®

¯à®áâà ­áâ¢® (
1

M;
1

G) «®à¥­æ¥¢®© á¨£­ âãàë, ï¢«ïîé¥¥áï ¯à®áâà ­áâ¢®¬ V (0), ¬®¦¥â ¤®¯ãáª âì
á¨¬¬¥âà¨ç¥áª¨¥  ¡á®«îâ­® ¯ à ««¥«ì­ë¥ ¡¨«¨­¥©­ë¥ ä®à¬ë â®«ìª® «¨èì ¢¨¤ 

bI1J1 = C
1
GI1J1 + C

2
�I1�J1 ;

£¤¥ C
1
; C
2
= const,   �I1 | ª®¢ à¨ ­â­® ¯®áâ®ï­­®¥ ¨§®âà®¯­®¥ ª®¢¥ªâ®à­®¥ ¯®«¥ ­  (

1

M;
1

G).

T ª ª ª ªà®¬¥ �I1 ¯à®áâà ­áâ¢® (
1

M;
1

G) ¤®¯ãáª ¥â ¥é¥ ¨ áå®¤ïé¥¥áï ª®­æ¨àªã«ïà­®¥ ¯®«¥, ¥£®
à §¬¥à­®áâì ¤®«¦­  ¡ëâì ­¥ ¬¥­¥¥ 4, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ®­® ¡ë«® ¡ë ¯«®áª¨¬. � ¤àã£®©

áâ®à®­ë, dim
0

M = m � 1. �®íâ®¬ã áã¬¬ à­® íâ® ­¥ ¯®¢«¨ï¥â ­  ®æ¥­ªã l ¢ à §«®¦¥­¨¨ (34)
¤«ï G. T ª¨¬ ®¡à §®¬, ¨ ¢ íâ®¬ á«ãç ¥ ¢ ®æ¥­ª¥ £¥®¤¥§¨ç¥áª®© áâ¥¯¥­¨ ¯®¤¢¨¦­®áâ¨ (M; g)
¯à¨å®¤¨¬ ª ä®à¬ã« ¬ (32), (36). �â ª, ¤®ª § ­ 

�¥®à¥¬  3. �â¥¯¥­ì £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), ®â«¨ç-
­®£® ®â ¯à®áâà ­áâ¢ ¯®áâ®ï­­®© ªà¨¢¨§­ë, ¬®¦¥â ¯à¨­¨¬ âì «¨èì á«¥¤ãîé¨¥ §­ ç¥­¨ï:

p =
m(m+ 1)

2
+ l;

£¤¥ m| ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ª®¢¥ªâ®à­ëå ¯®«¥© ­  M ,   l ¨§¬¥­ï¥âáï
®â 1 ¤® [n+1�m

3
].

�§ â¥®à¥¬ë 3 ¢ á«ãç ¥, ª®£¤  m = 0, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �¨¬ ­®¢ë ¯à®áâà ­áâ¢ , ­¥ ¤®¯ãáª îé¨¥ ª®­æ¨àªã«ïà­ëå ª®¢¥ªâ®à­ëå ¯®«¥©,
¨¬¥îâ áâ¥¯¥­ì £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨, ­¥ ¯à¥¢ëè îéãî [n+1

3
].
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� ¬¥ç ­¨¥ 10. �¥âàã¤­® ¢¨¤¥âì, çâ® ®æ¥­ª  áâ¥¯¥­¨ £¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨, ãª § ­-
­ ï ¢ â¥®à¥¬¥ 3, ï¢«ï¥âáï â®ç­®©. �¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ bn-¬¥à­®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢®
(cM; bg), ¬¥âà¨ç¥áª ï ä®à¬  ª®â®à®£® ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â ­  cM ¯à¨¢®¤¨âáï ª ¢¨¤ã

dbs2 = exp(2x1)((dx1)2 + egi2j2(xk2)dxi2dxj2); (37)

£¤¥ egi2j2(xk2) | ¬¥âà¨ç¥áª¨© â¥­§®à ­¥ª®â®à®£® (bn�1)-¬¥à­®£® á¨¬¬¥âà¨ç¥áª®£® à¨¬ ­®¢®£®
¯à®áâà ­áâ¢  (fM; eg); ¨­¤¥ªáë i2, j2, k2 ¨§¬¥­ïîâáï ®â 2 ¤® bn. �ç¥¢¨¤­®, (cM; bg) ¬®¦¥â ¤®¯ãá-
ª âì  ¡á®«îâ­® ¯ à ««¥«ì­ë¥ á¨¬¬¥âà¨ç¥áª¨e â¥­§®à­ë¥ ¯®«ï â¨¯  (0; 2) â®«ìª® «¨èì ¢¨¤ 
b = const �g. �¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 (fM; eg) ¤®¯ãáª «® ¡ë
á¨¬¬¥âà¨ç¥áª®¥ ª®­æ¨àªã«ïà­®¥ â¥­§®à­®¥ ¯®«¥ â¨¯  (0; 2) (â. ¥. ¤®¯ãáª «® ���), ¨ ¬ë ¯à¨è«¨
¡ë ª ¯à®â¨¢®à¥ç¨î, ¢¥¤ì, ª ª ¨§¢¥áâ­® [13], á¨¬¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  ­¥ ¤®¯ãáª îâ ���.
T ª¨¬ ®¡à §®¬, ¥á«¨ ¢ à §«®¦¥­¨¨ (34) ¢ ª ç¥áâ¢¥

�
g ¢ë¡à âì ¬¥âà¨ª¨ ¢¨¤  (37), â® áâ¥¯¥­ì

£¥®¤¥§¨ç¥áª®© ¯®¤¢¨¦­®áâ¨ (M; g) ¡ã¤¥â à ¢­  p = m(m+1)
2

+ l.
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