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� áâ âì¥ ®¡®¡é îâáï â¥®à¥¬ë �.�¥ª¥ä «ì¢¨-� ¤ì ([1], â¥®à¥¬  3.35), �.�. �â¥çª¨  ¨
�.�.�ä¨¬®¢  ([2], â¥®à¥¬ë 1.1 ¨ 1.2) ®¡  ¯¯à®ªá¨¬ â¨¢ëå á¢®©áâ¢ å ¬®¦¥áâ¢ ¢ à ¢®¬¥à-
® ¢ë¯ãª«ëå ¡  å®¢ëå ¯à®áâà áâ¢ å   á«ãç © á¯¥æ¨ «ìëå ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢.

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï ¨ â¥®à¥¬ë

�ãáâì X | ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, ç¥à¥§ ª ¦¤ë¥ ¤¢¥ à §«¨çë¥ â®çª¨ ª®â®-
à®£® ¬®¦® ¯à®¢¥áâ¨ ¥¤¨áâ¢¥ãî ¯àï¬ãî (â. ¥. £¥®¤¥§¨ç¥áªãî ªà¨¢ãî, ¨§®¬¥âà¨çãî ¢á¥©
¢¥é¥áâ¢¥®© ®á¨ R á® áâ ¤ àâ®© ¬¥âà¨ª®© ([4], á. 52)).

� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: xy | à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨ x ¨

y ¯à®áâà áâ¢  X;
�

M (M , FrM) | ¢ãâà¥®áâì (§ ¬ëª ¨¥, £à ¨æ ) ¬®¦¥áâ¢  M � X;
xM = inffxy : y 2 Mg; B(x; r) (B[x; r], S(x; r)) | ®âªàëâë© è à (§ ¬ªãâë© è à, áä¥à ) á
æ¥âà®¬ ¢ â®çª¥ x à ¤¨ãá  r > 0; [x; y] ((x; y)) | § ¬ªãâë© (®âªàëâë©) ®âà¥§®ª á ª®æ ¬¨
x; y 2 X.

�ãáâì � 2 R, !�(x; y) | â®çª    ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ x, y, ã¤®¢«¥â¢®àïîé ï
ãá«®¢¨ï¬

 ) x!�(x; y) = j�jxy;
¡) ¥á«¨ � 2 [0; 1], â® !�(x; y) 2 [x; y];
¢) ¥á«¨ � > 1, â® y 2 (x; !�(x; y));
£) ¥á«¨ � < 0, â® x 2 (!�(x; y); y).

� ¯®¬¨¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï ¨§ [2], [1], [4]. �ãáâì � � 0, M � X, P�x =
fy 2 M : xy � xM + �g, Px = P0x; EM = fx 2 X : Px 6= ;g, TM = fx 2 X : Px ®¤®â®ç¥ç®g;
DMx = lim

�!+0
diam(P�x), T 0M = fx 2 X : DMx = 0g.

�®¦¥áâ¢® M ¨§ X  §ë¢ ¥âáï ¬®¦¥áâ¢®¬ áãé¥áâ¢®¢ ¨ï (ç¥¡ëè¥¢áª¨¬ ¬®¦¥áâ¢®¬),
¥á«¨ EM = X (TM = X). �¥¡ëè¥¢áª®¥ ¬®¦¥áâ¢® M  §ë¢ ¥âáï á¨«ì® ç¥¡ëè¥¢áª¨¬, ¥á«¨
®â®¡à ¦¥¨¥ P : X ! M ¥¯à¥àë¢® ([1], ®¯à¥¤¥«¥¨¥ 3.28). �®á«¥¤®¢ â¥«ì®áâì (yn) � M
 §ë¢ ¥âáï ¬¨¨¬¨§¨àãîé¥© ¤«ï x 2 X, ¥á«¨ lim

n!1
xyn = xM . �®¦¥áâ¢® M � X  §ë¢ ¥âáï

 ¯¯à®ªá¨¬ â¨¢® ª®¬¯ ªâë¬, ¥á«¨ ¤«ï ª ¦¤®£® x 2 X ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì
¨¬¥¥â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, áå®¤ïéãîáï ª í«¥¬¥âã ¨§ ¬®¦¥áâ¢  M . �®¦¥áâ¢® M � X

 §ë¢ ¥âáï â¥«®¬, ¥á«¨ M �
�

M . �®¦¥áâ¢® M  §ë¢ ¥âáï ¢ë¯ãª«ë¬, ¥á«¨ ¤«ï ª ¦¤ëå ¤¢ãå
à §«¨çëå â®ç¥ª x, y ¨§ íâ®£® ¬®¦¥áâ¢  ®âà¥§®ª [x; y] ¯à¨ ¤«¥¦¨â íâ®¬ã ¬®¦¥áâ¢ã. �®¦¥-
áâ¢® M � X  §ë¢ ¥âáï a-¢ë¯ãª«ë¬ (a > 0), ¥á«¨ ¤«ï ª ¦¤®£® í«¥¬¥â  x 2 XnM  ©¤¥âáï
í«¥¬¥â c 2 X â ª®©, çâ® x 2 B(c; a) ¨ M

T
B(c; a) = ;. � ¬ªãâë© è à B[x; a]  §ë¢ ¥âáï

®¯®àë¬ ª ¬®¦¥áâ¢ã M ¢ â®çª¥ y 2M , ¥á«¨ xM = xy = a.
�  ¯à®áâà áâ¢® X ¡ã¤¥¬  « £ âì â ª¦¥ á«¥¤ãîé¨¥ ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï.

A) �«ï ª ¦¤®£® � 2 R ®â®¡à ¦¥¨¥ !� : X � X ! X à ¢®¬¥à® ¥¯à¥àë¢®   ª ¦¤®¬
¬®¦¥áâ¢¥ ¢¨¤  B �B, £¤¥ B | ¯à®¨§¢®«ìë© § ¬ªãâë© è à ¯à®áâà áâ¢  X.
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B) � ¦¤ë© § ¬ªãâë© è à B[p; r] ¯à®áâà áâ¢  X ¢ë¯ãª«ë© ¨ ®¡« ¤ ¥â á¢®©áâ¢®¬: ¥á«¨
lim
n!1

p!1=2(xn; yn) = r ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¥© (xn), (yn) ¨§ è à  B[p; r], â® lim
n!1

xnyn = 0.

�à®áâë¬¨ ¯à¨¬¥à ¬¨ ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ A, B, ï¢«ïîâáï
à ¢®¬¥à® ¢ë¯ãª«ë¥ ¡  å®¢ë ¯à®áâà áâ¢  ¨ ¯à®áâà áâ¢  �®¡ ç¥¢áª®£® (¢ª«îç ï ¡¥áª®¥ç-
®¬¥àë¥).

�à¨¢¥¤¥¬ ¥áª®«ìª® ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨© (¤®ª § â¥«ìáâ¢  ¯¥à¢ëå ¤¢ãå ¨§ ¨å
®ç¥¢¨¤ë,   ®áâ «ìëå | ¨§¢¥áâë).

1. � ¦¤ë© ®âªàëâë© è à ¢ ¯à®áâà áâ¢¥ X ¢ë¯ãª«ë© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤ë©
§ ¬ªãâë© è à ¢ ¯à®áâà áâ¢¥ X ¢ë¯ãª«ë©.

2. �á«¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ B), â® ª ¦¤ ï áä¥à  ¯à®áâà áâ¢  X ¥ á®¤¥à¦¨â ¥¢ëà®-
¦¤¥ëå ®âà¥§ª®¢ (  á ¬®¬ ¤¥«¥ ¤®áâ â®ç® âà¥¡®¢ âì â®«ìª® ¢ë¯ãª«®áâ¨ ª ¦¤®£®
§ ¬ªãâ®£® è à  ¢ ¯à®áâà áâ¢¥ X, ® íâ® ãâ¢¥à¦¤¥¨¥  ¬ ¥ ¯® ¤®¡¨âáï).

3. � ¦¤®¥  ¯¯à®ªá¨¬ â¨¢® ª®¬¯ ªâ®¥ ç¥¡ëè¥¢áª®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ X ï¢«ï-
¥âáï á¨«ì® ç¥¡ëè¥¢áª¨¬ ([4], á«¥¤áâ¢¨¥ 2 ¨«¨ [2], á«¥¤áâ¢¨¥ 2.2).

4. �ãáâì x 2 X, M � X. �á«¨ y 2 Px, z 2 (x; y], â® Pz = y ([2], ¯à¥¤«®¦¥¨¥ 0.3).
5. �ãáâì M | § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ X. �®£¤  M � T 0M � TM ¨ [x; Px] �

T 0M ¤«ï ª ¦¤®£® x ¨§ T 0M ([2], ¯à¥¤«®¦¥¨¥ 1.1).

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯®«ãç¥ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì ¯à®áâà áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A), B). �®£¤  ª ¦¤®¥ ¢ë¯ã-

ª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ï¢«ï¥âáï  ¯¯à®ªá¨¬ â¨¢® ª®¬¯ ªâë¬, ç¥¡ëè¥¢áª¨¬ (  § ç¨â,
¨ á¨«ì® ç¥¡ëè¥¢áª¨¬).

� ¬¥ç ¨¥ 1. �â  â¥®à¥¬  ®¡®¡é ¥â â¥®à¥¬ã �.�¥ª¥ä «ì¢¨-� ¤ì ([1], â¥®à¥¬  3.35, ¤àã£¨¥
®¡®¡é¥¨ï ¢ [2], ¯à¥¤«®¦¥¨ï 2.5, 2.6).

� ¬¥ç ¨¥ 2. �á«®¢¨¥ A) ¢ â¥®à¥¬¥ ¬®¦® ®á« ¡¨âì ¤® ãá«®¢¨ï

A0) �á«¨ lim
n!1

xnyn = 0 ¤«ï ®£à ¨ç¥ëå ¯®á«¥¤®¢ â¥«ì®áâ¥© (xn), (yn) ¯à®áâà áâ¢  X, â®

!1=2(xn; xm)!1=2(yn; ym)! 0 ¯à¨ n!1, m!1.

�¥¬¬  1. �ãáâì ¯à®áâà áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A), B) ¨ x 2 X. �á«¨ ¯®á«¥-

¤®¢ â¥«ì®áâ¨ (yn), (zn), (un) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ xyn = r (r > 0), xzn = r + h (h > 0),
un 2 [x; zn], xun = r (n = 1; 2; : : : ), lim

n!1
ynzn = h, â® lim

n!1
ynun = 0.

�«¥¤ãîé¨¥ «¥¬¬  ¨ â¥®à¥¬  ®¡®¡é îâ «¥¬¬ã ¨ â¥®à¥¬ã �.�.�â¥çª¨  ([2], «¥¬¬  1.1 ¨
â¥®à¥¬  1.1).

�¥¬¬  2. �ãáâì ¯à®áâà áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A), B); x 2 X, 0 < h < H. �®-

£¤  diam(B[z; zy+ �]nB(x; xy)) ! 0 ¯à¨ � ! +0 à ¢®¬¥à® ¯® ¢á¥¬ y; z 2 X, ã¤®¢«¥â¢®àïîé¨¬

ãá«®¢¨ï¬ z 2 (x; y), xy = H, xz = h.

�¥®à¥¬  2. �ãáâì ¯à®áâà áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A), B),   M | ¥¯ãáâ®¥

§ ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ X. �®£¤  ª ¦¤®¥ ¨§ ¬®¦¥áâ¢ TM , T
0

M ï¢«ï¥âáï ¤®-

¯®«¥¨¥¬ ¬®¦¥áâ¢  ¯¥à¢®© ª â¥£®à¨¨ (¢ ç áâ®áâ¨, ¢áî¤ã ¯«®â®).

O¡®¡é ¥â â¥®à¥¬ã �.�.�ä¨¬®¢  ¨ �.�.�â¥çª¨  ([2], â¥®à¥¬  1.2)

�¥®à¥¬  3. �ãáâì M | a-¢ë¯ãª«®¥ â¥«® ¢ ¯à®áâà áâ¢¥ X, ã¤®¢«¥â¢®àïîé¥¬ ãá«®¢¨ï¬

A), B). �®¦¥áâ¢® â®ç¥ª £à ¨æë G = FrM , ¢ ª®â®àëå áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ®¯®àë©

è à à ¤¨ãá  a, ï¢«ï¥âáï ¤®¯®«¥¨¥¬ ¬®¦¥áâ¢  ¯¥à¢®© ª â¥£®à¨¨ ¢ G.
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2. �®ª § â¥«ìáâ¢  ¯®«ãç¥ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®ª ¦¥¬  ¯¯à®ªá¨¬ â¨¢ãî ª®¬¯ ªâ®áâì ¬®¦¥áâ¢  M .
�ãáâì p 2 XnM , (xn) | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì ¢ ¬®¦¥áâ¢¥ M ¨ yn =
[p; xn]

T
S(p; pM) (n = 1; 2; : : : ). �®£¤  lim

n!1
xnyn = lim

n!1
(xnp� pyn) = lim

n!1
(xnp� pM) = 0. �§

ãá«®¢¨ï A) (¨«¨ A0)) á«¥¤ã¥â, çâ® !1=2(xn; xm)!1=2(yn; ym)! 0 ¯à¨ n!1, m!1. �à®¬¥ â®£®,
!1=2(yn; ym) � B[p; pM ], !1=2(xn; xm) 2 M (n;m = 1; 2; : : : ), ¯®áª®«ìªã M , B[p; pM ] | ¢ë¯ãª«ë¥
¬®¦¥áâ¢ .

�ãáâì anm 2 S(p; pM)
T
[!1=2(xn; xm); !1=2(yn; ym)]. �®£¤  pM � !1=2(yn; ym)anm = panm �

!1=2(yn; ym)anm � p!1=2(yn; ym) � pM ¨, § ç¨â, p!1=2(yn; ym) ! pM ¯à¨ n ! 1, m ! 1. �§
ãá«®¢¨ï B) ¯®«ãç¨¬ ynym ! 0 ¯à¨ n!1, m!1. �® ¯à®áâà áâ¢® X ¯®«®¥, ¯®íâ®¬ã  ©¤¥â-
áï â®çª  y 2 S(p; pM) â ª ï, çâ® lim

n!1
yn = y. �§ ¥à ¢¥áâ¢  yxn � xnyn + yyn á«¥¤ã¥â â¥¯¥àì,

çâ® lim
n!1

xn = y 2 M
T
S(p; pM). � ç¨â, ¬®¦¥áâ¢® M  ¯¯à®ªá¨¬ â¨¢® ª®¬¯ ªâ®. �¥à¥á¥ç¥-

¨¥ M
T
S(p; pM) á®¤¥à¦¨â ¥ ¡®«¥¥ ®¤®© â®çª¨. �¥©áâ¢¨â¥«ì®, ¢ ¯à®â¨¢®¬ á«ãç ¥ áä¥à 

á®¤¥à¦ «  ¡ë ¥¢ëà®¦¤¥ë© ®âà¥§®ª, ¯®áª®«ìªã ¬®¦¥áâ¢  M , B(p; pM) ¢ë¯ãª«ë¥. � íâ®
¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã 2. �«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® M ç¥¡ëè¥¢áª®¥.

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �ãáâì cn 2 [zn; yn], cnzn = h (n = 1; 2; : : : ). �®£¤  lim
n!1

yncn =

lim
n!1

(ynzn � h) = 0 ¨ ¯® ãá«®¢¨î A) lim
n!1

!1=2(yn; un)!1=2(cn; un) = 0. �§ ãá«®¢¨ï ¢ë¯ãª«®áâ¨

è à®¢ á«¥¤ãîâ ¥à ¢¥áâ¢  r+h = xzn � x!1=2(yn; un)+!1=2(yn; un)!1=2(cn; un)+!1=2(cn; un)zn �
r + !1=2(yn; un)!1=2(cn; un) + h. �®íâ®¬ã lim

n!1
x!1=2(yn; un) = r. �§ ãá«®¢¨ï B) á«¥¤ã¥â â¥¯¥àì

lim
n!1

unyn = 0.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �«ï ª ¦¤®£® � > 0 ¢ ¬®¦¥áâ¢¥ B[z; zy + �]nB(x; xy) ¯à®¨§-
¢®«ìë¬ ®¡à §®¬ ¢ë¡¥à¥¬ í«¥¬¥â u. �ç¥¢¨¤®, ¤®áâ â®ç® ¤®ª § âì, çâ® uy ! 0 ¯à¨ � ! +0.
�¡®§ ç¨¬ v = [x; u]

T
S(x; xy), w = [z; u]

T
S(z; zy), t = [x; u]

T
S(x; xz). �®£¤  uy � yv+vw+wu.

� áá¬®âà¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ íâ®£® ¥à ¢¥áâ¢ . �¬¥¥¬ wu = zu � zw � �. �§
¥à ¢¥áâ¢ xw � xy = xv, vw � uv+ uw � uv+ xv�xw+uw = xu�xw+uw � 2uw á«¥¤ã¥â, çâ®
vw ! 0 ¯à¨ � ! +0. � ¬¥â¨¬ â ª¦¥, çâ® xt = h, zw = zy = tv = H�h, zv � zw+vw = H�h+vw.
�®íâ®¬ã ¢ á¨«ã «¥¬¬ë 1 tz ! 0 ¯à¨ � ! +0. �§ ãá«®¢¨ï A) á«¥¤ã¥â, çâ® yv ! 0 ¯à¨ � ! +0.
� ª¨¬ ®¡à §®¬, uy ! 0 ¯à¨ � ! +0.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®ª ¦¥¬, çâ® ¬®¦¥áâ¢® F� = fx 2 X : DM � �g § ¬ªãâ®
¤«ï ª ¦¤®£® � > 0. �ãáâì lim

n!1
xn = x, DMxn � � ¤«ï ª ¦¤®£® n 2 f1; 2; : : : g. �®ª ¦¥¬, çâ®

Ptxn � P�x ¯à¨ t < �=2, xxn < �=4. �¥©áâ¢¨â¥«ì®, ¥á«¨ y 2 Ptxn, â® yx � yxn + xxn �
xnM+t+xxn � xM+t+2xxn � xM+�. �«¥¤®¢ â¥«ì®, diam(P�x) � diam(Ptxn) � DMxn � � ¤«ï
ª ¦¤®£® � > 0. �âáî¤  ¯®«ãç ¥¬ DMx � � ¨ x 2 F�. �®ª ¦¥¬ â¥¯¥àì, çâ® ¬®¦¥áâ¢® F� ¨£¤¥ ¥
¯«®â®. �á«¨ íâ® ¥ â ª, â® § ¬ªãâ®¥ ¬®¦¥áâ¢® F� á®¤¥à¦¨â ¥ª®â®àë© § ¬ªãâë© è à B[x; h],
h > 0. �®¦® áç¨â âì, çâ® h < xM . �ãáâì â®çª  w 2 M â ª ï, çâ® xw � xM + �. �®«®¦¨¬
y = [x;w]

T
S(x; xM). �ãáâì â®çª  z 2 [x; y] â ª ï, çâ® xz = h. �®£¤  zw = xw�xz � xM + ��h.

�à®¬¥ â®£®, ¤«ï ª ¦¤®£® u 2 P�z zu � zM + � � zw+ � � xM �h+2�. � ç¨â, P�z � B[z; xM �
h + 2�]nB(x; xM). � á¨«ã á¢®©áâ¢  5 ¨ «¥¬¬ë 2  ©¤¥âáï � > 0 â ª®¥, çâ® DMz � diam(P�z) �
diam(B[z; xM�h+2�]nB(x; xM)) < �. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® z 2 B[x; h] � F�. � ª¨¬
®¡à §®¬, ¤«ï ª ¦¤®£® � > 0 ¬®¦¥áâ¢® F� ¨£¤¥ ¥ ¯«®â®. �à®¬¥ â®£®, fx 2 X : DMx > 0g
ï¢«ï¥âáï ¬®¦¥áâ¢®¬ ¯¥à¢®© ª â¥£®à¨¨, ¯®áª®«ìªã á®¢¯ ¤ ¥â á ®¡ê¥¤¨¥¨¥¬ ¬®¦¥áâ¢ F1=n
(n = 1; 2; : : : ). �®¯®«¥¨¥¬ íâ®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¬®¦¥áâ¢® T 0M . �§ á¢®©áâ¢  5 á«¥¤ã¥â,
çâ® T 0M � TM .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 á®¢¯ ¤ ¥â á â®ç®áâìî ¤® ¥ª®â®àëå ®¡®§ ç¥¨© á ¤®ª § -
â¥«ìáâ¢®¬ â¥®à¥¬ë 1.2 ¢ [2], ¥á«¨ ãç¥áâì «¥¬¬ã 2.
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