
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2006 ���������� ò 4 (527)

��� 512.643

�.�.��������, �.�. �������

� ������� ������ ������� �������

��� ������� ����� �����

�§ «¨¥©®©  «£¥¡àë ¨§¢¥áâ® ( ¯à., [1], á. 101), çâ® á «¨¥©ë¬ ¯à¥®¡à §®¢ ¨¥¬ «¨¥©-
®£® ¯à®áâà áâ¢  V  ¤ ¯®«¥¬ F á¢ï§  ª« áá ['] ¯®¤®¡ëå ¬¥¦¤ã á®¡®© ¬ âà¨æ. � ¨¬¥®,
íâ®â ª« áá á®áâ®¨â ¨§ ¢á¥å ¬ âà¨æ ¯à¥®¡à §®¢ ¨ï ' ¢ à §«¨çëå ¡ §¨á å ¯à®áâà áâ¢  V . �á«¨
A;B 2 ['], â® áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥ ï ¬ âà¨æ  S á í«¥¬¥â ¬¨ ¨§ F â ª ï, çâ® AS = SB.
�®¤®¡¨¥ ¬ âà¨æ A ¨ B  ¤ ¯®«¥¬ à æ¨® «ìëå ç¨á¥« ¡ã¤¥¬ ®¡®§ ç âì A � B. �«ï ¯à®¢¥àª¨
¯®¤®¡¨ï  ¤ ¯®«¥¬ Q ¨¬¥¥âáï  «£®à¨â¬ ( ¯à., [1], á. 154{157) ¯à¨¢¥¤¥¨ï å à ªâ¥à¨áâ¨ç¥áª®©
¬ âà¨æë A��E ª ®à¬ «ì®© ¤¨ £® «ì®© ä®à¬¥ �¬¨â  ¨ ¯®áâà®¥¨ï ¯® ¥© ¥¤¨áâ¢¥®© ª -
®¨ç¥áª®© ¬ âà¨æë F (¢ [1], á. 181, ®   §ë¢ ¥âáï ¥áâ¥áâ¢¥®© ®à¬ «ì®© ä®à¬®© ¬ âà¨æë
A).

�¥à¥¥á¥¬ ¯®ïâ¨¥ ¯®¤®¡¨ï   ª®«ìæ® Z æ¥«ëå ç¨á¥«. �¨«ì® ¢®§à®áè¨¥ âàã¤®áâ¨ § áâ -
¢¨«¨ ®£à ¨ç¨âìáï ¤¢ã¬¥àë¬ á«ãç ¥¬, ¢ ª®â®à®¬ ¡ã¤¥â ¯®«ãç¥  «£®à¨â¬ ¯à®¢¥àª¨ ¯®¤®¡¨ï
¤¢ãå ¬ âà¨æ A ¨ B  ¤ Z ¨, ¥á«¨ ¨å å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¯à¨¢®¤¨¬  ¤ Q, ®¯¨á ë
ª« ááë ¯®¤®¡ëå ¬ âà¨æ.

�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ¬ âà¨æ  B 2 Zn�n ¯®¤®¡  ¬ âà¨æ¥ A 2 Zn�n  ¤
ª®«ìæ®¬ Z, ¥á«¨ áãé¥áâ¢ã¥â S 2 Zn�n â ª ï, çâ® AS = SB ¨ detS 2 f�1; 1g, ¨ ®¡®§ ç âì íâ®
A�B. �à¨ íâ®¬ ¬ âà¨æã S ¡ã¤¥¬  §ë¢ âì Z-âà áä®à¬¨àãîé¥© A ¢ B ¬ âà¨æ¥©.

�ç¥¢¨¤®, ¢¢¥¤¥®¥ ®â®è¥¨¥ ¥áâì ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨.
�«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® Zn�n à §¡¨¢ ¥âáï   ª« ááë íª¢¨¢ «¥â®áâ¨ Kj , j2J . � ª¨¬

®¡à §®¬, ¬®¦® § ¯¨á âì

Zn�n =
[
j2J

Kj :

�¥«®ç¨á«¥ãî ¬ âà¨æã A ¬®¦® à áá¬ âà¨¢ âì ª ª ¬ âà¨æã  ¤ ª®«ìæ®¬ ¢ëç¥â®¢ Z=m,
¥á«¨ ¯®«®¦¨âì A = (resm aij), £¤¥ m |  âãà «ì®¥ ç¨á«®,   resm x | ®áâ â®ª ®â ¤¥«¥¨ï x  
m. �¡®§ ç¨¬ ç¥à¥§ (Z=m)� ¬®¦¥áâ¢® ¤¥«¨â¥«¥© ¥¤¨¨æë ¢ Z=m.

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ¬ âà¨æ  B 2 Zn�n ¯®¤®¡  ¬ âà¨æ¥ A 2 Zn�n  ¤
ª®«ìæ®¬ Z=m, ¥á«¨ áãé¥áâ¢ã¥â S 2 Zn�n â ª ï, çâ® AS � SB (modm) ¨ detS 2 (Z=m)�, ¨
®¡®§ ç âì íâ® A�mB.

� ¤ ç  § ª«îç ¥âáï ¢ â®¬, çâ®¡ë ®¯à¥¤¥«¨âì, ï¢«ïîâáï «¨ ¤¢¥ ¤ ë¥ æ¥«®ç¨á«¥ë¥ ¬ -
âà¨æë A ¨ B ¯®¤®¡ë¬¨, ¨ ¥á«¨ ï¢«ïîâáï, â®  ©â¨ âà áä®à¬¨àãîéãî ¬ âà¨æã.

� ¤ ¯®«¥¬ Q ªà¨â¥à¨¥¬ ¯®¤®¡¨ï ¬ âà¨æ ï¢«ï¥âáï à ¢¥áâ¢®  ¨¡®«ìè¨å ®¡é¨å ¤¥«¨â¥-
«¥© (���) ¬¨®à®¢ k-£® ¯®àï¤ª  ¨å å à ªâ¥à¨áâ¨ç¥áª¨å ¬ âà¨æ. �¡®¡é¥¨¥¬ ¯®ïâ¨ï ���
  ª®«ìæ® Z[�] ï¢«ï¥âáï ¨¤¥ «, ¯®à®¦¤¥ë© ¬¨®à ¬¨ k-£® ¯®àï¤ª  å à ªâ¥à¨áâ¨ç¥áª®© ¬ -
âà¨æë. � ª ª ª Q[�] | ª®«ìæ® £« ¢ëå ¨¤¥ «®¢,   Z[�] â ª®¢ë¬ ¥ ï¢«ï¥âáï, â® íâ® ¯¥à¢®¥
ãá«®¦¥¨¥ ¯à¨ ¯¥à¥å®¤¥ ª Z.

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-
¤®¢ ¨© (ª®¤ ¯à®¥ªâ  ò 05-01-00552-a).
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�¡®§ ç¨¬ ç¥à¥§ Ik(A � �E) ¨¤¥ « ¢ ª®«ìæ¥ Z[�], ¯®à®¦¤¥ë© ¬¨®à ¬¨ k-£® ¯®àï¤ª 
å à ªâ¥à¨áâ¨ç¥áª®© ¬ âà¨æë A � �E,   ç¥à¥§ �k(A) | ��� (à áá¬ âà¨¢ ¥¬ë©  ¤ ª®«ìæ®¬
æ¥«ëå ç¨á¥« Z) ¬¨®à®¢ k-£® ¯®àï¤ª  ¬ âà¨æë A.

�¥®à¥¬  1. �á«¨ A�B, â®
1) A�B,
2) A�mB  ¤ ª®«ìæ®¬ Z=m ¤«ï ¢á¥å m � 2,
3) Ik(A� �E) = Ik(B � �E) ¤«ï ¢á¥å k = 1; : : : ; n,
4) �k(A) = �k(B), k = 1; : : : ; n.

�®ª § â¥«ìáâ¢®. � ª ª ª A�B, â® áãé¥áâ¢ã¥â ¬ âà¨æ  T 2 Zn�n â ª ï, çâ® detT 2 f�1; 1g
¨ AT = TB.

1) �ç¥¢¨¤®, T ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¯®¤®¡¨ï  ¤ ¯®«¥¬ Q.
2) �ç¥¢¨¤®, AT � TB (modm) ¨ det T 2 (Z=m)�, â. ¥. A�mB.
3) (A��E)T = T (B��E), ®âªã¤  A��E = T (B��E)T�1. �§ ä®à¬ã«ë �¨¥{�®è¨ ( ¯à.,

[2], á. 19) á«¥¤ã¥â, çâ® «î¡®© ¬¨®à k-£® ¯®àï¤ª  ¬ âà¨æë A � �E ¯à¨ ¤«¥¦¨â Ik(B � �E).
�«¥¤®¢ â¥«ì®, Ik(A� �E) � Ik(B � �E). � «®£¨ç® ¤®ª §ë¢ ¥âáï ®¡à â®¥ ¢ª«îç¥¨¥.

4) �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¯ãªâã â¥®à¥¬ë.

� ¬¥â¨¬, çâ® ãá«®¢¨¥ 1) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãá«®¢¨ï 3).

�¥®à¥¬  2. �ãáâì A;B 2 Zn�n, A�mB ¨ A�kB, £¤¥ m ¨ k | ¢§ ¨¬® ¯à®áâë¥ ç¨á« .

�®£¤  A �mk B.

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢ãîâ ¬ âà¨æë T = (tij) 2 (Z=m)n�n, S = (sij) 2 (Z=k)n�n â ª¨¥,
çâ®

AT � TB (modm); AS � SB (mod k) (1)

¨ detT 2 (Z=m)�, detS 2 (Z=k)�. � ¢¥áâ¢  (1) ¬®¦® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:
nX

j=1

aijtjl �
nX

j=1

tijajl (modm);
nX
j=1

aijsjl �
nX

j=1

sijajl (modk); i; l = 1; : : : ; n: (2)

�®£« á® ª¨â ©áª®© â¥®à¥¬¥ ®¡ ®áâ âª å

Z=m� Z=k �= Z=mk: (3)

�®áâà®¨¬ ¬ âà¨æã Q = (qij), í«¥¬¥âë ª®â®à®© ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

resm qij = tij ; resk qij = sij : (4)

�â  ¬ âà¨æ  áâà®¨âáï ®¤®§ ç® ¢ á¨«ã ¨§®¬®àä¨§¬  (3). �§ (1), (2) ¨ (4) ¢ëâ¥ª ¥â, çâ®

AQ � AT (modm); AQ � AS (modk); QB � TB (modm); QB � SB (modk):

�«¥¤®¢ â¥«ì®, AQ � QB (modm) ¨ AQ � QB (mod k), ®âªã¤  AQ � QB (modmk) ¢ á¨«ã
¢§ ¨¬®© ¯à®áâ®âë m ¨ k.

�áâ «®áì ¤®ª § âì, çâ® detQ 2 (Z=mk)�. �¥©áâ¢¨â¥«ì®, resm(detQ) = resm(det T ) 2 (Z=m)�,
resk(detQ) = resk(detS) 2 (Z=k)�. �âáî¤  ¢¨¤®, çâ® detQ 2 (Z=mk)�.

�«¥¤áâ¢¨¥ 1. �á«¨ A�mi
B, £¤¥ i = 1; : : : ; s, ���(mi;mj) = 1 ¤«ï ¢á¥å i 6= j, â® A�qB, £¤¥

q = m1 : : : ms.

�«¥¤áâ¢¨¥ 2. �á«¨ A�qB, £¤¥ q = pk ¤«ï «î¡ëå ¯à®áâëå p ¨  âãà «ìëå k, â® A�mB,
¤«ï «î¡®£®  âãà «ì®£® m � 2.

�«¥¤áâ¢¨¥ 3. �ãáâì A;B 2 Zn�n ¨ áãé¥áâ¢ã¥â ¬ âà¨æ  S 2 Zn�n, ã ª®â®à®© detS =
p1

k1 � � � psks ¨ AS = SB. �á«¨ A�qB  ¤ Z=q, £¤¥ q = pi
k, i = 1; : : : ; s, ¤«ï «î¡®£®  âãà «ì-

®£® k, â® A�mB  ¤ Z=m ¤«ï ¢á¥å m � 2.
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�®ª § â¥«ìáâ¢®. �®£¨ç¥áª¨ ¢®§¬®¦ë ¤¢  ¢ à¨ â .
1) ���(m;detS) = 1. �®£¤  AS � SB (modm). �®ª ¦¥¬, çâ® detS 2 (Z=m)�. �¥©áâ¢¨â¥«ì®,

detS = p1
k1 � � � psks � r (modm), ¯à¨ç¥¬ ���(m; r) = 1, â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ ¨¬¥«¨ ¡ë

¯à®â¨¢®à¥ç¨¥ á ¢§ ¨¬®© ¯à®áâ®â®© m ¨ detS.
2) ���(m;detS) = d 6= 1. � ª¨¬ ®¡à §®¬, m = db ¨ ���(b;detS) = 1. �®£¤  A �d B ¯®

á«¥¤áâ¢¨î 1 ¨ A �b B á®£« á® ¯à¥¤ë¤ãé¥¬ã á«ãç î. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ¢§ ¨¬®© ¯à®áâ®âë
d ¨ b ¨ â¥®à¥¬ë 2 ¯®«ãç ¥¬ A�mB.

�«¥¤áâ¢¨¥ 4. �ãáâì A;B 2 Zn�n ¨ áãé¥áâ¢ãîâ ¬ âà¨æë Si 2 Zn�n â ª¨¥, çâ® ASi = SiB,
detSi 6= 0, i = 1; : : : ; l. �á«¨ ���(detS1; : : : ;detSl) = 1, â® A�mB ¤«ï ¢á¥å m � 2.

�ãáâì ¬ âà¨æë A ¨ B ¨¬¥îâ ®¤¨ ¨ â®â ¦¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ d(�), ª®â®àë©
¥¯à¨¢®¤¨¬  ¤ Q. �¢¥¤¥¬ ¥áª®«ìª® ®¡®§ ç¥¨©: MA;B = fS 2 Qn�n j AS = SBg ¨ �A;B =
MA;B

T
Zn�n. �ç¥¢¨¤®, MA;B | ¯®¤¯à®áâà áâ¢® ¢ Qn�n,   �A;B | ¯®¤¬®¤ã«ì ¢ Zn�n. � íâ®¬

á«ãç ¥ ¢¥à®

�â¢¥à¦¤¥¨¥ ([2], á. 193). MA;B = L(S;AS;A2S; : : : ; An�1S) = L(S; SB; SB2; : : : ; SBn�1), £¤¥
S 2 MA;B, detS 6=0,   ¡ãª¢®© L ®¡®§ ç¨«¨ ¬®¦¥áâ¢® ¢á¥å «¨¥©ëå ª®¬¡¨ æ¨© ¬ âà¨æ,

áâ®ïé¨å ¢ áª®¡ª å.

�¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® S | æ¥«®ç¨á«¥ ï ¬ âà¨æ . �ãáâì T1; : : : ; Tn
| ¡ §¨á ¬®¤ã«ï �A;B. �®£¤  ®ç¥¢¨¤ 

�¥¬¬  1. �«ï â®£® çâ®¡ë A � B, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ãà ¢¥¨¥ det(x1T1 +
� � �+xnTn) = �1 ¨¬¥«® à¥è¥¨¥ ¢ æ¥«ëå x1; : : : ; xn.

�á«¨ tij ¥áâì j-© áâ®«¡¥æ ¬ âà¨æë Ti, â®

f(x1; : : : ; xn) = det
� nX

i=1

xiTi

�
=

nX
i1=1

� � �
nX

in=1

xi1 � � � xin det(ti11 ; : : : ; tinn ):

�ã¦® ¢ëïá¨âì, ¨¬¥¥â «¨ ãà ¢¥¨¥ f(x1; : : : ; xn) = �1 à¥è¥¨¥ ¢ æ¥«ëå ç¨á« å. � ª à¥è âì
íâ® ãà ¢¥¨¥ ¢ ®¡é¥¬ á«ãç ¥, ¥¨§¢¥áâ®. �® ¥á«¨ n = 2, â® det(x1T1 + x2T2) = x21 detT1 +
x1x2(det(t11; t

2
2)+det(t

2
1; t

1
2))+x

2
2 detT2 | ¡¨ à ï ª¢ ¤à â¨ç ï ä®à¬ , â. ¥. ¢ íâ®¬ á«ãç ¥ § ¤ ç 

® ¯®¤®¡¨¨ á¢®¤¨âáï ª ª« áá¨ç¥áª®¬ã ¢®¯à®áã â¥®à¨¨ ç¨á¥«| ¯à¥¤áâ ¢«¥¨î æ¥«®£® ç¨á«  (§¤¥áì
�1) ª¢ ¤à â¨ç®© ä®à¬®© ( ¯à., [3], á. 286; [4], á. 310). �®íâ®¬ã ¤«ï ¡®«¥¥ ¤¥â «ì®£® ¨§ãç¥¨ï
¯¥à¥©¤¥¬ ª ¬ âà¨æ ¬ ¢â®à®£® ¯®àï¤ª . �§ âà¥âì¥£® ¥®¡å®¤¨¬®£® ãá«®¢¨ï ¯®¤®¡¨ï ¢ëâ¥ª ¥â
(¯à¨ k = n), çâ® ¥á«¨ A�B, â® å à ªâ¥à¨áâ¨ç¥áª¨¥ ¬®£®ç«¥ë ¬ âà¨æ á®¢¯ ¤ îâ. �ã¤¥¬ íâ®
¯à¥¤¯®« £ âì, ¥ ®£®¢ à¨¢ ï á¯¥æ¨ «ì®.

1. �«ãç © ¯à¨¢®¤¨¬®£® å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ 

�ãáâì � 2Z | ª®à¥ì ¬®£®ç«¥  d(�) ¨ x = (x1; x2)T | á®¡áâ¢¥ë© ¢¥ªâ®à, á®®â¢¥âáâ¢ãî-
é¨© �. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® x 2 Z2 ¨ ���(x1; x2) = 1. �®£¤  áãé¥áâ¢ãîâ
æ¥«ë¥ ç¨á«  y1; y2 â ª¨¥, çâ® det ( x1 y1

x2 y2 ) = det(x; y) = 1. �¥ªâ®àë x ¨ y ®¡à §ãîâ ¡ §¨á ¢ Q2.
� §«®¦¨¬ Ay ¯® íâ®¬ã ¡ §¨áã: Ay = c1x+ c2y. � ¯à®áâà áâ¢¥ Q2 ®¯à¥¤¥«¨¬ «¨¥©®¥ ¯à¥®¡à -
§®¢ ¨¥ ' á ¬ âà¨æ¥© A, â. ¥. [']e = A ¢ áâ ¤ àâ®¬ ¡ §¨á¥ e. �®£¤  ¢ ¡ §¨á¥ x, y

C = ['](x;y) =
�
� c1
0 c2

�
: (5)

� ª¨¬ ®¡à §®¬, C = T�1AT , £¤¥ T = (x; y). �«¥¤®¢ â¥«ì®, A � C ¨ trA = trC, detA =
detC (£¤¥ trA| á«¥¤ ¬ âà¨æë, â. ¥. áã¬¬  í«¥¬¥â®¢ £« ¢®© ¤¨ £® «¨, detA| ®¯à¥¤¥«¨â¥«ì
¬ âà¨æë). �®§¬®¦ë ¤¢  ¢ à¨ â :

1�. d(�) ¨¬¥¥â ®¤¨ ¤¢ãªà âë© ª®à¥ì,
2�. d(�) ¨¬¥¥â ¤¢  à §«¨çëå ª®àï.
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1�. �¬¥¥¬ d(�) = (���)2 = �2�2��+�2, â. ¥. trA = 2� ¨ detA = �2. � ¤ ¯®«¥¬ à æ¨® «ìëå
ç¨á¥« Q ¨¬¥¥¬ ¤¢  ª« áá  Y1(�) ¨ Y2(�) ¯®¤®¡ëå ¬ âà¨æ á ª ®¨ç¥áª¨¬¨ ¬ âà¨æ ¬¨ R0(�) =
( � 0
0 � ) ¨ R1(�) = ( � 1

0 � ) á®®â¢¥âáâ¢¥®, â. ¥. Y1(�) = fA 2 Z2�2 j A � R0(�)g, Y2(�) = fA 2 Z2�2 j
A � R1(�)g. �®á¬®âà¨¬, çâ® ¨§¬¥¨âáï  ¤ Z. � á¨«ã ¢ëè¥áª § ®£® c2 = �. � ª¨¬ ®¡à §®¬,
¢ëà ¦¥¨¥ (5) ¯à¨¨¬ ¥â ¢¨¤ C = ['](x;y) = ( � c1

0 � ). �¥¯¥àì § ¬¥â¨¬, çâ® ¬®¦® áç¨â âì c1 � 0,
â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥, ¢§ï¢ T = (�1 0

0 1 ), ¯®«ãç¨¬ T�1CT = ( � �c1
0 � ). �§ â¥®à¥¬ë 1 á«¥¤ã¥â,

çâ® ¬ âà¨æë Rk1(�) = ( � k1
0 �

) ¨ Rk2(�) = ( � k2
0 �

), £¤¥ k1; k2 � 0, ¥ ¯®¤®¡ë, ¥á«¨ k1 6= k2, â. ª.
I1(R1 � �E) 6= I1(R2 � �E).

� âà¨æë Rk1(�) ¨ Rk2(�) ¯à¥¤áâ ¢«ïîâ à §ë¥ ª« ááë íª¢¨¢ «¥â®áâ¨ ¨ ®¤®§ ç® å -
à ªâ¥à¨§ãîâ ª« áá, ª®â®à®¬ã ¯à¨ ¤«¥¦ â. �®íâ®¬ã ¬ âà¨æ  ¢¨¤  Rk(�) = ( � k

0 � ), £¤¥ k � 0,
ï¢«ï¥âáï ª ®¨ç¥áª®©. � ª¨¬ ®¡à §®¬, ª« áá Y2(�) à §¡¨¢ ¥âáï   áç¥â®¥ ç¨á«® ¯®¤ª« áá®¢
Kj(�) = fA 2 Z2�2 j A � Rj(�)g, ª ¦¤ë© ¨§ ª®â®àëå å à ªâ¥à¨§ã¥âáï ª ®¨ç¥áª®© ¬ âà¨æ¥©
Rj(�) = ( � j

0 �
), £¤¥ j � 1. �¥¬ á ¬ë¬ ¤®ª §  

�¥®à¥¬  3. �á«¨ d(�) = (�� �)2, £¤¥ � 2 Z, â®
1) A � B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  I1(A� �E) = I1(B � �E),
2) Y1(�) = K0(�), Y2(�) = [

j�1
Kj(�), £¤¥ Kj(�) = fA 2 Z2�2 j A � Rj(�)g,   Rj(�) = ( � j

0 � ),

j � 0, | ª ®¨ç¥áª ï ¬ âà¨æ .

2�. �á«¨ ª®à¨ ¯à®áâë¥, â® d(�) = (� � �)(� � �), â. ¥. trA = � + � ¨ detA = ��. �¥ ã¬¥ì-
è ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® � > �. � ¤ ¯®«¥¬ Q ¨¬¥¥¬ ®¤¨ ª« áá Y3(�; �) = fA 2
Z2�2 j A � R0(�; �)g ¯®¤®¡ëå ¬ âà¨æ á ª ®¨ç¥áª®© ¬ âà¨æ¥© R0(�; �) =

�
� 0
0 �

�
. � ©¤¥âáï

á®¡áâ¢¥ë© ¢¥ªâ®à x = (x1; x2)T 2 Z2 á ���(x1; x2) = 1, á®®â¢¥âáâ¢ãîé¨© �, â. ¥. Ax = �x.
� ©¤¥¬ y = (y1; y2)T 2 Z2 â ª®©, çâ® det(x; y) = 1. � ¤ ®¬ á«ãç ¥ c2 = �. �®£¤  (5) ¯à¨-
¬¥â ¢¨¤ C = ['](x;y) = ( � c1

0 � ). �®-¯¥à¢ëå, ¬®¦® áç¨â âì, çâ® 0 � c1 < � � �. �¥©áâ¢¨â¥«ì®,
c1 = q(� ��) + r, £¤¥ 0 � r < � � �. �®£¤  T�1CT = ( � r

0 � ) = Rr(�; �), ¥á«¨ T = ( 1 q
0 1 ). �®-¢â®àëå,

¬®¦® áç¨â âì, çâ® 0 � c1 � [���
2
], â. ª. S�1Rr(�; �)S =

�
� (���)�r
0 �

�
, £¤¥ S =

�
1 �1
0 �1

�
. �¥¯¥àì

ã¡¥¤¨¬áï ¢ â®¬, çâ® ¬ âà¨æë Rk1(�; �) =
�
� k1
0 �

�
¨ Rk2(�; �) =

�
� k2
0 �

�
¥ ¯®¤®¡ë, ¥á«¨ k1 6= k2 ¨

0 � k1; k2 � [���
2
]. �à¥¤¯®«®¦¨¬, çâ®  ©¤¥âáï ã¨¬®¤ã«ïà ï ¬ âà¨æ  T =

�
t11 t12
t21 t22

�
â ª ï, çâ®

Rk1(�; �)T = TRk2(�; �). �®£¤  Rk1(�; �)T =
�
�t11+k1t21 �t12+k1t22

�t21 �t22

�
=
�
�t11 k2t11+�t12
�t21 k2t21+�t22

�
= TRk2(�; �).

�âáî¤  ¢¨¤¨¬, çâ® t21 = 0 ¨ (� ��)t12 = k1t22� k2t11, § ç¨â, t11t22 = �1 ¨ (� ��)t12 = �k1� k2.
�® â®£¤  t12 ¥ ¬®¦¥â ¡ëâì æ¥«ë¬ ¢ á¨«ã ®£à ¨ç¥¨©   k1; k2. � ª¨¬ ®¡à §®¬,  ¤ ª®«ìæ®¬ Z
ª« áá Y3(�; �) à §¤¥«¨«áï   ª®¥ç®¥ ç¨á«® ¯®¤ª« áá®¢ Kj(�; �) = fA 2 Z2�2 j A � Rj(�; �)g , ¨
¬ âà¨æ  ¢¨¤  Rj(�; �) =

�
� j
0 �

�
, £¤¥ 0 � j � [���

2
], ï¢«ï¥âáï ª ®¨ç¥áª®©. �§ ¢ëè¥¨§«®¦¥®£®

á«¥¤ã¥â

�¥®à¥¬  4. �á«¨ d(�) = (� � �)(� � �), �; � 2 Z, � > �, â® Y3(�; �) =
[ ���

2
]

[
j=0

Kj(�; �), £¤¥

Kj(�; �) = fA 2 Z2�2 j A � Rj(�; �)g,   Rj(�; �) =
�
� j
0 �

�
, 0 � j � [���

2
], | ª ®¨ç¥áª ï

¬ âà¨æ .

�¥®à¥¬  4 ¯®§¢®«ï¥â áâà®¨âì ¯à¨¬¥àë, ¯®ª §ë¢ îé¨¥, çâ® ãá«®¢¨ï, áä®à¬ã«¨à®¢ ë¥ ¢
â¥®à¥¬¥ 1, ¥ ï¢«ïîâáï ¤®áâ â®çë¬¨ ¤«ï ¯®¤®¡¨ï ¤¢ãå ¬ âà¨æ.

�à¨¬¥à 1. � áá¬®âà¨¬ A = ( 1 1
0 6 ) ¨ B = ( 1 2

0 6 ). �ë¯®«¥¨¥ ¯¥à¢®£®, âà¥âì¥£® ¨ ç¥â¢¥àâ®£®
ãá«®¢¨© ®ç¥¢¨¤®, ¯à¨ç¥¬ AT = TB, £¤¥ T = ( 1 0

0 2 ). �«ï ¯à®¢¥àª¨ ¢â®à®£® ãá«®¢¨ï ¢ á¨«ã
á«¥¤áâ¢¨ï 3 ¤®áâ â®ç® ¯®ª § âì, çâ® A �m B, £¤¥ m = 2k, k |  âãà «ì®¥ ç¨á«®. �«ï íâ®£®
¢ ª ç¥áâ¢¥ âà áä®à¬¨àãîé¥© ¬ âà¨æë ¬®¦® ¢§ïâì S = ( 1 1

0 7 ). �® ¯® â¥®à¥¬¥ 4 A ¨ B |
ª ®¨ç¥áª¨¥ ¬ âà¨æë ¨§ à §ëå ª« áá®¢ íª¢¨¢ «¥â®áâ¨, â. ¥. ®¨ ¥ ¯®¤®¡ë.

�ãáâì A = ( a11 a12
a21 a22 ), B =

�
b11 b12
b21 b22

�
. �«¥¤®¢ â¥«ì®, t = a11 + a22 = b11 + b22, s = detA = detB,

  å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¨¬¥¥â ¢¨¤ d(�) = �2 � t�+ s. �ç¥¢¨¤®, ¥á«¨ � 2 Z, â® A ¨ B
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¯®¤®¡ë  ¤ Z â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A��E ¨ B��E ¯®¤®¡ë  ¤ Z. �á«¨ ¢ ª ç¥áâ¢¥ �
¢§ïâì [ t

2
], â® ¢®§¬®¦ë ¤¢  á«ãç ï.

1) t| ç¥â®¥ ç¨á«®. �®£¤  á«¥¤ ¬ âà¨æ A��E ¨ B��E ¡ã¤¥â à ¢¥ 0,   å à ªâ¥à¨áâ¨ç¥áª¨©
¬®£®ç«¥ § ¯¨è¥âáï ¢ ¢¨¤¥

d(�) = �2 � d; (6)

£¤¥ d = �2 � detA. � íâ®¬ á«ãç ¥

A� �E =
�
a a1
a2 �a

�
; B � �E =

�
b b1
b2 �b

�
: (7)

2) t | ¥ç¥â®¥ ç¨á«®. �®£¤  á«¥¤ ¬ âà¨æ A� �E ¨ B � �E ¡ã¤¥â à ¢¥ 1,   å à ªâ¥à¨áâ¨-
ç¥áª¨© ¬®£®ç«¥

d(�) = �2 � �� d; (8)

£¤¥ d = �2 + �� detA. � íâ®¬ á«ãç ¥

A� �E =
�
a+ 1 a1
a2 �a

�
; B � �E =

�
b+ 1 b1
b2 �b

�
: (9)

�â ª, ¨áå®¤ãî § ¤ çã á¢¥«¨ ª § ¤ ç¥ ® ¯®¤®¡¨¨ ¬ âà¨æ ¢¨¤  (7) ¨«¨ (9).

2. �«ãç © ¥¯à¨¢®¤¨¬®£® å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ 

�â ª, ¯à¥¤¯®« £ ¥¬, çâ® å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ (¨¬¥îé¨© ¢¨¤ (6) ¨«¨ (8)) ¥¯à¨-
¢®¤¨¬  ¤ ¯®«¥¬ Q (®âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® A ¨ B ¥¢ëà®¦¤¥ë).

� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  d(�) = �2 � � � d. � íâ®¬ á«ãç ¥ A =
�
a+1 b
c �a

�
¯®¤®¡ 

 ¤ ¯®«¥¬ à æ¨® «ìëå ç¨á¥« ¬ âà¨æ¥ �à®¡¥¨ãá  F = ( 1 1
d 0 ), £¤¥ d = a2 + a + bc, b 6= 0 ¨

c 6= 0. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ��� ¬¨®à®¢ «î¡®£® ¯®àï¤ª  ¨å å à ªâ¥à¨áâ¨ç¥áª¨å ¬ âà¨æ
®¤¨ ª®¢ë (¤¥©áâ¢¨â¥«ì®, ��� ¬¨®à®¢ ¯¥à¢®£® ¯®àï¤ª  à ¢¥ 1,   ¢â®à®£® | d(�)). �ëïá¨¬,
®áâ ¥âáï «¨ íâ®â ä ªâ ¢¥àë¬  ¤ Z. � §¨á®¬ ¬®¤ã«ï �A;F ï¢«ïîâáï ¬ âà¨æë ( a+1 1

c 0 ) ¨
�

b 0
�a 1

�
.

� ª¨¬ ®¡à §®¬, �A;F á®áâ®¨â ¨§ ¬ âà¨æ ¢¨¤  S =
�
x(a+1)+yb x
cx�ay y

�
, x; y 2 Z,   detS = �cx2 +

(2a + 1)xy + by2. �®«ãç¨«¨ ¡¨ àãî ª¢ ¤à â¨çãî ä®à¬ã. � ¬¥â¨¬, çâ® ¥¥ ¤¨áªà¨¬¨ â
á®¢¯ ¤ ¥â á ¤¨áªà¨¬¨ â®¬ ¨áå®¤®£® å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ . �ëïá¨¬, à §à¥è¨¬®
«¨ ¢ æ¥«ëå ç¨á« å ãà ¢¥¨¥

� cx2 + (2a+ 1)xy + by2 = �1: (10)

�®¬®¦¨¢ (10)   4b, ¯®«ãç¨¬ à ¢®á¨«ì®¥ (10) ãà ¢¥¨¥

(2by + (2a+ 1)x)2 �Dy2 = �4b; (11)

£¤¥ D = 1+4d. �«ï â®£® çâ®¡ë ãà ¢¥¨¥ (11) ¨¬¥«® à¥è¥¨¥ ¢ æ¥«ëå x ¨ y ( , á®®â¢¥âáâ¢¥®,
¨ ¤«ï ¯®¤®¡¨ï ¬ âà¨æ A ¨ F ), ¥®¡å®¤¨¬®, çâ®¡ë ¤«ï «î¡®£® ¯à®áâ®£® p, ï¢«ïîé¥£®áï ¤¥«¨-
â¥«¥¬ D, å®âï ¡ë ®¤® ¨§ ç¨á¥« �4b ¡ë«® ¯®«ë¬ ª¢ ¤à â®¬ ¢ ¯®«¥ ¢ëç¥â®¢ Z=p. �¥¬ á ¬ë¬
¯®«ãç¨«¨ ¯ïâ®¥ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¯®¤®¡¨ï ¯à¨ p � 1 (mod4), â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ (¥á«¨
p � �1 (mod 4)) «¨¡® 4b, «¨¡® �4b ï¢«ï¥âáï ¯®«ë¬ ª¢ ¤à â®¬ ¢ Z=p. � ¬¥â¨¬, çâ® ¢ á¨«ã
à ¢®¯à ¢¨ï b ¨ c   «®£¨ç®¥ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ä®à¬ã«¨àã¥âáï ¨ ¤«ï c.

�¥¯¥àì ¯¥à¥©¤¥¬ ª á«ãç î, ª®£¤  d(�) = �2 � d. �à¨ íâ®¬ A =
�
a b
c �a

�
¯®¤®¡   ¤ ¯®«¥¬

Q ¬ âà¨æ¥ �à®¡¥¨ãá  F = ( 0 1
d 0 ), £¤¥ d = a2 + bc, b 6= 0 ¨ c 6= 0. �¤¥áì ¡ §¨á®¬ ¬®¤ã«ï �A;F

ï¢«ïîâáï ¬ âà¨æë ( a 1
c 0 ) ¨

�
b 0
�a 1

�
, â. ¥. «î¡ ï ¬ âà¨æ  ¨§ �A;F ¨¬¥¥â ¢¨¤ S =

�
ax+by x
cx�ay y

�
, x; y 2 Z,  

detS = �cx2+2axy+by2. � «®£¨ç® ¯à¥¤ë¤ãé¥¬ã á«ãç î ¨¬¥¥¬ ãà ¢¥¨¥ �cx2+2axy+by2 =
�1, íª¢¨¢ «¥â®¥

(by + ax)2 � dy2 = �b: (12)
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�â®¡ë (12) ¨¬¥«® à¥è¥¨¥ ¢ æ¥«ëå ç¨á« å, ¯®«ãç ¥¬   «®£¨ç®¥ ¯à¥¤ë¤ãé¥¬ã á«ãç î ¥®¡-
å®¤¨¬®¥ ãá«®¢¨¥ (å®âï ¡ë ®¤® ¨§ ç¨á¥« �b ¨ å®âï ¡ë ®¤® ¨§ ç¨á¥« �c ¤®«¦ë ¡ëâì ¯®«ë¬¨
ª¢ ¤à â ¬¨ ¢ ¯®«¥ ¢ëç¥â®¢ Z=p ¤«ï «î¡®£® ¯à®áâ®£® p, ï¢«ïîé¥£®áï ¤¥«¨â¥«¥¬ d).

�ïâ®¥ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¥ á«¥¤ã¥â ¨§ ¯¥à¢ëå ç¥âëà¥å, çâ® ¯®ª §ë¢ ¥â

�à¨¬¥à 2. A = ( 0 2
5 0 ), F = ( 0 1

10 0 ), d = 10; A�F , â. ª. AS = SF , £¤¥ S = ( 2 0
0 1 ). �«ï ¯à®¢¥àª¨

¢â®à®£® ¥®¡å®¤¨¬®£® ãá«®¢¨ï ¢ á¨«ã á«¥¤áâ¢¨ï 3 ¤®áâ â®ç® ã¡¥¤¨âìáï, çâ® A�mF ¤«ï m = 2k.
�¤¥áì ¢ ª ç¥áâ¢¥ âà áä®à¬¨àãîé¥© ¬®¦® ¢§ïâì ¬ âà¨æã T = ( 0 1

5 0 ). �® ¯ïâ®¥ ¥®¡å®¤¨¬®¥
ãá«®¢¨¥  àãè ¥âáï, â. ª. ¨ ®¤® ¨§ ç¨á¥« �2 ¥ ï¢«ï¥âáï ª¢ ¤à â®¬ ¢ ¯®«¥ ¢ëç¥â®¢ Z=5.
�«¥¤®¢ â¥«ì®, A ¨ F ¥ ¯®¤®¡ë  ¤ Z.

�â® ¥é¥ ®¤¨ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¯®¤®¡¨ï, áä®à¬ã«¨à®¢ ë¥
¢ â¥®à¥¬¥ 1, ¥ ï¢«ïîâáï ¤®áâ â®çë¬¨. �® ¨ ¢á¥ ¯ïâì ¥®¡å®¤¨¬ëå ãá«®¢¨© ¢ á®¢®ªã¯®áâ¨ ¥
ï¢«ïîâáï ¤®áâ â®çë¬¨. �â® ¬ë ¯à®¤¥¬®áâà¨àã¥¬   á«¥¤ãîé¥¬ ¯à¨¬¥à¥ (ª®â®àë© ¯®«ãç¥
  ®á®¢¥ ¯à¨¬¥à  ¨§ ([4], á. 314).

�à¨¬¥à 3. � áá¬®âà¨¬ A = ( 0 2
41 0 ), F = ( 0 1

82 0 ), d = 82. �¥âàã¤® ¯à®¢¥à¨âì ¢ë¯®«¥¨¥
¥®¡å®¤¨¬ëå ãá«®¢¨© ¨§ â¥®à¥¬ë 1. �¯à ¢¥¤«¨¢®áâì ¯ïâ®£® ãá«®¢¨ï á«¥¤ã¥â ¨§ â®£®, çâ® ®¡ 
ç¨á«  �2 ï¢«ïîâáï ª¢ ¤à â ¬¨ ¢ ¯®«¥ ¢ëç¥â®¢ Z=41,   ¨¬¥®, 112 � �2 (mod 41) ¨ 172 �
2 (mod 41). �®, ¥á¬®âàï   íâ®, ª¢ ¤à â¨ç ï ä®à¬  2y2 � 41x2 ¥ ¯à¥¤áâ ¢«ï¥â ¨ ®¤® ¨§
ç¨á¥« �1, â. ¥. A ¨ F ¥ ¯®¤®¡ë  ¤ Z.

�¥®à¥¬  5. �á«¨ d(�) ¥¯à¨¢®¤¨¬  ¤ Q, â® ¬®¦¥áâ¢® ¬ âà¨æ á å à ªâ¥à¨áâ¨ç¥áª¨¬

¬®£®ç«¥®¬ d(�) à á¯ ¤ ¥âáï   ª®¥ç®¥ ç¨á«® ª« áá®¢ íª¢¨¢ «¥â®áâ¨.

�®ª § â¥«ìáâ¢®. 1) �ãáâì d > 0. � áá¬®âà¨¬ á«ãç ©, ª®£¤  d(�) = �2�d. �®£¤  A =
�
a b
c �a

�
,

a � 0, a2 + bc = d > 0. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â â ª®¥ r � 0, çâ® A � �
r b1
c1 �r

�
, £¤¥

b1 � r + 1; c1 � r + 1: (13)

�¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® b > 0 ¨«¨ c > 0. �¥©áâ¢¨â¥«ì®, ¥á«¨ b < 0, â®
A � B, £¤¥ B =

�
a �b
�c �a

�
, â. ª. AE1 = E1B,   E1 = ( 1 0

0 �1 ) (  «®£¨ç®, ¥á«¨ c < 0).
� ¬¥â¨¬, çâ® ¥á«¨ j b j� a+ 1 ¨ j c j� a+ 1, â® bc > 0, â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ ¨¬¥«¨

¡ë a2 > �bc � (a+ 1)2, çâ® ¥¢¥à®. � ãç¥â®¬ ¯à¥¤ë¤ãé¥£® § ¬¥ç ¨ï ¢ íâ®¬ á«ãç ¥ ¬®¦®
áç¨â âì, çâ® b > 0 ¨ c > 0.

�®§¬®¦ë âà¨ ¢ à¨ â .
1. �á«¨ 0 < b � a, â®, à §¤¥«¨¢ a   b á ®áâ âª®¬, ¯®«ãç¨¬ a = q1b+ r1, £¤¥ 0 � r1 < b. �®£¤ 

AT = TB1, £¤¥ T =
�

1 0
�q1 1

�
,   B1 =

�
r1 b
c1 �r1

�
.

2. �á«¨ 0 < c � a, â®, à §¤¥«¨¢ a   c á ®áâ âª®¬, ¯®«ãç¨¬ a = q2c+ r2, £¤¥ 0 � r2 < c. �®£¤ 
AS = SB2, £¤¥ S = ( 1 q2

0 1 ),   B2 =
�
r2 b2
c �r2

�
.

3. �á«¨ b � a+ 1 ¨ c � a+ 1, â® ãá«®¢¨ï (13) ¢ë¯®«¥ë, çâ® ¨ âà¥¡®¢ «®áì.
�®á«¥ ¢ë¯®«¥¨ï ¤¥©áâ¢¨© ¢ ¯¥à¢®¬ ¨«¨ ¢® ¢â®à®¬ ¢ à¨ â å ¤«ï ®¢®© ¬ âà¨æë (B1 ¨«¨

B2) á®¢  ¡ã¤¥â á¯à ¢¥¤«¨¢ ®¤¨ ¨§ âà¥å ¢ à¨ â®¢. �® á ª ¦¤ë¬ è £®¬ í«¥¬¥â a   £« ¢®©
¤¨ £® «¨ ¡ã¤¥â ã¬¥ìè âìáï ¨ ¢ á¨«ã ¥£® ¥®âà¨æ â¥«ì®áâ¨ ¢ ª®æ¥ ª®æ®¢ ¯à¨¤¥¬ ª âà¥âì¥¬ã
¢ à¨ âã. �®£¤  d = a2 + bc � a2 + (a+ 1)2, ®âªã¤  á«¥¤ã¥â a � [

p
2d�1�1

2
].

� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  d(�) = �2 � � � d. �à¨ íâ®¬ ®£à ¨ç¥¨¥   a

¨¬¥¥â ¢¨¤ a � [
p
8d+1�3

4
].

2) �ãáâì d < 0. �¤¥áì ¬®¦® ¯à¨¬¥¨âì â¥ ¦¥ ¤¥©áâ¢¨ï, ª®â®àë¥ ¯à®¢®¤¨«¨áì ¢ ¯à¥¤ë¤ãé¥¬
á«ãç ¥, ¨ ¤®¡¨âìáï â®£®, çâ®¡ë ¤«ï ¬ âà¨æë A =

�
a b
c �a

�
, a � 0, a2 + bc = d < 0, ¨¬¥«¨ ¬¥áâ®

¥à ¢¥áâ¢  b � a+ 1, c � a+ 1. � íâ®¬ á«ãç ¥ �d =j d j= �bc � a2 � (a+ 1)2 � a2 = 2a+ 1,
®âªã¤  a � [ jdj�1

2
]. �á«¨ ¦¥ d(�) = �2 � � � d, â® j d j= �bc � a2 � a � (a+ 1)2 � a2 � a = a+ 1,

®âªã¤  a � j d j �1.
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�ãáâì S1 ¨ S2 | ¡ §¨á �A;B, â®£¤  ¯à®¨§¢®«ìãî ¬ âà¨æã ¨§ �A;B ¬®¦® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ xS1 + yS2 ¤«ï ¥ª®â®àëå x ¨ y ¨§ Z . � è  § ¤ ç  á®áâ®¨â ¢ â®¬, çâ®¡ë ®¯à¥¤¥«¨âì,
áãé¥áâ¢ã¥â «¨ ¢ �A;B ¬ âà¨æ  á ®¯à¥¤¥«¨â¥«¥¬ 1 ¨«¨ �1. �ãáâì S 2 �A;B, â®£¤  detS = f(x; y) =
det(xS1 + yS2) = x2 detS1 + xy(det(s11; s

2
2) + det(s21; s

1
2)) + y2 detS2, £¤¥ s11, s

1
2 | áâ®«¡æë ¬ âà¨æë

S1,   s21, s
2
2 | áâ®«¡æë ¬ âà¨æë S2.

�¥®à¥¬  6. �ãáâì A = ( a11 a12
a21 a22 ), B =

�
b11 b12
b21 b22

�
¨ ¨å å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥

d(�) ¥¯à¨¢®¤¨¬  ¤ Q. �®£¤  ¡ §¨á ¬®¤ã«ï �A;B ®¡à §ãîâ ¬ âà¨æë T1 = 1
�1

�
a12 0

b11�a11 b12

�
¨

T2 = 1
�

�
a12
�1


a12
�2

b21
�2

+
b11�a11

�1


b22�a11
�2

+
b12
�1



�
, £¤¥ �1 =���(a12; b12; b11 � a11), �2 =���(a12; b21; b22 � a11),

� =���(a12
�1
; a12
�2
),    ã¤®¢«¥â¢®àï¥â áà ¢¥¨î b12

�1
 � a11�b22

�2
(mod�).

�®ª § â¥«ìáâ¢®. � ª ª ª d(�) ¥¯à¨¢®¤¨¬, â® a12 6= 0. �à¥¦¨¥ ®¡®§ ç¥¨ï ¯à¨ n = 2
¨¬¥îâ ¢¨¤ MA;B = fS 2 Q2�2 j AS = SBg ¨ �A;B =MA;B \Z2�2. � ª ç¥áâ¢¥ ¡ §¨á  MA;B ¬®¦®
¢§ïâì ¬ âà¨æë S1 =

�
a12 0

b11�a11 b12

�
, S2 =

�
0 a12
b21 b22�a11

�
.

�¡®§ ç¨¬ �1 =���(a12; b12; b11 � a11), �2 =���(a12; b21; b22 � a11). �«¥¤®¢ â¥«ì®, S1 ¨ S2

¬®¦® á®ªà â¨âì   �1 ¨ �2 á®®â¢¥âáâ¢¥®. �®«ãç¨¬ ¬ âà¨æë S01, S
0
2. �å ¬®¦® ¯à¥¤áâ ¢¨âì

¢ ¢¨¤¥ ç¥âëà¥å¬¥àëå ¢¥ªâ®à®¢ s1 = ( a12
�1

0
b11�a11

�1

b12
�1
)T , s2 = ( 0 a12

�2

b21
�2

b22�a11
�2

)T , ®¡à §ãîé¨å

¬ âà¨æã G =
�

a12
�1

0
b11�a11

�1

b12
�1

0
a12
�2

b21
�2

b22�a11
�2

�T
. �ç¥¢¨¤®, ¯®¤¯à®áâà áâ¢® L ¢ Q4, ¡ §¨á ª®â®à®£® ®¡à -

§ãîâ s1; s2, ¨§®¬®àä® MA;B. � ¬ ã¦®  ©â¨ ¡ §¨á ¬®¤ã«ï L \Z4. ��� í«¥¬¥â®¢ ¬ âà¨æë
G à ¢¥ 1,   ��� ¬¨®à®¢ ¢â®à®£® ¯®àï¤ª  à ¢¥

� = ���
�
a12a12
�1�2

;
a12b21
�1�2

;
a12(b22 � a11)

�1�2
;
a12b12
�1�2

;
a12(b11 � a11)

�1�2
;
a12a21
�1�2

�
=

= ���
�
a12
�1
���

�
a12
�2

;
b21
�2
;
b22 � a11

�2

�
;
a12
�2
���

�
b12
�1
;
b11 � a11

�1
;
a21
�1

��
= ���

�
a12
�1

;
a12
�2

�
:

� áá¬®âà¨¬ á¨áâ¥¬ã áà ¢¥¨© G ( xy ) � 0 (mod�), ª®â®à ï íª¢¨¢ «¥â  ®¤®¬ã áà ¢¥¨î

b12
�1
x+

b22 � a11
�2

y � 0 (mod�):

�®¦¥áâ¢® à¥è¥¨© ¤ ®£® áà ¢¥¨ï ï¢«ï¥âáï  ¤¤¨â¨¢®© æ¨ª«¨ç¥áª®© £àã¯¯®©. �ãáâì
(�; �) | ¥¥ ¯®à®¦¤ îé¨© í«¥¬¥â, â®£¤  �s1+�s2 � 0 (mod�), ¯à¨ç¥¬���(�;�) =���(�;�)=1,
â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ å®âï ¡ë ®¤¨ ¨§ ¢¥ªâ®à®¢ s1; s2 ¬®¦® ¡ë«® ¡ë á®ªà â¨âì   ¥ª®-
â®àë© ¬®¦¨â¥«ì. �«¥¤®¢ â¥«ì®, ¢ ª ç¥áâ¢¥ ¯®à®¦¤ îé¥£® ¬®¦® ¢§ïâì ¢¥ªâ®à (; 1), £¤¥ 
ã¤®¢«¥â¢®àï¥â áà ¢¥¨î b12

�1
 � a11�b22

�2
(mod�). � ª¨¬ ®¡à §®¬, ¡ §¨á ¬®¤ã«ï L\Z4 ®¡à §ãîâ

¢¥ªâ®àë s1 ¨ s3 = 1
�
(s1 + s2) = 1

�
( a12

�1


a12
�2

b21
�2

+
b11�a11

�1


b22�a11
�2

+
b12
�1

 )T . � ç¨â, ¡ §¨á ¬®¤ã«ï �A;B

®¡à §ãîâ ¬ âà¨æë T1 = S
0

1 =
1
�1

�
a12 0

b11�a11 b12

�
¨ T2 = 1

�
(S

0

1+S
0

2) =
1
�

�
a12
�1


a12
�2

b21
�2

+
b11�a11

�1


b22�a11
�2

+
b12
�1



�
.

�«¥¤áâ¢¨¥ 5. �ãáâì ¢¥àë ãá«®¢¨ï ¯à¥¤ë¤ãé¥© â¥®à¥¬ë. �®£¤  ª¢ ¤à â¨ç ï ä®à¬  f(x; y)
¨¬¥¥â ¢¨¤ f(x; y) = x2 a12b12

�2
1

+xy(2a12b12
�2
1
�
+a12(b22�b11)

�1�2�
)+y2(a12b12

�2
1
�2 

2+a12(b22�b11)
�1�2�2 �a12b21

�2
2
�2 ) ¨ d

D
= (�1; �2)2,

£¤¥ d | ¤¨áªà¨¬¨ â d(�), D | ¤¨áªà¨¬¨ â f(x; y), (�1; �2) | ��� �1 ¨ �2.

3. �«£®à¨â¬ ®¯à¥¤¥«¥¨ï ¯®¤®¡¨ï

� ë ¤¢¥ ¬ âà¨æë A;B 2 Z2�2

1. � å®¤¨¬ trA ¨ trB. �á«¨ trA 6= trB, â® A ¨ B ¥ ¯®¤®¡ë. �á«¨ trA = trB, â® ¯¥à¥å®¤¨¬
ª ¯. 2.

2. � å®¤¨¬ detA ¨ detB. �á«¨ detA 6= detB, â® A ¨ B ¥ ¯®¤®¡ë. �á«¨ detA = detB, â®
¯¥à¥å®¤¨¬ ª ¯. 3.
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3. �ãáâì d(�) = �2�a�+b| å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æA ¨B, £¤¥ a = trA = trB,
b = detA = detB. �á«¨ d(�) ¯à¨¢®¤¨¬  ¤ Z, â. ¥. ¨¬¥¥â ¢¨¤ d(�) = (� � �)(� � �), �; � 2 Z, â®
¯¥à¥å®¤¨¬ ª ¯. 4, ¢ ¯à®â¨¢®¬ á«ãç ¥ ª ¯. 5.

4. � å®¤¨¬ ¢¥ªâ®àë xA; xB 2 Z2 | á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¬ âà¨æ A ¨ B, á®®â¢¥âáâ¢ãîé¨¥
�, â ª¨¥, çâ® ���(xA1 ; x

A
2 ) = 1, ���(xB1 ; x

B
2 ) = 1. � å®¤¨¬ â ª¨¥ ¢¥ªâ®àë yA; yB 2 Z2, çâ®

det(xA; yA) = 1, det(xB ; yB) = 1. � «¥¥ à áª« ¤ë¢ ¥¬ ¢¥ªâ®à AyA ¯® ¡ §¨áã xA; yA,   ¢¥ªâ®à ByB

¯® ¡ §¨áã xB; yB. �®«ãç ¥¬ AyA = c1x
A+�yA, ByB = c2x

B+�yB. �¡®§ ç¨¬ S1 = (xA; yA); S2 =
(xB; yB). �á«¨ � = �, â® ¯¥à¥å®¤¨¬ ª ¯. 4.1, ¨ ç¥ ª ¯. 4.2.

4.1. �á«¨ c1 = c2, â® A�B ¨ AS = SB, £¤¥ S = S1S
�1
2 . �á«¨ c1 = �c2, â® A�B ¨ AS = SB, £¤¥

S = S1T
�1S�12 , T = (�1 0

0 1 ). �á«¨ jc1j 6= jc2j, â® A ¨ B ¥ ¯®¤®¡ë.
4.2. �ç¨â ¥¬, çâ® � > �. �¥«¨¬ á ®áâ âª®¬ c1 ¨ c2   � � �. �®«ãç ¥¬ c1 = q1(� � �) + r1,

c2 = q2(���)+r2. �á«¨ r1 = r2, â® A�B ¨ AS = SB, £¤¥ S = S1T1T
�1
2 S�12 , T1 = ( 1 q1

0 1 ), T2 = ( 1 q2
0 1 ).

�á«¨ r1 = ����r2, â® A�B ¨ AS = SB, £¤¥ S = S1T1QT
�1
2 S�12 , Q =

�
1 �1
0 �1

�
. � ¯à®â¨¢®¬ á«ãç ¥

A ¨ B ¥ ¯®¤®¡ë.
5. � å®¤¨¬ ª¢ ¤à â¨çãî ä®à¬ã f(x; y), ä¨£ãà¨àãîéãî ¢ á«¥¤áâ¢¨¨ 5, ¨ ¥¥ ¤¨áªà¨¬¨ â

D. �á«¨ D < 0, â® ¯¥à¥å®¤¨¬ ª ¯. 5.1, ¥á«¨ D > 0, â® ª ¯. 5.2.
5.1. f(x; y) | ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ä®à¬ . �«ï ¢ëïá¥¨ï ¢®¯à®á  ® ¯à¥¤áâ ¢¨¬®áâ¨

æ¥«®£® ç¨á«  íâ®© ä®à¬®© ¯à¨¬¥ï¥âáï  «£®à¨â¬ ¯à¨¢¥¤¥¨ï � ãáá  ( ¯à., [3], á.293{294).
5.2. f(x; y) | ¥®¯à¥¤¥«¥ ï ä®à¬ . � íâ®¬ á«ãç ¥ ¬®¦® ¯à¨¬¥¨âì  «£®à¨â¬ ¨§ [5].
�àã¤®¥¬ª®áâì  «£®à¨â¬ . �  ¢å®¤  «£®à¨â¬  ¯®¤ îâáï ¤¢¥ æ¥«®ç¨á«¥ë¥ ¬ âà¨æë A ¨ B.

�ã¤¥¬ áç¨â âì, çâ® í«¥¬¥âë íâ¨å ¬ âà¨æ ®£à ¨ç¥ë ¯® ¬®¤ã«î ª®áâ â®© C. �ãáâì n = logC
| ¤«¨  ¯à¥¤áâ ¢«¥¨ï ç¨á«  C. �ç¥¢¨¤®,  «£®à¨â¬, ¯à¨¢¥¤¥ë© ¢ëè¥, ï¢«ï¥âáï ¯®«¨®¬¨-
 «ìë¬ ®â®á¨â¥«ì® n, ¥á«¨ d(�) ¯à¨¢®¤¨¬. �«£®à¨â¬ ¯à¨¢¥¤¥¨ï � ãáá  â ª¦¥ ï¢«ï¥âáï ¯®-
«¨®¬¨ «ìë¬. �«£®à¨â¬ ¨§ [5] ¥ ¯®«¨®¬¨ «¥, â. ª. ® ¨á¯®«ì§ã¥â à §«®¦¥¨¥ ª¢ ¤à â¨ç®©
¨àà æ¨® «ì®áâ¨ P0+

p
D

Q0

¢ æ¥¯ãî ¤à®¡ì, ª®â®à ï ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®© á ¤«¨®© ¯¥à¨®¤ 

l = O(
p
D logD). �®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¯®«¨®¬¨ «ì®£® à¥è îé¥£®  «£®à¨â¬  ¢ á«ãç ¥,

¥á«¨ f(x; y) | ¥®¯à¥¤¥«¥ ï ä®à¬ , ®áâ ¥âáï ®âªàëâë¬.
� áâì à¥§ã«ìâ â®¢, ¯à¥¤áâ ¢«¥ ï ¢ ¤ ®© áâ âì¥, ¡ë«   ®á¨à®¢   ¢ ([6], á. 112).
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