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�­®£®ç¨á«¥­­ë¥ â¥®à¥â¨ç¥áª¨¥ ¨ ¯à¨ª« ¤­ë¥ § ¤ ç¨ ¯à¨¢®¤ïâ ª ­¥®¡å®¤¨¬®áâ¨ à¥è¥­¨ï
à §«¨ç­ëå ª« áá®¢ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ ªà ¥¢ëå § ¤ ç â¥®à¨¨ äã­ªæ¨©
(á¬., ­ ¯à., [1]{[4] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥). � ª¨¥ ãà ¢­¥­¨ï, ª ª ¯à ¢¨«®, â®ç­® ­¥ à¥è îâáï.
�®íâ®¬ã ª ª ¤«ï â¥®à¨¨, â ª ¨ ¢ ®á®¡¥­­®áâ¨ ¤«ï ¯à¨«®¦¥­¨© ¯¥à¢®áâ¥¯¥­­®¥ §­ ç¥­¨¥ ¯à¨®¡à¥-
â ¥â à §à ¡®âª  ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ ¨å à¥è¥­¨ï á á®®â¢¥âáâ¢ãîé¨¬ â¥®à¥â¨ç¥áª¨¬ ®¡®á­®-
¢ ­¨¥¬. � íâ®© ®¡« áâ¨ ¢ ¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï ¤®áâ¨£­ãâ áãé¥áâ¢¥­­ë© ¯à®£à¥áá ¡« £®¤ àï
à ¡®â ¬ ª ª ®â¥ç¥áâ¢¥­­ëå ¬ â¥¬ â¨ª®¢ ¨ ¬¥å ­¨ª®¢, â ª ¨ § àã¡¥¦­ëå  ¢â®à®¢. �¥ª®â®àë¥
¨â®£¨ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ¯®¤¢¥¤¥­ë ¢ á¯¥æ¨ «ì­ëå ®¡§®à­ëå à ¡®â å ¨ ¬®­®£à ä¨ïå (á¬.,
­ ¯à., [5]{[9] ¨ [4], [10]{[16] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥).

�¤­ ª®, ­¥á¬®âàï ­  áª § ­­®¥, ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ ®áâ ¥âáï ¬­®£® ­¥à¥è¥­­ëå § -
¤ ç. �¨¦¥, ¢ ¯à®¤®«¦¥­¨¥ àï¤  à¥§ã«ìâ â®¢ ([17], [18], [16], £«. 4), ¯à¥¤« £ ¥âáï ®¡é¨© ¯à®-
¥ªæ¨®­­ë© ¬¥â®¤ à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ ¤ ¥âáï ¥£® â¥®à¥â¨ç¥áª®¥
®¡®á­®¢ ­¨¥ ­  ®á­®¢¥ â¥®à¨¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ëå ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢ëå ¯à®-
áâà ­áâ¢ å, ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  ¨ ª®­áâàãªâ¨¢­®©
â¥®à¨¨ äã­ªæ¨©.

1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë

� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (���)

Ax � a(s)x(s) +
1
2�

Z 2�

0

h(s; �) ctg
� � s

2
x(�)d� = y(s); �1 < s <1; (1.1)

£¤¥ a(s) 2 C2�, h(s; �) 2 C2� 
 C2�, y(s) 2 L2(0; 2�) | ¨§¢¥áâ­ë¥ ¢¥é¥áâ¢¥­­ë¥1 äã­ªæ¨¨, x(t) 2
L2(0; 2�) | ¨áª®¬ ï äã­ªæ¨ï, ¯à¨ç¥¬ á¨­£ã«ïà­ë© ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£®
§­ ç¥­¨ï ¯® �®è¨{�¥¡¥£ã [4].

�áª®¬ãî äã­ªæ¨î x(t) ¡ã¤¥¬ ¨áª âì ¢ ¢¥é¥áâ¢¥­­®¬ ¯à®áâà ­áâ¢¥ 2�-¯¥à¨®¤¨ç¥áª¨å ª¢ ¤-
à â¨ç­®-áã¬¬¨àã¥¬ëå äã­ªæ¨© L2(0; 2�) � L2 á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®© á®®â¢¥â-
áâ¢¥­­®

('; ) =
1
2�

Z 2�

0

'(s) (s)ds ('; 2 L2);

k'k = k'k2 = k'kL2 =
�
1
2�

Z 2�

0

j'(s)j2ds
�1=2

; ' 2 L2:

�®áª®«ìªã L2 | á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, â® ¢ ­¥¬ áãé¥áâ¢ã¥â ¯à¥¤¥«ì­®
¯«®â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fXng

1
1 ª®­¥ç­®¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ Xn � L2, dimXn = n 2 N.

1�â® ãá«®¢¨¥ ¬®¦¥â ¡ëâì ®á« ¡«¥­® (á¬. ¯. 3)
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�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ��� (1.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ äã­ªæ¨¨

xn(s) =
nX

k=1

�k'k(s) 2 Xn; n 2 N; (1.2)

£¤¥ f'k(s) = 'k;n(s)gn1 | ®àâ®­®à¬ «ì­ë©1 ¡ §¨á ¯®¤¯à®áâà ­áâ¢  Xn � L2. �¥¨§¢¥áâ­ë¥ ª®-
íää¨æ¨¥­âë �k = �k;n 2 R ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
(����)

nX
k=1

ark�k = yr; r = 1; n; ark = (A'k; 'r); yr = (y; 'r): (1.3)

�®«®¦¨¬

En(f) = inf
�r2R






f �
nX
r=1

�r'r






 ; f 2 L2;

h+(s; �) =
h(s; �) + h(�; s)

2
; h�(s; �) =

h(s; �) � h(�; s)
2

;

S(hx; s) =
1
2�

Z 2�

0

h(s; �) ctg
� � s

2
x(�)d�; x 2 L2;

S(h�x; s) =
1
2�

Z 2�

0

h(s; �)� h(�; s)
2

ctg
� � s

2
x(�)d�; x 2 L2:

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1.1){(1.3) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

�) äã­ªæ¨ï a(s) 2 C2� â ª®¢ , çâ® min
s
ja(s)j > 
2 = const > 0;

�) äã­ªæ¨ï h(s; �) 2 C2�
C2� â ª®¢ , çâ® ®¯¥à â®à Sh
+ : L2 ! L2 ­¥¯à¥àë¢¥­,   ®¯¥à â®à

Sh� : L2 ! L2 ¢¯®«­¥ ­¥¯à¥àë¢¥­;

) ãà ¢­¥­¨¥ (1:1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 L2.

�®£¤  ¯à¨ ¢á¥å n > n0 (­®¬¥à n0 2 N ®¯à¥¤¥«ï¥âáï áâàãªâãà­ë¬¨ á¢®©áâ¢ ¬¨ äã­ªæ¨©

a(s) ¨ h(s; �)) ���� (1:3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��1; �
�
2; : : : ; �

�
n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�n(s) =
nX

k=1

��k'k(s) (1:2�)

áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î x�(s) 2 L2 ¢ áà¥¤­¥¬ á® áª®à®áâìî

kx� � x�nk � En(x
�); n!1; (1.4)

£¤¥ � ¥áâì §­ ª á« ¡®© íª¢¨¢ «¥­â­®áâ¨.

�«¥¤áâ¢¨¥ 1. �ãáâì a(s) � 1,   äã­ªæ¨ï h(s; �) 2 Lip� (0 < � 6 1) ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­-
­ëå. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë ¬¥â®¤ (1:1) � (1:3); (1:2�) áå®¤¨âáï ¢ áà¥¤­¥¬ á® áª®à®áâìî

kx� � x�nk � En(x
�); n!1; (1:40)

£¤¥ � ¥áâì §­ ª á¨«ì­®© íª¢¨¢ «¥­â­®áâ¨.

� àï¤¥ á«ãç ¥¢ ¯à¨¢¥¤¥­­ ï ¢ëè¥ â¥®à¥¬  áãé¥áâ¢¥­­® ã¯à®é ¥âáï ¨ ãá¨«¨¢ ¥âáï. � ç áâ-
­®áâ¨, á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

1�â® ãá«®¢¨¥ ¬®¦¥â ¡ëâì ®á« ¡«¥­® (á¬. ¯. 3)
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�¥®à¥¬  2. �ãáâì äã­ªæ¨¨ a(s) 2 C2� ¨ h(s; �) 2 C2� 
 C2� â ª®¢ë, çâ®

min
s
ja(s)j > m0 > 0; (1.5)

kShk 6M0 <1; Sh : L2 ! L2; (1.6)

m � m0 + � > 0; M �M0 +max
s
ja(s)j <1; (1.7)

£¤¥ ç¨á«® � 2 R ®¯à¥¤¥«ï¥âáï ¨§ ­¥à ¢¥­áâ¢ 

(Sh�x; x) sgn a(s) > �kxk2; x 2 L2; (1.8)

¨ ­¥ § ¢¨á¨â ®â í«¥¬¥­â®¢ x 2 L2.

�®£¤  á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï

�) ãà ¢­¥­¨¥ (1:1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 L2,

¯à¨ç¥¬

kx�k 6 m�1kyk; (1.9)

�) ���� (1:3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��1; �
�
2; : : : ; �

�
n ¯à¨ «î¡ëå n 2 N ¨ ¯à¨ «î¡ëå

¯à ¢ëå ç áâïå;

) ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (1:2�) áå®¤ïâáï ¯à¨ n!1 ª â®ç­®¬ã à¥è¥­¨î x�(s) ¢ áà¥¤­¥¬

á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ­¥à ¢¥­áâ¢ ¬¨

En(x
�) 6 kx� � x�nk 6

M

m
En(x

�); n 2 N: (1.10)

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 2 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �� � (��1; : : : ; �
�
n) 2 R

n ����

(1:3) ¯à¨ «î¡ëå n 2 N ¬®¦­® ­ ©â¨ ¢ í¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬

�kj = �k�1j +
m

M 2

 
yj �

nX
r=1

ajr�
k�1
r

!
; j = 1; n; k = 1; 2; : : : ; (1.11)

¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ �0 � (�01; : : : ; �
0
n) 2 R

n . �à¨ íâ®¬ ¯®£à¥è­®áâì ¯à¨¡«¨-

¦¥­­®© ä®à¬ã«ë

�k � (�k1 ; �
k
2 ; : : : ; �

k
n) � (��1; �

�
2; : : : ; �

�
n) � ��; k 2 N;

¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

k�� � �kkRn =

8<: 1
n

nX
j=1

j��j � �kj j

9=;
1=2

6 qkk�� � �0kRn 6
qk

1� q
k�1 � �0kRn;

£¤¥ k = 1; 2; : : : ; ¥á«¨ ¦¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥

�0 =
m

M 2
y; y = (y1; y2; : : : ; yn) 2 R

n ; n 2 N;

â® ¬®¦¥â ¡ëâì ®æ¥­¥­  ¨ ­¥à ¢¥­áâ¢®¬

k�� � �kkRn 6
qk+1

1� q

m

M 2
kykRn; k 2 N; n 2 N;

£¤¥

q =
�
1�

m2

M 2

�1=2
< 1: (1.12)
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�¢¥¤¥¬ ¯à®¥ªæ¨®­­®-¨â¥à â¨¢­ãî ¯®á«¥¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢

xkn(s) =
nX
j=1

�kj'j(s); n 2 N; k 2 N; (1.13)

£¤¥ ç¨á«  �kj ®¯à¥¤¥«ïîâáï á®£« á­® (1.11).

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 2 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2 ��� (1:1) ¬®¦­® ­ ©â¨

ª ª ¯à¥¤¥« ¢ L2 ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© (1:13), â®ç­¥¥,

lim
n!1

lim
k!1

xkn(s) = lim
k!1

lim
n!1

xkn(s) = x�(s);

¯à¨ç¥¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë

x�(s) � xkn(s); x0n(s) =
m

M 2

nX
r=1

(y; 'r)'r(s); k 2 N; n 2 N;

¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢®¬�
1
2�

Z 2�

0

jx�(s)� xkn(s)j
2ds

�1=2

6
M

m
En(x�) +

qk+1

1� q

m

M 2

(
1
n

nX
r=1

j(y; 'r)j2
)1=2

; k 2 N; n 2 N;

£¤¥ ¯®áâ®ï­­ë¥ M , m ¨ q ®¯à¥¤¥«¥­ë á®®â¢¥âáâ¢¥­­® ¢ (1:7) ¨ (1:12).

�¥®à¥¬ë 3 ¨ 4 á¯à ¢¥¤«¨¢ë â ª¦¥ ¯à¨ n!1; ¢ ç áâ­®áâ¨, ¨§ ­¨å á«¥¤ã¥â

�¥®à¥¬  5. � ãá«®¢¨ïå â¥®à¥¬ë 2 ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s) 2 L2 ��� (1:1) ¬®¦­®

­ ©â¨ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬

xk(s) = xk�1(s) +
m

M 2
fy(s)�A(xk�1; s)g; k 2 N;

¯à¨ «î¡®¬ ­ ç «ì­®¬ ¯à¨¡«¨¦¥­¨¨ x0(s) 2 L2. �à¨ íâ®¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã-

«ë x�(s) � xk(s), k 2 N, ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

kx� � xkk 6 qkkx� � x0k 6
qk

1� q
kx1 � x0k; k 2 N;

¥á«¨ ¦¥ ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥ x0(s) = m
M2 y(s), £¤¥ y(s) 2 L2 ¥áâì

¯à ¢ ï ç áâì ��� (1:1), â® ¬®¦¥â ¡ëâì ®æ¥­¥­  ¨ ­¥à ¢¥­áâ¢®¬

kx� � xkk 6
qk+1

1� q

m

M 2
kyk; k 2 N:

2. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¯¨è¥¬ ��� (1.1) ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥¬ã ®¯¥à â®à­®£®
ãà ¢­¥­¨ï

Ax � Gx+ Tx = y (x; y 2 L2); (2.1)

£¤¥ Gx = ax+Sh+x, Tx = Sh�x. � á¨«ã ãá«®¢¨© �) ¨ �) â¥®à¥¬ë, ®¯¥à â®àë G, T ¨ A : L2 ! L2

®£à ­¨ç¥­ë:

kGk 6 kakC2� + kSh
+kL2!L2 � kakC2� +M1 �M2 <1;

kTk = kSh�kL2!L2 �M3 <1; kAk 6M2 +M3 <1;
(2.2)

£¤¥ Mi | ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥,   C2� | ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥-
àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á ®¡ëç­®© ­®à¬®©.
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� á¨«ã ãá«®¢¨ï �) ¢ ¤ «ì­¥©è¥¬ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® a(s) > 0
(á«ãç © a(s) < 0 à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®). �®áª®«ìªã h+(s; �) = h+(�; s), â® ¯®  ­ «®£¨¨ á
¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 1 [18] ¤«ï «î¡®© äã­ªæ¨¨ x 2 L2 ­ å®¤¨¬

(Gx; x) = (ax; x) + (Sh+x; x) = (ax; x) > 
2kxk2: (2.3)

�âáî¤  á«¥¤ã¥â, çâ®

kGxk > 
2kxk; x 2 L2: (2.4)

�®áª®«ìªã á®¯àï¦¥­­®¥ ¯à®áâà ­áâ¢® L�2 = L2, â® ¤«ï á®¯àï¦¥­­®£® ®¯¥à â®à  G� : L2 ! L2,
£¤¥ G�x � ax� Sh+x, x 2 L2;  ­ «®£¨ç­® ­ å®¤¨¬

kG�xk > 
2kxk; x 2 L2: (2.5)

�§ ­¥à ¢¥­áâ¢ (2.4) ¨ (2.5) á«¥¤ã¥â (á¬. [19], £«. V), çâ® ®¯¥à â®àë G ¨ G� : L2 ! L2 ¨¬¥îâ «¥¢ë¥
®£à ­¨ç¥­­ë¥ ®¯¥à â®àë G�1

l ¨ (G�)�1l � G��1

l , ¯à¨ç¥¬

kG�1
l k 6 
�2 <1; kG��1

l k 6 
�2 <1: (2.6)

�§ á®®â­®è¥­¨© (2:2)�(2:6) á«¥¤ã¥â ([19], £«. V ¨ XII), çâ® á¨­£ã«ïà­ë© ®¯¥à â®à G = aE+Sh+ :
L2 ! L2 ¨¬¥¥â ¤¢ãáâ®à®­­¨© ®¡à â­ë© ¨

kG�1k 6 
�2 <1: (2.7)

�®íâ®¬ã ãà ¢­¥­¨¥ (2.1),   á«¥¤®¢ â¥«ì­®, ¨ ��� (1.1), íª¢¨¢ «¥­â­ë ãà ¢­¥­¨î II-£® à®¤ 

Kx � x+G�1Tx = G�1y (x;G�1y 2 L2); (2.8)

£¤¥ ¢ á¨«ã (2.7) ¨ ãá«®¢¨ï �) â¥®à¥¬ë

G�1T = (aE + Sh+)�1Sh� : L2 ! L2 (2.9)

¥áâì ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à. � á¨«ã ãá«®¢¨ï 
) ¨ (2.9) ®¯¥à â®àë A ¨ K : L2 ! L2

­¥¯à¥àë¢­® ®¡à â¨¬ë ®¤­®¢à¥¬¥­­®, ¯à¨ç¥¬

K = G�1A; K�1 = A�1G; A�1 = K�1G�1: (2.10)

�¡®§­ ç¨¬ ç¥à¥§ Pn : L2 ! Xn � L2 «¨­¥©­ë© ®¯¥à â®à ®àâ®£®­ «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï,
®¯à¥¤¥«ï¥¬ë© ¯® ä®à¬ã«¥

Pn(f ; s) =
nX

k=1

(f; 'k)'k(s); f 2 L2: (2.11)

�®£¤ 

P 2
n = Pn; P �

n = Pn; kPnk = 1; kE � Pnk = 1; n 2 N; (2.12)

£¤¥ P �
n | á®®â¢¥âáâ¢ãîé¨© á®¯àï¦¥­­ë© ®¯¥à â®à.

�¥£ª® ¯®ª § âì, çâ® ���� (1.3) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

Anxn � PnAxn = Gnxn + PnTxn � Pny (xn; Pny 2 Xn); (2.13)

£¤¥ Gnxn = PnGxn. � á¨«ã (2.11){(2.13) ¨ (2.3) ¤«ï «î¡®£® xn 2 Xn ¨¬¥¥¬

(Gnxn; xn) = (PnGxn; xn) = (Gxn; P
�
nxn) = (Gxn; Pnxn) = (Gxn; xn) > 
2kxnk

2: (2.14)

�âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢®

kGnxnk > 
2kxnk; xn 2 Xn; n 2 N: (2.15)
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�®íâ®¬ã (á¬., ­ ¯à., [12], £«. I, x 2) ®¯¥à â®àë Gn = PnG : Xn ! Xn «¨­¥©­® ®¡à â¨¬ë ¯à¨
«î¡ëå n 2 N ¨

kG�1
n k 6 
�2 <1; n 2 N: (2.16)

�§ (2.13), (2.15) ¨ (2.16) á«¥¤ã¥â, çâ® ���� (1.3) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î
II-£® à®¤ 

Knxn � xn +G�1
n PnTxn = G�1

n Pny (xn; G
�1
n Pny 2 Xn): (2.17)

�®ª ¦¥¬ ¡«¨§®áâì ãà ¢­¥­¨© (2.8) ¨ (2.17) ¢ á¬ëá«¥ â¥®à¥¬ë 7 ([12], £«. I). �à¨¬¥­ïï ª
¢á¯®¬®£ â¥«ì­ë¬ ãà ¢­¥­¨ï¬

Gx = y (x; y 2 L2); Gnxn � PnGxn = Pny (xn; Pny 2 Xn) (2.18)

â¥®à¥¬ã 6 ([12], £«. I), á ¯®¬®éìî (2.12), (2.2) ¨ (2.16) ¤«ï «î¡®© äã­ªæ¨¨ y 2 L2 ­ å®¤¨¬

�n � kG�1y �G�1
n Pnyk = k(E �G�1

n PnG)(G
�1y � PnG

�1y)k 6

6 kE �G�1
n PnGkL2!L2En(G

�1y) 6 (1 + 
�2kaE + Sh+kL2!L2)En(G
�1y) 6

6 (1 + 
�2M2)En(G
�1y); y 2 L2; n 2 N: (2.19)

�®íâ®¬ã ¤«ï «î¡®© y 2 L2 ¨¬¥¥¬

�n � kG�1y �G�1
n Pnyk = OfEn(G

�1y)g ! 0; n!1: (2.20)

�§ (2.8), (2.17){(2.19) ¤«ï «î¡®£® xn 2 Xn, xn 6= 0, ­ å®¤¨¬

kKxn �Knxnk = kG�1Txn �G�1
n PnTxnk = kxnkkG

�1T�n �G�1
n PnT�nk 6

6 kxnk sup
�n2Xn

k�nk=1

kG�1T�n �G�1
n PnT�nk 6 kxnk sup

�2L2
k�k=1

kG�1T� �G�1
n PnT�k =

= kxnk sup
'2T�(0;1)

kG�1'�G�1
n Pn'k � e"nkxnk; (2.21)

£¤¥ �n = xn
kxnk

,   �(0; 1) | ¥¤¨­¨ç­ë© è à ¯à®áâà ­áâ¢  L2 á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â.
�®áª®«ìªã T = Sh� : L2 ! L2 ¥áâì ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à, â® ¬­®¦¥áâ¢® T�(0; 1)
ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ ¢ ¯à®áâà ­áâ¢¥ L2. �®£¤  ¢ á¨«ã (2:20) ¨ (2:21) ¨§ ®¤­®£® à¥§ã«ìâ â 
�.�. �¥«ìä ­¤  (á¬., ­ ¯à., [19], á. 274{276) á«¥¤ã¥â

e"n � sup
'2T�(0;1)

kG�1'�G�1
n Pn'k ! 0; n!1: (2.22)

�§ ä®à¬ã« (2.21) ¨ (2.22) ­ å®¤¨¬

"n � kK �KnkXn!L2 6 e"n ! 0; n!1: (2.23)

� á¨«ã á®®â­®è¥­¨© (2.8), (2.17), (2.19), (2.20), (2.23) ¨ (2.10) ¨§ â¥®à¥¬ë 7 ([12], £«. I) á«¥¤ãîâ
ãâ¢¥à¦¤¥­¨ï

 ) ¯à¨ ¢á¥å n 2 N â ª¨å, çâ®

qn = kK�1k"n < 1=2; n > n0;

®¯¥à â®àë Kn : Xn ! Xn,   á«¥¤®¢ â¥«ì­®, ¨ ®¯¥à â®àë An = GnKn : Xn ! Xn «¨­¥©­®
®¡à â¨¬ë,   ®¡à â­ë¥ ®¯¥à â®àë K�1

n ¨ A�1n = K�1
n G�1

n ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨:

kK�1
n k 6 2kK�1k; kA�1n k 6 2
�2kK�1k; n > n0; (2.24)

¡) ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�n = K�1
n G�1

n Pny = A�1n Pny 2 Xn; (2.25)

17



®¯à¥¤¥«ï¥¬ë¥ ¯® ä®à¬ã«¥ (1:2�), áå®¤ïâáï ¯à¨ n ! 1 ª â®ç­®¬ã à¥è¥­¨î x� = K�1G�1y =
A�1y 2 L2 ¢ áà¥¤­¥¬ á® áª®à®áâìî

kx� � x�nk = O("n + �n); y 2 L2: (2.26)

� á¨«ã (2.20), (2.23){(2.26) ª ãà ¢­¥­¨ï¬ (2.1) ¨ (2.13) ¯à¨¬¥­¨¬  â¥®à¥¬  6 ([12], £«. I),
á®£« á­® ª®â®à®©

kx� � x�nk = k(E �A�1n PnA)(x� � Pnx
�)k 6 (1 + 2
�2kK�1k)En(x�) = OfEn(x�)g: (2.27)

�§ (2.25) ¨ (2.27) á«¥¤ã¥â ®æ¥­ª  (1.4),   ¨§ ­¥¥ ¨ á¢®©áâ¢ ¯à®áâà ­áâ¢ Xn � X á«¥¤ã¥â
âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

� á¨«ã á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ([12], £«. I, II) ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¢ ãá«®-
¢¨ïå á«¥¤áâ¢¨ï ¤®áâ â®ç­® ¯®ª § âì ­¥¯à¥àë¢­®áâì ®¯¥à â®à  Sh+ : L2 ! L2 ¨ ¯®«­ãî ­¥¯à¥-
àë¢­®áâì ®¯¥à â®à  Sh� : L2 ! L2.

�®áª®«ìªã h(s; �) 2 LipR � (0 < � 6 1, R = const > 0) ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå, â® ¢ á¨«ã
¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ([2], £«. I, ç. I) äã­ªæ¨ï

g�(s; �) � h�(s; �) ctg
� � s

2
=
h(s; �) � h(�; s)

2
ctg

� � s

2
(2.28)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

g�(s; �) =
h�(s; �)
j� � sj1��

; h�(s; �) 2 C2� 
 C2�; 0 6 s; � 6 2�; (2.29)

jg�(s; �)j 6
R1

j� � sj1��
; R1 = const > 0; 0 6 s; � 6 2�: (2.30)

�®íâ®¬ã ¯à¨ � 2 (1=2; 1] ®¯¥à â®à Sh� : L2 ! L2, £¤¥

(Sh�)(s) =
1
2�

Z 2�

0

h�(s; �)
j� � sj1��

x(�)d�; x 2 L2; (2.31)

ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬. � á¨«ã (2.28){(2.31) ¯à¨ � 2 (0; 1=2] âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥
á«¥¤ã¥â ¨§ ®¤­®£® à¥§ã«ìâ â  �.�.�¨å«¨­  (á¬., ­ ¯à., [20], â¥®à¥¬a 7.3.2).

�®  ­ «®£¨¨ á (2.28){(2.30) ¬®¦­® ¯®ª § âì, çâ® ¤«ï äã­ªæ¨¨ h+(s; �) á¯à ¢¥¤«¨¢ë ¯à¥¤-
áâ ¢«¥­¨ï

g+(s; �) � h+(s; �) ctg
� � s

2
=
h(s; �) + h(�; s)

2
ctg

� � s

2
=

=
h(s; �) � h(s; s)

2
ctg

� � s

2
+
h(�; s)� h(�; �)

2
ctg

� � s

2
+

+
h(s; s) + h(�; �)

2
ctg

� � s

2
=

h1(s; �)
j� � sj1��

�
h1(�; s)
js� �j1��

+

+
h(s; s) + h(�; �)

2
ctg

� � s

2
=
h1(s; �)� h1(�; s)

j� � sj1��
+
h(s; s) + h(�; �)

2
ctg

� � s

2
; (2.32)

£¤¥ h1(t; �) 2 C2� 
 C2�, 0 6 s; � 6 2�. � á¨«ã áª § ­­®£® ¢ëè¥ ®¯¥à â®à H1 : L2 ! L2, £¤¥

(H1x)(s) =
1
2�

Z 2�

0

h1(s; �)� h1(�; s)
j� � sj1��

x(�)d�; x 2 L2; (2.33)

ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬,   á«¥¤®¢ â¥«ì­®, ¨ ®£à ­¨ç¥­­ë¬. �®áª®«ìªã (á¬., ­ ¯à., [4])

kSk = 1; S : L2 ! L2; (2.34)
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â® ¤«ï «î¡®© äã­ªæ¨¨ x 2 L2 ¨¬¥¥¬



 12�
Z 2�

0

h(s; s) + h(�; �)
2

ctg
� � s

2
x(�)d�





 6
6
1
2
fkh(s; s)S(x(�); s)k + kS(h(�; �)x(�); s)kg 6

1
2
fkh(s; s)kC2�kSxkL2 + kh(�; �)x(�)kL2g 6

6
1
2
fkh(s; s)kC2�kxkL2 + kh(�; �)kC2�kxkL2g = kh(t; t)kC2�kxkL2 : (2.35)

� á¨«ã á®®â­®è¥­¨© (2.32){(2.35) ®¯¥à â®à Sh+ : L2 ! L2 ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬,   á«¥¤®¢ -
â¥«ì­®, ­¥¯à¥àë¢­ë¬. �¥¬ á ¬ë¬ â¥®à¥¬  1 ¨ ¥¥ á«¥¤áâ¢¨¥ ¤®ª § ­ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � á¨«ã á®®â­®è¥­¨© (1.5), (1.7), (1.8) ¨ (2.1), (2.13) ¤«ï «î¡ëå
x 2 L2 ­ å®¤¨¬ 1

(Ax; x) = (ax; x) + (Sh+x; x) + (Sh�x; x) > m0kxk
2 + �kxk2 = mkxk2; x 2 L2: (2.36)

�§ (2.36) ¨ (1.6), (1.7) á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

mkxk 6 kAxk 6Mkxk; x 2 L2: (2.37)

�­ «®£¨ç­® (2:36) ¨ (2:37) ¤«ï á®¯àï¦¥­­®£® ®¯¥à â®à  A� : L2 ! L2, £¤¥

A�x = ax� Sh+x+ Sh�x; x 2 L2;

­ å®¤¨¬ ­¥à ¢¥­áâ¢ 

(A�x; x) = (x;Ax) = (Ax; x) > mkxk2; x 2 L2; (2.38)

mkxk 6 kA�xk 6Mkxk; x 2 L2: (2.39)

�§ (2.37) ¨ (2.39) á«¥¤ã¥â ([19], £«. V, XII), çâ® ®¯¥à â®à A : L2 ! L2 ¨¬¥¥â ¤¢ãáâ®à®­­¨©
®¡à â­ë© ¨

kA�1k 6 m�1; A�1 : L2 ! L2: (2.40)

�®íâ®¬ã ãà ¢­¥­¨¥ (2.1),   á«¥¤®¢ â¥«ì­®, ��� (1.1) ®¤­®§­ ç­® à §à¥è¨¬® ¨ à¥è¥­¨¥ x� =
A�1y ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (1.9).

� á¨«ã (2.12){(2.14) ¨ (2.36) ¤«ï «î¡®£® xn 2 Xn ­ å®¤¨¬

(Anxn; xn) = (PnAxn; xn) = (Axn; P �
nxn) = (Axn; xn) > mkxnk

2; xn 2 Xn: (2.41)

�§ (2.41) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

kAnxnk > mkxnk; xn 2 Xn; n 2 N; (2.42)

®¡¥á¯¥ç¨¢ îé¥¥, ª ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥ ¢  ­ «®£¨ç­®© á¨âã æ¨¨, ¤¢ãáâ®à®­­îî ®¡à â¨¬®áâì
®¯¥à â®à®¢ An : Xn ! Xn ¨ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢ 

kA�1n k 6 m�1; A�1n : Xn ! Xn; n 2 N: (2.43)

�®íâ®¬ã ãà ¢­¥­¨¥ (2.13),   á«¥¤®¢ â¥«ì­®, ¨ ���� (1.3), ®¤­®§­ ç­® à §à¥è¨¬ë ¯à¨ «î¡ëå
n 2 N ¨ «î¡ëå ¯à ¢ëå ç áâïå.

1�¨¦¥ ¢¥§¤¥ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â ¥¬ a(s) > 0 (á«ãç © a(s) < 0 à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç-
­®).
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� á¨«ã á®®â­®è¥­¨© (2.11), (2.12), (2.36){(2.43) ª ãà ¢­¥­¨ï¬ (2.1) ¨ (2.13) ¯à¨¬¥­¨¬  â¥®à¥¬ 
6 ([12], £«. I), á®£« á­® ª®â®à®© ­ å®¤¨¬

En(x�) 6 kx� � x�nk = kA�1y �A�1n Pnyk = k(E �A�1n PnA)(x� � Pnx
�)k 6

6 kE �A�1n PnAkL2!L2kx
� � Pnx

�kL2 6 kA
�1
n PnAkL2!L2En(x�) 6

6 kA�1n kXn!Xn
kPnkL2!Xn

kAkL2!L2En(x�) 6
M

m
En(x�); n 2 N: (2.44)

�§ á®®â­®è¥­¨© (2.44) á«¥¤ãîâ ­¥à ¢¥­áâ¢  (1.10).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¨áâ¥¬ã ãà ¢­¥­¨© (1.3) § ¯¨è¥¬ ¢ ¬ âà¨ç­®¬ ¢¨¤¥

Ax = y (x; y 2 R
n) (2.45)

¢ ¯à®áâà ­áâ¢¥ R
n á ãª § ­­®© ¢ëè¥ ­®à¬®©, £¤¥ x = (�1; �2; : : : ; �n), y = (y1; y2; : : : ; yn),  

A = [ajk]n1 . �®áª®«ìªã ¯à®áâà ­áâ¢  Xn � L2 ¨ R
n ¨§®¬¥âà¨ç­ë, â® ¢ á¨«ã (2.36), (2.37), (2.41),

(2.42) ¨ (2.12) ­ å®¤¨¬

(Ax; x) > mkxk2; kAxk 6Mkxk; x 2 R
n : (2.46)

�à ¢­¥­¨¥ (2.45) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

x = (E � �A)x+ �y; � =
m

M 2
(x; y 2 R

n); (2.47)

£¤¥ ¢ á¨«ã á®®â­®è¥­¨© (2.46) ¨¬¥¥¬

kE � �AkRn!Rn 6 q =
q
1�m2=M 2 < 1; n 2 N: (2.48)

�¥è¥­¨¥ ãà ¢­¥­¨ï (2.47) ¡ã¤¥¬ ¨áª âì ¬¥â®¤®¬ ¯à®áâ®© ¨â¥à æ¨¨

xk = xk�1 +
m

M 2
(y �Axk�1); x0 2 R

n ; k 2 N; (2.49)

¢ ¯à®áâà ­áâ¢¥ Rn , ª®â®àë© íª¢¨¢ «¥­â¥­ ¬¥â®¤ã (1.11). � á¨«ã (2.45){(2.49) ãâ¢¥à¦¤¥­¨¥ â¥-
®à¥¬ë 3 «¥£ª® ¢ë¢®¤¨âáï ¨§ ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ (á¬., ­ ¯à., [19], £«. V) ¯® ¨â¥à æ¨®­­ë¬
¬¥â®¤ ¬ à¥è¥­¨ï ®¯¥à â®à­ëå ãà ¢­¥­¨© ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢ â¥®à¥¬ 2 ¨ 3.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5 á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢ â¥®à¥¬ 2{4; ¯à¨ íâ®¬ áãé¥áâ¢¥­­ë¬
®¡à §®¬ ¨á¯®«ì§ã¥âáï â®â ä ªâ, çâ® ®¯¥à â®àë Pn : L2 ! Xn � L2 á¨«ì­® áå®¤ïâáï ¯à¨ n !
1 ª ¥¤¨­¨ç­®¬ã ®¯¥à â®àã E ¯à®áâà ­áâ¢  L2, ¯à¨ç¥¬ ¢ á¨«ã á®®â­®è¥­¨© (2.12) ¨ á¢®©áâ¢
¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯®¤¯à®áâà ­áâ¢ fXng

1
1 � L2

kf � Pnfk = En(f)! 0; n!1; f 2 L2:

3. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ¤®¯®«­¥­¨ï

� â¥®à¥¬ å 2{5 áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ¨á¯®«ì§®¢ ­® ­¥à ¢¥­áâ¢® (1.8). �à¨¢¥¤¥¬ ­¥ª®â®àë¥
¤®áâ â®ç­ë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ á¯à ¢¥¤«¨¢®áâì íâ®£® ­¥à ¢¥­áâ¢ .

1�. �ãáâì h(s; �) = h(�; s). �®£¤  h+(s; �) = h(s; �), h�(s; �) � 0, Sh�x = 0 (x 2 L2). �®íâ®¬ã
¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ � = 0.

2�. �ãáâì äã­ªæ¨ï h(s; �) 2 C2� 
 C2� â ª®¢ , çâ® á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï

g�(s; �) =
h(s; �) � h(�; s)

2
ctg

� � s

2
= g�(�; s)
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à §« £ ¥âáï ¢ áå®¤ïé¨©áï ¢ ¯à®áâà ­áâ¢¥ L2(0; 2�)2 á¨¬¬¥âà¨ç­ë© àï¤

g�(s; �) =
1X
k=1

fk(s)fk(�);

£¤¥ ffk(t)g11 | ­¥ª®â®à ï á¨áâ¥¬  «¨­¥©­® ­¥§ ¢¨á¨¬ëå äã­ªæ¨© ¨§ L2(0; 2�). �®£¤  ¤«ï «î¡®©
äã­ªæ¨¨ x(s) 2 L2 ¨¬¥¥¬

(Sh�x; x) =
1
2�

Z 2�

0

x(s)ds
1
2�

Z 2�

0

g�(s; �)x(�)d� =
1X
k=1

�
1
2�

Z 2�

0

x(t)fk(t)dt
�1=2

> 0:

�®íâ®¬ã ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ­¥à ¢¥­áâ¢® (1.8) ¢ë¯®«­ï¥âáï á ¯®áâ®ï­­®© � > 0.
3�. �ãáâì á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï g�(s; �) ¨§ (2.28) à §« £ ¥âáï ¢ àï¤

g�(s; �) =
1X
k=1

�k(s)�k(�);

£¤¥ å®âï ¡ë ®¤­  ¨§ á¨áâ¥¬ äã­ªæ¨© f�k(s)g11 � L2 ¨ f�k(�)g11 � L2 «¨­¥©­® ­¥§ ¢¨á¨¬  ¨
áå®¤¨âáï ç¨á«®¢®© àï¤

1X
k=1

k�k(s)kL2k�k(�)kL2 :

�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ x 2 L2 ­ å®¤¨¬

kSh�xk 6
1X
k=1

k�k(s)kL2

���� 12�
Z 2�

0
�k(�)x(�)d�

���� 6
(

1X
k=1

k�k(s)kL2k�k(�)kL2

)
kxkL2 � lkxkL2 :

�®íâ®¬ã ¢ íâ®¬ á«ãç ¥ ¬®¦­® áç¨â âì � > �l > �1.
4�. �ãáâì ­¥á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï h(s; �) 2 C2� 
 Lip� ¨«¨ ¦¥ h(s; �) 2 Lip� 
 C2�; £¤¥

0 < � 6 1. �®£¤ , ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ á«¥¤áâ¢¨ï â¥®à¥¬ë 1, ¯®ª §ë¢ ¥âáï, çâ® ®¯¥à â®à
Sh� : L2 ! L2 ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬. �®íâ®¬ã ¢ íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢® (1.8) ¢ë¯®«­ï¥âáï
á «î¡®© ¯®áâ®ï­­®© � > �kSh�k; Sh� : L2 ! L2.

5�. �ãáâì äã­ªæ¨ï h(s; �) 2 Lip� (0 < � 6 1) ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå. �®£¤  ¢ á¨«ã (2.28){
(2.30) äã­ªæ¨ï g�(s; �) 2 L2(0; 2�)2 ¯à¨ 1=2 < � 6 1 ¨ g�(s; �) 2 L1(0; 2�) ¯à¨ 0 < � 6 1=2.
�®íâ®¬ã (á ãç¥â®¬ ¤®ª § â¥«ìáâ¢  á«¥¤áâ¢¨ï â¥®à¥¬ë 1) ®¯¥à â®à Sh� : L2 ! L2 ï¢«ï¥âáï
¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ¨ á ¬®á®¯àï¦¥­­ë¬. � ª®© ®¯¥à â®à ¨¬¥¥â ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ¬­®¦¥-
áâ¢® ¢¥é¥áâ¢¥­­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© f�kg11 ¨ ®àâ®­®à¬¨à®¢ ­­ëå á®¡áâ¢¥­­ëå äã­ªæ¨©
f�k(s)g11 . �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ x(t) 2 L2 ­ å®¤¨¬

(Sh�x; x) =
1X
k=1

�kj(x; �k)j
2
> min

k2N
�k

1X
k=1

j(x; �k)j
2 � �kxk2:

�âáî¤  á«¥¤ã¥â, çâ® ­¥à ¢¥­áâ¢® (1.8) ¢ë¯®«­ï¥âáï á ¯®áâ®ï­­®© � = min
k2N

�k 2 R.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨¢¥¤¥­­ ï ¢ëè¥ ¢ëç¨á«¨â¥«ì­ ï áå¥¬  ­®á¨â ¤®¢®«ì­® ®¡é¨© å -
à ªâ¥à. � áá¬®âà¨¬ ­¥ª®â®àë¥ ã¤®¡­ë¥ ¤«ï ¯à¨«®¦¥­¨© ç áâ­ë¥ á«ãç ¨.

6�. �ãáâì n = 2m+ 1 (m+ 1 2 N), 'k(s) = eiks ¨

xn(s) = x2m+1(s) =
mX

k=�m

�ke
iks =

�0
2
+

mX
k=1

�k cos ks+ 
k sinks; (3.1)

£¤¥ �k = ��k. �¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë ��m; : : : ; �0; : : : ; �m (  á«¥¤®¢ â¥«ì­®, ¨ ª®íää¨æ¨¥­-
âë �0; �1; 
1; : : : ; �m; 
m) ¡ã¤¥¬ ®¯à¥¤¥«ïâì á®£« á­® (1.3) ¨§ ����

mX
k=�m

�kcj�k(a) +
mX

k=�m

�kbjk = cj(y); j = �m;m; (3.2)
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£¤¥ bjk = cj(S(h(s; �)eik� )),  

cr(f) =
1
2�

Z 2�

0

f(s)e�irsds (r = 0;�1; : : : )

| ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ f(s) 2 L2 ¢ ª®¬¯«¥ªá­®© ä®à¬¥. � íâ®¬ á«ãç ¥ §  ¯®¤¯à®-
áâà ­áâ¢® Xn = X2m+1 � L2 ¡¥à¥¬ ¬­®¦¥áâ¢® ¢á¥å âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ¯®àï¤ª  ­¥
¢ëè¥ m (m + 1 2 N),   ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï Pn = P2m+1 : L2 ! Xn � L2 ®¯à¥¤¥«ï¥¬ ¯®
ä®à¬ã«¥

Pnf = P2m+1(f ; s) =
mX

k=�m

ck(f)eiks: (3.3)

�®£¤  ãá«®¢¨ï (2.12) ¢ë¯®«­ïîâáï,   ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤¯à®áâà ­áâ¢ fXng
1
1 ï¢«ï¥âáï ¯à¥-

¤¥«ì­® ¯«®â­®© ¢ ¯à®áâà ­áâ¢¥ L2.
�å¥¬  (1.1), (3.1){(3.3) ¯à¥¤áâ ¢«ï¥â á®¡®© áå¥¬ã ¬¥â®¤  à¥¤ãªæ¨¨ à¥è¥­¨ï ¯®«­®£® ��� á

ï¤à®¬ �¨«ì¡¥àâ  ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ äã­ªæ¨©. �áá«¥¤®¢ ­¨î íâ®© áå¥¬ë (¯à¨ç¥¬
¤àã£¨¬ á¯®á®¡®¬, ç¥¬ §¤¥áì) ¢ àï¤¥ ç áâ­ëå á«ãç ¥¢ (¢ ¯¥à¢ãî ®ç¥à¥¤ì ¤«ï ��� á ¢ë¤¥«¥­­®©
å à ªâ¥à¨áâ¨ç¥áª®© ç áâìî) ¯®á¢ïé¥­ àï¤ à ¡®â (á¬., ­ ¯à., [5], [6], [10], [11] ¨ ¡¨¡«¨®£à ä¨î
¢ ­¨å).

7�. �  á¥£¬¥­â¥ [0; 2�] ¢¢¥¤¥¬ á¥âªã à ¢­®®âáâ®ïé¨å ã§«®¢

sk =
2k�
n
; k = 0; n; n 2 N; (3.4)

¨ ®¡®§­ ç¨¬ ç¥à¥§ f'k(s) = 'k;n(s)gn1 ®àâ®­®à¬ «ì­ãî 2�-¯¥à¨®¤¨ç¥áªãî á¨áâ¥¬ã äã­¤ ¬¥­-
â «ì­ëå á¯« ©­®¢ ­ã«¥¢®© áâ¥¯¥­¨ á à §àë¢ ¬¨ ¢ ã§« å (3.4). �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ���
(1.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« ©­ 

xn(s) =
nX

k=1

�k'k(s); n 2 N; (3.5)

ª®íää¨æ¨¥­âë �k = �k;n ª®â®à®£® ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

nX
k=1

�k

Z sj

sj�1

A('k; s)ds =
Z sj

sj�1

y(s)ds; j = 1; n: (3.6)

�ç¥¢¨¤­®, çâ® áå¥¬  (1.1), (3.4){(3.6) ¯à¥¤áâ ¢«ï¥â á®¡®© ¢ëç¨á«¨â¥«ì­ãî áå¥¬ã¬¥â®¤  á¯« ©­-
¯®¤®¡« áâ¥© ­ã«¥¢®£® ¯®àï¤ª  à¥è¥­¨ï ¯®«­®£® ��� á ï¤à®¬ �¨«ì¡¥àâ . �¤¥áì §  ¯®¤¯à®áâà ­-
áâ¢® Xn � L2 ¡¥à¥¬ ¬­®¦¥áâ¢® ¢á¥å á¯« ©­®¢ ¢¨¤  (3.5) á L2-­®à¬®©,   ®¯¥à â®à ®àâ®£®­ «ì­®£®
¯à®¥ªâ¨à®¢ ­¨ï Pn : L2 ! Xn � L2 ®¯à¥¤¥«ï¥¬ ¯® ä®à¬ã«¥

Pn(f ; s) =
nX

k=1

'k(s)
Z sk

sk�1

f(s)ds; f 2 L2: (3.7)

�¥âàã¤­® ¢¨¤¥âì, çâ® ®¯¥à â®à Pn ¨§ (3.7) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (2.12),   ¯®á«¥¤®¢ â¥«ì­®áâì
¯®¤¯à®áâà ­áâ¢ fXng

1
1 � L2 ï¢«ï¥âáï ¯à¥¤¥«ì­® ¯«®â­®© ¢ ¯à®áâà ­áâ¢¥ L2 ¢ á¨«ã á¢®©áâ¢

¬­®¦¥áâ¢  ¢á¥å áâã¯¥­ç âëå äã­ªæ¨© á à §àë¢ ¬¨ ¢ ã§« å (3.4). �®íâ®¬ã ®¡®á­®¢ ­¨¥ ¬¥â®¤ 
á¯« ©­-¯®¤®¡« áâ¥© ¤«ï ��� (1.1) á«¥¤ã¥â ¨§ â¥®à¥¬ 1{5.

8�. �á¯®«ì§®¢ ­­ë¥ ¢ëè¥ á¨áâ¥¬ë äã­ªæ¨© f'k = 'k;n(s)gn1 � L2 ¯à¥¤¯®« £ «¨áì ®àâ®-
­®à¬ «ì­ë¬¨; ®¤­ ª® íâ® âà¥¡®¢ ­¨¥ ­¥ ï¢«ï¥âáï ®¡ï§ â¥«ì­ë¬,   ¨¬¥­­®, ¤®áâ â®ç­®, çâ®¡ë
®­¨ ¡ë«¨ «¨èì «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨. �â®â ¢®¯à®á à áá¬®âà¨¬ å®âï ¡ë ªà âª® ­  ¯à¨¬¥à¥
á¯« ©­-¬¥â®¤  ¯¥à¢®£® ¯®àï¤ª .
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�¡®§­ ç¨¬ ç¥à¥§

'k = 'k;n(s) =

8>>>><>>>>:
0 ¯à¨ s 6 sk�1;
s�sk�1
sk�sk�1

¯à¨ sk�1 6 s 6 sk;
sk+1�s

sk+1�sk
¯à¨ sk 6 s 6 sk+1;

0 ¯à¨ s > sk+1

(3.8)

äã­¤ ¬¥­â «ì­ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ á¯« ©­ë ¯¥à¢®© áâ¥¯¥­¨ ¯® á¨áâ¥¬¥ ã§«®¢ (3.4). �ç¥¢¨¤­®,
çâ® á¨áâ¥¬  äã­ªæ¨© (3.8) ï¢«ï¥âáï «¨­¥©­® ­¥§ ¢¨á¨¬®©, ­® ­¥ ®àâ®£®­ «ì­®©. �¥¬ ­¥ ¬¥­¥¥
á ãç¥â®¬ â¥®à¥¬ë ®àâ®£®­ «¨§ æ¨¨ �¬¨¤â  (á¬., ­ ¯à., [19], £«. IV, x 5) ¨ à¥§ã«ìâ â®¢ â¥®à¨¨
¯à¨¡«¨¦¥­¨© á¯« ©­ ¬¨ (á¬., ­ ¯à., [21], [22]) ¤«ï íâ®© á¨áâ¥¬ëäã­ªæ¨© ®á­®¢­ë¥ ãâ¢¥à¦¤¥­¨ï
â¥®à¥¬ 1{5 ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨.

9�. �¥®à¥¬ë 1{5 «¥£ª® ¯¥à¥­®áïâáï ­  á«ãç © ��� (1.1) á ª®¬¯«¥ªá­®§­ ç­ë¬¨ ª®íää¨æ¨¥­-
â ¬¨ ¢ ¯à®áâà ­áâ¢¥ ª®¬¯«¥ªá­®§­ ç­ëå äã­ªæ¨© L2 = L2(0; 2�) á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(f; g) =
1
2�

Z 2�

0

f(s)g(s)ds (f; g 2 L2); (3.9)

£¤¥ g(s) | á®®â¢¥âáâ¢ãîé ï ª®¬¯«¥ªá­® á®¯àï¦¥­­ ï ª g(s) äã­ªæ¨ï. � íâ®¬ á«ãç ¥ á«¥¤ã-
¥â ¨á¯®«ì§®¢ âì ¬®¤¨ä¨æ¨à®¢ ­­®¥ ®¯à¥¤¥«¥­¨¥ ¯®«®¦¨â¥«ì­®£® ®¯¥à â®à  ¢ á®®â¢¥âáâ¢¨¨ á
ä®à¬ã«®© (3.9) ¨«¨ ¦¥ ¢¬¥áâ® ª®¬¯«¥ªá­®£® ãà ¢­¥­¨ï (1.1) ¬®¦­® à¥è âì íª¢¨¢ «¥­â­ãî ¥¬ã
á¨áâ¥¬ã ¨§ ¤¢ãå ¢¥é¥áâ¢¥­­ëå á¨­£ã«ïà­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¤¥©áâ¢¨â¥«ì­®© ¨ ¬­¨¬®©
ç áâ¥© ¨áª®¬®© äã­ªæ¨¨ x(s) 2 L2 ¢ ¯à®áâà ­áâ¢¥ ¢¥é¥áâ¢¥­­ëå ¢¥ªâ®à-äã­ªæ¨© á á®®â¢¥âáâ¢ã-
îé¨¬¨ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®©.

10�. �¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï ¤àã£¨å ª« áá®¢
á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ­ ¯à., ¤«ï ��� á ï¤à®¬ �®è¨

B' � b(t)'(t) +
1
�

Z 1

�1

q(t; �)'(�)d�
� � t

= f(t); �1 < t < 1;

£¤¥ b(t) 2 C[�1; 1], q(t; �) 2 C[�1; 1]2, f(t) 2 L2(�1; 1) | ¨§¢¥áâ­ë¥ (¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªá­®-
§­ ç­ë¥) äã­ªæ¨¨,   '(t) 2 L2(�1; 1) | ¨áª®¬ ï äã­ªæ¨ï.
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