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1. �¢¥¤¥¨¥

�¥ª®â®àë¥ ¯à¨ª« ¤ë¥ § ¤ ç¨ £¨¤à®¬¥å ¨ª¨ ¨ â¥®à¨¨ ã¯àã£®áâ¨ á¢®¤ïâáï ª à¥è¥¨î § -
¤ ç¨ �¨¬   (§ ¤ ç¨ «¨¥©®£® á®¯àï¦¥¨ï)

�+(t) = G(t)��(t) + g(t); t 2 L: (1)

� § ¤ ç¥ (1) ¢ á«ãç ¥ ª®íää¨æ¨¥â  G(t) = c0 ¯à¨¢®¤ïâáï ¢¨¤®¨§¬¥¥ ï § ¤ ç  �¨à¨å«¥
¨«¨ á¬¥è  ï § ¤ ç  ¤«ï ¯«®áª®áâ¨ ¨ ¯®«ã¯«®áª®áâ¨ ([1], £«. IV, x 91{95). �à¨ª« ¤®© ¨â¥à¥á
¯à¥¤áâ ¢«ïîâ íâ¨ § ¤ ç¨ ¢ á«ãç ¥ áç¥â®£® ¬®¦¥áâ¢  é¥«¥©, ¯¥à¨®¤¨ç¥áª¨ à á¯®«®¦¥ëå ¢
¯®«ã¯«®áª®áâ¨. �â® ç áâë© á«ãç © â ª  §ë¢ ¥¬®© ª¢ §¨¯¥à¨®¤¨ç¥áª®© ªà ¥¢®© § ¤ ç¨ �¨-
¬  , å à ªâ¥à¨§ãîé¨©áï ¯¥à¨®¤¨ç®áâìî ª®íää¨æ¨¥â  G(t).

� ¤ ®© áâ âì¥ ¯à¥¤¯®« £ ¥¬ L =
1
[
k=0

Lk, £¤¥ L0 = (a0; 1) ¨ 0 < a0 < 1,   Lk = L0 + k.

�â®á¨â¥«ì® ª®íää¨æ¨¥â  § ¤ ç¨ áç¨â ¥¬ G(t + 1) = G(t), G(t) 2 H(L0) (ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 0 <  � 1) ¨ G(t) 6= 0 8t 2 L0. �à®¬¥ â®£®, g(t) 2 H�(L) ¨
g(1) = 0. �« áá äãªæ¨©, ®£à ¨ç¥ëå ¨   «¨â¨ç¥áª¨å ¢ ®¡« áâ¨ D á £à ¨æ¥© L, ®¡®§ ç¨¬
ç¥à¥§ B.

2. �áá«¥¤®¢ ¨¥ ®¤®à®¤®© § ¤ ç¨ ¢ ª« áá¥ B

�ãáâì g(t) � 0. � áá¬®âà¨¬ äãªæ¨î

1(z) =
z

2�i

Z
L

lnG(x)[x(x� z)]�1dx =
1
2�i

Z
L0

lnG(x)[	(x)�	(x� z)]dx;

£¤¥ 	(z) = �0(z)=�(z) | ¯á¨-äãªæ¨ï («®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤ ï £ ¬¬ -äãªæ¨¨ �©«¥à ).
� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì äãªæ¨î

(z) = �(2�i)�1

Z
L0

lnG(x)	(x� z)dx;

®â«¨ç îéãîáï ®â 1(z) «¨èì   ¯®áâ®ïãî. � ®ªà¥áâ®áâ¨ ã§«®¢ ¨¬¥¥¬ ¯à¥¤áâ ¢«¥¨¥

(z) = �
lnG(c0)
2�i

ln[1=�(c0 � z)] + 
(z):

�¤¥áì § ª ¬¨ãá ¢ë¡¨à ¥âáï ¯à¨ c0 = a0,   ¯«îá | ¯à¨ c0 = 1. �ãªæ¨ï 
(z) £®«®¬®àä 
¢¥ L ¨ ¥¯à¥àë¢® ¯à®¤®«¦¨¬    L. �¢¥¤¥¬ äãªæ¨î X(z) = exp (z). � ®ªà¥áâ®áâ¨ ã§«  c0
á¯à ¢¥¤«¨¢® à ¢¥áâ¢® X(z) = [1=�(c0 � z)]�

�

0
+i��

0 exp
(z), £¤¥ ��0 + i��0 = � lnG(c0)=2�i.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò02-01-0914).
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�á«¨ ª®æë c0 ¥®á®¡¥ë¥ ([1], £«. IV, x 83), â® ä¨ªá¨àã¥¬ ¢¥â¢ì  à£ã¬¥â :�2�< argG(a0)<0.
�®¤¡¥à¥¬ æ¥«®¥ ç¨á«® �0 â ª, çâ®¡ë 0 < �+��0 < 1. � ª ç¥áâ¢¥ ª ®¨ç¥áª®© äãªæ¨¨ ¨§ ª« á-
á  B (äãªæ¨¨, ®áãé¥áâ¢«ïîé¥© ä ªâ®à¨§ æ¨î § ¤ ç¨ (1)) ¢®§ì¬¥¬

X1(z) = X(z)[�(1 � z)]�0 : (2)

�® ¢á¥å ã§« å (¨ â®«ìª® ¢ ¨å) ®  ¨¬¥¥â ã«¨ ¯®àï¤ª  ¬¥ìè¥ ¥¤¨¨æë.
�á«¨ ã§«ë ak ®á®¡¥ë¥, â® áç¨â ¥¬ ¢ë¯®«¥ë¬ à ¢¥áâ¢® argG(a0) = 0. � ®ªà¥áâ®áâ¨

ã§«  ak äãªæ¨¨ X1(z) ¨ 1=X1(z) ®£à ¨ç¥ë,   ¢ ã§« å k+1 ã äãªæ¨¨ (2) ¯®-¯à¥¦¥¬ã ã«¨
¯®àï¤ª  ¬¥ìè¥ ¥¤¨¨æë. � ª®¥æ, ¥á«¨ ¢á¥ ã§«ë ®á®¡¥ë¥, â® áç¨â ¥¬ ¢ë¯®«¥ë¬ ãá«®¢¨¥
�0 = �+

0 . � íâ®¬ á«ãç ¥ äãªæ¨¨ X1(z) ¨ 1=X1(z) ®£à ¨ç¥ë ¢ "-®ªà¥áâ®áâ¨ ª ¦¤®£® ã§« .
�¢¥¤¥¬ eB | ª« áá äãªæ¨©,   «¨â¨ç¥áª¨å ¢ ®¡« áâ¨ D ¨ ®£à ¨ç¥ëå ¢ «î¡®¬ ªàã£¥

jzj < R. �¥è¥¨¥ § ¤ ç¨ (1) ¢ íâ®¬ ª« áá¥ § ¯¨è¥¬ ¢ ¢¨¤¥

�(z) = X(z)P (z); (3)

£¤¥ P (z) | ¯à®¨§¢®«ì ï æ¥« ï äãªæ¨ï. �ëïá¨¬, ª®£¤  �(z) ¯à¨ ¤«¥¦¨â B. � áá¬®âà¨¬
á«¥¤ãîé¨¥ á«ãç ¨.

1) �0 = 0 ) X1(z) � X(z). �â¥£à¨àãï (z) ¯® ç áâï¬ ¯à¨ arg z 2 ["; 2�� "], " > 0, ¯®«ãç¨¬
¯à¥¤áâ ¢«¥¨¥ X(z) = exp[�1	(1� z)] eX(z), £¤¥ äãªæ¨¨ eX(z) ¨ 1= eX(z) ®£à ¨ç¥ë ¢ ãª § ®¬
ã§«¥, ¨ �1 = � 1

2�i

R
L0

lnG(x)dx.

�®à®è® ¨§¢¥áâë ( ¯à., [2], £«. 6, x 6)  á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë

ln�(z) = z ln z � z �
1
2
ln z +

1
2
ln2� +O(z�1); (4)

	(z) = ln z + (2z)�1 +O(z�2); z !1; j arg zj < � � �; � > 0: (5)

�®íâ®¬ã

jX(z)j � jzj�; z !1; � = Re�1: (6)

�ãáâì â¥¯¥àì t > 0. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© 	(z) � 	(1 � z) = �� ctg �z ([3], c. 761) ¤«ï
¨áá«¥¤®¢ ¨ï  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï ¨â¥£à «  (t), ª®â®àë© ¯à¨ t 2 L ¯®¨¬ ¥âáï ¢
á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨. �®«ãç¨¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥¬¬  1. �¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ X+(t) = A1(t)A2(t), £¤¥ jA1(t)j � t�, t ! +1,  

A2(t) = A2(t+1) ¨ A2(t) 2 C(L0), ¯à¨ç¥¬ íâ  äãªæ¨ï ®¡à é ¥âáï ¢ ã«ì â®«ìª® ¢ ¥®á®¡¥ëå

ã§« å.

�¥®à¥¬  1. �ãáâì �0 = 0. �à¨ � > 0 ®¤®à®¤ ï § ¤ ç  ¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥,

  ¯à¨ � � 0 ¥¥ ®¡é¥¥ à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (3), £¤¥ P (z) | ¯à®¨§¢®«ìë© ¯®«¨®¬

áâ¥¯¥¨ p � [��]. �â® à¥è¥¨¥ ¨¬¥¥â ¡¥áª®¥ç®¥ ¬®¦¥áâ¢® ã«¥© ¢ D «¨èì ¯à¨  «¨ç¨¨

¥®á®¡¥ëå ã§«®¢.

2) �0 < 0. �® ä®à¬ã«¥ (4) ª ®¨ç¥áª ï äãªæ¨ï (2) ¢ ®¡« áâ¨ D ¨¬¥¥â ãâ®ç¥ë© ¯®àï¤®ª
�(r) = ln(r ln r)

ln r
. � ä®à¬ã«¥ (3) P (z) = [�(1�z)]�0P1(z), £¤¥ P1(z) | ¯à®¨§¢®«ì ï æ¥« ï äãªæ¨ï.

�«¥¤®¢ â¥«ì®, æ¥« ï äãªæ¨ï P (z) ®¡à é ¥âáï ¢ ã«ì ¢ â®çª å 1 + k, k 2 N , â. ¥. ¢ á¨«ã (6)
¯®«ãç¨¬ �(z) =2 B ¯à¨ P1(z) � 0. �â ª, ¢ íâ®¬ á«ãç ¥ ¥âà¨¢¨ «ìëå à¥è¥¨© ¥â.

3) �0 > 0. �«ï ¨¤¨ª â®à  ª ®¨ç¥áª®© äãªæ¨¨ (2) á¯à ¢¥¤«¨¢  ä®à¬ã« 

lim
r!1

ln jX1(rei�)j
r ln r

= ��0 cos �; � 2 [0; 2�]: (7)

� ¢¥áâ¢® (7) ¢ë¯®«ï¥âáï à ¢®¬¥à® ®â®á¨â¥«ì® � ¢¥ ¥ª®â®àëå ®ªà¥áâ®áâ¥© ¥®á®¡¥ëå
ã§«®¢. � ä®à¬ã«¥ (7) ¨¬¥¥â ¬¥áâ® â®çë©,   ¥ ¢¥àå¨© ¯à¥¤¥«, â. ª. 1=�(1�z) | æ¥« ï äãªæ¨ï
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¢¯®«¥ à¥£ã«ïà®£® à®áâ  á ¯à®áâë¬¨ ã«ï¬¨ ¢ â®çª å 1+k, k 2 N . �¬¥áâ® ä®à¬ã«ë (3) à¥è¥¨¥
§ ¤ ç¨ ¢ ª« áá¥ eB ã¤®¡® § ¯¨á âì ¢ ¢¨¤¥

�(z) = X1(z) exp[�0(�i� 1)z]P (z); (8)

£¤¥ P (z) = Azm exp(az)
1Q
n=1

E
�
z
zn
; 1
�
| æ¥« ï äãªæ¨ï ãâ®ç¥®£® ¯®àï¤ª  �(r) = ln(r ln r)

ln r
.

�¥®à¥¬  2. �à¨ � = ��0=2 äãªæ¨ï �(z) ¯à¨ ¤«¥¦¨â B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

a) áå®¤¨âáï àï¤
P
n
r�1=2
n lim �n

2
, zn = rne

i�n ; ¡) áãé¥áâ¢ã¥â ¥®âà¨æ â¥«ìë© ª®¥çë© ¯à¥¤¥«

lim
r!1

1
4
p
r

rR
0

dt
t

tR
0

[�0x�n(x)]dxx =  � 0; ¢) áå®¤¨âáï ¨â¥£à «
1R
0

[�0x�n(x)]dxx2 ; £) m ln t+
P
n
ln
�� t�zn
t�rn

��+
t
1R
0

�0x�n(x)
x(x�t) dx < C; ¤) a =

1R
0

(�0x � n(x))x�2dx +
1P
n=1

(1 � e�i�n)r�1
n . �¤¥áì n(x) | áç¨â îé ï

äãªæ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ª®à¥© fzng, ¯à¨ç¥¬ 0 < rn !1, n!1.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ª« áá¨ç¥áª¨å à¥§ã«ìâ â®¢ �.�. �®-
¢®à®¢  [4] ¯® ¨áá«¥¤®¢ ¨î § ¤ ç¨ �¨¬   á ¡¥áª®¥çë¬ ¨¤¥ªá®¬. �¤¥áì  ¤® ¢§ïâì â®â ç áâ-
ë© á«ãç © à áá¬®âà¥®© ¨¬ § ¤ ç¨ ([4], £«. 5, x 25{27), ª®£¤  L = [1;1) ¨ lnG(t) = 2�i�0t.
�®£¤  ª ®¨ç¥áª ï äãªæ¨ï �.�. �®¢®à®¢  X(z) = exp[��0z ln(1� z)] ¨¬¥¥â âã ¦¥  á¨¬¯â®â¨-
ªã, çâ® ¨ ª ®¨ç¥áª ï äãªæ¨ï (2) (á¬. ä®à¬ã«ë (4) ¨ (5)).

� ¬¥ç ¨¥ 1. �ãé¥áâ¢ãîâ ®£à ¨ç¥ë¥   ª ¦¤®¬ «ãç¥ arg z = �, � 2 [0; 2�], à¥è¥¨ï
§ ¤ ç¨ (1), ¥ ¯à¨ ¤«¥¦ é¨¥ ª« ááã B. �®áâ â®ç®,  ¯à¨¬¥à, ¢ ä®à¬ã«¥ (8) ¢¬¥áâ® äãªæ¨©
P (z), ®¯¨á ëå ¢ â¥®à¥¬¥ 2, ¢§ïâì äãªæ¨¨ P (z) +Q(z), £¤¥

Q(z) =
Z 1

0
t�teztdt: (9)

�¥« ï äãªæ¨ï (9) ®£à ¨ç¥    ª ¦¤®¬ «ãç¥ [5]. �®íâ®¬ã ¥¥ ¯®àï¤®ª � =1 ¢ á¨«ã ¯à¨æ¨-
¯  �à £¬¥ {�¨¤¥«�¥ä . �â ª, áãé¥áâ¢ã¥â ¡¥áª®¥ç®¥ ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©
§ ¤ ç¨ (1), ®£à ¨ç¥ëå   ª ¦¤®¬ «ãç¥, ® ¨¬¥îé¨å ¢ D ¡¥áª®¥çë© ¯®àï¤®ª.

�ãáâì â¥¯¥àì � + �0=2 6= 0. �®£¤  à¥è¥¨¥ § ¤ ç¨ (1) ¢ ª« áá¥ B ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
�(z) = �1(z) exp

��
�0

�
�i � 1) + �+ �0

2

�
z
	
P (z), £¤¥ äãªæ¨ï P (z) ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ 2 á â®©

«¨èì à §¨æ¥©, çâ® ¢ ãá«®¢¨ïå ¡){¤) íâ®© â¥®à¥¬ë ¢¬¥áâ® ç«¥  �0x  ¤® ¢§ïâì �0x� �� �0
2
.

3. �áá«¥¤®¢ ¨¥ ¥®¤®à®¤®© § ¤ ç¨ ¢ ª« áá¥ bB
�ãáâì bB | ª« áá äãªæ¨©, ®£à ¨ç¥ëå ¢¥ «î¡ëå ®ªà¥áâ®áâ¥© ®á®¡¥ëå ã§«®¢ ¨ ¤®¯ãá-

ª îé¨å ¢ ¨å «¨èì «®£ à¨ä¬¨ç¥áª¨¥ ®á®¡¥®áâ¨ (ª« áá â ª  §ë¢ ¥¬ëå ¯®çâ¨ ®£à ¨ç¥ëå
à¥è¥¨© ([1], £«. 4, x 77)). � á«ãç ¥, ¥á«¨ ¢á¥ ã§«ë ¥®á®¡¥ë¥, ¨¬¥¥¬ bB � B. � ¤ «ì¥©è¥¬
®£à ¨ç¨¬áï ¨áá«¥¤®¢ ¨¥¬ ¨¬¥® íâ®£® á«ãç ï.

� áá¬®âà¨¬ ¢ ç «¥ ¯à®áâ¥©è¨© á«ãç © �0 = 0.
1) � > 0. �¥è¥¨¥ § ¤ ç¨ (1) ¢ ª« áá¥ bB § ¯¨è¥âáï ¢ ¢¨¤¥

�(z) = X(z)[!(z) + P (z)]; (10)

£¤¥ P (z) | ¯à®¨§¢®«ì ï æ¥« ï äãªæ¨ï ¨

!(z) � !(z; g(�)) =
1
2�i

Z
L

g(�)d�
X+(�)(� � z)

: (11)

�á®, çâ® ¯à¨ à¥è¥¨¨ § ¤ ç¨ (1) ¢ ª« áá¥ B  ¤® ¯®«®¦¨âì ¢ ä®à¬ã«¥ (10) P (z) � 0, â. ª.
lim
r!1!(rei�) = 0, � 2 (0; 2�). �ãáâì B" | ª« áá à¥è¥¨© § ¤ ç¨ (1), ®£à ¨ç¥ëå ¢ «î¡®¬ ã£«ã

["; 2� � "], " > 0. �ç¥¢¨¤®, B 2 B".
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�¥¬¬  2. �à¨ 0 < � � 1 § ¤ ç  (1) ¢ ª« áá¥ B" ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

�(z) = X(z)!(z): (12)

�à¨ � > 1 äãªæ¨ï (12) ¡ã¤¥â à¥è¥¨¥¬ ¢ ª« áá¥ B" â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë

ãá«®¢¨ï à §à¥è¨¬®áâ¨

!(0; �m+1g(�)) = 0; m = 0; [�] � 1: (13)

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, !(rei�) = O(r�1) ¯à¨ r ! 1 ¨ � 2 (0; 2�). � ¬¥â¨¬, çâ® ¯à¨
� > 1

!(z; g(�)) = z�1!(z; �g(�)) � z�1!(0; �g(�)): (14)

�á«¨ !(0; �g(�)) 6= 0, â®  á¨¬¯â®â¨ª  äãªæ¨¨ (11) ®¯à¥¤¥«ï¥âáï ¢â®àë¬ á« £ ¥¬ë¬ ¢ ¯à ¢®©
ç áâ¨ (14), ®âªã¤  ¨ ¢ëâ¥ª ¥â ¥¨§¡¥¦®áâì ¢ë¯®«¥¨ï ãá«®¢¨ï (13) ¯à¨ m = 0. �à®¤®«¦ ï
¯à¨ ¥®¡å®¤¨¬®áâ¨ íâ®â ¯à®æ¥áá, ¯®«ãç¨¬ ¢áî á®¢®ªã¯®áâì ãá«®¢¨© (13).

� ¬¥ç ¨¥ 2. �à¨ ¥æ¥«®¬ � ¯®«ãç¥®¥ à¥è¥¨¥ ¨§ ª« áá  B" ã¤®¢«¥â¢®àï¥â ¡®«¥¥ á¨«ì-
®¬ã ãá«®¢¨î �(rei�) = O(r�) à ¢®¬¥à® ®â®á¨â¥«ì® � 2 ["; 2� � "] ¯à¨ � = �� [�] � 1. �á«¨
¤®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨âì, çâ® � + � � [�] > 1 (§¤¥áì � | ¯®ª § â¥«ì ��¥«ì¤¥à  á¢®¡®¤®-
£® ç«¥  g(t) (á¬. ¢¢¥¤¥¨¥)), â® ¬®¦® ¯®âà¥¡®¢ âì, çâ®¡ë ãá«®¢¨¥ (13) ¢ë¯®«ï«®áì ¨ ¯à¨
m = [�]. � â ª®¬ á«ãç ¥ ¯à¨ r !1 ¨¬¥¥¬ � = �� [�]� 2.

� ¬¥ç ¨¥ 3. �¬¥áâ® ä®à¬ã«ë (11) ¬®¦® ¨á¯®«ì§®¢ âì à ¢¥áâ¢®

!(z) =
1
2�i

1X
k=0

Z
L0

g(� + k)
�+(� + k)

(� + k � z)�1d�; z 2 D:

�ï¤ (11) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   «î¡®¬ ª®¬¯ ªâ¥ ¢ D, â. ª. ¤«ï ®¡é¥£® ç«¥  bk
á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ bk = O(k�1����).

�¥®à¥¬  3. �á«¨ 0 < � � 1, â® äãªæ¨ï (12) ¯à¨ ¤«¥¦¨â ª« ááã B. �â® ¦¥ á¯à ¢¥¤«¨¢®

¨ ¯à¨ � > 1, ¥á«¨ â®«ìª® ¢ë¯®«¥ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ (13).

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ ®¡é¨å á¢®©áâ¢ ¨â¥£à «  â¨¯  �®è¨ á £�¥«ì¤¥à®¢áª®© ¯«®â®-
áâìî.

2) � = 0. �¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (10) ¯à¨ P (z) � const.
3) � < 0. �¡é¥¥ à¥è¥¨¥ ¢ ª« áá¥ B ¨¬¥¥â ¢¨¤ �(z) = X(z)[z�[�]!(z; � [�]g(�))+P (z)], £¤¥ P (z)

| ¯®«¨®¬ á ¯à®¨§¢®«ìë¬¨ ª®íää¨æ¨¥â ¬¨ áâ¥¯¥¨ p � [��].
�¥¯¥àì ¯¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î ¡®«¥¥ á«®¦®£® á«ãç ï �0 < 0. �ë¡¥à¥¬ ç¨á«® " 2 (0; a0) ¨

¢¢¥¤¥¬ ®¢ãî ª ®¨ç¥áªãî äãªæ¨î

X2(z) = X(z)[�(1 � z)=�(1 + "+m� z)]�0 ; (15)

£¤¥ ç¨á«® m  âãà «ì®¥. �â® ¬¥à®¬®àä ï ¢ D äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï   L ªà ¥¢®¬ã
ãá«®¢¨î (1) ¯à¨ g(t) � 0. � ¥¥ ¯®«îáë 1 + " + m + k =2 L, k 2 N , ¨¬¥îâ ¯®àï¤®ª ��0,   ¢
¥®á®¡¥ëå ã§« å ã ¥¥ ¡ã¤ãâ ã«¨ ¯®àï¤ª  ¬¥ìè¥ ¥¤¨¨æë. �¯à ¢¥¤«¨¢   á¨¬¯â®â¨ç¥áª ï
ä®à¬ã«  jX2(rei�)j � d1(")rh, r ! 1, £¤¥ d1(") < 0, � 2 (0; 2�), h = � � �0(" +m). �à®¬¥ â®£®,
¤«ï £à ¨ç®£® § ç¥¨ï X+

2 (t) á¯à ¢¥¤«¨¢   «®£ «¥¬¬ë 1 á § ¬¥®© �   h.
�ë¡¥à¥¬  âãà «ì®¥ ç¨á«® m â ª, çâ®¡ë ¢¥«¨ç¨  h ¯à¨ï«   ¨¬¥ìè¥¥ ¥®âà¨æ â¥«ì®¥

§ ç¥¨¥ h0. �â® § ç¥¨¥ m ®¡®§ ç¨¬ ç¥à¥§ m0. �®§¬®¦ë ¤¢  á«ãç ï.
1) h0 = 0. �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ®ªàã¦®áâ¥© jzj = brn, brn ! 1, çâ®

äãªæ¨ï (15)   ¨å à ¢®¬¥à® ®£à ¨ç¥  á¢¥àåã ¨ á¨§ã:

max
jzj=ẑn

fjX2(z)j + jX2(z)j�1g < c1:
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�¥©áâ¢¨â¥«ì®, ¤®áâ â®ç® ¯®«®¦¨âì brn = 1 + "1 + n, £¤¥ "1 2 ("; a0). �¥è¥¨¥ § ¤ ç¨ ¢ ª« áá¥
B § ¯¨è¥âáï ¢ ¢¨¤¥

�(z) = X2(z)[!2(z) + P (z)]; (16)

£¤¥ !2(z) = 1
2�i

R
L

g(�)

�+
2
(�)
(� � z)�1d� . �®áª®«ìªã jP (z)j ®£à ¨ç¥   ¯®á«¥¤®¢ â¥«ì®áâ¨ ®ªàã¦®-

áâ¥© jzj = brn, â® P (z) � const. �áâ ¥âáï § ¬¥â¨âì, çâ® lim
t!+1

!2(t) = 0 ) const = 0.

�¥®à¥¬  4. �ãªæ¨ï (16) ¢ á«ãç ¥ h0 = 0, £¤¥ " 2 (0; a0), ¯à¨ ¤«¥¦¨â ª« ááã B â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  !2(1 + "+m0 + k) = 0 8k 2 N .

2) h0 > 0 8" 2 (0; a0). �¢¥¤¥¬ ª ®¨ç¥áªãî äãªæ¨î X3(z) = X2(z)=z[h0 ]. �¥¯¥àì ¬®¦® (á
§ ¬¥®© X2(z)   X3(z)) ¯à®¢¥áâ¨ ¢á¥ à ááã¦¤¥¨ï ¯. 1). �ç¥¢¨¤®, æ¥« ï äãªæ¨ï P (z), ¤®¯ãá-
ª îé ï ®æ¥ªã jP (rnei�n)j � d2r

�q
n , £¤¥ d2 > 0 ¨ �1 < q � 0, ¬®¦¥â ¡ëâì â®«ìª® ¯®áâ®ï®©

(¥á«¨ h0 ¥æ¥«®¥, â® P (z) � 0). �¥®à¥¬  4 ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¯à¨ ãá«®¢¨¨, çâ® ª à ¥¥ áä®à-
¬ã«¨à®¢ ë¬ ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨ ¤®¡ ¢«¥ë ¤®¯®«¨â¥«ìë¥: !(j)

2 (0) = 0, j = 0; [h0]� 1.
�¥¯¥àì ®áâ «®áì à áá¬®âà¥âì ¯®á«¥¤¨© á«ãç © �0 > 0. � á¨«ã x 1 ¤®áâ â®ç® ¯®áâà®¨âì

«î¡®¥ ç áâ®¥ à¥è¥¨¥ § ¤ ç¨ (1). �®-¯à¥¦¥¬ã ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ª ®¨ç¥áªãî äãªæ¨î
(15), áç¨â ï  âãà «ìë¬ ç¨á«® (�m). �¡®§ ç¨¬ ç¥à¥§ m0 â ª®¥  ¨¬¥ìè¥¥ ¯® ¬®¤ã«î m,
çâ® h0 � 0, " 2 (0; a0). �á«¨ h0 = 0, â® íâ¨¬ ç áâë¬ à¥è¥¨¥¬ ¡ã¤¥â äãªæ¨ï (16) ¯à¨ P (z) � 0.
�à¨ h0 > 0 ¨á¯®«ì§ã¥¬ à ¥¥ ¢¢¥¤¥ãî äãªæ¨î X3(z) ¨ § ¯¨è¥¬ íâ® ç áâ®¥ à¥è¥¨¥ ¢ ¢¨¤¥

�(z) = X3(z)
�
1
2�i

Z
L

g(�)d�
X+

3 (�)(� � z)
+

[h0]X
j=1

�j
z + 1 + "+ j +m0

�
: (17)

�  áç¥â ¯®¤¡®à  ¯à®¨§¢®«ìëå ª®íää¨æ¨¥â®¢ �j ¢ ª®¥ç®© áã¬¬¥ ¢á¥£¤  ¬®¦® ¤®¡¨âìáï ¢ë-
¯®«¥¨ï ãá«®¢¨© à §à¥è¨¬®áâ¨ T (n)(0) = 0, n = 0; [h0]� 1, £¤¥ T (z) | ¢ëà ¦¥¨¥ ¢ ª¢ ¤à âëå
áª®¡ª å ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (17). �â ª, ¯à¨ �0 > 0 áãé¥áâ¢ã¥â ¡¥áª®¥ç®¥ ¬®¦¥áâ¢® à¥-
è¥¨© § ¤ ç¨ (1) ¨§ ª« áá  B.
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