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�®áâà®¥¨¥ ¨ ¨áá«¥¤®¢ ¨¥ à §®áâëå áå¥¬ ¤«ï ¥áâ æ¨® àëå ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¨ ¯à¥¤áâ ¢«ï¥â § ç¨â¥«ìë© ¯à ªâ¨ç¥áª¨© ¨ â¥®à¥â¨ç¥áª¨© ¨â¥à¥á. �¤¨¬ ¨§  ¨¡®«¥¥
¨â¥à¥áëå ¨ ¢ ¦ëå  á¯¥ªâ®¢ â¥®à¨¨ à §®áâëå áå¥¬ ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ ¨å ª®àà¥ªâ®-
áâ¨. �¡é ï â¥®à¨ï ª®àà¥ªâ®áâ¨ ®¯¥à â®à®-à §®áâëå áå¥¬, ¯®áâà®¥ ï ¢ [1]{[4], ¯®§¢®«ï¥â
¢ «¨¥©®¬ á«ãç ¥ á¢¥áâ¨ ¨áá«¥¤®¢ ¨¥ ª®ªà¥âëå à §®áâëå áå¥¬ ª ¯à®¢¥àª¥ á¢®©áâ¢ ¢å®¤ï-
é¨å ¢ ¨å á¥â®çëå ®¯¥à â®à®¢. �¥®à¨ï à §®áâëå áå¥¬ ¤«ï ¥«¨¥©ëå § ¤ ç à §¢¨â  á« ¡¥¥.
�â¬¥â¨¬ §¤¥áì à ¡®âë [5]{[12], ¢ ª®â®àëå ä®à¬ã«¨àãîâáï ¤®áâ â®ç® ®¡é¨¥ ãá«®¢¨ï   à §®áâ-
ë¥ ®¯¥à â®àë, ®¡¥á¯¥ç¨¢ îé¨¥ à §à¥è¨¬®áâì ¨ ãáâ®©ç¨¢®áâì ¥ª®â®àëå ª« áá®¢ à §®áâëå
ãà ¢¥¨©. �â¬¥â¨¬ â ª¦¥ à ¡®âë [13]{[17], ¢ ª®â®àëå ¯®«ãç¥ë ®æ¥ª¨ â®ç®áâ¨ ¥ª®â®àëå
¢¨¤®¢ à §®áâëå áå¥¬ ¤«ï § ¤ ç ®¤®- ¨ ¤¢ã¬¥à®© £ §®¤¨ ¬¨ª¨. �  áâ®ïé¥© à ¡®â¥, ¨á¯®«ì-
§ãï à¥§ã«ìâ âë ® ª®àà¥ªâ®áâ¨ á¨áâ¥¬ë ¤¢ãåá«®©ëå ®¯¥à â®à®-à §®áâëå áå¥¬ (á¬. [12]), ¬ë
¨áá«¥¤ã¥¬ áå®¤¨¬®áâì á¥â®ç®© áå¥¬ë ¤«ï âà¥å¬¥à®© « £à ¦¥¢®© á¨áâ¥¬ë ãà ¢¥¨© ¤¨ -
¬¨ª¨ ¢ï§ª®© á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ¢ ¯¥à¥¬¥ëå ã¤¥«ìë© ®¡ê¥¬-áª®à®áâì-íâà®¯¨ï ¯à¨ ®¡é¨å
¯à¥¤¯®«®¦¥¨ï ®â®á¨â¥«ì® ãà ¢¥¨© á®áâ®ï¨ï.

� áá¬®âà¨¬ § ¤ çã ® â¥ç¥¨¨ ¢ï§ª®© ¦¨¤ª®áâ¨, § ¨¬ îé¥©  ç «ìë© ®¡ê¥¬ 
 =
f0 < xi < 1; i = 1;mg, m = 2; 3, á £à ¨æ¥© �. �¥ç¥¨¥ ¦¨¤ª®áâ¨ ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ãà ¢¥-
¨©

�0
d�

dt
� jJ jr � ~v = 0; (1)

�0
d~v

dt
+ jJ j(rp� (�+ �)rdiv~v � ��~v) = �0 ~f; (2)

�0T
ds

dt
= jJ j((� + �)(div~v)2 + �rvi � rvi); (3)

d~x

dt
= ~v; t > 0; (4)

£¤¥ �, ~v, s| ã¤¥«ìë© ®¡ê¥¬, áª®à®áâì, ã¤¥«ì ï íâà®¯¨ï á®®â¢¥âáâ¢¥®, � ¨ �| ª®íää¨æ¨-
¥âë �ï¬¥, jJ j = det(J), J � J(~x) = (@xi=@xj)mi;j=1 | ¬ âà¨æ  �ª®¡¨ ¯¥à¥å®¤  ®â ®âáç¥â®© ¤¥-
ª àâ®¢®© (« £à ¦¥¢®©) á¨áâ¥¬ë ª®®à¤¨ â ~x ª í©«¥à®¢®©, p = �@"=@� | ¤ ¢«¥¨¥, T = @"=@s
| â¥¬¯¥à âãà , " = "(�; s) | â¥à¬®¤¨ ¬¨ç¥áª¨© ¯®â¥æ¨ «.

�à ¨çë¥ ¨  ç «ìë¥ ãá«®¢¨ï ¤«ï ãà ¢¥¨© (1){(4) § ¯¨è¥¬ ¢ ¢¨¤¥

~v = 0; x 2 �;

(�;~v; s) = (�0; ~v0; s0); ~x = ~x0 � ~x; t = 0; x 2 
:
(5)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 95-01-00400).
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�ã¤¥¬ ¯®« £ âì, çâ® â¥à¬®¤¨ ¬¨ç¥áª¨© ¯®â¥æ¨ « "(y; z) ï¢«ï¥âáï ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ä-
ä¥à¥æ¨àã¥¬®© äãªæ¨¥©, ¨ ¯à¨ 1=�0 � y � �0 > 0, 1=�0 � z � �0 > 0 ¢ë¯®«¥ë ãá«®¢¨ï

p0�(y; z) < c0 < 0; T 0
s(y; z) > c0 > 0;�

"00��"
00
ss � 2("00�s)

2
�
(y; z) > c0 > 0:

(6)

�ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì áãé¥áâ¢®¢ ¨¥ ¤®áâ â®ç® £« ¤ª®£® à¥è¥¨ï (�;~v; s) § ¤ ç¨ (1){(5)
¯à¨ t 2 [0; t�] â ª®£®, çâ®

1=�0 > �; s > �0 > 0 ¨ jJ(x)j > c0 > 0: (7)

�¯¯à®ªá¨¬¨àã¥¬ ãà ¢¥¨ï (1){(5), ¨á¯®«ì§ãï ¯à¨ íâ®¬ ª®¥ç®í«¥¬¥âë© ¯®¤å®¤. � §®-
¡ì¥¬ à¥£ã«ïàë¬ ®¡à §®¬ ®¡« áâì 
   à ¢ë¥ ¯àï¬®ã£®«ìë¥ ¯à¨ m = 2 ¨«¨ ªã¡¨ç¥áª¨¥ ¯à¨
m = 3 ïç¥©ª¨ �s á® áâ®à® ¬¨ h â ª, çâ®¡ë ®¨ ¨¬¥«¨ ®¡é¨¬¨ «¨¡® ¢¥àè¨ë, «¨¡® à¥¡à , £à ¨,
«¨¡® ¢®¢á¥ ¥ ¨¬¥«¨ ¯¥à¥á¥ç¥¨©. �®¦¥áâ¢® ¢¥àè¨ ïç¥¥ª (fxklgNk;l=0) ®¡®§ ç¨¬ ç¥à¥§ !h. � 

ª ¦¤®© ïç¥©ª¥ à §¡¨¥¨ï �s ®¯à¥¤¥«¨¬ «®ª «ìãî ã¬¥à æ¨î ¢¥àè¨ b(s)k , k = 1; 2m.
�à®áâà áâ¢® ¥¯à¥àë¢ëå ¢ 
 ¨ ¯®«¨«¨¥©ëå   ïç¥©ª å �s äãªæ¨© ®¡®§ ç¨¬ ç¥à¥§

V , ç¥à¥§
�

V ¡ã¤¥¬ ®¡®§ ç âì ¯®¤¯à®áâà áâ¢® äãªæ¨© ¨§ V , à ¢ëå ã«î   �,   ç¥à¥§ V� |
¯à®áâà áâ¢® äãªæ¨© ªãá®ç®-¯®áâ®ïëå   ïç¥©ª å �s. �á®, çâ® äãªæ¨¨ ¨§ V ®¤®§ ç®
®¯à¥¤¥«ïîâáï á¢®¨¬¨ § ç¥¨ï¬¨ ¢ â®çª å á¥âª¨ !h,   äãªæ¨¨ ¨§ V� | á¢®¨¬¨ § ç¥¨ï¬¨ ¢
æ¥âà å ïç¥¥ª, ¬®¦¥áâ¢® ª®â®àëå ®¡®§ ç¨¬ !�

h.

�ãáâì H1 = V� 

�

V m 
 V�,
�

H1 = V� 

�

V m 
 V�, H2 = V m,
�

H2 =
�

V m, H = H1 
H2. �¯à¥¤¥«¨¬
¡¨«¨¥©ãî ä®à¬ã

hy; �ih = (h=2)m
X
f�sg

2mX
k=1

(y�)(b(s)k );

ï¢«ïîéãîáï á®áâ ¢®© ªã¡ âãà®© ä®à¬ã«®© âà ¯¥æ¨© ¤«ï ¢ëç¨á«¥¨ï ¨â¥£à «®¢ ¢¨¤ R



u(x)z(x) dx. �à¨ íâ®¬ ¢ ª ç¥áâ¢¥ § ç¥¨© äãªæ¨© y, � ¢ â®çª å b
(s)
k ¡ã¤¥¬ ¯®¨¬ âì á®-

®â¢¥âáâ¢ãîé¨¥ ¯à¥¤¥«ë á® áâ®à®ë ïç¥¥ª �s.
�®«®¦¨¬ �0 = 1. �áî¤ã ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬, ¥á«¨ ¥ ãª § ® ¯à®â¨¢®¥, ¡ã¤¥¬

¯à¥¤¯®« £ âì áã¬¬¨à®¢ ¨¥ ®â 1 ¤® m. � «ë¬¨ ¡ãª¢ ¬¨ á ¨¤¥ªá ¬¨ p, T ¡ã¤¥¬ ®¡®§ ç âì
í«¥¬¥âë ¯à®áâà áâ¢  V�, á ¨¤¥ªá ¬¨ x | í«¥¬¥âë ¯à®áâà áâ¢  V ¨ á ¨¤¥ªá ¬¨ v | í«¥-

¬¥âë ¯à®áâà áâ¢ 
�

V m. �®«ìè¨¬¨ ¡ãª¢ ¬¨ ¢ ¯®§¨æ¨ïå  à£ã¬¥â®¢ ¯à¨ ®¯à¥¤¥«¥¨¨ á¥â®çëå
®¯¥à â®à®¢ ¨ ¨å á¢®©áâ¢ ¡ã¤¥¬ ®¡®§ ç âì í«¥¬¥âë ¯à®áâà áâ¢  H1: Y = (yp; ~yv; yT ). � ª®¬
@j ¢áî¤ã ¡ã¤¥¬ ®¡®§ ç âì ç áâãî ¯à®¨§¢®¤ãî @=@xj .

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¨ ®à¬ë ¢ V ¨ V�, H1, H2

(y;w) = hy;wih; (y;w)1 =
�
hy;wih +

mX
i=1

hyvi; wviih + hyT ; wT ih
�
;

(yx; wx)2 =
mX
i=1

hyxi; wxiih; kyk = (y; y)1=2 ;

kY k1 = (Y; Y )1=21 ; kY k2(+) = kY k21 +
X
�;�

(@�yv�; @�yv�) ;

kyxk22 =
X
j

�
(yxj; yxj)1 +

X
i

(@iyxj; @iyxj)
�
:
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�¯à¥¤¥«¨¬ ®¯¥à â®à A à ¢¥áâ¢®¬

(A(yx; Y );W )1 = �
�e@iyv;i; wp

�
+
�e@iwv;i; yp

�
+

+
�
(�+ �)jJ(yx)j�1 e@iyv;i; e@jwv;j

�
+
�
�jJ(yx)j�1 e@iyv;j ; e@iwv;j

�
� (8)

�
�
(yT jJ(yx)j)�1

�
(�+ �) e@iyv;i e@jyv;j + �e@iyv;j e@iyv;j� ; wT

�
;

W 2
�

H1; Y = (yp; ~yv; yT ) 2 H1; ~yx 2 H2:

�¤¥áì J(yx) = (@jyx;i)mi;j=1, jJ(yx)j = detJ(yx), e@�� = M�;k@k�, M�;k � M�;k(yx) = jJ(yx)jj�;k(yx),
j�;k(yx) | ª®¬¯®¥âë ¬ âà¨æë ®¡à â®© ª J(yx). �¯¥à â®à P ®¯à¥¤¥«¨¬ ¢ëà ¦¥¨¥¬P (yx; Y ) =
yv,   ®¯¥à â®à D | à ¢¥áâ¢®¬

DY = (�p(yp; yT ); ~yv; T (yp; yT )) ; Y 2 H1: (9)

�  ®âà¥§ª¥ [0; t�] ¯®áâà®¨¬ á¥âªã !� = f0; �; 2�; : : : ; t�g ¨ ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¯à®áâà áâ¢®
X = X�;h = f(v(t); �(t)) 2 H; t 2 !�g ¢¥ªâ®à-äãªæ¨©, ®¯à¥¤¥«¥ëå   !� , á® § ç¥¨ï¬¨ ¢
¯à®áâà áâ¢¥ H. �®¤ ¯à¨¡«¨¦¥ë¬ à¥è¥¨¥¬ ((�h; ~vh; sh); ~xh) § ¤ ç¨ (1){(4) ¡ã¤¥¬ ¯®¨¬ âì
à¥è¥¨¥ à §®áâ®© áå¥¬ë ¢¨¤ 8<

:yt +A
�
�(�); eD(y; by)� = '(t);

�t = P
�
�(�); eD(y; by)� ; t 2 !� = !� n ft�g;

(10)

y(0) = y0; �(0) = x0;

£¤¥ � 2 [0; 1] { ç¨á«®¢®© ¯ à ¬¥âà, ¢¥á á«®ï, v(�) = �bv+(1��)v, eD(y; v) = Z 1

0

D(�v+(1��)y)d�,
(y; �) 2 X, (y0; x0) 2 H, y0 = (�0; ~v0; s0), ~x0 = ~x.

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì ¨ áå®¤¨¬®áâì à §®áâ®© áå¥¬ë (10). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï
à¥§ã«ìâ â ¬¨ ¨§ [12], ª á îé¨¬¨áï ¨áá«¥¤®¢ ¨ï (u; �)-ª®àà¥ªâ®áâ¨ ®¯¥à â®à®-à §®áâëå
áå¥¬ (���) ¢¨¤  (10) ¢ á¬ëá«¥ ¤ ®£® â ¬ ®¯à¥¤¥«¥¨ï.

�¯à¥¤¥«¥¨¥ ([12]). ��� (10)  §®¢¥¬ (u; �)-ª®àà¥ªâ®©, ¥á«¨ áãé¥áâ¢ãîâ �i = �i(�; h) > 0,
i = 1; 2, ¨ ®à¬ë k � k(j), j = 1; 2, â ª¨¥, çâ® ¯à¨ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢ ky0 � u(0)k(1) � �1,
k	k(2) � �2 ��� (10) ¨¬¥¥â à¥è¥¨¥ y : ky(t) � u(t)k(1) � �, ¨ ¨¬¥¥â ¬¥áâ® ®æ¥ª  (¥à ¢¥áâ¢®
ª®àà¥ªâ®áâ¨)

ky(t)� u(t)k(1) � J(	(u)) �M1ky0 � u(0)k(1) +M2k	k(2) � �

á ¯®áâ®ïë¬¨ M1, M2, ¥ § ¢¨áïé¨¬¨ ®â � , h, 	(u)(bt) = '(bt) � A
�
u(�)x ; eD(u; bu)� � ut, t 2 !� ,

	(u)(0) = 0.

�¤¥áì ç¥à¥§ u ®¡®§ ç¥ í«¥¬¥â ¨§ X1 (X� = fv(t) 2 H�; t 2 !�g), á®¢¯ ¤ îé¨© ¯à¨ ª ¦¤®¬
t 2 !� , x 2 !h á® § ç¥¨ï¬¨ à¥è¥¨ï (�;~v; s), ¨ í«¥¬¥â ux 2 X2 ®¯à¥¤¥«ï¥âáï (áà. á [12]) ª ª
à¥è¥¨¥ § ¤ ç¨

uxt = P
�
u(�)x ; eD(u; bu)� ; t 2 !� ; ux(0) = x0: (11)

�®«®¦¨¬ � = ch�=2m, 2 > � > m=2 ¨ ®¯à¥¤¥«¨¬ ®ªà¥áâ®áâ¨ ¢ H ¨ X â ª: O�(v; �) =
O1;�(v) 
O2;�(�), O�;�(v) = fz 2 H� : kz � vk� < �g, U�(v; �) = U1;�(v) 
 U2;�(�), U�;�(v) = fz(t) 2
O�;�(v(t)); t 2 !�g.
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�á®, çâ® ¨§ ¢ª«îç¥¨ï (Y; yx) 2 O�(u(t); ux(t)) á«¥¤ã¥â ¢ë¯®«¥¨¥ ¢ á®®â¢¥âáâ¢ãîé¨å â®ç-
ª å á¥â®ª ¥à ¢¥áâ¢

maxfjyp � �j; jyvi � vij; jyT � sjg � ch��m=2; (12)

jyxi � uxij � ch� ln1=2 h�1; j@jyxi � @juxij � ch��m=2: (13)

�«¥¬¥â ux, ®¯à¥¤¥«ï¥¬ë© á®®â®è¥¨¥¬ (11), ®ç¥¢¨¤®, à ¢¥

ux(t) = x(0) +
t��X
t0=0

�v(1=2)(t0) = x(t) +O(� 2):

�âáî¤ , ¨§ (7) ¨ (13),   â ª¦¥ (6) ¨ (12) á«¥¤ã¥â, çâ®  ©¤¥âáï â ª®¥ ¤®áâ â®ç® ¬ «®¥ ç¨á«®
h0, çâ® ¯à¨ «î¡ëå h � h0, � � ch�=2 ¤«ï (Y; yx) 2 O�(u(x); x(t)) (E | ¥¤¨¨ç ï ¬ âà¨æ )

p0�(yp; yT ) � c0 < 0; T 0
s(yp; yT ) � c0 > 0;�

"00��"
00
ss � 2("00�s)

2
�
(yp; yT ) � c0 > 0; (14)

jJ(yx)j � c0 > 0; �0E � (J(yx))
T
J(yx) � �1E; �1 � �0 > 0: (15)

�¥®à¥¬  ([12]). �ãáâì ¯à¨ � � �0, h � h0 ®¯¥à â®àë D, A ¨ P ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

 ) ®¯¥à â®à D ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ¯® �à¥è¥ ¢ O1;�

�
u(�)(t)

� 8� 2 [0; 1],
¯®â¥æ¨ «¥ ¨ ¯à¨ «î¡ëå v, vi 2 O1;�

�
u(�)(t)

�
, i = 1; 2, vj 2 H1, j = 3; 4, ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

(Dv1 �Dv2; v1 � v2)1 � d1k v1 � v2 k21; d1 > 0; (16)

j(D(1)(v)v3; v4)1j � d2kv3k1 kv4k1; d2 > 0; (17)

jDv1 �Dv2j2 � d3k v1 � v2 k21; d3 > 0;

j(D(2)(v)utv3; v4)1j � d4kv3k1 kv4k1; d4 > 0; (18)

¡) ®¯¥à â®à A ï¢«ï¥âáï ¥¯à¥àë¢ë¬ ¢
S

�2[0;1]

DO1;�(u(�)) 
 DO2;�(u(�)x ), ¨ ¯à¨ bU = eD(u; bu),
t 2 !� , U(0) = eD(u(0); u(0)), ¨ «î¡ëå v, v2 2 O2;�(u(�)x ), v1 : jv1 � U j � p

d3�, v3 2 H1 ¢ë¯®«¥ë

¥à ¢¥áâ¢ 

d6 (A(v; v1)�A(v; U); v1 � U)1 + d5jv1 � U j2 � k v1 � U k2(+); (19)

j(A(v; U)�A(v2; U); v3)1j � d7kv3k(+) kv � v2k2; d5 � 0; d6 > 0; d7 � 0; (20)

¢) ®¯¥à â®à P ¯à¨ v; v1 2 O2;�(u(�)x ), v2; v3 2 DO1;�(u(�)) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

kP (v1; v2)� P (v; v2)k2 � d8kv1 � vk2;
kP (v1; v2)� P (v1; v3)k2 � d8kv2 � v3k(+); d8 � 0:

(21)

�®£¤  ��� (10) (u; �)-ª®àà¥ªâ , ¯à¨ç¥¬ ¥à ¢¥áâ¢® ª®àà¥ªâ®áâ¨ ¨¬¥¥â ¢¨¤

max
t2!�

ky(t)� u(t)k1 +max
t2!�

k�(t)� ux(t)k2 � J (	(u)) ;

J (	(u)) �
�
M

� X
t2!�

�k	(u)(bt )k2(�) + ky(0) � u(0)k21
��1=2

;

£¤¥ ¯®áâ®ï ï M § ¢¨á¨â «¨èì ®â d�, � = 1; 8, �0, h0 ¨ t�,   k k(�) = sup
z 6=0

j(z;  )1j=kzk(+).
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�®ª ¦¥¬, çâ® ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«¥ë. �§ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  D (9), £« ¤ª®áâ¨
äãªæ¨¨ " ¨ (14) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (16) á ¯®áâ®ï®© d1 = c0=2 ¨ ¥à ¢¥áâ¢
(17), (18) (¯à¨ íâ®¬ ®à¬ã j � j ¯®« £ ¥¬ à ¢®© k �k1) á ¯®áâ®ïë¬¨ d2, d3, d4, § ¢¨áïé¨¬¨ «¨èì
®â �0, ¯à®¨§¢®¤ëå ®â ¯®â¥æ¨ «  " ¨ ¬ ªá¨¬ã¬  ¯à®¨§¢®¤ëå @�=@t, @s=@t. �¥à ¢¥áâ¢  (21),
®ç¥¢¨¤®, ¢ë¯®«¥ë ¯à¨ d8 = 1.

�à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢ (19) ¨ (20). �®«®¦¨¬ Z = Y � U , jY � U j � p
d3� ¨

à áá¬®âà¨¬ ¢ëà ¦¥¨¥

(A(yx; Y )�A(yx; U); Y � U)1 =
�
(�+ �)jJ(yx)j�1 e@izv;i; e@jzv;j�+

+
�
�jJ(yx)j�1 e@izv;j ; e@izv;j�� �

jJ(yx)j�1(y�1
T ((�+ �)e@iyv;i e@jyv;j + �e@iyv;j e@iyv;j)�

� u�1
T ((�+ �)e@iuv;i e@juv;j + �e@iuv;j e@iuv;j)); zT�: (22)

�æ¥¨¬ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ (22). �«ï ã¤®¡áâ¢  ááë«®ª ®¡®§ ç¨¬ ¨å à¨¬áª¨¬¨ æ¨äà -
¬¨ á ¨¤¥ªá ¬¨ I22{III22. �¥à¢®¥ ¨§ á« £ ¥¬ëå ¥®âà¨æ â¥«ì®. �¢®¤ï ®¡®§ ç¥¨¥ a(yx; zv)=�
jJ(yx)j�1 e@izv;j ; e@izv;j�, ¢â®à®¥ § ¯¨è¥¬ ¢ ¢¨¤¥

II22 = �a(yx; zv):

�æ¥¨¬ âà¥âì¥ á« £ ¥¬®¥ ¢ (22) á¢¥àåã. �à¥®¡à §ã¥¬ ¥£® ¯à¥¦¤¥ ª ¢¨¤ã

III22 =
�
(jJ(yx)jyT )�1

�
(�+ �) e@iyv;i e@jzv;j + �e@iyv;j e@izv;j� ; zT�+

+
�
(jJ(yx)jyT )�1

�
(�+ �) e@izv;i e@juv;j + �e@izv;j e@iuv;j� ; zT�+

+
�
zT (jJ(yx)jyTuT )�1

�
(�+ �) e@iuv;i e@juv;j + �e@iuv;j e@iuv;j� ; zT� : (23)

� â ª®¬ ¯à¥¤áâ ¢«¥¨¨ III22 ®æ¥¨¬ ¬®¤ã«ì ª ¦¤®£® á« £ ¥¬®£® (III221 {III
22
3 ).

�¥à¢®¥ á« £ ¥¬®¥ ¢ (23) ¬ ¦®à¨àã¥¬ ¢ëà ¦¥¨¥¬

jIII221 j � 2mmax
�����+ �

yT

����max
���� e@iyv;i
jJ(yx)j1=2

���� �jJ(yx)j�1 e@izv;j ; e@izv;j�1=2 (zT ; zT )1=2 :
� á¨«ã (12) ¯à¨ ¤®áâ â®ç® ¬ «®¬ h0 á®¬®¦¨â¥«ì (� + �)=yT ®£à ¨ç¥. �®¬®¦¨â¥«ì ¦¥

max
���e@iyv;i=jJ(yx)j1=2��� ¤®¯ãáª ¥â ®æ¥ªã á¢¥àåã ¢¥«¨ç¨®© ���e@iuv;i=jJ(yx)j1=2���+max ���e@izv;i=jJ(yx)j1=2���,

¢ ª®â®à®© ¯¥à¢®¥ á« £ ¥¬®¥ ®£à ¨ç¥® ¢ á¨«ã (13), (15) ¨ £« ¤ª®áâ¨ äãªæ¨© uv;i,   ¢â®à®¥ á« -
£ ¥¬®¥ ¬®¦¥â ¡ëâì ®æ¥¥® á¢¥àåã ¢¥«¨ç¨®© 2mh�m=2a(yx; zv)1=2. �«¥¤®¢ â¥«ì®,

jIII221 j � K1a(yx; zv)
1=2 (zT ; zT )

1=2 +K2

�
h�m=2 (zT ; zT )

1=2
�
a(yx; zv);

£¤¥ ¯®áâ®ïë¥ K1, K2 § ¢¨áïâ «¨èì ®â h0 ¨ ¨áå®¤ëå ¤ ëå § ¤ ç¨. �« £ ¥¬ë¥ III222 ¨ III223
®æ¥¨¢ îâáï   «®£¨ç®. �®¤áâ ¢«ïï ¨å ®æ¥ª¨ ¢ (23), ¯®«ì§ãïáì § â¥¬ ¥à ¢¥áâ¢®¬ �®è¨ á
" ¨ ãç¨âë¢ ï ¬ «®áâì ¢¥«¨ç¨ë h�m=2 (zT ; zT )

1=2, ¯®«ãç¨¬

jIII22j � �"a(yx; zv) + c1("
�1) kzT k2 ; 0 < " < 1:

�®¤áâ ¢¨¢ ®æ¥ª¨ ¤«ï I22{III22 ¢ (22) ¨ § ¬¥â¨¢, çâ® ¢ á¨«ã (15) ¢¥à® ¥à ¢¥áâ¢®

a(yx; zv) � c0=�1 (@izv;j ; @izv;j) ;

¯à¨¤¥¬ ª (19) á ¯®áâ®ïë¬¨ d5, d6, § ¢¨áïé¨¬¨ «¨èì ®â h0 ¨ ¨áå®¤ëå ¤ ëå § ¤ ç¨.
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�à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (20). �«ï íâ®£® ¯à¨ yx; vx 2 O2;�(u(�)x ), w 2 H1 à áá¬®-
âà¨¬ ¢ëà ¦¥¨¥

j(A(yx; U)�A(vx; U);W )1j = �
��e@i � @i

�
uv;i; wp

�
+
��e@i � @i

�
wv;i; up

�
+

+
h�
(�+ �)jJ(yx)j�1 e@iuv;i; e@jwv;j

�
�
�
(�+ �)jJ(vx)j�1@iuv;i; @jwv;j

�i
+

+
h�
�jJ(yx)j�1 e@iyv;j ; e@iwv;j

�
�
�
�jJ(vx)j�1@iuv;j ; @iwv;j

�i
�

�
h�
(uT jJ(yx)j)�1

�
(�+ �) e@iuv;i e@juv;j + �e@iuv;j e@iuv;j� ; wT

�
�

�
�
(uT jJ(vx)j)�1

�
(�+ �) @iuv;i@juv;j + �@iuv;j@iuv;j

�
; wT

�i
: (24)

�¤¥áì @�� = M�;k(vx)@k�, M�;k(vx) = jJ(vx)jj�;k(vx), j�;k(vx) | ª®¬¯®¥âë ¬ âà¨æë, ®¡à â®© ª
J(vx).

�æ¥¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (24). � ¬¥â¨¬, çâ® (e@� � @�)� = (M�;k(yx) �M�;k(vx))@k�. �å®¤ï-
é¨¥ áî¤  ¢ëà ¦¥¨ï M�;k(�) á â®ç®áâìî ¤® § ª  á®¢¯ ¤ îâ á ¤®¯®«¨â¥«ìë¬¨ ¬¨®à ¬¨
¬ âà¨æë J(�) ª í«¥¬¥â ¬ á ¨¤¥ªá ¬¨ (k; �), â. ¥. à ¢ë @k�� ¢ á«ãç ¥ m = 2 ¨ ¯à¥¤áâ ¢«ïîâ
á®¡®© «¨¥©ë¥ ª®¬¡¨ æ¨¨ ¯à®¨§¢¥¤¥¨© ¢¨¤  @l1 �n1 @l2 �n2 , l1; l2 6= k ¨ n1; n2 6= � ¯à¨ m = 3.
�«¥¤®¢ â¥«ì®, ¢ á¨«ã (13) ¨å à §®áâ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© «¨¥©ë¥ ª®¬¡¨ æ¨¨ ¯à®¨§¢®¤-
ëå @l(yx;n � vx;n) á ®£à ¨ç¥ë¬¨ á®¬®¦¨â¥«ï¬¨. �ç¨âë¢ ï íâ®,   â ª¦¥ £« ¤ª®áâì U , ¤«ï
¯¥à¢®£® á« £ ¥¬®£® ¥âàã¤® ¯®«ãç¨âì ®æ¥ªã�����e@i � @i

�
uv;i; wp

���� � c2kwpk(+) kyx � vxk2; c2 � 0:

�â®à®¥ á« £ ¥¬®¥ ®æ¥¨¢ ¥âáï   «®£¨çë¬ ®¡à §®¬. �«ï ®æ¥ª¨ âà¥âì¥£® á« £ ¥¬®£® ¢ (24)
¯à¥®¡à §ã¥¬ ¥£® ª ¢¨¤ã

�
(�+ �) (jJ(vx)j � jJ(yx)j) (jJ(vx)jjJ(yx)j)�1 e@iuv;i; e@jwv;j

�
+

+
�
(�+ �)jJ(vx)j�1

�e@i � @i
�
uv;i; @jwv;j

�
+
�
(�+ �)jJ(vx)j�1 e@iuv;i; �e@j � @j

�
wv;j

�
:

�®¢ì ¢®á¯®«ì§ã¥¬áï (13), (14), £« ¤ª®áâìî U ¨ ¥à ¢¥áâ¢®¬ �®è¨-�ãïª®¢áª®£®. �ã¤¥¬ ¨¬¥âì

����(�+ �)jJ(yx)j�1 e@iuv;i; e@jwv;j

�
�
�
(�+ �)jJ(vx)j�1@iuv;i; @jwv;j

���� �
� c3kwk(+) kyx � vxk2; c3 � 0:

�áâ ¢è¨¥áï ¢ (24) á« £ ¥¬ë¥ ®æ¥¨¢ îâáï   «®£¨çë¬ ®¡à §®¬. �ã¬¬¨àãï ¯®«ãç¥ë¥ ¤«ï
á« £ ¥¬ëå ®æ¥ª¨, ¯à¨å®¤¨¬ ª (20).

� ª¨¬ ®¡à §®¬, ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«¥ë, ¨ (u; �)-ª®àà¥ªâ®áâì à §®áâ®© áå¥¬ë (10)
ãáâ ®¢«¥ . �á¯®«ì§ãï âà ¤¨æ¨®ë© ¤«ï â¥®à¨¨ à §®áâëå áå¥¬ ¯à¨¥¬ ¨áá«¥¤®¢ ¨ï ¯®-
£à¥è®áâ¨  ¯¯à®ªá¨¬ æ¨¨, ®á®¢ ë©   ¯®â®ç¥ç®¬ à §«®¦¥¨¨ ¢ àï¤ë �¥©«®à , ¥âàã¤®
ãáâ ®¢¨âì ¥¥ ¢â®à®© ¯®àï¤®ª ¯® ¯ à ¬¥âàã h ¨ ¯®àï¤®ª �� á � = f2; � = 1=2; 1; � 6= 1=2g ¯®
¯¥à¥¬¥®© t. �â® ®¡¥á¯¥ç¨¢ ¥â á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨

J (	(u)) = O
�
�� + h2

�
:

�á®, çâ® ¯à¨ � � ch#=�, # > � > m=2 ¨ ¤®áâ â®ç® ¬ «®¬ h ¡ã¤¥â ¢¥à® ¥à ¢¥áâ¢® J (	(u)) �
�. �à¨ íâ®¬ à §®áâ ï áå¥¬  (10) ¡ã¤¥â ¨¬¥âì à¥è¥¨¥, ¨ ¤«ï ¥£® ¡ã¤¥â ¢¥à  ®æ¥ª  â®ç®áâ¨

max
t2!�

ky(t)� u(t)k1 +max
t2!�

k�(t)� ux(t)k2 = O
�
�� + h2

�
:
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