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�§¢¥áâ® [1], çâ® âà¥å¨¤¥ªá ï  ªá¨ «ì ï § ¤ ç  ®  § ç¥¨ïå, ¨¬¥îé ï ¬®£®ç¨á«¥-
ë¥ ¯à¨«®¦¥¨ï [2]{[4], ï¢«ï¥âáï NP-¯®«®©. �«®¦®¥ áâà®¥¨¥ ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®-

£®£à ¨ª  M(3; n) =
n
x = kxijtkn : xijt � 0 8(i; j; t) 2 N 3
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xijt = 1
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o
, £¤¥ Nn = f1; 2; : : : ; ng, n � 2, N 3

n = Nn�Nn�Nn, ¯®à®¦¤¥®£®

ãá«®¢¨ï¬¨ íâ®© § ¤ ç¨, á®§¤ ¥â ¯à¨æ¨¯¨ «ìë¥ âàã¤®áâ¨ ¯à¨ ¥£® ¨áá«¥¤®¢ ¨¨.
�«ï á®¢à¥¬¥ëå ¨áá«¥¤®¢ ¨© á¢®©áâ¢ ¬®£®£à ¨ª  M(3; n) å à ªâ¥àë á«¥¤ãîé¨¥ ¤¢ 

 ¯à ¢«¥¨ï. � ¯¥à¢®¬ã  ¯àa¢«¥¨î ®â®áïâáï à ¡®âë [5]{[7], ¢ ª®â®àëå ¨§ãç îâáï £à ¥¢ë¥
áâàãªâãàë ¨ ä á¥âë (£à ¨ ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨) ¬®£®£à ¨ª M(3; n). �á®¢ë¬ ®¡ê-
¥ªâ®¬ ¨áá«¥¤®¢ ¨© ¢â®à®£®  ¯à ¢«¥¨ï ï¢«ïîâáï ¥£® ¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë [8]{[14]. �à¨-
¬¥àë ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ íâ®£® ¬®£®£à ¨ª  ¢áâà¥ç «¨áì ¤ ¢® [15], ® á ¬® ¯®ïâ¨¥
s-¥æ¥«®ç¨á«¥®© ¢¥àè¨ë ¢¢¥¤¥® á®¢á¥¬ ¥¤ ¢®. � ¯®¬¨¬ [9], [11] íâ® ¯®ïâ¨¥. �¥àè¨ 
¬®£®£à ¨ª M(3; n)  §ë¢ ¥âáï s-¥æ¥«®ç¨á«¥®©, ¥á«¨ ®  á®¤¥à¦¨â à®¢® s ¥æ¥«®ç¨á«¥-
ëå (¤à®¡ëå) ª®¬¯®¥â. �¯®¬ï¥¬ ¤¢  à¥§ã«ìâ â , ®â®áïé¨åáï ª® ¢â®à®¬ã  ¯à ¢«¥¨î.

1) �«ï «î¡®£® ç¨á«  s 2 f4; 6; 7; : : : ; 3n � 2g, ¨ â®«ìª® ¤«ï ¥£®, ã ¬®£®£à ¨ª  M(3; n)
áãé¥áâ¢ãîâ s-¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë [12].

2) �æ¥ª¨ á¨§ã ç¨á«  �(n; s) s-¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  M(3; n) [9], [11],
[13], ¯®§¢®«¨¢è¨¥ ®¯à®¢¥à£ãâì £¨¯®â¥§ã 18 ¨§ [16]. � ¯®¬®éìî íâ¨å ®æ¥®ª ¨ ï¢ëå
ä®à¬ã« ¤«ï �(n; 4) ¨ �(n; 6) [11] ¢ [9] ¯®«ãç¥ë ®æ¥ª¨ á¨§ã ç¨á«  ¥æ¥«®ç¨á«¥ëå
¢¥àè¨ ¬®£®£à ¨ª  M(p; n) p-¨¤¥ªá®© (p � 3)  ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå,
ª®â®àë¥ § ç¨â¥«ì® ã«ãçè îâ ®æ¥ªã ¨§ [8].

� ª ª ª ¢áïª ï ¢¥àè¨  ¬®£®£à ¨ª  M(3; n) á®¤¥à¦¨â ¥ ¡®«¥¥ ç¥¬ 3n� 2 ¯®«®¦¨â¥«ì-
ëå ª®¬¯®¥â [15], â® (3n�2)-¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë íâ®£® ¬®£®£à ¨ª  ¡ã¤¥¬  §ë¢ âì
¬ ªá¨¬ «ì® ¥æ¥«®ç¨á«¥ë¬¨ ¢¥àè¨ ¬¨ (¬. . ¢.). �  áâ®ïé¥¬ã ¢à¥¬¥¨ ¨§¢¥áâ® [10], [14]
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�
�8 â¨¯®¢ ¥íª¢¨¢ «¥âëå ¬. . ¢. ¬®£®£à ¨ª M(3; n), n � 7.

�¤¥â¨ä¨ª æ¨ï â¨¯®¢ ¢¥àè¨ ¯à®¢®¤¨âáï ¯® ª®«¨ç¥áâ¢ã ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢
¤¢ã¬¥àëå á¥ç¥¨ïå âà¥å¨¤¥ªáëå ¬ âà¨æ, ¯à¥¤áâ ¢«ïîé¨å á®¡®© ¥£® ¢¥àè¨ë. �¢¥ ¢¥àè¨ë
¬®£®£à ¨ª  M(3; n)  §ë¢ îâáï ¥íª¢¨¢ «¥âë¬¨, ¥á«¨ ®¤  ¨§ ¨å ¥ ¬®¦¥â ¡ëâì ¯¥à¥-
¢¥¤¥  ¢ ¤àã£ãî ¯ãâ¥¬ ¯¥à¥áâ ®¢ª¨ ¥¥ ¤¢ã¬¥àëå á¥ç¥¨©. �¥íª¢¨¢ «¥âë¥ ¢¥àè¨ë íâ®£®
¬®£®£à ¨ª  ¨¬¥îâ à §«¨çë¥ áâàãªâãàë.

� ¤ ®© à ¡®â¥ ãª § ë ®¢ë¥ â¨¯ë ¬. . ¢. ¬®£®£à ¨ª  M(3; n) ¨ ¤«ï ¨å ãáâ ®¢«¥®
áãé¥áâ¢®¢ ¨¥ à §«¨çëå áâàãªâãà. �®ª § ®, çâ® ã ¬®£®£à ¨ª M(3; n), n � 7, áãé¥áâ¢ãîâ
¬. . ¢., á®¤¥à¦ é¨¥ ª®¬¯®¥âë, à ¢ë¥ 1

n2�5n+6
¨ n2�7n+10

n2�7n+12
. �¥¬ á ¬ë¬ ¯®«ãç¥® ®¯à®¢¥à¦¥¨¥

¯à¥¤¯®«®¦¥¨ï, ¢ëáª § ®£® ¢ [10], á®£« á® ª®â®à®¬ã ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  n  ¨-
¬¥ìè ï ( ¨¡®«ìè ï) ¯®«®¦¨â¥«ì ï ª®¬¯®¥â  áà¥¤¨ ¢á¥å ¬. . ¢. ¬®£®£à ¨ª  M(3; n),
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n � 3, à ¢  1
n

�
n�1
n

�
. � §à ¡®â   â ª¦¥ ¯à®áâ ï ¯à®æ¥¤ãà  ¯®áâà®¥¨ï ¬. . ¢. ¬®£®£à ¨-

ª  M(3; n), n � 4,   ¡ §¥ ¬. . ¢. ¬®£®£à ¨ª  M(3; n � 1), ª®â®à ï  å®¤¨â ¯à¨¬¥¥¨¥ ¯à¨
¤®ª § â¥«ìáâ¢¥ ¯à¨¢¥¤¥ëå â¥®à¥¬. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® n � 3:

1. �à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë

�§¢¥áâ® [15], çâ® à £ ¬ âà¨æë á¨áâ¥¬ë ®£à ¨ç¥¨© âà¥å¨¤¥ªá®©  ªá¨ «ì®© âà á¯®àâ-
®© § ¤ ç¨ ¯®àï¤ª  m � k � l à ¢¥ ç¨á«ã m + k + l � 2. � ¯®¬®éìî íâ®£® ä ªâ  ¬¥â®¤®¬ ®â
¯à®â¨¢®£® «¥£ª® ¤®ª §ë¢ ¥âáï

�â¢¥à¦¤¥¨¥ 1. �«ï â®£® çâ®¡ë ¬ âà¨æ  x ¡ë«  ¬. . ¢. ¬®£®£à ¨ª  M(3; n), ¥®¡-
å®¤¨¬®, çâ®¡ë ®  á®¤¥à¦ «  3n � 2 ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ ¨ ¤«ï «î¡ëå ¥¯ãáâëå ¯®¤-

¬®¦¥áâ¢ I, J , T ¬®¦¥áâ¢  Nn ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® jx(I; J; T )j � jIj+ jJ j+ jT j � 2, £¤¥
x(I; J; T ) = f(i; j; t) 2 I � J � T : xijt > 0g (j;j = 0).

�â¢¥à¦¤¥¨¥, ®¡à â®¥ ãâ¢¥à¦¤¥¨î 1, ¥¢¥à®.
� ä¨ªá¨àã¥¬ ç¨á«® m 2 Nn�1. �ãáâì I1, J1, T1 | ¥ª®â®àë¥ ¯®¤¬®¦¥áâ¢  (¢®§¬®¦®,

á®¢¯ ¤ îé¨¥) ¬®é®áâ¨ m ¬®¦¥áâ¢  Nn. �®«®¦¨¬ I2 = Nn n I1, J2 = Nn n J1, T2 = Nn n T1.
� ª ª ª m � n � 1, â® I2 6= ;, J2 6= ;, T2 6= ;. �«ï ¤¢ãå âà®¥ª ¯®¤¬®¦¥áâ¢ (I1; J1; T1) ¨

(I2; J2; T2) ®¯à¥¤¥«¨¬ ¬®£®£à ¨ª¨M(Is; Js; Ts) =
n
x=kxijtkjIsj�jJsj�jTsj :

P
i2Is

P
j2Js

xijt = 1 8t 2 Ts,

P
i2Is

P
t2Ts

xijt = 1 8j 2 Js,
P
j2Js

P
t2Ts

xijt = 1 8i 2 Is, xijt � 0 8(i; j; t) 2 Is � Js � Ts

o
, s = 1; 2.

� ¬¥ç ¨¥ 1. �®£®£à ¨ª¨ M(I1; J1; T1) ¨ M(I2; J2; T2) ®â«¨ç îâáï ®â ¬®£®£à ¨ª®¢
M(3;m) ¨ M(3; n�m) á®®â¢¥âáâ¢¥® «¨èì ã¬¥à æ¨¥© í«¥¬¥â®¢ ¨å ¬ âà¨æ.

�à¨ m = 1 ¬®£®£à ¨ªM(I1; J1; T1),   ¯à¨ m = n� 1 ¬®£®£à ¨ªM(I2; J2; T2) ¢ëà®¦¤ -
îâáï ¢ â®çªã.

�«ï ¢¥àè¨ë ys = kysijtkjIsj�jJsj�jTsj ¬®£®£à ¨ª  M(Is; Js; Ts), s = 1; 2, ¢¢¥¤¥¬ ¬®¦¥áâ¢®

K(Is; Js; Ts; ys) = f(i; j; t) 2 Is � Js � Ts : ysijt > 0g:

� ¯®¬®éìî ãâ¢¥à¦¤¥¨ï 1 ¤®ª §ë¢ ¥âáï

�¥¬¬  1. �ãáâì ys = kysijtkjIsj�jJsj�jTsj | ¥ª®â®à ï ¢¥àè¨  ¬®£®£à ¨ª  M(Is; Js; Ts),
s = 1; 2. �®£¤  ¤«ï «î¡ëå ¤¢ãå âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1) 2 K(I1; J1; T1; y1) ¨ (i2; j2; t2) 2
K(I2; J2; T2; y2) ¨ «î¡®£® ç¨á«  r 2 f1; 2; 3g ¬ âà¨æ  xr = kxrijtkn á í«¥¬¥â ¬¨

xrijt = ysijt 8(i; j; t) 2 K(Is; Js; Ts; ys) n f(is; js; ts)g, s = 1; 2,
xrijt = ysijt � �, ¥á«¨ (i; j; t) = (is; js; ts), s = 1; 2,
x1ijt = � 8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2)g,
x2ijt = � 8(i; j; t) 2 f(i2; j1; t1); (i1; j2; t2)g,
x3ijt = � 8(i; j; t) 2 f(i1; j1; t2); (i2; j2; t1)g,
xrijt = 0 ¤«ï ®áâ «ìëå (i; j; t) 2 N 3

n

ï¢«ï¥âáï ¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), £¤¥ � = minfy1i1;j1;t1 ; y
2
i2;j2;t2

g.

�«¥¤áâ¢¨¥ 1. �ãáâì ys = kysijtkjIsj�jJsj�jTsj | ¥ª®â®à ï ¬. . ¢. ¬®£®£à ¨ª  M(Is; Js; Ts),
s = 1; 2. �á«¨ ¤«ï ¥ª®â®à®© ¯ àë âà®¥ª ¨¤¥ªá®¢ (i1; j1; t1) 2 K(I1; J1; T1; y1) ¨ (i2; j2; t2) 2
K(I2; J2; T2; y2) ¢ë¯®«ï¥âáï ãá«®¢¨¥ y1i1;j1;t1 6= y2i2;j2;t2 (y1i1;j1;t1 = y2i2;j2;t2), â® ¢¥àè¨ë x1, x2,
x3, ãª § ë¥ ¢ «¥¬¬¥ 1, ï¢«ïîâáï (3n � 3)-¥æ¥«®ç¨á«¥ë¬¨ ((3n � 4)-¥æ¥«®ç¨á«¥ë¬¨)
¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n).

� ¯®¬®éìî á«¥¤áâ¢¨ï 1 ¨ ãâ¢¥à¦¤¥¨ï 1 «¥£ª® ¤®ª § âì á«¥¤ãîéãî «¥¬¬ã, ¤ îéãî ¯à®-
áâãî ¯à®æ¥¤ãàã ¯®áâà®¥¨ï ¬. . ¢. ¬®£®£à ¨ª  M(3; n) á ¨á¯®«ì§®¢ ¨¥¬ ¬. . ¢. ¬®£®£à -
¨ª®¢ M(I1; J1; T1) ¨ M(I2; J2; T2).
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�¥¬¬  2. �ãáâì n � 4, jIsj = jJsj = jTsj � 2 ¨ ys = kysijtkjIsj�jJsj�jTsj | ¥ª®â®à ï

¬. . ¢. ¬®£®£à ¨ª  M(Is; Js; Ts), s = 1; 2. �®£¤  ¤«ï «î¡ëå ç¥âëà¥å âà®¥ª ¨¤¥ªá®¢ (is; js; ts),
(i0s; j

0
s; t

0
s) 2 K(Is; Js; Ts; ys), s = 1; 2, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

y1i1;j1;t1 6= y2i2;j2;t2 ; y1i0
1
;j0
1
;t0
1

6= y2i0
2
;j0
2
;t0
2

; (1)

¨ «î¡®£® ç¨á«  r 2 N6 ¬ âà¨æ  xr = kxrijtkn á í«¥¬¥â ¬¨
xrijt = ysijt 8(i; j; t) 2 K(Is; Js; Ts; ys) n f(is; js; ts), (i0s; j

0
s; t

0
s)g, s = 1; 2,

xrijt = ysijt � �, ¥á«¨ (i; j; t) = (is; js; ts), s = 1; 2,
xrijt = ysijt � �0, ¥á«¨ (i; j; t) = (i0s; j

0
s; t

0
s), s = 1; 2,

x1ijt = � 8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2)g,
x1ijt = �0 8(i; j; t) 2 f(i02; j

0
1; t

0
1); (i

0
1; j

0
2; t

0
2)g,

x2ijt = � 8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2)g,
x2ijt = �0 8(i; j; t) 2 f(i01; j

0
1; t

0
2); (i

0
2; j

0
2; t

0
1)g,

x3ijt = � 8(i; j; t) 2 f(i2; j1; t1); (i1; j2; t2)g,
x3ijt = �0 8(i; j; t) 2 f(i01; j

0
2; t

0
1); (i

0
2; j

0
1; t

0
2)g,

x4ijt = � 8(i; j; t) 2 f(i2; j1; t1); (i1; j2; t2)g,
x4ijt = �0 8(i; j; t) 2 f(i01; j

0
1; t

0
2); (i

0
2; j

0
2; t

0
1)g,

x5ijt = � 8(i; j; t) 2 f(i1; j1; t2); (i2; j2; t1)g,
x5ijt = �0 8(i; j; t) 2 f(i01; j

0
2; t

0
1); (i

0
2; j

0
1; t

0
2)g,

x6ijt = � 8(i; j; t) 2 f(i1; j1; t2); (i2; j2; t1)g,
x6ijt = �0 8(i; j; t) 2 f(i02; j

0
1; t

0
1); (i

0
1; j

0
2; t

0
2)g,

xrijt = 0 ¤«ï ®áâ «ìëå (i; j; t) 2 N 3
n

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n), £¤¥ � = minfy1i1;j1;t1 ; y
2
i2;j2;t2

g, �0 = minfy1i0
1
;j0
1
;t0
1

; y2i0
2
;j0
2
;t0
2

g.

� ¬¥ç ¨¥ 2. �â¬¥â¨¬, çâ® «¥¬¬  2 ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¤«ï á«ãç ï, ª®£¤  n � 4,
jI2j = jJ2j = jT2j = 1. �à¨ íâ®¬ (i2; j2; t2) = (i02; j

0
2; t

0
2), ãá«®¢¨¥ (1) § ¬¥ï¥âáï   ãá«®¢¨¥ y

1
i1;j1;t1

+
y1i0

1
;j0
1
;t0
1

6= 1 ¨ ¢¥«¨ç¨  �0 ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ �0 = minfy1i0
1
;j0
1
;t0
1

; 1� �g.

2. �á®¢ë¥ à¥§ã«ìâ âë

�®¢®ªã¯®áâì í«¥¬¥â®¢ âà¥å¨¤¥ªá®© ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®¢ ë¬ § ç¥¨¥¬
®¤®£® ¨¤¥ªá ,  ¯à¨¬¥à t, ¡ã¤¥¬  §ë¢ âì ¤¢ã¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨ (i; j) ¬ âà¨æë
x. �¢ã¬¥à®¥ á¥ç¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëçãî ¤¢ãå¨¤¥ªáãî ¬ âà¨æã. � ª¨¬ ®¡à §®¬, ã
¬ âà¨æë x ¨¬¥îâáï ¤¢ã¬¥àë¥ á¥ç¥¨ï ®à¨¥â æ¨¨ (i; j), (i; t) ¨ (j; t). �á®, çâ® ¯¥à¥áâ ¢«ïï
¬¥áâ ¬¨ ¤¢ã¬¥àë¥ á¥ç¥¨ï ®¤®© ®à¨¥â æ¨¨ ¬ âà¨æë x, ¯à¥¤áâ ¢«ïîé¥© á®¡®© ¬. . ¢. ¬®-
£®£à ¨ª  M(3; n), ¯®«ãç ¥¬ ®¢ãî ¢¥àè¨ã x0. �â¨ ¢¥àè¨ë ¨¬¥îâ ®¤ã ¨ âã ¦¥ áâàãªâãàã.

�¨á«® ¤à®¡ëå ª®¬¯®¥â ¬ âà¨æë x 2 M(3; n), á®¤¥à¦ é¨åáï ¢ ¤¢ã¬¥à®¬ á¥ç¥¨¨ ®à¨-
¥â æ¨¨ (g; h) á ä¨ªá¨à®¢ ë¬ ¨¤¥ªá®¬ s, ®¡®§ ç¨¬ ç¥à¥§ z(xsgh). �¥ªâ®à, á®áâ ¢«¥ë© ¨§
ª®¬¯®¥â z(x1gh); z(x

2
gh); : : : ; z(x

n
gh), ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ z(x; (g; h)).

�®¢®ªã¯®áâì í«¥¬¥â®¢ ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®¢ ë¬¨ § ç¥¨ï¬¨ ¤¢ãå ¨¤¥ªá®¢,
 ¯à¨¬¥à i ¨ j, ¡ã¤¥¬  §ë¢ âì ®¤®¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨ t ¬ âà¨æë x.

�«ï ¢¥àè¨ë x = kxijtkn ¬®£®£à ¨ª  M(3; n) ¢¢¥¤¥¬ ¬®¦¥áâ¢® S(x) = fk 2 (0; 1) :
9(i; j; t) 2 N 3

n : xijt = kg.
�ç¥¢¨¤® ãâ¢¥à¦¤¥¨¥: ¤«ï â®£® çâ®¡ë ¯ à  ¬. . ¢. x ¨ x0 ¬®£®£à ¨ª M(3; n) ¨¬¥«  à §-

ë¥ áâàãªâãàë, ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ S(x) 6= S(x0). �«¥¤ãîé¨¥ ¤¢  ¯à¨¬¥à 
¯®ª §ë¢ îâ, çâ® íâ® ãá«®¢¨¥ ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬.

�à¨¬¥à 1. � ¯®¬®éìî «¥¬¬ë 2 ¨ § ¬¥ç ¨ï 2 ¥âàã¤® ã¡¥¤¨âìáï, çâ® ¬ âà¨æë xr =
kxrijtk4, r = 0; 1; 2, á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨ x0141 = x0331 = x0421 = x0312 = x0313 = x0244 = x0414 =
x0444 =

1
3
, x0122 = x0233 =

2
3
, x1122 = x1233 =

2
3
, x1111 = x1221 = x1331 = x1342 = x1413 = x1344 = x1414 = x1444 =

1
3
,

x2122 = x2233 = 2
3
, x2111 = x2331 = x2441 = x2342 = x2313 = x2224 = x2414 = x2444 = 1

3
ï¢«ïîâáï ¬. . ¢.

¬®£®£à ¨ª  M(3; 4). �¥àè¨ë x0, x1 ¨ x2 ®¡« ¤ îâ á¢®©áâ¢ ¬¨:

1) S(x0) = S(x1) = S(x2) = f 1
3
; 2
3
g;
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2) z(xr; (i; j)) = z(xr; (i; t)) = (3; 2; 2; 3), z(xr; (j; t)) = (2; 2; 3; 3), r = 0; 1; 2;
3) áà¥¤¨ ®¤®¬¥àëå á¥ç¥¨© ¬ âà¨æë x0 (á®®â¢¥âáâ¢¥® ¬ âà¨æë x1 ¨ x2) ¨¬¥îâáï âà¨

(á®®â¢¥âáâ¢¥® ç¥âëà¥, ¤¢ ) á¥ç¥¨ï, ª ¦¤®¥ ¨§ ª®â®àëå á®¤¥à¦¨â ¤¢¥ ¤à®¡ëå ª®¬¯®-
¥âë,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®© ¤à®¡®© ª®¬¯®¥âë.

�§ á¢®©áâ¢  3) ¢ëâ¥ª ¥â, çâ® ¢¥àè¨ë x0, x1 ¨ x2 ¨¬¥îâ à §ë¥ áâàãªâãàë.

�à¨¬¥à 2. � ¯®¬®éìî «¥¬¬ë 2 «¥£ª® ¯à®¢¥à¨âì, çâ® ¬ âà¨æë x3 = kx3ijtk4 ¨ x4 = kx4ijtk4 á
¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨ x3111 = x3221 = x3242 = x3414 = x3444 =

1
4
, x3122 =

3
4
, x3331 = x3233 = x3413 = x3344 =

1
2
, x4141 = x4421 = x4212 = x4244 = x4414 =

1
4
, x4122 =

3
4
, x4331 = x4233 = x4313 = x4444 =

1
2
ï¢«ïîâáï ¬. . ¢.

¬®£®£à ¨ª  M(3; 4). �¥àè¨ë x3 ¨ x4 ®¡« ¤ îâ á¢®©áâ¢ ¬¨:

1) S(x3) = S(x4) = f 1
4
; 1
2
; 3
4
g;

2) z(xr; (i; j)) = z(xr; (i; t)) = (3; 2; 2; 3), z(xr; (j; t)) = (2; 3; 2; 3), r = 3; 4;
3) áà¥¤¨ ®¤®¬¥àëå á¥ç¥¨© ¬ âà¨æë x3 (x4) ¨¬¥îâáï âà¨ (¤¢ ) á¥ç¥¨ï, ª ¦¤®¥ ¨§ ª®â®-

àëå á®¤¥à¦¨â ¤¢¥ ¤à®¡ëå ª®¬¯®¥âë,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®©
¤à®¡®© ª®¬¯®¥âë.

� á¨«ã á¢®©áâ¢  3) § ª«îç ¥¬, çâ® ¢¥àè¨ë x3 ¨ x4 ¨¬¥îâ à §ë¥ áâàãªâãàë.

�®£« á® [10] ¡ã¤¥¬ £®¢®à¨âì, çâ® ¬. . ¢. x ¬®£®£à ¨ª M(3; n) ¨¬¥¥â â¨¯A(p1; q1; p2; q2; p3; q3),
¥á«¨ ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢ ¥¥ ¤¢ã¬¥àëå á¥ç¥¨ïå, § ¤ ¥âáï ¢¥ªâ®-
à ¬¨

z(x; (i; j)) = (3; : : : ; 3; 2|{z}
¬¥áâ® p1

; 3; : : : ; 3; 2|{z}
¬¥áâ® q1

; 3; : : : ; 3);

z(x; (i; t)) = (3; : : : ; 3; 2|{z}
¬¥áâ® p2

; 3; : : : ; 3; 2|{z}
¬¥áâ® q2

; 3; : : : ; 3);

z(x; (j; t)) = (3; : : : ; 3; 2|{z}
¬¥áâ® p3

; 3; : : : ; 3; 2|{z}
¬¥áâ® q3

; 3; : : : ; 3);

£¤¥ pl; ql 2 Nn, pl 6= ql, l = 1; 2; 3.
� [10] áä®à¬ã«¨à®¢ ® ¯à¥¤¯®«®¦¥¨¥: § ç¥¨ï ¥ã«¥¢ëå í«¥¬¥â®¢ «î¡®© ¬ âà¨æë,

¯à¥¤áâ ¢«ïîé¥© ¬. . ¢. ¬®£®£à ¨ª  M(3; n), ¨¬¥îé¥© â¨¯ A(p1; q1; p2; q2; p3; q3), ¥ § ¢¨áïâ
®â ç¨á«  n ¨ ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã f 1

3
; 2
3
g. �¥àè¨ë x3 ¨ x4 ¨§ ¯à¨¬¥à  2 ¤ îâ ®¯à®¢¥à-

¦¥¨¥ íâ®£® ¯à¥¤¯®«®¦¥¨ï. �§ ¯à¨¬¥à®¢ 1 ¨ 2 ¢ëâ¥ª ¥â â ª¦¥ á«¥¤ãîé¨© à¥§ã«ìâ â: â¨¯
A(p1; q1; p2; q2; p3; q3) ¬. . ¢. ¬®£®£à ¨ª  M(3; 4) ®¯à¥¤¥«ï¥âáï ¥®¤®§ ç®, â. ¥. ¨¬¥¥â à §-
ë¥ áâàãªâãàë.

� [10] ¢ëáª § ® â ª¦¥ á«¥¤ãîé¥¥ ¯à¥¤¯®«®¦¥¨¥: ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  n  ¨-
¬¥ìè ï ( ¨¡®«ìè ï) ¯®«®¦¨â¥«ì ï ª®¬¯®¥â  áà¥¤¨ ¢á¥å ¬. . ¢. ¬®£®£à ¨ª  M(3; n)
à ¢  1

n

�
n�1
n

�
. �¯à®¢¥à¦¥¨¥ íâ®£® ¯à¥¤¯®«®¦¥¨ï ¤ ¥â

�¥®à¥¬  1. �«ï «î¡®£® ç¨á«  r 2 f0; 1; 2; : : : ; n � 2g ¬ âà¨æ  xr = kxrijtkn á ¥ã«¥¢ë¬¨

í«¥¬¥â ¬¨

xrkk1 =
1

n+ r
; k = 1; 2; : : : ; n� 1;

xrnn1 =
r + 1
n+ r

; xrk�1;k;k =
n+ r � 1
n+ r

; k = 2; 3; : : : ; n� 1;

xrn�1;n;n =
n� 1
n+ r

; xrn�1;1;k =
1

n+ r
; k = 2; : : : ; r + 1 (r � 1);

xrn1k =
1

n+ r
; k = r + 2; : : : ; n� 1 (n � r + 3); xrn1n =

r + 1
n+ r

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n).
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�â  â¥®à¥¬  ¤®ª §   ¢ [10] ¤«ï á«ãç ï r = 0.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¯à®¢¥¤¥¬ ¨¤ãªæ¨¥© ¯® ç¨á«ã r. �à¥¤¯®«®¦¨¬, çâ® ®  ¢¥à 

¤«ï r � 1.
�¡®§ ç¨¬ ç¥à¥§ Rijt ¢¥ªâ®à-áâ®«¡¥æ ¬ âà¨æë ®£à ¨ç¥¨©, ®¯à¥¤¥«ïîé¨å ¬®£®£à ¨ª

M(3; n), â. ¥. ¢¥ªâ®à, ã ª®â®à®£® ¥¤¨¨æë áâ®ïâ ¢ áâà®ª å á ®¬¥à ¬¨ i, (n + j) ¨ (2n + t),
  ®áâ «ìë¥ í«¥¬¥âë ã«¨. � á¨«ã ¥¢ëà®¦¤¥®áâ¨ ¢¥àè¨ë xr�1 ¬®£®£à ¨ª  M(3; n)
á¨áâ¥¬  ¢¥ªâ®à®¢ Rkk1, k = 1; : : : ; n, Rk�1;k;k, k = 2; : : : ; n, Rn�1;1;k, k = 2; : : : ; r, Rn1k, k =
r + 1; : : : ; n, «¨¥©® ¥§ ¢¨á¨¬  ¨ ¢¥ªâ®à Rn�1;1;r+1 =

P
(i;j;t)2K(xr)

�ijtRijt, ¯à¨ç¥¬ �n;1;r+1 6= 0.

�¤¥áì K(xr) = f(i; j; t) 2 N 3
n : x

r
ijt > 0g. �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 2.1 ([17], c. 217) á¨áâ¥¬  ¢¥ªâ®-

à®¢ Rijt 8(i; j; t) 2 K(xr)nf(n; 1; r+1)g, Rn�1;1;r+1 â ª¦¥ «¨¥©® ¥§ ¢¨á¨¬ . � ç¨â, ¬ âà¨æ  xr,
¯®«®¦¨â¥«ìë¥ ª®¬¯®¥âë ª®â®à®© ®â¢¥ç îâ «¨¥©® ¥§ ¢¨á¨¬®© á¨áâ¥¬¥ ¢¥ªâ®à®¢, ï¢«ï¥â-
áï ¬..¢. ¬®£®£à ¨ª  M(3; n). �

�«¥¤áâ¢¨¥ 2. �«ï «î¡®£® ç¨á«  r 2 f0; 1; 2; : : : ; n � 2g ¬. . ¢. xr, ãª §  ï ¢ â¥®à¥¬¥ 1,
®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

1) S(xr) = f 1
n+r

; r+1
n+r

; n�1
n+r

; n+r�1
n+r

g;
2) z(xr; (i; j)) = z(xr; (i; t)) = (n; 2; : : : ; 2| {z }

n�1

), z(xr; (j; t)) = (2; : : : ; 2| {z }
n�2

; r + 2; n� r);

3) áà¥¤¨ ¥¥ ®¤®¬¥àëå á¥ç¥¨© ¨¬¥îâáï ¤¢  á¥ç¥¨ï, ®¤® ¨§ ª®â®àëå á®¤¥à¦¨â r, ¤àã£®¥
n � 1 � r ¤à®¡ëå ª®¬¯®¥â,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®© ¤à®¡®©
ª®¬¯®¥âë.

� ä¨ªá¨àã¥¬ ç¨á«® r 2 f0; 1; 2; : : : ; n � 2g. �ãáâì xr | ¢¥àè¨ , ãª §  ï ¢ â¥®à¥¬¥ 1.
�¥à¥§ xr ®¡®§ ç¨¬ ¢¥àè¨ã, ª®â®à ï ¯®«ãç ¥âáï ¨§ ¢¥àè¨ë xr ¯ãâ¥¬ ¯¥à¥áâ ®¢ª¨ ¬¥áâ ¬¨
¥¥ ¤¢ã¬¥àëå á¥ç¥¨© n� 1 ¨ n ®à¨¥â æ¨¨ (j; t). �§ á«¥¤áâ¢¨ï 2 ¢ëâ¥ª ¥â á«¥¤ãîé¨© ¢ ¦ë©
à¥§ã«ìâ â: ¤«ï «î¡®£® ç¨á«  r 2 f0; 1; 2; : : : ;

�
n�1
2

�
� 1g ¯ à  ¬. . ¢. xr, xn�2�r ¬®£®£à ¨ª 

M(3; n) ¯à¨ ¤«¥¦¨â ª ®¤®¬ã ¨ â®¬ã ¦¥ â¨¯ã, ® ¨¬¥¥â à §ë¥ áâàãªâãàë.
� á¢ï§¨ á â¥®à¥¬®© 1 ¢®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á: áãé¥áâ¢ãîâ «¨ ã ¬®£®£à ¨ª M(3; n)

¬. . ¢.,  ¨¬¥ìè ï ( ¨¡®«ìè ï) ¯®«®¦¨â¥«ì ï ª®¬¯®¥â  ª®â®àëå ¬¥ìè¥ (¡®«ìè¥) 1
2n�2

( 2n�3
2n�2

). �â¢¥â   íâ®â ¢®¯à®á ¤ îâ â¥®à¥¬ë 2 ¨ 3.

�¥®à¥¬  2. � ¬®£®£à ¨ª  M(3; n), n � 6, áãé¥áâ¢ã¥â ¬. . ¢., á®¤¥à¦ é ï ª®¬¯®¥-

âã, à ¢ãî 1
n2�5n+6

.

�®ª § â¥«ìáâ¢®. �ãáâì n � 6, k = [n
2
]. �®«®¦¨¬ I1 = J1 = T1 = Nk, I2 = J2 = T2 = Nn nNk.

�ãáâì n = 2k, k � 3. �®£« á® â¥®à¥¬¥ 1 ã ¬®£®£à ¨ª M(Is; Js; Ts), s = 1; 2, £¤¥ jIsj = k �
3,  ©¤ãâáï (3k�2)-¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë y (y0), á®¤¥à¦ é¨¥ ¯® ªà ©¥© ¬¥à¥ 2k�3 ª®¬¯®-

¥â, ª ¦¤ ï ¨§ ª®â®àëå à ¢  1
2k�2

�
1

2k�3

�
. �ãáâì y1 = ky1ijtkjI1j�jJ1j�jT1j ¨ y2 = ky2ijtkjI2j�jJ2j�jT2j

| ¥ª®â®àë¥ (3k � 2)-¥æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë á®®â¢¥âáâ¢¥® ¬®£®£à ¨ª®¢ M(I1; J1; T1)
¨ M(I2; J2; T2), á®¤¥à¦ é¨¥ ª®¬¯®¥âë y1i1;j1;t1 = y1i0

1
;j0
1
;t0
1

= 1
2k�3

, y2i2;j2;t2 = y2i0
2
;j0
2
;t0
2

= 1
2k�2

, £¤¥
(is; js; ts); (i0s; j

0
s; t

0
s) 2 K(Is; Js; Ts; ys), (is; js; ts) 6= (i0s; j

0
s; t

0
s), s = 1; 2. �®£¤    ®á®¢ ¨¨ «¥¬¬ë

2 ¬ âà¨æ  x = kxijtkn á í«¥¬¥â ¬¨ xijt = ysijt 8(i; j; t) 2 (Is � Js � Ts) n f(is; js; ts); (i0s; j
0
s; t

0
s)g,

s = 1; 2, xijt = 1
2k�2

8(i; j; t) 2 f(i1; j2; t1); (i2; j1; t2); (i02; j
0
1; t

0
1); (i

0
1; j

0
2; t

0
2)g, xijt = 1

(2k�2)(2k�3)

8(i; j; t) 2 f(i1; j1; t1); (i01; j
0
1; t

0
1)g, xijt = 0 ¤«ï ®áâ «ìëå (i; j; t) 2 N 3

n ï¢«ï¥âáï ¬. . ¢. ¬®£®-
£à ¨ª  M(3; n). � ª ª ª n = 2k, â® 1

(2k�2)(2k�3)
= 1

n2�5n+6
, çâ® ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã 2 ¤«ï

á«ãç ï n = 2k.
�ãáâì â¥¯¥àì n = 2k + 1, k � 3. �® â¥®à¥¬¥ 1 ã ¬®£®£à ¨ª  M(I1; J1; T1)  ©¤¥âáï (3k �

2)-¥æ¥«®ç¨á«¥ ï ¢¥àè¨  y1 á ª®¬¯®¥â ¬¨ y1i1;j1;t1 = y1i0
1
;j0
1
;t0
1

= 1
2k�2

,   ã ¬®£®£à ¨ª 
M(I2; J2; T2) (¢¢¨¤ã jI2j = jJ2j = jT2j = k+1) | (3k+1)-¥æ¥«®ç¨á«¥ ï ¢¥àè¨  y2 â ª ï, çâ®
y2i2;j2;t2 = y2i0

2
;j0
2
;t0
2

= 1
2k�1

. �¤¥áì (is; js; ts); (i0s; j
0
s; t

0
s) 2 K(Is; Js; Ts; ys), (is; js; ts) 6= (i0s; j

0
s; t

0
s), s = 1; 2.

�®íâ®¬ã   ®á®¢ ¨¨ «¥¬¬ë 2 ã ¬®£®£à ¨ª  M(3; n) áãé¥áâ¢ã¥â ¬. . ¢. x, á®¤¥à¦ é ï
ª®¬¯®¥âë xi1;j1;t1 = xi0

1
;j0
1
;t0
1
= 1

n2�5n+6
.

41



�¥®à¥¬  3. � ¬®£®£à ¨ª  M(3; n), n � 7, áãé¥áâ¢ã¥â ¬. . ¢., á®¤¥à¦ é ï ª®¬¯®¥-

âã, à ¢ãî n2�7n+10
n2�7n+12

.

�®ª § â¥«ìáâ¢®. �ãáâì n � 7. �®«®¦¨¬ I1 = J1 = T1 = Nn�1, I2 = J2 = T2 = fng. �  ®á®-
¢ ¨¨ â¥®à¥¬ë 2 ã ¬®£®£à ¨ª M(I1; J1; T1) áãé¥áâ¢ã¥â (3jI1j � 2)-¥æ¥«®ç¨á«¥ ï ¢¥àè¨ 
y1, á®¤¥à¦ é ï ¤¢¥ ª®¬¯®¥âë, à ¢ë¥ 1

n2�7n+12
. �®íâ®¬ã á ãç¥â®¬ â®£®, çâ® ¬®£®£à ¨ª

M(I2; J2; T2) ¢ëà®¦¤ ¥âáï ¢ â®çªã y2nnn = 1, ¢ á¨«ã «¥¬¬ë 2 ¨ § ¬¥ç ¨ï 2  ©¤¥âáï ¬. . ¢. x
¬®£®£à ¨ª  M(3; n), á®¤¥à¦ é ï ª®¬¯®¥âã, à ¢ãî n2�7n+10

n2�7n+12
.

� ¯®¬®éìî â¥®à¥¬ë 1, «¥¬¬ë 2 ¨ § ¬¥ç ¨ï 2   «®£¨ç® ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ âà¨
â¥®à¥¬ë, ®¯¨áë¢ îé¨¥ ®¢ë¥ â¨¯ë ¨ áâàãªâãàë ¬. . ¢. ¬®£®£à ¨ª  M(3; n).

�¥®à¥¬  4. �«ï «î¡®£® ç¨á«  r 2 f0; 1; 2; : : : ; n� 3g, n � 4, ¬ âà¨æ  xr = kxrijtkn á ¥ã«¥-
¢ë¬¨ í«¥¬¥â ¬¨

xr1n1 = xrn21 =
1

n+ r � 1
; xrkk1 =

1
n+ r � 1

; k = 3; : : : ; n� 2 (n � 5);

xrn�1;n�1;1 =
r + 1

n+ r � 1
; xrk�1;k;k =

n+ r � 2
n+ r � 1

; k = 2; : : : ; n� 2;

xrn�2;n�1;n�1 =
n� 2

n+ r � 1
; xrn�2;1;k =

1
n+ r � 1

; k = 2; : : : ; r + 1 (r � 1);

xrn�1;1;k =
1

n+ r � 1
; k = r + 2; : : : ; n� 2 (n � r + 4);

xrn�1;1;n�1 =
r + 1

n+ r � 1
; xrn1n = xr2nn =

1
n+ r � 1

; xrnnn =
n+ r � 3
n+ r � 1

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n).

�«¥¤áâ¢¨¥ 3. �«ï «î¡®£® ç¨á«  r 2 f0; 1; : : : ; n� 3g, n � 4, ¬. . ¢. xr, ãª §  ï ¢ â¥®à¥¬¥
4, ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

1) S(xr) = f 1
n+r�1

; r+1
n+r�1

; n�2
n+r�1

; n+r�3
n+r�1

; n+r�2
n+r�1

g;
2) z(xr; (i; j)) = z(xr; (i; t)) = (n� 1; 2; 2; : : : ; 2| {z }

n�2

; 3), z(xr; (j; t)) = (2; 2; : : : ; 2| {z }
n�3

; r + 2; n� r � 1; 3);

3) áà¥¤¨ ¥¥ ®¤®¬¥àëå á¥ç¥¨© ¨¬¥îâáï ç¥âëà¥ á¥ç¥¨ï, ®¤® ¨§ ª®â®àëå á®¤¥à¦¨â n�2�r,
¤àã£®¥ r, âà¥âì¥ 2 ¨ ç¥â¢¥àâ®¥ 2 ¤à®¡ëå ª®¬¯®¥â,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥
¡®«¥¥ ®¤®© ¤à®¡®© ª®¬¯®¥âë.

� ä¨ªá¨àã¥¬ r 2 f0; 1; 2; : : : ; n � 3g. �ãáâì xr | ¢¥àè¨ , ãª §  ï ¢ â¥®à¥¬¥ 4. �¥à¥§ xr

®¡®§ ç¨¬ ¢¥àè¨ã, ª®â®à ï ¯®«ãç ¥âáï ¨§ ¢¥àè¨ë xr ¯ãâ¥¬ ¯¥à¥áâ ®¢ª¨ ¬¥áâ ¬¨ ¥¥ ¤¢ã¬¥à-
ëå á¥ç¥¨© n� 2 ¨ n� 1 ®à¨¥â æ¨¨ (j; t). �§ á«¥¤áâ¢¨ï 3 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 4. �«ï «î¡®£® ç¨á«  r 2 f0; 1; : : : ;
�
n�2
2

�
� 1g, n � 4, ¯ à  ¬. . ¢. (xr; xn�3�r)

¬®£®£à ¨ª  M(3; n) ¯à¨ ¤«¥¦¨â ®¤®¬ã ¨ â®¬ã ¦¥ â¨¯ã, ® ¨¬¥¥â à §ë¥ áâàãªâãàë.

�¥®à¥¬  5. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; n�3g, n � 4, ¬ âà¨æ  xr = kxrijtkn á ¥ã«¥¢ë¬¨
í«¥¬¥â ¬¨

xrkk1 =
1

n+ r � 1
; k = 1; : : : ; n� 2; xrn�1;n�1;1 =

r

n+ r � 1
;

xrn;n�1;1 = xrn�2;1;2 =
1

n+ r � 1
; xr1n2 =

n+ r � 2
n+ r � 1

;

xrk�1;k;k =
n+ r � 2
n+ r � 1

; k = 3; : : : ; n� 2 (n � 5);

xrn�2;n�1;n�1 =
n� 2

n+ r � 1
; xrn�2;1;k =

1
n+ r � 1

; k = 3; : : : ; r + 1;
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xrn�1;1;k =
1

n+ r � 1
; k = r + 2; : : : ; n� 2;

xrn�1;1;n�1 =
r + 1

n+ r � 1
; xrn2n =

n+ r � 2
n+ r � 1

; xrn�1;n;n =
1

n+ r � 1

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n).

�«¥¤áâ¢¨¥ 5. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; n� 3g, n � 4, ¬. . ¢. xr, ãª §  ï ¢ â¥®à¥¬¥
5, ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

1) S(xr) = f 1
n+r�1

; r

n+r�1
; r+1
n+r�1

; n�2
n+r�1

; n+r�2
n+r�1

g;
2) z(xr; (i; j)) = (n; 2; : : : ; 2| {z }

n�1

), z(xr; (i; t)) = (n� 1; 2; : : : ; 2| {z }
n�3

; 3; 2),

z(xr; (j; t)) = (2; : : : ; 2| {z }
n�3

; r + 2; n� r; 2);

3) áà¥¤¨ ¥¥ ®¤®¬¥àëå á¥ç¥¨© ¨¬¥îâáï âà¨ á¥ç¥¨ï, ®¤® ¨§ ª®â®àëå á®¤¥à¦¨â r, ¤àã£®¥
n � 2 � r, âà¥âì¥ 2 ¤à®¡ëå ª®¬¯®¥â,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®©
¤à®¡®© ª®¬¯®¥âë.

�§ ãâ¢¥à¦¤¥¨© 1) á«¥¤áâ¢¨© 3 ¨ 5 ¯à¨ r = 1 ¢ëâ¥ª ¥â ¢®§¬®¦®áâì ¯®áâà®¥¨ï à §«¨çëå
áâàãªâãà ¬. . ¢. ¬®£®£à ¨ª  M(3; n), n � 4, ¥ã«¥¢ë¥ ª®¬¯®¥âë ª®â®àëå ®¯à¥¤¥«ïîâáï
ç¨á« ¬¨ 1

n
, 2

n
, n�2

n
, n�1

n
.

� ä¨ªá¨àã¥¬ r 2 f1; 2; : : : ; n � 3g, n � 5. �ãáâì xr | ¢¥àè¨ , ãª §  ï ¢ â¥®à¥¬¥ 5.
�¥à¥§ exr ®¡®§ ç¨¬ ¢¥àè¨ã, ª®â®à ï ¯®«ãç ¥âáï ¨§ ¢¥àè¨ë xr ¯ãâ¥¬ ¯¥à¥áâ ®¢ª¨ ¬¥áâ ¬¨
¥¥ ¤¢ã¬¥àëå á¥ç¥¨© n� 2 ¨ n� 1 ®à¨¥â æ¨¨ (j; t). �§ á«¥¤áâ¢¨ï 5 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 6. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; [n�3
2
]g, n � 5, ¯ à  ¬. . ¢. (xr; exn�2�r) ¬®£®-

£à ¨ª  M(3; n) ¯à¨ ¤«¥¦¨â ª ®¤®¬ã ¨ â®¬ã ¦¥ â¨¯ã, ® ¨¬¥¥â à §ë¥ áâàãªâãàë.

�¥®à¥¬  6. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; n�3g, n � 4, ¬ âà¨æ  xr = kxrijtkn á ¥ã«¥¢ë¬¨
í«¥¬¥â ¬¨

xrkk1 =
1

n+ r � 1
; k = 1; 2; : : : ; n� 2; xrn�1;n;1 =

r + 1
n+ r � 1

;

xr122 =
r

n+ r � 1
; xrn�2;1;2 =

1
n+ r � 1

; xrn22 =
n� 2

n+ r � 1
;

xrk�1;k;k =
n+ r � 2
n+ r � 1

; k = 3; : : : ; n� 2 (n � 5);

xrn�2;n�1;n�1 =
n� 2

n+ r � 1
; xrn�2;1;k =

1
n+ r � 1

; k = 3; : : : ; r + 1 (r � 2);

xrn�1;1;k =
1

n+ r � 1
; k = r + 2; : : : ; n� 2;

xrn�1;1;n�1 = xrn;n�1;n =
r + 1

n+ r � 1
; xr1nn =

n� 2
n+ r � 1

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n).

�«¥¤áâ¢¨¥ 7. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; n� 3g, n � 4, ¬. . ¢. xr, ãª §  ï ¢ â¥®à¥¬¥
6, ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

1) S(xr) = f 1
n+r�1

; r

n+r�1
; r+1
n+r�1

; n�2
n+r�1

; n+r�2
n+r�1

g;
2) z(xr; (i; j)) = z(xr; (i; t)) = (n� 1; 3; 2; : : : ; 2| {z }

n�2

), z(xr; (j; t)) = (3; 2; : : : ; 2| {z }
n�4

; r + 2; n� r � 1; 2);

3) áà¥¤¨ ¥¥ ®¤®¬¥àëå á¥ç¥¨© ¨¬¥îâáï âà¨ á¥ç¥¨ï, ®¤® ¨§ ª®â®àëå á®¤¥à¦¨â n� 2� r,
¤àã£®¥ r, âà¥âì¥ 2 ¤à®¡ëå ª®¬¯®¥â,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®©
¤à®¡®© ª®¬¯®¥âë.
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�§ á«¥¤áâ¢¨© 3 ¨ 7 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 8. �«ï «î¡®£® ç¨á«  r 2 f1; 2; : : : ; n � 3g, n � 4, â¨¯ ¬. . ¢. xr ¬®£®£à ¨-
ª  M(3; n), § ¤ ¢ ¥¬ë© ¢¥ªâ®à ¬¨ z(xr; (i; j)) = z(xr; (i; t)) = (n � 1; 2; : : : ; 2| {z }

n�2

; 3), z(xr; (j; t)) =

(2; : : : ; 2| {z }
n�3

; r + 2; n� r � 1; 3), ®¯à¥¤¥«ï¥âáï ¥®¤®§ ç®.

� ¨á¯®«ì§®¢ ¨¥¬ â¥®à¥¬ 3 ([10]) ¨ 1,   â ª¦¥ «¥¬¬ë 2 ¨ § ¬¥ç ¨ï 2 ¯®«ãç¥ë á«¥¤ãîé¨¥
¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  7. � âà¨æ  x0 á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

x0111 = x0n�3;n�3;n�3 =
2
3
; x0221 = x0122 =

1
12

;

x02;n�2;1 = x0n�1;2;2 = x0n�2;2;n�2 = x0n�1;n�1;n�2 = x01;n�2;n�1 =
1
4
;

x0232 = x0n�3;1;2 = x0n�4;n�4;n�3 =
1
3
;

x0n;n;n�2 = x0n�1;n;n = x0n;n�1;n =
1
2
; x0n�2;n�1;n�1 =

3
4
;

x0k�1;k�1;k = x0kkk = x0k;k+1;k =
1
3
; k = 3; : : : ; n� 4 (n � 7);

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n), n � 6.

�¥®à¥¬  8. � âà¨æ  x1 á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

x1111 =
1
6
; x1221 = x1122 = x1n�3;1;2 = x1n�4;n�4;n�3 =

1
3
;

x1nn1 = x11;1;n�2 = x1n�1;n;n = x1n;n�2;n =
1
2
; x1232 =

1
12

;

x12;n�1;2 = x1n�2;n�2;n�2 = x1n�1;n�3;n�1 = x1n�1;n�2;n�1 =
1
4
;

x1n�3;n�3;n�3 =
2
3
; x1n�2;n�1;n�1 =

3
4
;

x1k�1;k�1;k = x1kkk = x1k;k+1;k =
1
3
; k = 3; : : : ; n� 4 (n � 7);

ï¢«ï¥âáï ¬. . ¢. ¬®£®£à ¨ª  M(3; n), n � 6.

�§ â¥®à¥¬ 7 ¨ 8 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 9. �¥àè¨ë x0 ¨ x1 ¬®£®£à ¨ª  M(3; n), n � 6, ®¡« ¤ îâ á¢®©áâ¢ ¬¨:

1) S(x0) = f 1
12
; 1
4
; 1
3
; 1
2
; 2
3
; 3
4
g, S(x1) = f 1

12
; 1
6
; 1
4
; 1
3
; 1
2
; 2
3
; 3
4
g;

2) ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢ ¨å ¤¢ã¬¥àëå á¥ç¥¨ïå, § ¤ ¥âáï ¢¥ª-
â®à ¬¨ z(x0; (i; j)) = z(x1; (i; j)) = (3; 4; 2; 3; : : : ; 3| {z }

n�5

; 2; 2), z(x0; (i; t)) = (2; 5; 2; 3; : : : ; 3| {z }
n�5

; 2; 2),

z(x1; (i; t)) = (3; : : : ; 3| {z }
n�2

; 2; 2), z(x0; (j; t)) = z(x1; (j; t)) = (3; 4; 2; 2; 3; : : : ; 3| {z }
n�5

; 2);

3) áà¥¤¨ ¨å ®¤®¬¥àëå á¥ç¥¨© ¨¬¥îâáï 2n� 9 á¥ç¥¨©, ª ¦¤®¥ ¨§ ª®â®àëå á®¤¥à¦¨â ¤¢¥
¤à®¡ë¥ ª®¬¯®¥âë,   ®áâ «ìë¥ á¥ç¥¨ï á®¤¥à¦ â ¥ ¡®«¥¥ ®¤®© ¤à®¡®© ª®¬¯®¥âë.

44



�¨â¥à âãà 

1. Balas E., Saltzman M.J. Fasets of the three-index assignment polytope // Discrete Appl. Math. {
1989. { V. 23. { ò3. { P. 201{229.

2. Pierskalla W.P. The multidimensional assignment problem // Oper.Res. { 1968. { V.16. { P. 422{
431.

3. Poore A.B. Multidimensional assignment formulation of data association problems arising from

multitarget and multisensor tracking // Comput. Optimiz. and Applic. { 1994. { V. 3. { P. 27{54.
4. Arbib C., Pacciarelli D., Smriglio S. A three-dimensional matching model for perishable production

scheduling // Discrete Appl. Math. { 1999. { ò 92. { P. 1{15.
5. Euler R. Odd cycles and a class of facets of the axial 3-index assignment polytope // Zastosowania

Matematyki. { 1987. { V.19. { ò 3{4. { P. 375{386.
6. Gwan G., Qi L. On facets of the three-index assignment polytope // Australasian J. Combinatorics.

{ 1992. { V. 6. { P. 67{87.
7. Qi L., Balas E., Gwan G. A new facet class and a polyhedral method for the three-index assignment

problem // In: D.Du and J. Sun (Eds) Advances in Optimization and Approximation. { Kluwer
Academic. { 1994. { P. 256{274.

8. �à ¢æ®¢ �.�., �ãªè¨ �.�. � ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ å ¬®£®£à ¨ª  ¬®£®¨¤¥ªá®©
 ªá¨ «ì®© § ¤ ç¨ ¢ë¡®à  // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1999. { ò 12. { C. 65{70.

9. �à ¢æ®¢ �.�., �à ¢æ®¢ �.�., �ãªè¨ �.�. � ç¨á«¥ r-¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à -
¨ª  âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ¢ë¡®à  // �§¢. ¢ã§®¢. M â¥¬ â¨ª . { 2000. { ò 12. {
C. 89{92.

10. �à ¢æ®¢ �.�., �à ¢æ®¢ �.�., �ãªè¨ �.�. � â¨¯ å (3n�2)-¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®-

£®£à ¨ª  âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ¢ë¡®à  // �§¢. ¢ã§®¢. M â¥¬ â¨ª . { 2002. {
ò12. { �. 84{90.

11. �à ¢æ®¢ �.�., �à ¢æ®¢ �.�., �ãªè¨ �.�. � ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ å ¬®£®£à ¨ª 

âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå // �¨áªà¥â. ¬ â¥¬. { 2001. { �. 13. { �ë¯. 2.
{ �. 120{143.

12. �à ¢æ®¢ �.�., �à ¢æ®¢ �.�., �ãªè¨ �.�. � ç¨á«¥ ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨-

ª  âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå // �¥áæi ��� �¥« àãái. �¥à. äi§.-¬ â.
 ¢ãª. { 2000. { ò 4. { �. 59{65.

13. �à ¢æ®¢ �.�. �æ¥ª¨ á¨§ã ç¨á«  ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  âà¥å¨¤¥ªá®©
 ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå//�¥áâ¨ª ���. �¥à.1.{2002.{N3.{�.87{90.

14. �à ¢æ®¢ �.�. � ®¢ëå â¨¯ å ¬ ªá¨¬ «ì® ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª 
âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ®  § ç¥¨ïå // �¥áâ¨ª ���. �¥à.1. { 2003. { ò3. {
�. 80{85.

15. �¬¥«¨ç¥¢ �.�., �®¢ «¥¢ �.�., �à ¢æ®¢ �.�. �®£®£à ¨ª¨, £à äë, ®¯â¨¬¨§ æ¨ï. { �.:
� ãª , 1981. { 342 á.

16. �¬¥«¨ç¥¢ �.�., �à ¢æ®¢ �.�. �®«¨í¤à «ìë¥  á¯¥ªâë ¬®£®¨¤¥ªáëå  ªá¨ «ìëå âà á-

¯®àâëå § ¤ ç // �¨áªà¥â. ¬ â¥¬. { 1991. { �. 3. { �ë¯. 2. { �. 3{24.
17. �¤¨ �.�., �®«ìèâ¥© �.�. �¨¥©®¥ ¯à®£à ¬¬¨à®¢ ¨¥. �¥®à¨ï ¨ ª®¥çëe ¬¥â®¤ë. { �.:

�¨§¨ª®-¬ â¥¬ â¨ç¥áª ï «¨â¥à âãà , 1963. { 776 á.

�¥«®àãááª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 
ã¨¢¥àá¨â¥â 05.05.2004

45


