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� ¯à¥¤« £ ¥¬®© áâ âì¥ ¨§ãç îâáï ­¥ª®â®àë¥ á¢®©áâ¢  á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥-
­¨© ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­ëå ãà ¢­¥­¨© ­¥©âà «ì­®£® â¨¯ , ª ç¨á«ã ª®â®àëå ®â­®áïâ-
áï ¬¨­¨¬ «ì­®áâì, ¯®«­®â  ¨ ¡ §¨á­®áâì �¨áá  á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¢ èª -
«¥ ¯à®áâà ­áâ¢ �®¡®«¥¢ . �®¯ãâ­® ¬ë ¯à¨¢®¤¨¬ ãâ¢¥à¦¤¥­¨ï ® à §à¥è¨¬®áâ¨ ãª § ­­ëå
¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­ëå ãà ¢­¥­¨© ¢ ¯à®áâà ­áâ¢¥ �®¡®«¥¢ ,   â ª¦¥ ­¥ã«ãçè ¥¬ë¥
®æ¥­ª¨ ¨å à¥è¥­¨©.

�¥§ã«ìâ âë ¤ ­­®© áâ âì¨ ï¢«ïîâáï ¥áâ¥áâ¢¥­­ë¬ à §¢¨â¨¥¬ ¨ ®¡®¡é¥­¨¥¬ à¥§ã«ìâ â®¢ à -
¡®â [1]{[7] ¨ áãé¥áâ¢¥­­® ®¯¨à îâáï ­  ­¨å.

1. �¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï. �®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢

� áá¬®âà¨¬ ­ ç «ì­ãî § ¤ çã ¤«ï ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®£® ãà ¢­¥­¨ï ¢¨¤ 

nX
j=0

�
Bju(t� hj) +Dj

du

dt
(t� hj)

�
= 0; t 2 R+ = (0;+1); (1)

u(t) = y(t); t 2 [�h; 0); u(+0) = y(�0) = '0: (2)

�¤¥áì Bj , Dj (j = 0; 1; : : : ; n) | ¬ âà¨æë à §¬¥à  m�m á ¯®câ®ï­­ë¬¨ ª®¬¯«¥ªá­ë¬¨ í«¥¬¥­-
â ¬¨, ç¨á«  hj â ª®¢ë, çâ® 0 = h0 < h1 < � � � < hn = h.

�¡®§­ ç¨¬ ç¥à¥§ L(�) ¬ âà¨æã-äã­ªæ¨î

L(�) =
nX
j=0

(Bj + �Dj) exp(��hj);

ç¥à¥§ l(�) = detL(�) | å à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¬­®£®ç«¥­ [8] ãà ¢­¥­¨ï (1), ç¥à¥§ �q | ­ã«¨
äã­ªæ¨¨ l(�), ã¯®àï¤®ç¥­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï ¬®¤ã«¥© á ãç¥â®¬ ªà â­®áâ¨, ç¥à¥§ � |
¬­®¦¥áâ¢® ¢á¥å ­ã«¥© äã­ªæ¨¨ l(�), ç¥à¥§ �q | ªà â­®áâ¨ �q.

�®¡áâ¢¥­­ë¥ ¢¥ªâ®àë, ¢å®¤ïé¨¥ ¢ ª ­®­¨ç¥áªãî á¨áâ¥¬ã [9] á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå
(ª®à­¥¢ëå) ¢¥ªâ®à®¢ ¬ âà¨æë-äã­ªæ¨¨ L(�), ®â¢¥ç îé¨¥ ç¨á«ã �q, ®¡®§­ ç¨¬ ç¥à¥§ xq;j;0, ¨å
¯à¨á®¥¤¨­¥­­ë¥ ¯®àï¤ª  s| ç¥à¥§ xq;j;s (¨­¤¥ªá j ¯®ª §ë¢ ¥â, ª ª¨¬ ¯® áç¥âã ï¢«ï¥âáï ¢¥ªâ®à
xq;j;0 ¢ á¯¥æ¨ «ì­® ¢ë¡à ­­®¬ ¡ §¨á¥ ¯®¤¯à®áâà ­áâ¢  à¥è¥­¨© ãà ¢­¥­¨ï L(�q)x = 0).

�¢¥¤¥¬ á¨áâ¥¬ã íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1)

yq;j;s(t) = exp(�qt)
�
ts

s!
xq;j;0 +

ts�1

(s� 1)!
xq;j;1 + � � �+ xq;j;s

�
: (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

¯à®¥ªâë ò99-01-01079, ò00-15-9610.
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�¡®§­ ç¨¬ ç¥à¥§ W p
2;
((a; b); C

m) (�1 < a < b � +1), p = 1; 2; : : : , ¢¥á®¢ë¥ ¯à®áâà ­áâ¢ 
�®¡®«¥¢  ¢¥ªâ®à-äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ Cm , á­ ¡¦¥­­ë¥ ­®à¬ ¬¨

kvkWp

2;

(a;b) �

�Z b

a

exp(�2
t)
� pX

j=0

kv(j)(t)k2
Cm

�
dt

�1=2
; 
 � 0:

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ W
p
2;0 �W

p
2 , v

(j)(t) = dj

dtj
v(t); p; j = 1; 2; : : :

�¯à¥¤¥«¥­¨¥ 1. �¥ªâ®à-äã­ªæ¨î u(t), ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­áâ¢ã W 2
2;
((�h;+1); C m)

¯à¨ ­¥ª®â®à®¬ 
 2 R+ , ­ §®¢¥¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2), ¥á«¨ u(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
(1) ¨ ãá«®¢¨î (2).

�à¨¢¥¤¥¬ à¥§ã«ìâ â ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (1), (2) ¢ ¯à®áâà ­áâ¢¥ W 2
2;
((�h;+1); C m).

�¥¬¬  1. �ãáâì detD0 6= 0,   ­ ç «ì­ ï äã­ªæ¨ï y(s) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã

W 2
2 ((�h; 0); C

m) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î á®£« á®¢ ­¨ï

nX
j=0

(Bjy(�hj) +Djy
(1)(�hj)) = 0: (4)

�®£¤  ­ ©¤¥âáï â ª®¥ 
0 � 0, çâ® ¤«ï «î¡®£® 
 � 
0 § ¤ ç  (1), (2) ®¤­®§­ ç­® à §à¥è¨¬ 
¢ ¯à®áâà ­áâ¢¥ W 2

2;
((�h;+1); C m), ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kukW 2

2;

(�h;+1) � d0kykW 2

2
(�h;0) (5)

á ¯®áâ®ï­­®© d0, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ y(t).

�¡®§­ ç¨¬ ç¥à¥§ W 2
2;v((�h; 0); C

m) ¯®¤¯à®áâà ­áâ¢® äã­ªæ¨© fy(t)g ¯à®áâà ­áâ¢ 
W 2

2 ((�h; 0); C
m), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ á®£« á®¢ ­¨ï (4).

�ä®à¬ã«¨àã¥¬ à¥§ã«ìâ âë ® á¢®©áâ¢ å á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1).

�à¥¤«®¦¥­¨¥ 1. �ãáâì detD0 6= 0. �®£¤  íªá¯®­¥­æ¨ «ì­ë¥ à¥è¥­¨ï (3) ãà ¢­¥­¨ï (1)
®¡à §ãîâ ¬¨­¨¬ «ì­ãî á¨áâ¥¬ã ¢ ¯à®áâà ­áâ¢¥ W 2

2;v((�h; 0); C
m).

�¥¬¬  2. �ãáâì detD0 6= 0, detDn 6= 0. �®£¤  ­ ©¤ãâáï â ª¨¥ ¯®áâ®ï­­ë¥ �1 ¨ �2, çâ®

¬­®¦¥áâ¢® � «¥¦¨â ¢ ¯®«®á¥ f� : �1 < Re� < �2g,   á¨áâ¥¬  íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨©

fyq;j;s(t)g ¯®«­  ¢ ¯à®áâà ­áâ¢¥ W 2
2;v((�h; 0); C

m).

�¡®§­ ç¨¬
G(�; �) � C n

� [
�q2�

B(�q; �)
�
;

£¤¥ B(�q; �) | ªàã£ à ¤¨ãá  � á æ¥­âà®¬ ¢ â®çª¥ �q.

�¥¬¬  3. �á«¨ detD0 6= 0, detDn 6= 0, âo ­ ©¤¥âáï á¨áâ¥¬  § ¬ª­ãâëå ª®­âãà®¢

�n = f� 2 C : Re� = �2; cn � Im� � cn+1g [

[f� 2 C : �1 � Re � � �2; Im� = cn+1g [

[f� 2 C : Re� = �1; cn � Im� � cn+1g [

[f� 2 C : �1 � Re � � �2; Im� = cng;

æ¥«¨ª®¬ ¯à¨­ ¤«¥¦ é¨å ®¡« áâ¨ G(�; �) ¯à¨ ­¥ª®â®à®¬ ¤®áâ â®ç­® ¬ «®¬ � > 0. �à¨ íâ®¬

¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï :

(i) ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥é¥áâ¢¥­­ëå ç¨á¥« fcngn2Zâ ª®¢ , çâ® 0 < � � cn+1 � cn � � <

+1, £¤¥ � ¨ � | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥;
(ii) ª®«¨ç¥áâ¢® N(�n) ­ã«¥© äã­ªæ¨¨ l(�) (á ãç¥â®¬ ªà â­®áâ¨), «¥¦ é¨å ¢ ®¡« áâïå,

£à ­¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®­âãàë �n, à ¢­®¬¥à­® ®£à ­¨ç¥­® ¯® n, â. ¥.

max
n

N(�n) �M:
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�¡®§­ ç¨¬ ç¥à¥§Wn ¯®¤¯à®áâà ­áâ¢  ¯à®áâà ­áâ¢ W 2
2;v((�h; 0); C

m), ï¢«ïîé¨¥áï «¨­¥©­®©
®¡®«®çª®© ¢á¥å íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© yq;j;s(t) ¢¨¤  (3), ®â¢¥ç îé¨å ç¨á« ¬ �q, «¥¦ é¨¬
¢ ®¡« áâïå, £à ­¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®­âãàë �n,   ç¥à¥§ V�q | ¯®¤¯à®áâà ­áâ¢  ¯à®-
áâà ­áâ¢  W 2

2;v((�h; 0); C
m), ï¢«ïîé¨¥áï «¨­¥©­®© ®¡®«®çª®© ¢á¥å íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨©

yq;j;s(t), ®â¢¥ç îé¨å ç¨á«ã �q.
�à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ª¨ ®á­®¢­ëå à¥§ã«ìâ â®¢ à ¡®âë.

�¥®à¥¬  1. �ãáâì detD0 6= 0, detDn 6= 0. �®£¤  á¥¬¥©áâ¢® ¯®¤¯à®áâà ­áâ¢ fWngn2Z ®¡à -
§ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  W 2

2;v((�h; 0); C
m).

�¥®à¥¬  2. �ãáâì detD0 6= 0, detDn 6= 0, ¬­®¦¥áâ¢® � ®â¤¥«¨¬®, â. ¥. inf
�p 6=�q

j�p��qj > 0.

�®£¤  á¥¬¥©áâ¢® ¯®¤¯à®áâà ­áâ¢ fV�qg�q2� ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®-

áâà ­áâ¢  W 2
2;v((�h; 0); C

m).

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2,   ¢¥ªâ®à-äã­ªæ¨ï y(t) ¯à¨­ ¤«¥¦¨â

¯à®áâà ­áâ¢ã W 2
2;v((�h; 0); C

m). T®£¤  ¤«ï «î¡®£® à¥è¥­¨ï u(t) 2 W 2
2;
((�h;+1); C m), 
 � 
0,

§ ¤ ç¨ (1), (2) ¢ë¯®«­¥­  ®æ¥­ª 

ku(t+ �)kW 2

2
(�h;0) �

�Z 0

�h

� 2X
j=0

ku(j)(t+ s)k2
Cm

�
ds

�1=2
�

� d exp({t)(t+ 1)N�1kykW 2

2
(�h;0); t � 0; (6)

£¤¥ { = sup
�q2�

Re �q, N = max
�q2�

�q,   ¯®áâ®ï­­ ï d ­¥ § ¢¨á¨â ®â ¢¥ªâ®à-äã­ªæ¨¨ y(t).

� ¬¥ç ­¨¥. �§¢¥áâ­® ([10], á. 26{27), çâ® ¤«ï ª¢ §¨¬­®£®ç«¥­®¢ ¢¥«¨ç¨­  N = max
�q2�

�q ª®-

­¥ç­ , ¯à¨ç¥¬ ¢ [10] ¯à¨¢¥¤¥­  ¥¥ ®æ¥­ª .

�¥¬¬  4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤  ­ ©¤¥âáï â ª®¥ 
0 � 0, çâ® ¤«ï

«î¡®£® 
 � 
0, ¤«ï «î¡®£® " > 0 ¨ ¤«ï ¯à®¨§¢®«ì­®£® à¥è¥­¨ï u(t) 2 W 2
2;
((�h;+1); C m) § ¤ ç¨

(1), (2) ¬®¦­® ãª § âì â ªãî «¨­¥©­ãî ª®¬¡¨­ æ¨î íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¢¨¤  (3), çâ®





u(t)�
X
(�q)

jqX
j=1

�qjX
s=0

cq;j;syq;j;s(t)





W 2

2;

(�h;+1)

� ":

2. �®ª § â¥«ìáâ¢a ®á­®¢­ëå ãâ¢¥à¦¤¥­¨©

�«ï ã¤®¡áâ¢  ç¨â â¥«¥© ¯à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ª¨ ­¥ª®â®àëå à¥§ã«ìâ â®¢ ¨§ [1]{[6],   § â¥¬
¯®ïá­¨¬, ª ª¨¬ ®¡à §®¬ ®­¨ ¯à¨¬¥­ïîâáï ¤«ï ¤®ª § â¥«ìáâ¢  áä®à¬ã«¨à®¢ ­­ëå ¢ x 1 ãâ¢¥à-
¦¤¥­¨©.

� ç­¥¬ á à¥§ã«ìâ â  ® áãé¥áâ¢®¢ ­¨¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨ (1), (2).

�¯à¥¤¥«¥­¨¥ 2. �¥ªâ®à-äã­ªæ¨î u(t) 2 W 1
2;
((�h;+1); C m) ¯à¨ ­¥ª®â®à®¬ 
 � 0 ­ §®-

¢¥¬ á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2), ¥á«¨ u(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1) ¯®çâ¨ ¢áî¤ã ­ 
¯®«ã®á¨ R+ ,   â ª¦¥ ãá«®¢¨î (2).

�¥¬¬  5 ([1]). �ãáâì detD0 6= 0. �®£¤  ­ ©¤¥âáï â ª®¥ 
0 � 0, çâ® ¯à¨ ¢á¥å 
 � 
0 § ¤ ç 

(1), (2) ®¤­®§­ ç­® à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ W 1
2;
((�h;+1); C m) ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨

y(t) 2W 1
2 ((�h; 0); C

m) ¨ ¤«ï ¥¥ à¥è¥­¨ï á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kukW 1

2;

(�h;+1) � d1kykW 1

2
(�h;0)

á ¯®áâ®ï­­®© d1, ­¥ § ¢¨áïé¥© ®â äã­ªæ¨¨ y(t).
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�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ «¥¬¬ã 5 [1], ¢¢¥¤¥¬  ­ «®£¨ç­® [11] ¯®«ã£àã¯¯ã Ut, t � 0, ®£à ­¨ç¥­-
­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà ­áâ¢¥ W 1

2 ((�h; 0); C
m) á®£« á­® ¯à ¢¨«ã

(Uty)(s) = u(t+ s); s 2 (�h; 0); t � 0;

£¤¥ u(�) | á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2), ®â¢¥ç îé¥¥ ­ ç «ì­®© äã­ªæ¨¨ y(t).

�¥¬¬  6 ([6]). �ãáâì detD0 6= 0. �®£¤  á¥¬¥©áâ¢® ®¯¥à â®à®¢ Ut, t � 0, ®¡à §ã¥â C0-

¯®«ã£àã¯¯ã ¢ ¯à®áâà ­áâ¢¥ W 1
2 ((�h; 0); C

m) á £¥­¥à â®à®¬ D , ¨¬¥îé¨¬ ®¡« áâì ®¯à¥¤¥«¥­¨ï

Dom(D ) =
�
' 2W 2

2 ((�h; 0); C
m);

nX
j=0

(Bj'(�hj) +Dj'
(1)(�hj)) = 0

�

¨ ¤¥©áâ¢ãîé¨¬ ¯® ¯à ¢¨«ã (D')(s) = '(1)(s), s 2 (�h; 0).

� ¤ «ì­¥©è¥¬ áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â

�¥¬¬  7. �ãáâì detD0 6= 0. �®£¤  à¥§®«ì¢¥­â  R(�; D ) ®¯¥à â®à  D ¢ â®çª å áãé¥áâ¢®-

¢ ­¨ï ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

(R(�; D )f)(t) = ((D � �I)�1f)(t) = � exp(�t)L�1(�)
� nX
j=0

exp(��hj)Djf(0)�

�
nX

j=0

exp(��hj)
Z 0

�hj

(Djf
(1)(�) +Bjf(�)) exp(���)d�

�
+

+ exp(�t)
Z t

0

exp(���)f(�)d�; t 2 [�h; 0]; (7)

®â®¡à ¦ ¥â ¯à®áâà ­áâ¢® W 1
2 ((�h; 0); C

m) ­  ¯®¤¯à®áâà ­áâ¢® W 2
2;U((�h; 0); C

m), ¯à¨ç¥¬ ¤«ï

«î¡®£o � 2 G(�; �) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kR(�; D )fkW 2

2
(�h;0) � ckfkW 1

2
(�h;0) (8)

á ¯®áâ®ï­­®© c, ­¥ § ¢¨áïé¥© ®â f(t) 2W 1
2 ((�h; 0); C

m).

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢«¥­¨¥ (7) ãáâ ­ ¢«¨¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©. �à¨
íâ®¬ «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ f(t) 2 W 1

2 ((�h; 0); C
m) á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à-äã­ªæ¨ï u(t) =

(R(�; D )f)(t) 2 W 2
2 ((�h; 0); C

m). � á ¬®¬ ¤¥«¥, ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (7), ®ç¥¢¨¤­®, ¯à¨­ ¤«¥-
¦¨â ¯à®áâà ­áâ¢ã W 2

2 ((�h; 0); C
m), ¢â®à®¥ á« £ ¥¬®¥ â ª¦¥ ¡ã¤¥â í«¥¬¥­â®¬ W 2

2 ((�h; 0); C
m),

¯®áª®«ìªã ï¢«ï¥âáï ¯¥à¢o®¡à §­®© äã­ªæ¨¨, ¯à¨­ ¤«¥¦ é¥© ¯à®áâà ­áâ¢ã W 1
2 ((�h; 0); C

m).
�æ¥­ª  (8) ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë ® á«¥¤ å ([12], á. 31) ¨ ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£®.
�à®¢¥àª®© ãáâ ­ ¢«¨¢ ¥âáï, çâ® ¢¥ªâ®à-äã­ªæ¨ï u(t) = (R(�; D )f)(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨-

ï¬ (4).
�«ï ¤®ª § â¥«ìáâ¢  â®£®, çâ® ®¯¥à â®à R(�; D ), � 2 G(�; �), ï¢«ï¥âáï áîàì¥ªâ¨¢­ë¬, ¯®-

¤¥©áâ¢ã¥¬ ­  ¯à®¨§¢®«ì­ãî ¢¥ªâ®à-äã­ªæ¨î u(t) 2 W 2
2;U((�h; 0); C

m) ®¯¥à â®à®¬ (D � �I).
�¥ªâ®à-äã­ªæ¨ï f1(t) = ((D � �I)u)(t) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã W 1

2 ((�h; 0); C
m). � á¢®î ®ç¥-

à¥¤ì, ¢¥ªâ®à-äã­ªæ¨ï u1(t) = (R(�; D )f1)(t) ¯® ¤®ª § ­­®¬ã ï¢«ï¥âáï í«¥¬¥­â®¬ ¯à®áâà ­áâ¢ 
W 2

2;U((�h; 0); C
m).

�ç¥¢¨¤­®, ¢¥ªâ®à-äã­ªæ¨ï w(t) = u1(t)� u(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

w(1)(t)� �w(t) = 0 (9)

¨ ãá«®¢¨ï¬ á®£« á®¢ ­¨ï (4). �§ ãà ¢­¥­¨ï (9) ­ å®¤¨¬

w(t) = exp(�t)c; (10)

£¤¥ ¯à®¨§¢®«ì­ë© ¢¥ªâ®à c 2 Cm . �à¨ ¯®¤áâ ­®¢ª¥ à¥è¥­¨ï (10) ¢ ãá«®¢¨ï (4) ¯à¨å®¤¨¬ ª â®¬ã,
çâ® L(�)c = 0. �á«¥¤áâ¢¨¥ â®£®, çâ® � 2 G(�; �), � 6= �q, ¯®«ãç ¥¬ c = 0 ¨, á«¥¤®¢ â¥«ì­®,
u(t) = u1(t).
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� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì «¥£ª® ¯à®¢¥àï¥¬®¥

�à¥¤«®¦¥­¨¥ 2. �ãáâì H1 ¨ H2 | á¥¯ à ¡¥«ì­ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ , fyjg
1
j=1 |

¡ §¨á �¨áá  ¯à®áâà ­áâ¢  H1, B | ®£à ­¨ç¥­­ë© ¨ ®£à ­¨ç¥­­® ®¡à â¨¬ë© ®¯¥à â®à, ®â®-

¡à ¦ îé¨© ¯à®câp ­áâ¢® H1 ­  ¯à®áâà ­áâ¢® H2.

�®£¤  á¨áâ¥¬  ¢¥ªâ®à®¢ fByjg
1
j=1 ®¡à §ã¥â ¡ §¨á �¨áá  ¯à®áâà ­áâ¢  H2.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ãáâ ­®¢¨âì, çâ® ­ ©¤¥âáï ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á f'jg1j=1
¯à®áâà ­áâ¢  H2 ¨ â ª®© ®£à ­¨ç¥­­ë© ¨ ®£à ­¨ç¥­­® ®¡à â¨¬ë© ®¯¥à â®à S, ¤¥©áâ¢ãîé¨© ¢
¯à®áâà ­áâ¢¥ H2, çâ® Byj = S'j .

� á¨«ã â®£®, çâ® á¨áâ¥¬  ¢¥ªâ®à®¢ fyjg1j=1 ®¡à §ã¥â ¡ §¨á �¨áá  ¯à®áâà ­áâ¢  H1, ­ ©¤ãâáï
®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á fejg1j=1 ¯à®áâà ­áâ¢  H1 ¨ â ª®© ®£à ­¨ç¥­­ë© ¨ ®£à ­¨ç¥­­® ®¡à -
â¨¬ë© ®¯¥à â®à T , ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ H1, çâ® yj = Tej , j = 1; 2; : : :

� áá¬®âà¨¬ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á f'jg1j=1 ¯à®áâà ­áâ¢  H2 ¨ ®¯¥à â®à Q, ¤¥©áâ¢ãîé¨©
¯® ¯à ¢¨«ã Qej = 'j , j = 1; 2; : : : , ¯à¨ íâ®¬ k'jk2 = kQejk2 = kejk1 = 1. �¤¥áì ç¥à¥§ k � k1 ¨ k � k2
®¡®§­ ç¥­ë ­®à¬ë ¢ ¯à®áâà ­áâ¢ å H1 ¨ H2 á®®â¢¥âáâ¢¥­­®.

�á¯®«ì§ãï à ¢¥­áâ¢® � àá¥¢ «ï, ã¡¥¤¨¬áï ¢ â®¬, çâ® ®¯¥à â®à Q ¯à®¤®«¦ ¥âáï (á ª®­¥ç­ëå
«¨­¥©­ëå ª®¬¡¨­ æ¨© ¡ §¨á­ëå ¢¥ªâ®à®¢ ej) ­  ¢á¥ ¯à®áâà ­áâ¢® H1, ¯à¨ íâ®¬ Q ®â®¡à ¦ ¥â
¯à®áâà ­áâ¢® H1 ­  ¯à®áâà ­áâ¢® H2 ¨ á®åà ­ï¥â ­®à¬ë ¢¥ªâ®à®¢

kxk1 = kQxk2; x 2 H1:

�«¥¤®¢ â¥«ì­®, ®¯¥à â®à Q ¨¬¥¥â ®£à ­¨ç¥­­ë© ®¡à â­ë© Q�1, ®¯à¥¤¥«¥­­ë© ­  ¢á¥¬ ¯à®áâà ­-
áâ¢¥ H2, ¯à¨ç¥¬

kQ�1yk1 = kyk2; y 2 H2:

� á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨ ¯à¥¤«®¦¥­¨ï 2 ¨ á ¯®áâà®¥­¨¥¬ ®¯¥à â®à S = BTQ�1 ¤¥©áâ¢ã¥â
®£à ­¨ç¥­­ë¬ ®¡à §®¬ ¢ ¯à®áâà ­áâ¢¥ H2, ¯à¨ íâ®¬

S'j = B(T (Q�1'j)) = B(Tej) = Byj;

£¤¥ f'jg1j=1 | ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¯à®áâà ­áâ¢  H2.
B á¨«ã â®£®, çâ® ®¯¥à â®àë B, T ¨ Q ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ®¡à â­ë¥, ®¯¥à â®à S â ª¦¥

®£à ­¨ç¥­­® ®¡à â¨¬.

�«¥¤áâ¢¨¥. �ãáâì H1 ¨ H2 | á¥¯ à ¡¥«ì­ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ , fVjg1j=1 | ¡ §¨á
�¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  H1, B | ®£à ­¨ç¥­­ë© ¨ ®£à ­¨ç¥­­® ®¡à â¨¬ë© ®¯¥à -
â®à, ®â®¡à ¦ îé¨© ¯à®áâà ­áâ¢® H1 ­  ¯à®áâà ­áâ¢® H2.

�®£¤  á¨áâ¥¬  ¯®¤¯à®áâà ­áâ¢ fBVjg1j=1 ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­-
áâ¢  H2.

�®ïá­¨¬ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1{3 ¤ ­­®© áâ âì¨.
�§¢¥áâ­ 

�¥®à¥¬  4 ([6], â¥®à¥¬  1). �ãáâì detD0 6= 0, detDn 6= 0. �®£¤  á¨áâ¥¬  ¯®¤¯à®áâà ­áâ¢

fWngn2Z ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  W 1
2 ((�h; 0); C

m).

�â¬¥â¨¬, çâ® ¯®¤¯à®áâà ­áâ¢  Wn ¨ V�q ï¢«ïîâáï ¨­¢ à¨ ­â­ë¬¨ ¤«ï ®¯¥à â®à  R(�; D )
¯à¨ � 2 G(�; �).

�¥®à¥¬  1 ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¨å à ááã¦¤¥­¨©. �ç¨âë¢ ï â¥®à¥¬ã 4, à áá¬ âà¨¢ ï ¢ ª -
ç¥áâ¢¥ B ®¯¥à â®à R(�; D ), � 2 G(�; �), ¨ ¯®« £ ï H1 =W 1

2 ((�h; 0); C
m), H2 =W 2

2;U((�h; o); C
m),

­  ®á­®¢ ­¨¨ «¥¬¬ë 5 ¨ á«¥¤áâ¢¨ï ¨§ ¯à¥¤«®¦¥­¨ï 2 ¯®«ãç¨¬, çâ® á¨áâ¥¬  ¯®¤¯à®áâà ­áâ¢
fWngn2Z o¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  W 2

2;U((�h; 0); C
m).

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¨á¯®«ì§ãîâáï «¥¬¬  5, á«¥¤áâ¢¨¥ ¨§ ¯à¥¤«®¦¥­¨ï 2 ¨
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�¥®à¥¬  5 ([6], â¥®à¥¬  3). �ãáâì detD0 6= 0, detDn 6= 0, inf
�p 6=�q

j�p � �qj > 0. �®£¤ 

á¨áâ¥¬  ¯®¤¯à®áâà ­áâ¢ fV�qg�q2� ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢ 

W 1
2 ((�h; 0); C

m).

�¥§ã«ìâ â ® ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ ¤«ï ¡®«¥¥ ®¡é¨å ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­ëå ãà ¢-
­¥­¨© ¢¨¤  (1) ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­câ¢¥ ãáâ ­®¢«¥­ ¢ ([13], â¥®à¥¬  1). �¥¬¬  1 ¤ ­­®©
áâ âì¨ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãª § ­­®£® à¥§ã«ìâ â  ([13], § ¬¥ç ­¨¥ 2).

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1 ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥­¨ï 1 ¢ [6],   â ª¦¥ ¨§ â®£®, çâ® ®£à -
­¨ç¥­­ë© ¨ ®£à ­¨ç¥­­® ®¡à â¨¬ë© ®¯¥à â®à R(�; D ), � 2 G(�; �), ¯¥à¥¢®¤¨â ¬¨­¨¬ «ì­ãî
á¨áâ¥¬ã fyq;j;s(t)g ¢ ¬¨­¨¬ «ì­ãî á¨áâ¥¬ã (R(�; D )yq;j;s)(t), � 2 G(�; �).

� á¢®î ®ç¥à¥¤ì, ¢ ª ¦¤®¬ ¨§ ª®­¥ç­®¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ V�q í«¥¬¥­âë yq;j;s(t) ¨
(R(�; D )yq;j;s)(t) á¢ï§ ­ë ¤àã£ á ¤àã£®¬ ­¥¢ëà®¦¤¥­­ë¬ «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬.

�¥à¢ ï ç áâì «¥¬¬ë 2 ® «®ª «¨§ æ¨¨ ¬­®¦¥áâ¢  � ¤®ª § ­  ¢ [1].
�â¢¥à¦¤¥­¨¥ ® ¯®«­®â¥ á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¢ ¯à®áâà ­áâ¢¥W 2

2;v((�h; 0); C
m)

¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â  ® ¯®«­®â¥ á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¢ ¯à®áâà ­áâ¢¥
W 1

2 ((�h; 0); C
m), ¤®ª § ­­®£® ¢ ([1], â¥®à¥¬  2),   â ª¦¥ ¨§ â®£®, çâ® ®£à ­¨ç¥­­ë© ¨ ®£à ­¨-

ç¥­­® ®¡à â¨¬ë© ®¯¥à â®à R(�; D ), � 2 G(�; �), ¯¥à¥¢®¤¨â ¯®¤¯à®áâà ­áâ¢  V�q ­  á¥¡ï, ¨ â¥¬
á ¬ë¬ ¯®«­ãî á¨áâ¥¬ã | ¢ ¯®«­ãî á¨áâ¥¬ã.

�®ª § â¥«ìáâ¢® «¥¬¬ë 3 ¯à¨¢¥¤¥­® ¢ ([6], «¥¬¬a 4).
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ®¯¨à ¥âáï ­  â¥®à¥¬ã 2, ¨á¯®«ì§ã¥â á®®â¢¥âáâ¢ãîé¨¥ á®®¡à ¦¥-

­¨ï ¨§ â¥®à¥¬ë 1 ¢ [14] ¨ ¯à®¢®¤¨âáï ¢® ¬­®£®¬  ­ «®£¨ç­® â¥®à¥¬¥ 1 ¢ [5].
�¥¬¬  4 ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ ¯®«­®âë á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥-

­¨© ¢ ¯à®áâà ­áâ¢¥ W 2
2;U ((�h; 0); C

m) («¥¬¬  2),   â ª¦¥ ®æ¥­ª¨ (5).

3. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ª®¬¬¥­â à¨¨

�¥§ã«ìâ âë ® ¡ §¨á­®áâ¨ �¨áá  á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®-
à §­®áâ­ëå ãà ¢­¥­¨© ¢ ¯à®áâà ­áâ¢¥ W 1

2 ((�h; 0); C
m) ãáâ ­®¢«¥­ë ¢ [2]{[4], [6]. �­ «®£¨ç­ë¥

à¥§ã«ìâ âë ¤«ï áª «ïà­ëå ãà ¢­¥­¨© n-£® ¯®àï¤ª  ¤®ª § ­ë ¢ [5]. �à¨ ¨­®¬ ¯®­¨¬ ­¨¨ à¥è¥-
­¨© ¡ §¨á­®áâì á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ¢ ¯à®áâà ­áâ¢¥ Cm � L2((�h; 0); C m) à á-
á¬ âà¨¢ « áì ¢ [15]. �®«­®â  á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­ëå à¥è¥­¨© ãà ¢­¥­¨©, ¡«¨§ª¨å (1), ¨§-
ãç « áì àï¤®¬  ¢â®à®¢ (c¬. [16], [17],   â ª¦¥ ãª § ­­ãî â ¬ ¡¨¡«¨®£à ä¨î).

� §à¥è¨¬®áâì ¨  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­ëå ãà ¢-
­¥­¨© ¢¨¤  (1) ï¢¨«¨áì ¯à¥¤¬¥â®¬ ¨§ãç¥­¨ï ¬­®£¨å  ¢â®à®¢. �£à ­¨ç¨¬áï §¤¥áì ãª § ­¨¥¬
¬®­®£à ä¨© [8], [11], [18]. �à¨ íâ®¬ § ¬¥â¨¬, çâ® ¢ ¡®«ìè¨­áâ¢¥ ¨§¢¥áâ­ëå ­ ¬ à ¡®â à §à¥è¨-
¬®áâì ¨§ãç « áì ­¥ ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  W n

2 ,   ¢ ¯à®áâà ­áâ¢ å C
n «¨¡® Lp. � §à¥è¨¬®áâì

§ ¤ ç¨ ¢¨¤  (1), (2) ¨ ¥¥ ®¡®¡é¥­¨© ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  ãáâ ­®¢«¥­  ¢ [1], [6], [7].
�æ¥­ª¨, áå®¤­ë¥ á (6), ¤«ï ª®â®àëå ¢¥«¨ç¨­  { § ¬¥­ï¥âáï ­  { + " (" > 0), ¤ ¢­® ¨ å®à®-

è® ¨§¢¥áâ­ë (­ ¯à., [8], [11]). � íâ®© á¢ï§¨ ¢®§­¨ª«  § ¤ ç  ® ¯®«ãç¥­¨¨ ¡®«¥¥ â®ç­ëå ®æ¥­®ª
à¥è¥­¨© ãà ¢­¥­¨© ­¥©âà «ì­®£® â¨¯ , ¨, ¢ ç áâ­®áâ¨, ¢®¯à®á ® â®¬, ¬®¦­® «¨ ãâ®ç­¨âì à ­¥¥
¨§¢¥áâ­ë¥ ®æ¥­ª¨ ¨ ¯®«®¦¨âì " = 0. �â¢¥à¤¨â¥«ì­ë© ®â¢¥â ­  íâ®â ¢®¯à®á ¢ á«ãç ¥ ¯à®áâà ­-
áâ¢  W 1

2 ((�h; 0); C
m) ¡ë« à ­¥¥ ¯®«ãç¥­ ¢ [2]{[4], [6], ¢ á«ãç ¥ ¯à®áâà ­áâ¢  W 2

2 ((�h; 0); C
m) ¥£®

¤ ¥â â¥®à¥¬  3.
� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® á¯¥ªâà «ì­ë©  ­ «¨§ ®¯¥à â®à  D ¬®¦¥â ¡ëâì á¢ï§ ­ á ¨§ãç¥-

­¨¥¬ ®¯¥à â®à®¢ á® á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬ ¢ £à ­¨ç­ëå ãá«®¢¨ïå ([19]).

�¨â¥à âãà 
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