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1. �®áâ ­®¢ª  § ¤ ç¨. � áá¬®âà¨¬ ãà ¢­¥­¨¥ á¬¥è ­­®£® â¨¯ 

Lu � uxx + sgn y � jyjmuyy � b2u = 0; (1)

£¤¥ 0 < m < 2, b = const � 0, ¢ ¯àï¬®ã£®«ì­®© ®¡« áâ¨ D = f(x; y) j 0 < x < 1, �� < y < �g, �,
� { § ¤ ­­ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« .

� ¤ ç  �¨à¨å«¥. � ©â¨ ¢ ®¡« áâ¨ D äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) \ C1(D) \ C2(D+ [D�); (2)

Lu(x; y) � 0; (x; y) 2 D+ [D�; (3)

u(0; y) = u(1; y) = 0; �� � y � �; (4)

u(x; �) = f(x); 0 � x � 1; (5)

u(x;��) = g(x); 0 � x � 1; (6)

£¤¥ f ¨ g | § ¤ ­­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨, ¯à¨ç¥¬ f(0) = f(1) = g(0) = g(1) = 0.

� ([1], á. 303) ¢¯¥à¢ë¥ ¡ë«® ¯®ª § ­®, çâ® ­¥ª®â®àë¥ § ¤ ç¨ âà ­á§¢ãª®¢®© £ §®¢®© ¤¨­ ¬¨ª¨
á¢®¤ïâáï ª § ¤ ç¥ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯ . �¥ª®àà¥ªâ­®áâì § ¤ ç¨ �¨à¨å«¥
¤«ï ãà ¢­¥­¨ï � ¢à¥­ì¥¢  uxx+sgn y �uyy = 0 ¡ë«  ¯®ª § ­  ¢ [2]. �®á«¥ íâ®© à ¡®âë ¢®§­¨ª« 
¯à®¡«¥¬  ¯®¨áª  á¬¥è ­­ëå ®¡« áâ¥©, ¤«ï ª®â®àëå § ¤ ç  �¨à¨å«¥ ï¢«ï¥âáï ª®àà¥ªâ­® ¯®áâ -
¢«¥­­®©. � ¤ «ì­¥©è¥¬ § ¤ ç  �¨à¨å«¥ ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¨§ãç « áì ¬­®£¨¬¨
 ¢â®à ¬¨ [3]{[11]. �®«¥¥ ¯®«­ãî ¡¨¡«¨®£à ä¨î à ¡®â, ¯®á¢ïé¥­­ëå ¤ ­­®© â¥¬ â¨ª¥, ¬®¦­®
­ ©â¨ ¢ ¬®­®£à ä¨¨ [11]. � íâ¨å à ¡®â å ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢­¥-
­¨© á¬¥è ­­®£® â¨¯  ¤®ª § ­  ­  ®á­®¢ ­¨¨ ¯à¨­æ¨¯  íªáâà¥¬ã¬  ¨«¨ ¬¥â®¤  ¨­â¥£à «ì­ëå
â®¦¤¥áâ¢,   áãé¥áâ¢®¢ ­¨¥ | ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨«¨ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.

� ¤ ç  �à¨ª®¬¨ ¨ ¤àã£¨¥  ­ «®£¨ç­ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¢â®à®£® à®¤ 
¨§ãç¥­ë ¢ à ¡®â å [12]{[15]. � ([11], á. 33) à áá¬®âà¥­  § ¤ ç  �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï

L(u) � uxx + sgn y � [jyjmuyy + ajyjm�1uy + bjyjm�2u] = 0; 0 < m < 2;

á® á«¥¤ãîé¨¬¨ ãá«®¢¨ï¬¨ á®¯àï¦¥­¨ï:

lim
y!+0

y�p2u = lim
y!�0

(�y)�p2u;
lim
y!+0

[y1�p1uy � p2y
�p1u] = lim

y!�0
[(�y)1�p1uy + p2(�y)�p1u];

£¤¥

2p1 = 1� a+
q
(a� 1)2 � 4b; 2p2 = 1� a�

q
(a� 1)2 � 4b;

a, b | ¯®áâ®ï­­ë¥, ¯®¤ç¨­¥­­ë¥ ãá«®¢¨ï¬
1) 4b < (a� 1)2 < 4b+ (2�m)2,

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

ª®­ªãàá \�£¨¤¥«ì", £à ­â ò05-01-97913.
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2) b = 0 ¯à¨ a < 1, 1 < a < 3�m ¨ ¯à¨ a = 1, m < 1,
3) b � 0 ¯à¨ a � 3�m.
� ¤ ­­®© à ¡®â¥ ¯à¨ 0 < m < 1 ãáâ ­®¢«¥­ë ªà¨â¥à¨© ¥¤¨­áâ¢¥­­®áâ¨ ¨ áãé¥áâ¢®¢ ­¨¥

à¥è¥­¨ï § ¤ ç¨ (2){(6). �á«¨ 1 � m < 2, â® ¯à®¨§¢®¤­ ï uy(x; y) à¥è¥­¨ï ãà ¢­¥­¨ï (1), ¢®®¡é¥
£®¢®àï, ¯à¨ y ! 0 ®¡à é ¥âáï ¢ ¡¥áª®­¥ç­®áâì. � íâ®¬ á«ãç ¥ ¯®ª § ­®, çâ® § ¤ ç  (2){(6) ¯¥à¥-
®¯à¥¤¥«¥­ , â. ¥. ¤«ï ¢ë¤¥«¥­¨ï ¥¤¨­áâ¢¥­­®£® à¥è¥­¨ï  ­ «®£  íâ®© § ¤ ç¨ ¤®áâ â®ç­® § ¤ âì
«¨èì ®¤­® £à ­¨ç­®¥ ãá«®¢¨¥ ­  ¢¥àå­¥¬ (5) ¨«¨ ­¨¦­¥¬ (6) ®á­®¢ ­¨¨ ¯àï¬®ã£®«ì­¨ª D. �á«¨
¨áª âì à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ª« áá¥ äã­ªæ¨© C(D)\C2(D+ [D�) ¨ ¢¢¥áâ¨ ¤«ï ¯à®¨§¢®¤­®©
uy(x; y) á«¥¤ãîé¨¥ ãá«®¢¨ï á®¯àï¦¥­¨ï:

lim
y!+0

ym�1uy(x; y) = lim
y!�0

(�y)m�1uy(x; y) ¯à¨ 1 < m < 2;

lim
y!+0

(ln y)�1uy(x; y) = lim
y!�0

(ln (�y))�1uy(x; y) ¯à¨ m = 1;

â® § ¤ ç  (3){(6) ¢ ãª § ­­ëå ¢ëè¥ ãá«®¢¨ïå áâ ­®¢¨âáï ­¥¤®®¯à¥¤¥«¥­­®©, â. ¥. ­¥®¡å®¤¨¬®
§ ¤ âì ¥é¥ ®¤­® £à ­¨ç­®¥ ãá«®¢¨¥, ­ ¯à¨¬¥à, uy(x;��) = g1(x) ¨«¨ uy(x; �) = f1(x).

2. �®¨áª ç áâ­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1). � áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1), ­¥ à ¢­ë¥
­ã«î ¢ ®¡« áâ¨ D, ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï u(x; y) = X(x)Y (y), ã¤®¢«¥â¢®àïîé¥£®
­ã«¥¢ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (4). �®¤áâ ¢«ïï ¤ ­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ãà ¢­¥­¨¥ (1), ¯®«ãç¨¬

X 00(x) + �X(x) = 0; 0 < x < 1; (7)

X(0) = X(1) = 0; (8)

Y 00(y)� (�+ b2) sgn y � jyj�mY (y) = 0; �� < y < �; (9)

£¤¥ � | ¯®áâ®ï­­ ï à §¤¥«¥­¨ï.
� ª ¨§¢¥áâ­®, à¥è¥­¨¥ á¯¥ªâà «ì­®© § ¤ ç¨ (7), (8) ¨¬¥¥â ¢¨¤

Xk(x) = sin
p
�kx; �k = (�k)2; k = 1; 2; : : : (10)

� ãà ¢­¥­¨¨ (9) (£¤¥ � = �k) ¯à¨ y > 0 ¯à®¨§¢¥¤¥¬ § ¬¥­ã

Y (y) =W (pkyq)
p
y; (11)

£¤¥ q = (2 �m)=2, p2k = (b2 + �k)=q2. �®£¤  ¯®«ãç¨¬ ¬®¤¨ä¨æ¨à®¢ ­­®¥ ãà ¢­¥­¨¥ �¥áá¥«ï ([7],
7.2)

W 00(z) +
1
z
W 0(z)�

�
1 +

�2

z2

�
W (z) = 0; (12)

£¤¥ z = pky
q, � = 1=2q = 1

2�m
. �¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (12) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

W (z) = C1I 1

2q
(z) + C2K 1

2q
(z); z > 0; (13)

£¤¥ I 1

2q
(z) ¨ K 1

2q
(z) | á®®â¢¥âáâ¢¥­­® ¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ âà¥âì¥£®

à®¤ , C1 ¨ C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �®£¤  ­  ®á­®¢ ­¨¨ (11) ¨ (13) ®¡é¥¥ à¥è¥­¨¥
ãà ¢­¥­¨ï (9) ¯à¨ y > 0 ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

Y +

k (y) = ak
p
yI 1

2q
(pky

q) + bk
p
yK 1

2q
(pky

q); (14)

£¤¥ ak, bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�­ «®£¨ç­® ¢ ãà ¢­¥­¨¨ (9) ¯à¨ y < 0 ¯à®¨§¢¥¤¥¬ § ¬¥­ã

Y (y) =
p�yZ(pk(�y)q) =

p�yZ(z) (15)
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¨ ¯®«ãç¨¬ ®¡ëç­®¥ ãà ¢­¥­¨¥ �¥áá¥«ï

Z 00(z) +
1
z
Z 0(z) +

�
1� �2

z2

�
Z(z) = 0;

£¤¥ � = 1=2q. �¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

Z(z) = C1J 1

2q
(z) + C2Y 1

2q
(z); z > 0; (16)

£¤¥ J 1

2q
(z), Y 1

2q
(z) | äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤  á®®â¢¥âáâ¢¥­­®. � á¨«ã (15) ¨ (16)

®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¯à¨ y < 0 ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

Y �k (y) = ck
p�yJ 1

2q
(pk(�y)q) + dk

p�yY 1

2q
(pk(�y)q); (17)

£¤¥ ck, dk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
� ª¨¬ ®¡à §®¬, ¢ ¯àï¬®ã£®«ì­®© ®¡« áâ¨ D ¯®áâà®¥­ë à¥è¥­¨ï Yk(y), ®¯à¥¤¥«¥­­ë¥ ¯®

ä®à¬ã« ¬ (14) ¨ (17).
� ¤ «ì­¥©è¥¬ à áá¬®âà¨¬ á«ãç ¨, ª®£¤  0 < m < 1 ¨ 1 � m < 2.

3. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (2){(6) ¯à¨ 0 < m < 1. �®¤¡¥à¥¬ ¢ (14) ¨ (17)
¯®áâ®ï­­ë¥ ak, bk, ck ¨ dk â ª, çâ®¡ë ¢ë¯®«­ï«¨áì á«¥¤ãîé¨¥ à ¢¥­áâ¢ :

Yk(+0) = Yk(�0); Y 0k(+0) = Y 0k(�0): (18)

�¥à¢®¥ ¨§ à ¢¥­áâ¢ (18) ¢ë¯®«­¥­®, ¥á«¨ dk = ��bk=2, ak ¨ ck «î¡ë¥,   ¢â®à®¥ à ¢¥­áâ¢® | ¯à¨
dk = ��bk=2, ck = � ctg( �

4q
)=2 � ak.

�®£¤  äã­ªæ¨ï (17) ¯à¨¬¥â ¢¨¤

Y �k (y) = �ak
p�yJ 1

2q
(pk(�y)q) + �bk

2

p�y Y 1

2q
(pk(�y)q); y < 0; (19)

£¤¥

Y 1

2q
(pk(�y)q) = 1

sin �

2q

(J 1

2q
(pk(�y)q) + J

�
1

2q
(pk(�y)q)):

�â¬¥â¨¬, çâ® ¢â®àë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© Y +

k (y), Y
�

k (y) ®¡à é îâáï ¢ ¡¥áª®­¥ç­®áâì ¯à¨
y ! 0, â. ª. á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

Y 00+k (y) = O(y�m); Y 00�k (y) = O((�y)�m) ¯à¨ y ! 0:

�ãáâì u(x; y) | à¥è¥­¨¥ § ¤ ç¨ (2){(6). � áá¬®âà¨¬ äã­ªæ¨¨

uk(y) = 2
Z 1

0

u(x; y) sin�kx dx; k = 1; 2; : : : (20)

�à¥¤¯®«®¦¨¬, çâ® ç áâ­ ï ¯à®¨§¢®¤­ ï ux(x; y) à¥è¥­¨ï u(x; y) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

lim
x!+0

ux(x; y) sin�kx = lim
x!1�0

ux(x; y) sin�kx = 0; �� � y � �: (21)

�  ®á­®¢ ­¨¨ (20) ¢¢¥¤¥¬ äã­ªæ¨¨

uk;"(y) = 2
Z 1�"

"

u(x; y) sin�kx dx; (22)

£¤¥ " > 0 | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®. �¨ää¥à¥­æ¨àãï à ¢¥­áâ¢® (22) ¯® y ¤¢ ¦¤ë ¯à¨ y > 0 ¨
y < 0 ¨ ãç¨âë¢ ï ãà ¢­¥­¨¥ (1), ¯®«ãç ¥¬

u00k;"(y) = 2
Z 1�"

"

uyy(x; y) sin�kx dx = sgn y � jyj�m2
Z 1�"

"

(b2u� uxx) sin�kx dx =

= sgn y � jyj�m
�
b2uk;"(y)� 2

Z 1�"

"

uxx sin�kx dx
�
:
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�­â¥£à¨àãï ¯® ç áâï¬ ¢ ¯®á«¥¤­¥¬ ¨­â¥£à «¥ ¤¢  à §  ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ "! 0 á ãç¥â®¬
ãá«®¢¨© (21) ¨ (4), ¯®«ãç¨¬ à ¢¥­áâ¢®

u00k(y)� sgn y � jyj�m(b2 + (�k)2)uk(y) = 0;

ª®â®à®¥ á®¢¯ ¤ ¥â á (9) ¯à¨ � = �k. �®£¤  uk(y) � Yk(y) ­  ¯à®¬¥¦ãâª¥ [��; �], â. ¥. äã­ªæ¨¨
uk(y) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (14), (19).

�«ï ­ å®¦¤¥­¨ï ¯®áâ®ï­­ëå ak ¨ bk ¢®á¯®«ì§ã¥¬áï £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (5) ¨ (6) ¨ ä®à-
¬ã«®© (20):

uk(�) = 2
Z 1

0

u(x; �) sin�kx dx = 2
Z 1

0

f(x) sin�kx dx = fk; (23)

uk(��) = 2
Z 1

0

u(x;��) sin�kx dx = 2
Z 1

0

g(x) sin�kx dx = gk: (24)

�¥¯¥àì ­  ®á­®¢ ­¨¨ (19), (23) ¨ (24) ¤«ï ­ å®¦¤¥­¨ï ak ¨ bk ¯®«ãç¨¬ á¨áâ¥¬ã8><
>:

akI 1

2q
(pk�q) + bkK 1

2q
(pk�q) = fk�

�
1

2 ;

�akJ 1

2q
(pk�q) +

1
2
�bkY 1

2q
(pk�q) = gk�

�
1

2 :
(25)

�á«¨ ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (25)

�k(�; �) = J 1

2q
(pk�q)K 1

2q
(pk�q) +

�

2
Y 1

2q
(pk�q)I 1

2q
(pk�q) 6= 0; (26)

â® ¤ ­­ ï á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

ak = �
fk�

p
� Y 1

2q
(pk�q)� 2gk

p
�K 1

2q
(pk�q)

2�k(�; �)
p
��

; (27)

bk =
fk
p
�J 1

2q
(pk�q) + gk

p
�I 1

2q
(pk�q)

�k(�; �)
p
��

: (28)

�®£¤ 

uk(y) =

8>>><
>>>:
fk
p
�y �k(�; y) + gk

p
�y Ak(y; �)

�k(�; �)
p
��

; y > 0;

fk
p��y Bk(�;�y) + gk

p��y �k(�y; �)
�k(�; �)

p
��

; y < 0;
(29)

£¤¥

�k(�; y) = J 1

2q
(pk�

q)K 1

2q
(pky

q) +
�

2
Y 1

2q
(pk�

q)I 1

2q
(pky

q);

Ak(y; �) = I 1

2q
(pk�

q)K 1

2q
(pky

q)� I 1

2q
(pky

q)K 1

2q
(pk�

q);

Bk(�;�y) = Y 1

2q
(pk�q)J 1

2q
(pk(�y)q)� Y 1

2q
(pk(�y)q)J 1

2q
(pk�q);

�k(�y; �) = J 1

2q
(pk(�y)q)K 1

2q
(pk�q)� �

2
Y 1

2q
(pk(�y)q)I 1

2q
(pk�q):

�ãáâì â¥¯¥àì f(x) � 0 ¨ g(x) � 0. �®£¤  ¨§ à ¢¥­áâ¢ (23), (24), (29) ¨ (20) á«¥¤ã¥âZ 1

0

u(x; y) sin�kx dx = 0:

�âáî¤  u(x; y) � 0 ¤«ï ¢á¥å x 2 [0; 1] ¨ y 2 [��; �] ¢ á¨«ã ¯®«­®âë á¨áâ¥¬ë á¨­ãá®¢ fsin�kxg,
k = 1; 2; : : : , ¢ ¯à®áâà ­áâ¢¥ L2[0; 1].

�â ª, á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  1. �á«¨ áãé¥áâ¢ã¥â à¥è¥­¨¥ u(x; y) § ¤ ç¨ (2){(6), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

(21), â® ®­® ¥¤¨­áâ¢¥­­® â®«ìª® â®£¤ , ª®£¤  �k(�; �) 6= 0 ¯à¨ ¢á¥å k 2 N .

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (26) ¨ áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ (2){(6), ã¤®¢«¥-
â¢®àïîé¥¥ ãá«®¢¨ï¬ (21), â® ®­® ¥¤¨­áâ¢¥­­®.

�ãáâì ¯à¨ ­¥ª®â®àëå �, � ¨ k = l ­ àãè¥­® ãá«®¢¨¥ (26), â. ¥. �l(�; �) = 0. �®£¤  ®¤­®à®¤­ ï
§ ¤ ç  (2){(6) (£¤¥ f(x) = g(x) � 0) ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥

ul(x; y) =

(
�l(�; y)

p
y sin�lx; y > 0;

�l(�y; �)p�y sin�lx; y < 0:

�ëà ¦¥­¨¥ �k(�; �) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�k(�; �) = I 1

2q
(pk�q)�k(�; �);

£¤¥

�k(�; �) = J 1

2q
(pk�

q)
K 1

2q
(pk�q)

I 1

2q
(pk�q)

+
�

2
Y 1

2q
(pk�

q):

�â¬¥â¨¬, çâ® áãé¥áâ¢ãîâ � ¨ ¯®áâ®ï­­ ï C0 > 0 â ª¨¥, çâ® ¯à¨ ¢á¥å � > 0 ¨ ¡®«ìè¨å k
á¯à ¢¥¤«¨¢  ®æ¥­ª 

inf
k
j
p
k�k(�; �)j � C0 > 0: (30)

4. �ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï § ¤ ç¨ (2){(6) ¯à¨ 0 < m < 1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©
(26) ¨ (30) ­  ®á­®¢ ­¨¨ ç áâ­ëå à¥è¥­¨© (10) ¨ (29) à¥è¥­¨¥ § ¤ ç¨ (2){(6) ¬®¦­® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ áã¬¬ë àï¤  �ãàì¥

u(x; y) =
+1X
k=1

uk(y) sin�kx: (31)

�®áª®«ìªã á¨áâ¥¬  á¨­ãá®¢ fsin�kxg ®¡à §ã¥â ¡ §¨á �¨áá , â® àï¤ (31) ¯à¨ ª ¦¤®¬ y ¨§ [��; �]
áå®¤¨âáï ¢ L2[0; 1]. �¥¯¥àì ¯®ª ¦¥¬, çâ® ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ®â­®á¨â¥«ì­® äã­ªæ¨©
f(x), g(x) àï¤ (31) ¨ àï¤ë, ¯®«ãç¥­­ë¥ ¨§ ­¥£® ¯ãâ¥¬ ¯®ç«¥­­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® x ¨ y,
à ¢­®¬¥à­® áå®¤ïâáï ­  § ¬ª­ãâ®© ®¡« áâ¨ D, ¨ çâ® ¢®§¬®¦­® ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥
¤¢  à §  ¯® x ¨ y ¢ § ¬ª­ãâ®© ®¡« áâ¨ D" = D \ fjyj � " > 0g, £¤¥ " | § ¤ ­­®¥ ¤®áâ â®ç­®
¬ «®¥ ç¨á«®.

�¥âàã¤­® § ¬¥â¨âì, çâ® ¨§ ¯®áâà®¥­¨ï à¥è¥­¨© (14) ¨ (19) á ª®íää¨æ¨¥­â ¬¨ (27) ¨ (28),
â. ¥. à¥è¥­¨ï (29), á«¥¤ã¥â uk(y) 2 C1[��; �] \ C2[��; 0) \ C2(0; �] ¯à¨ «î¡®¬ k 2 N .

� áá¬®âà¨¬ á«¥¤ãîé¨¥ ®â­®è¥­¨ï:

Pk(y) =
p
y�k(�; y)
�k(�; �)

; Qk(y) =
p
yAk(y; �)
�k(�; �)

;

Mk(y) =
p�yBk(�;�y)

�k(�; �)
; Nk(y) =

p�y�k(�y; �)
�k(�; �)

:

�¥¬¬  1. �«ï ¤®áâ â®ç­® ¡®«ìè¨å k á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

jPk(y)j � C1; jP 0k(y)j � C1k;

jQk(y)j � C2k
��; jQ0k(y)j � C2k

1+�; � = 1=2q � 1=2;

jMk(y)j � C3k
1+�e�kd; jM 0

k(y)j � C3k
1+�e�kd;

jNk(y)j � C4; jN 0

k(y)j � C4k
1+�;

Ci | §¤¥áì ¨ ¤ «¥¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, d = ��q=q.
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�®ª § â¥«ìáâ¢®. �§  á¨¬¯â®â¨ç¥áª¨å ¯®¢¥¤¥­¨© äã­ªæ¨© J�(z), Y�(z), I�(z), K�(z) ¢ ­ã«¥
¨ ­  ¡¥áª®­¥ç­®áâ¨ ([16], á. 265) ¨¬¥¥¬ á«¥¤ãîé¨¥ ®æ¥­ª¨ ¯à¨ k !1:

jpy�k(�; y)j � C5

ekd

k
; jpyAk(y; �)j � C6

ekd

k�+1
;

jp�yBk(�;�y)j � C7k
�; jp�y�k(�y; �)j � C8

ekd

k
;

jpy�0k(�; y)j � C9e
kd; jpyA0k(y; �)j � C10k

�ekd;

jp�yB0k(�;�y)j � C11k
�; jp�y�0k(�y; �)j � C12k

�ekd:

�  ®á­®¢ ­¨¨ ¯®«ãç¥­­ëå ­¥à ¢¥­áâ¢ ¨ ®æ¥­ª¨ (30) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì «¥¬¬ë 1.

�¥¬¬  2. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ®æ¥­ª¨ ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å k:

jP 00k (y)j � C13k
2; jQ00k(y)j � C14k

2��; � = 1=2q � 1=2; " � y � �;

jM 00

k (y)j � C15k
3+�e�kd; jN 00

k (y)j � C16k
2; �� � y � �"; " > 0:

�®ª § â¥«ìáâ¢®. �ëç¨á«¨¬ ¢â®àë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© Ak(y; �); �k(�; y); Bk(�;�y);
�k(�y; �) ¨ ®æ¥­¨¬ ¨å ¯à¨ k !1

jpy�00k(�; y)j � C17ke
kd; jpyA00k(y; �)j � C18k

1��ekd;

jp�yB00k (�;�y)j � C19k
�+2; jp�y�00k(�y; �)j � C20ke

kd:

�§ íâ¨å ®æ¥­®ª ¢ëâ¥ª ¥â «¥¬¬  2.

�§ â¥®à¨¨ àï¤®¢ �ãàì¥ ¨§¢¥áâ­®, çâ® ¥á«¨ äã­ªæ¨¨ f(x); g(x) 2 C2[0; 1] ­  ãª § ­­®¬ á¥£¬¥­-
â¥ ¨¬¥îâ ªãá®ç­®-­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ âà¥âì¥£® ¯®àï¤ª , f(0) = f(1) = f 00(0) = f 00(1) = 0,
g(0) = g(1) = g00(0) = g00(1) = 0, â® áâ ­¤ àâ­ë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï à ¢­®¬¥à­ ï áå®¤¨¬®áâì
àï¤  (31) ¢ D ¨ ¢®§¬®¦­®áâì ¥£® ¯®ç«¥­­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­ë¬ x ¨ y ¤¢  à § 
¢ D" ([17], £«. 11, x 3).

�ãáâì ¤«ï ­¥ª®â®àëå � ¨ l = n1; n2; : : : ; nm, £¤¥ 1 � n1 < n2 < � � � < nm, ni,i = 1;m, m |
§ ¤ ­­ë¥ ­ âãà «ì­ë¥ ç¨á« , �l(�; �) = 0 . �®£¤  ¤«ï à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (25) ­¥®¡å®¤¨¬®
¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï

fl
p
�J 1

2q
(pl�

q) + gl
p
�I 1

2q
(pl�

q) = 0; l = n1; n2; : : : ; nm: (32)

�­ ç¨â, à¥è¥­¨¥ § ¤ ç¨ (2){(6) ®¯à¥¤¥«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë àï¤ 

u(x; y) =
� n1�1X

k=1

+
n2�1X

k=n1+1

+ � � �+
+1X

k=nm+1

�
uk(y) sin�kx+

X
l

ul(x; y); (33)

¯à¨ íâ®¬ ¢ ¯®á«¥¤­¥© áã¬¬¥ l ¯à¨­¨¬ ¥â §­ ç¥­¨ï n1; n2; : : : ; nm,  

ul(x; y) =

8>>>>><
>>>>>:

�flpyI 1

2q
(plyq)p

�I 1

2q
(pl�q)

+
Cl

p
y�l(�; y)

J 1

2q
(pl�q)

�
sin�lx; y > 0;

�glp�yJ 1

2q
(pl(�y)q)p

�J 1

2q
(pl�q)

+
Cl

p�y�l(�y; �)
I 1

2q
(pl�q)

�
sin�lx; y < 0;

£¤¥ Cl | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

�¥®à¥¬  2. �ãáâì f(x); g(x) 2 C2[0; 1] ¨ ­  á¥£¬¥­â¥ [0; 1] ¨¬¥îâ ªãá®ç­®-­¥¯à¥àë¢­ë¥

¯à®¨§¢®¤­ë¥ âà¥âì¥£® ¯®àï¤ª , f(0) = f(1) = f 00(0) = f 00(1) = 0, g(0) = g(1) = g00(0) = g00(1) = 0.
�®£¤  § ¤ ç  (2){(6) ®¤­®§­ ç­® à §à¥è¨¬ , ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (26) ¨ (30). �â® à¥è¥­¨¥
®¯à¥¤¥«ï¥âáï àï¤®¬ (31).
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�á«¨ �k(�; �) = 0 ¯à¨ ­¥ª®â®àëå � ¨ k = n1; n2; : : : ; nm, â® § ¤ ç  (2){(6) ¯à¨ ãá«®¢¨¨ (30)
®¤­®§­ ç­® à §à¥è¨¬  â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­ë ãá«®¢¨ï (32), ¨ à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï ¢

¢¨¤¥ áã¬¬ë (33).

5. �«ãç © 1 � m < 2. �¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äã­ªæ¨© (2). � íâ®¬
á«ãç ¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© Y +

k (y) ¨ Y
�

k (y) ®¡à é îâáï ¢ 1 á® á«¥¤ãîé¨¬¨ ¯®àï¤ª ¬¨:

Y 0+k (y) = O(y1�m); Y 0+k (�y) = O((�y)1�m) ¯à¨ y ! 0 ¨ 1 < m < 2; (34)

Y 0+k (y) = O(ln y); Y 0�k (y) = O(ln(�y)) ¯à¨ y ! 0 ¨ m = 1: (35)

�®áª®«ìªã ¢ á¨«ã (2) ¤®«¦­ë ¢ë¯®«­ïâìáï à ¢¥­áâ¢  (18), â® ¯®âà¥¡ã¥¬, çâ®¡ë bk = 0 ¨ dk = 0,
ak = �ck. � ãç¥â®¬ ¯®á«¥¤­¨å à ¢¥­áâ¢ à¥è¥­¨ï (14), (17) ¯à¨¬ãâ ¢¨¤

Yk(y) =

8<
:Y

+

k (y) = aky
1

2 I 1

2q
(pkyq); y > 0;

Y �k (y) = �ak(�y)
1

2J 1

2q
(pk(�y)q); y < 0:

(36)

� íâ®¬ á«ãç ¥ § ¤ ç  (2){(6) ¯¥à¥®¯à¥¤¥«¥­ . �®íâ®¬ã ¤®áâ â®ç­® § ¤ âì «¨èì ®¤­® £à ­¨ç-
­®¥ ãá«®¢¨¥ ­  ¢¥àå­¥¬ ¨«¨ ­¨¦­¥¬ ®á­®¢ ­¨¨ ¯àï¬®ã£®«ì­¨ª  D. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨
§ ¤ ­® £à ­¨ç­®¥ ãá«®¢¨¥ (5). �®£¤  ­  ®á­®¢ ­¨¨ (20), (23) ¨ (36) ­ ©¤¥¬

ak =
fk

�
1

2 I 1

2q
(pk�q)

: (37)

�®¤áâ ¢«ïï (37) ¢ (36), ¯®«ãç¨¬

uk(y) =

8>>><
>>>:

fk

�
1

2 I 1

2q
(pk�q)

I 1

2q
(pky

q)y
1

2 ; y > 0;

� fk

�
1

2 I 1

2q
(pk�q)

J 1

2q
(pk(�y)q)(�y) 12 ; y < 0:

(38)

�ãáâì â¥¯¥àì f(x) � 0. �®£¤  ¨§ à ¢¥­áâ¢ (23), (38) ¨ (20) á«¥¤ã¥âZ 1

0

u(x; y) sin�kx dx = 0:

�âáî¤  ¢ á¨«ã ¯®«­®âë á¨áâ¥¬ë á¨­ãá®¢ fsin�kxg, k = 1; 2; : : : , ¢ ¯à®áâà ­áâ¢¥ L2[0; 1] á«¥¤ã¥â
u(x; y) � 0 ¤«ï ¢á¥å x 2 [0; 1] ¨ y 2 [��; �]. �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �á«¨ áãé¥áâ¢ã¥â à¥è¥­¨¥ u(x; y) § ¤ ç¨ (2){(5), â® ®­® ¥¤¨­áâ¢¥­­®.

�  ®á­®¢ ­¨¨ ç áâ­ëå à¥è¥­¨© (10) ¨ (38) à¥è¥­¨¥ § ¤ ç¨ (2){(5) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
áã¬¬ë àï¤  �ãàì¥ (31), £¤¥ uk(y) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (38).

�«ï ®â­®è¥­¨©

Dk(y) =
r
y

�

I 1

2q
(pkyq)

I 1

2q
(pk�q)

; Gk(y) =

s
�y
�

J 1

2q
(pk(�y)q)

I 1

2q
(pk�q)

¨¬¥¥â ¬¥áâ®

�¥¬¬  3. �«ï ¤®áâ â®ç­® ¡®«ìè¨å k á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

jDk(y)j � C21; jD0

k(y)j � C21k;

jGk(y)j � C22e
�kd; jG0k(y)j � C22k

1+�; � = 1=2q � 1=2;

jD00

k (y)j � C23k
2; � = 1=2q � 1=2; " � y � �;

jG00k(y)j � C24k
3+�e�kd; �� � y � �"; " > 0:

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ 1, 2.
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�¥®à¥¬  4. �á«¨ f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 2, â® § ¤ ç  (2){(5) ®¤­®§­ ç­®
à §à¥è¨¬ . �â® à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï àï¤®¬ (31), £¤¥ ª®íää¨æ¨¥­âë uk(y) ­ å®¤ïâáï ¯® ä®à-
¬ã« ¬ (38).

�¥¯¥àì à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äã­ªæ¨©

C(D) \ C2(D+ [D�): (39)

�®áª®«ìªã ¯à®¨§¢®¤­ë¥ äã­ªæ¨© Y +

k (y) ¨ Y
�

k (y) ¯à¨ y ! 0 ®¡à é îâáï ¢ 1, â® ¢ á¨«ã ®æ¥­ª¨
(34), (35) ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ãá«®¢¨ï á®¯àï¦¥­¨ï:

lim
y!+0

ym�1uy(x; y) = lim
y!�0

(�y)m�1uy(x; y) ¯à¨ 1 < m < 2; (40)

lim
y!+0

uy(x; y)
ln y

= lim
y!�0

uy(x; y)
ln (�y) ¯à¨ m = 1: (41)

�ç¨âë¢ ï ãá«®¢¨¥ (40), ¯®¤¡¥à¥¬ ¢ (14), (17) ¯®áâ®ï­­ë¥ ak, bk, ck ¨ dk â ª, çâ®¡ë ¢ë¯®«­ï-
«¨áì à ¢¥­áâ¢ 

Yk(+0) = Yk(�0); lim
y!+0

ym�1Y 0+k (y) = lim
y!�0

(�y)m�1Y 0�k (y):

�­¨ ¡ã¤ãâ ¢ë¯®«­¥­ë, ¥á«¨ bk=��

2
dk, ak ¨ ck | «î¡ë¥ ¯®áâ®ï­­ë¥. �®£¤  § ¬¥­ïï ¢ (17) dk

ç¥à¥§ bk, ¯®«ãç¨¬

Y �k (y) = ck
p�yJ 1

2q
(pk(�y)q)� �bk

2

p�y Y 1

2q
(pk(�y)q); y < 0: (42)

�ç¨âë¢ ï ãá«®¢¨¥ (41), ¯®¤¡¥à¥¬ ¢ (14), (17) ¯®áâ®ï­­ë¥ ak, bk, ck ¨ dk â ª, çâ®¡ë ¢ë¯®«­ï-
«¨áì à ¢¥­áâ¢ 

Yk(+0) = Yk(�0); lim
y!+0

Y 0+k (y)
ln y

= lim
y!�0

Y 0�k (y)
ln (�y) :

�­¨ ¢ë¯®«­¥­ë, ¥á«¨ bk=��

2
dk, ak ¨ ck | «î¡ë¥ ¯®áâ®ï­­ë¥.

�®£¤  à¥è¥­¨ï (14), (17) ¯à¨¬ãâ ¢¨¤

Yk(y) =

(
Y +

k (y) = ak
p
yI1(pky

1

2 ) + bk
p
yK1(pky

1

2 ); y > 0;

Y �k (y) = ck
p�yJ1(pk(�y) 12 )� �bk

2

p�y Y1(pk(�y) 12 ); y < 0:
(43)

�§ ¯®áâà®¥­­ëå à¥è¥­¨© (14), (42) ¨ (43) á«¥¤ã¥â, çâ® ¯à¨ 1 � m < 2 § ¤ ç  (3){(6) ¢ ª« áá¥
(39){(41) ¨¬¥¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® à¥è¥­¨©, â. ¥. ¯®áâ ¢«¥­­ ï § ¤ ç  ­¥¤®®¯à¥¤¥«¥­ . �«ï
¢ë¤¥«¥­¨ï ¥¤¨­áâ¢¥­­®£® à¥è¥­¨ï â ª®© § ¤ ç¨ ­¥®¡å®¤¨¬® § ¤ âì ¥é¥ ®¤­® £à ­¨ç­®¥ ãá«®¢¨¥,
­ ¯à¨¬¥à, uy(x;��) = g1(x) ¨«¨ uy(x; �) = f1(x), 0 � x � 1.
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