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�¢¥¤¥­¨¥. �¥à¥§ H ®¡®§­ ç ¥âáï ª®¬¯«¥ªá­®¥ á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á ­¥
¡®«¥¥ ç¥¬ áç¥â­ë¬ ®àâ®­®à¬¨à®¢ ­­ë¬ ¡ §¨á®¬ G = fg0kgK. � ®á­®¢¥ íâ®© à ¡®âë «¥¦¨â

�à¥¤«®¦¥­¨¥ 1. �áïª®¥ ¯à¥®¡à §®¢ ­¨¥ V 2 L(H) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ¯®á«¥¤®¢ â¥«ì-

­®áâì fykgK ¢¥ªâ®à®¢ ¨§ H â ªãî, çâ®

V x =
X
K

(x; yk)g0k 8x 2 H; (1)

¯à¨ íâ®¬ yk = V �g0k.

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã V x 2 H, ¨¬¥¥¬ V x =
P
K

(V x; g0k)g
0
k =

P
K

(x; V �g0k)g
0
k, ¨ ¤®áâ â®ç­®

¯®«®¦¨âì yk = V �g0k. �¤¨­áâ¢¥­­®áâì à §«®¦¥­¨ï (1) ®ç¥¢¨¤­ .
� ª®­¥ç­®¬¥à­®¬ á«ãç ¥ à §«®¦¥­¨¥ (1) ¯à¨¢¥¤¥­® ¢ ([1], á. 72), ¢ áç¥â­®¬¥à­®¬ á«ãç ¥ â ¬

¦¥ ¯à¨¢¥¤¥­  á¯¥æ¨ «ì­ ï ä®à¬  à §«®¦¥­¨ï (1) ¤«ï ª®¬¯ ªâ­ëå ®¯¥à â®à®¢, á¢ï§ ­­ ï á
®á®¡ë¬ ¢ë¡®à®¬ ¡ §¨á  G ([1], á. 202). � á«ãç ¥, ª®£¤  V : X ! H, £¤¥ X | ¡ ­ å®¢® ¯à®-
áâà ­áâ¢®,   H = L2, à §«®¦¥­¨¥ (1) ¯à¨¢¥¤¥­® ¢ ([2]; [3], â¥®à¥¬  3, á. 11); á«ãç © X = H = L2

®â¬¥ç «áï ¢ ([3], â¥®à¥¬  4, á. 12). �ç¥¢¨¤­®, ¯à¥¤áâ ¢«¥­¨¥ (1) ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ â¥®à¥¬ë
�¨áá {�¨è¥à  ® ¯à¥¤áâ ¢«¥­¨¨ «¨­¥©­ëå äã­ªæ¨®­ «®¢ ­  á«ãç © «¨­¥©­ëå ®¯¥à â®à®¢. �®-
«¥¥ â®£®, á ®¤­®© áâ®à®­ë, ¢ë¢®¤ ¯à¥¤áâ ¢«¥­¨ï (1) ­¥ ­ã¦¤ ¥âáï ¢ ¯à¨¬¥­¥­¨¨ â¥®à¥¬ë �¨áá {
�¨è¥à , á ¤àã£®© áâ®à®­ë, ¨§ (1) ­¥¬¥¤«¥­­® ¯®«ãç ¥âáï ­®¢ë© ¢ë¢®¤ â¥®à¥¬ë �¨áá {�¨è¥à .
�¥©áâ¢¨â¥«ì­®, ¥á«¨ �(x) | «¨­¥©­ë© ­¥¯à¥àë¢­ë© ­  H äã­ªæ¨®­ «, â® V x = �(x)g01 | ®¤-
­®¬¥à­ë© ­¥¯à¥àë¢­ë© ­  H ®¯¥à â®à; áà ¢­¨¢ ï ¥£® à §«®¦¥­¨¥ (1) á V x = �(x)g01 , ¢¨¤¨¬,
çâ® �(x) = (x; y1). �¤¨­áâ¢¥­­®áâì y1 á«¥¤ã¥â ¨§ ¥¤¨­áâ¢¥­­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï (1). �® íâ® ¨
¥áâì â¥®à¥¬  �¨áá {�¨è¥à . � ¬¥â¨¬, çâ® ¯à¨¢¥¤¥­­®¥ ¤®ª § â¥«ìáâ¢® ¬®¦­® ®¡®¡é¨âì ¨ ­ 
­¥á¥¯ à ¡¥«ì­ë© á«ãç ©.

�®áª®«ìªã ¢¥ªâ®àë yk, k 2 K, ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ V , ®­¨ ¯à¨­¨¬ îâáï §  ª®®à¤¨­ âë
V . �¨è¥¬ V = (yk)K. �¥«ì à ¡®âë | ¯®«ãç¨âì ­¥ª®â®àë¥ ­®¢ë¥ á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨©
V 2 L(H) á ¯®¬®éìî ¨å ª®®à¤¨­ â.

I. �à¨ ª ª¨å ãá«®¢¨ïå ¯à®¨§¢®«ì­® § ¤ ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fykgK � H ®¯à¥¤¥«ï¥â
V 2 L(H), V = (yk)K? �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï íâ®£® ¢ á«ãç ¥ H = L2 ¯à¨¢¥¤¥­®
¢ ([2]; [3], â¥®à¥¬  4). �  ¡áâà ªâ­®© ä®à¬ã«¨à®¢ª¥ ®­o ¨¬¥¥â ¢¨¤X

K

j(x0; yk)j2 <1 8x0 2 H: (2)

�¤¥áì ¨ ¤ «¥¥ ç¥à¥§ x0; g0; : : : ®¡®§­ ç îâáï ®àâë ¢ H. � ª¨¬ ®¡à §®¬, ®¤­  â®«ìª® áå®¤¨¬®áâì
àï¤®¢ (2) £ à ­â¨àã¥â, çâ® ¯®à®¦¤ ¥¬ë© ®¯¥à â®à V ®£à ­¨ç¥­.

II. �¥®à¥¬  1. �«ï â®£® çâ®¡ë ¯®á«¥¤®¢ â¥«ì­®áâì fykgK ®¯à¥¤¥«ï«  V 2 L(H), V = (yk)K,
­¥®¡å®¤¨¬®,   ¥á«¨ fykgK ®àâ®£®­ «ì­®, â® ¨ ¤®áâ â®ç­®, çâ®¡ë

sup
K

kykk =M <1: (3)
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�à¨ íâ®¬ kV k �M , ¨ kV k =M ¢ á«ãç ¥ ®àâ®£®­ «ì­®áâ¨ fykgK.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã yk = V �g0k, ¨¬¥¥¬ kykk � kV �k = kV k ¨, §­ ç¨â, M � kV k.
�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fykgK ®àâ®£®­ «ì­  ¨ á¯à ¢¥¤«¨¢® (3), â®X

K

j(x0; yk)j2 �
X
K

kykk2j(x0; y0k)j2 �M 2
X
K

j(x0; y0k)j2 �M 2 <1 8x0 2 H;

ãá«®¢¨¥ (2) ¢ë¯®«­¥­® ¨, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â V 2 L(H), V = (yk)K. �à®¬¥ â®£®, ¨§
¯à¥¤áâ ¢«¥­¨ï (1) ¯®«ãç ¥¬ kV k2 = sup

x02H

P
K

j(x0; yk)j2 � M 2. �¬¥áâ¥ á ­¥à ¢¥­áâ¢®¬ M � kV k
¨¬¥¥¬ kV k =M .

III. �ç¨â ¥¬ H áç¥â­®¬¥à­ë¬.

�¥®à¥¬  2 (¯à¨§­ ª à ¢­®¬¥à­®© áå®¤¨¬®áâ¨). �«ï â®£® çâ®¡ë ¯à¥¤áâ ¢«¥­¨¥ (1) ¯à¥-

®¡à §®¢ ­¨ï V 2 L(H), V = (yk)K, áå®¤¨«®áì ª V à ¢­®¬¥à­®, ­¥®¡å®¤¨¬®,   ¥á«¨ fykg11 ®à-

â®£®­ «ì­®, â® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï

lim
k
kykk = 0: (4)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì ¯à¥¤áâ ¢«¥­¨¥ (1) áå®¤¨âáï ª V à ¢­®¬¥à­®:

kV � Vnk ���!
n!1

0, £¤¥ Vnx =
nP

k=1
(x; yk)g0k 8x 2 H. �á«¨ ¯à¨ íâ®¬ ãá«®¢¨¥ (4) ­¥ ¢ë¯®«­ï¥â-

áï, â® ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì ykm , m = 1; 2; : : : , â ª ï, çâ® kykmk � a > 0 8m. �®-
áª®«ìªã kV � Vnk2 = sup

x02H

1P
k=n+1

j(x0; yk)j2, â® ¤«ï x0 = y0km , £¤¥ km � n + 1, ¯®«ãç¨«¨ ¡ë

kV � Vnk2 � j(y0km ; ykm)j2 = kykmk2 � a2 8n, çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®¬ã ¯à¥¤¯®«®¦¥­¨î.

�®áâ â®ç­®áâì. �à¥¤¯®«®¦¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fykg11 ®àâ®£®­ «ì­ , ¨ ¢ë¯®«­¥­®
ãá«®¢¨¥ (4). �®£¤  8" > 0 áãé¥áâ¢ã¥â â ª®¥ k0, çâ® kykk < " 8k � k0. �®íâ®¬ã ¯à¨ n > k0 ¯®«ãç¨¬

kV �Vnk2 = sup
x02H

1P
k=n+1

kykk2j(x0; y0k)j2 � "2 sup
x02H

1P
k=n+1

j(x0; y0k)j2 < "2. �«¥¤®¢ â¥«ì­®, kV � Vnk ! 0

¯à¨ n!1.

�¥®à¥¬  3 (¯à¨§­ ª ª®¬¯ ªâ­®áâ¨). �ãáâì V 2 L(H), V = (yk)11 , ¯®á«¥¤®¢ â¥«ì­®áâì
fykg11 ®àâ®£®­ «ì­ . �«ï â®£® çâ®¡ë ¯à¥®¡à §®¢ ­¨¥ V ¡ë«® ª®¬¯ ªâ­ë¬, ­¥®¡å®¤¨¬® ¨ ¤®-

áâ â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï (4).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì V ª®¬¯ ªâ­®. �®«®¦¨¬ yk = �ke
0
k, �k 2 C , k =

1; 2; : : : �à¥¡ã¥âáï ¤®ª § âì, çâ® lim
k
j�kj = 0. �¡®§­ ç¨¬ ç¥à¥§ K0 ¬­®¦¥áâ¢® ¢á¥å â¥å k 2 K, ¤«ï

ª®â®àëå �k 6= 0. �®£¤  ¯à¥¤áâ ¢«¥­¨¥ (1) ¯à¨¬¥â ¢¨¤

V x =
X
K0

�k(x; e
0
k)g

0
k 8x 2 H: (5)

�á«¨ K0 ª®­¥ç­®, â® lim
K
j�kj = 0. �ãáâì K0 ¡¥áª®­¥ç­®. �á«¨ lim

K0

j�kj ­¥ áãé¥áâ¢ã¥â ¨«¨ lim
K0

j�kj =
r > 0, â® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì kl, l = 1; 2; : : : , â ª ï, çâ® j�kl j � a > 0 8l. �ãáâì

p p

H = [fe0klg1l=1];
p p

H = [fg0klg1l=1]:

�®£¤  fe0klg11 ¡ã¤¥â ®àâ®­®à¬¨à®¢ ­­ë¬ ¡ §¨á®¬ ¢
p p

H ,   fg0klg1l=1 | ¢
p p

H ([4], â¥®à¥¬  1.5.17, á. 42).

�¡®§­ ç¨¬ ç¥à¥§ eV áã¦¥­¨¥ V ­ 
p p

H : eV h =
P
K0

�k(h; e0k)g
0
k 8h 2

p p

H . �®áª®«ìªã e0k?h ¯à¨ k =2 K0,
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¯®«ãç ¥¬

eV h = 1X
l=1

�kl(h; e
0
kl
)g0kl 8h 2

p p

H: (6)

�«¥¤®¢ â¥«ì­®, eV :
p p

H !
p p

H ¨, à §ã¬¥¥âáï, eV ª®¬¯ ªâ­® ­ 
p p

H . � ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì
fe0klg1l=1 ®£à ­¨ç¥­ , â® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fe0klsg1s=1, ­  ª®â®à®© eV áå®¤¨âáï, â. ¥.

lim
s

eV e0kls = ' 2
p p

H . �«¥¤®¢ â¥«ì­®, f eV e0klsg1s=1 äã­¤ ¬¥­â «ì­ . �®íâ®¬ã 8�, 0 < � <
p
2a,

áãé¥áâ¢ã¥â s0 â ª®¥, çâ® k eV (e0kl
s0

� e0kl
s00

)k2 < �2 8s0; s00 � s0, s0 6= s00. �®áª®«ìªã e0kl
s0

� e0kl
s00

2
p p

H , â® á®£« á­® (6) ¯®«ãç ¥¬ eV (e0kl
s0

� e0kl
s00

) =
1P
l=1

�kl(e
0
kl
s0

� e0kl
s00

; e0kl)g
0
kl
. �®áª®«ìªã fg0klg1l=1 |

®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢
p p

H , â®

k eV (e0kl
s0

� e0kl
s00

)k2 =
1X
l=1

j�kl j2j(e0kl
s0

� e0kl
s00

; e0kl)j2 � a2
1X
l=1

j(e0kl
s0

� e0kl
s00

; e0kl)j2: (7)

�¤­ ª®, ¯®áª®«ìªã e0kl
s0

� e0kl
s00

2
p p

H , ¨¬¥¥¬ e0kl
s0

� e0kl
s00

=
1P
l=1
(e0kl

s0

� e0kl
s00

; e0kl)e
0
kl
¨, §­ ç¨â, ke0kl

s0

�

e0kl
s00

k2 =
1P
l=1
j(e0kl

s0

� e0kl
s00

; e0kl)j2. �âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢  (7) á«¥¤ã¥â

k eV (e0kl
s0

� e0kl
s00

)k2 � a2ke0kl
s0

� e0kl
s00

k2 = 2a2 > �2:

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® lim
k
j�kj = 0.

�®áâ â®ç­®áâì. �®£« á­® â¥®à¥¬¥ 2 kV �Vnk �!
n
0. �®áª®«ìªã Vnx =

nP
k=1

�k(x; e0k)g
0
k, § ª«î-

ç ¥¬, çâ® R(Vn) ª®­¥ç­®¬¥à­®,   á«¥¤®¢ â¥«ì­®, Vn ª®¬¯ ªâ­® ([4], «¥¬¬  7.2.3, á. 200). �®íâ®¬ã
¢ á¨«ã ¨§¢¥áâ­®£® ¯à¨§­ ª  ª®¬¯ ªâ­®áâ¨ ([4], â¥®à¥¬  7.2.2, á. 199) ¯à¥®¡à §®¢ ­¨¥ V ª®¬¯ ªâ-
­®.

�§ â¥®à¥¬ 2 ¨ 3 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �«ï â®£® çâ®¡ë à §«®¦¥­¨¥ V = (yk)K, £¤¥ fykgK | ®àâ®£®­ «ì­ ï ¯®á«¥¤®-
¢ â¥«ì­®áâì, áå®¤¨«®áì ª V à ¢­®¬¥à­®, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë V ¡ë«® ª®¬¯ ªâ­®.

IV. 1. �¯à¥¤¥«¨¬ ª« áá L?(H), á®áâ®ïé¨© ¨§ ¢á¥å â¥å ®¯¥à â®à®¢ V 2 L(H), ª®â®àë¥ ¢ ®à-
â®­®à¬¨à®¢ ­­®¬ ¡ §¨á¥ G = fg0kgK (á¢®¥¬ ¤«ï ª ¦¤®£® V ) ¨¬¥îâ ®àâ®£®­ «ì­ë¥ ª®®à¤¨­ âë.
�®£« á­® ¯à¥¤«®¦¥­¨î 1 ¢ íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (1), ¢ ª®â®à®¬ ¯®á«¥¤®¢ -
â¥«ì­®áâì yk = V �g0k, k 2 K, ®àâ®£®­ «ì­ . �®« £ ï yk = �ke

0
k, £¤¥ �k 2 C ,   fe0kgK | ®àâ®£®-

­ «ì­ ï á¨áâ¥¬  ¢¥ªâ®à®¢ ¨§ H, ¨ ¢ë¤¥«ïï ¨§ K ¬­®¦¥áâ¢® I ¢á¥å â¥å ¨­¤¥ªá®¢ k, ¤«ï ª®â®àëå
�k 6= 0, ¯¥à¥¯¨è¥¬ (1) ¢ ¢¨¤¥

V x =
X
I

�i(x; e0i )g
0
i 8x 2 H: (8)

�®áª®«ìªã ª®®à¤¨­ â ¬¨ V ï¢«ïîâáï ¢¥ªâ®àë yi = �ie
0
i , i 2 I, ¨ yj = 0, j 2 K n I, â® á®£« á­®

â¥®à¥¬¥ 1 § ª«îç ¥¬

sup
I

j�ij =M <1; kV k =M: (9)

� §«®¦¥­¨¥ (8) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ á¨«ì­®© áå®¤¨¬®áâ¨. �®£« á­® á«¥¤áâ¢¨î 1 áå®¤¨¬®áâì ¢
(8) ¢ áç¥â­®¬¥à­®¬ á«ãç ¥ ¡ã¤¥â à ¢­®¬¥à­®©, â®«ìª® ª®£¤  ®¯¥à â®à V ¢¯®«­¥ ­¥¯à¥àë¢¥­.
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2. �¢¥¤¥­­ë© ª« áá L?(H) ¢¥áì¬  ®¡è¨à¥­. �®£« á­® ([1], â¥®à¥¬  1, á. 202) ª« áá L?(H)
á®¤¥à¦¨â ¢á¥ ¢¯®«­¥ ­¥¯à¥àë¢­ë¥ ¯à¥®¡à §®¢ ­¨ï ¯à®áâà ­áâ¢  H. �à¨ íâ®¬ áå®¤¨¬®áâì à §-
«®¦¥­¨ï (8) ¡ã¤¥â ­¥ â®«ìª® á¨«ì­®©, ª ª íâ® ãâ¢¥à¦¤ ¥âáï ¢ [1], ­® ¨ à ¢­®¬¥à­®©.

� «¥¥, ®¯à¥¤¥«¨¬, çâ® ¯à¥®¡à §®¢ ­¨¥ V 2 L(H) ¨¬¥¥â ç¨áâ® â®ç¥ç­ë© á¯¥ªâà ([5], á. 389),
¥á«¨ áãé¥áâ¢ã¥â ¯®«­ ï ¢ H á¨áâ¥¬  á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ íâ®£® ¯à¥®¡à §®¢ ­¨ï. �¡®§­ ç¨¬
¥¥ bG = fbg0kgK. �áïª®¥ â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ á«ãç ¥ ®àâ®£®­ «ì­®áâ¨ á¨áâ¥¬ë bG ¯à¨­ ¤«¥¦¨â
L?(H). �¥©áâ¢¨â¥«ì­®, ®¡®§­ ç ï ç¥à¥§ �k á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®à ¬bg0k, k 2 K, ¨ ¢ë¤¥«ïï ¢á¥ â¥ ¨§ ­¨å �i, i 2 I, ª®â®àë¥ ®â«¨ç­ë ®â ­ã«ï, ¬®¦¥¬ ¯à¥¤áâ ¢¨âì V ¢
¢¨¤¥

V x =
X
I

�i(x; g0i )g
0
i 8x 2 H: (10)

�à¥¤áâ ¢«¥­¨¥ (10) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨ï (8), ¯®«ãç îé¨¬áï ¯à¨ ei = gi,
i 2 I.

�¤­ ª® ª« áá L?(H) §­ ç¨â¥«ì­® è¨à¥ íâ¨å ¤¢ãå ª« áá®¢. �¥©áâ¢¨â¥«ì­®, á®£« á­® â¥®à¥-
¬¥ 1 «î¡ë¥ ®àâ®­®à¬¨à®¢ ­­ë¥ á¨áâ¥¬ë ¢¥ªâ®à®¢ fe0i gI ¨ fg0i gI ¨ «î¡ë¥ ª®¬¯«¥ªá­ë¥ ç¨á«  �i,
i 2 I, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (9), ®¯à¥¤¥«ïîâ V 2 L?(H) ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (8), ¨
«î¡®¥ V 2 L?(H) ¬®¦¥â ¡ëâì ¯®«ãç¥­® â ª¨¬ ¯ãâ¥¬.

3. �¢¥¤¥¬ á«¥¤ãîé¨¥ ¯®¤¯à®áâà ­áâ¢ :

[fe0i gI ] =
^

H; [fg0i gI ] =
_

H:

�®£¤  fe0i gI ¡ã¤¥â ®àâ®­®à¬¨à®¢ ­­ë¬ ¡ §¨á®¬ ¢
^

H,   fg0i gI | ¢
_

H. �¡®§­ ç¨¬ áã¦¥­¨¥ V ­ 
^

H ç¥à¥§ eV . �§ (8) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â
V x = eV h =X

I

�i(h; e
0
i )g

0
i 8x 2 H; x = h+ bh; h 2

^

H; bh 2 ^

H?: (11)

�¥¬¬  1. N(V ) =
^

H?.

�®ª § â¥«ìáâ¢®. �á«¨ x 2
^

H?, â® ¢ à ¢¥­áâ¢¥ x = h + bh ¨¬¥¥¬ h = 0. �® â®£¤  ¨§ (8)

¯à¨ x = bh ¯®«ãç ¥¬ V bh = 0. � ª¨¬ ®¡à §®¬, 8bh 2 ^

H? ¨¬¥¥¬ V bh = 0, â. ¥.
^

H? � N(V ). �á«¨

x = h 2
^

H ¨ V x = 0, â® ¨§ (8) á«¥¤ã¥â, çâ® (h; e0i ) = 0 8i 2 I, ¨ â. ª. fe0i gI | ¡ §¨á ¢
^

H, â® h = 0.

�«¥¤®¢ â¥«ì­®, ¥á«¨ h 2
^

H ¨ h 6= 0, â® V h 6= 0. � ª¨¬ ®¡à §®¬, N(V ) =
^

H?.

�«¥¤áâ¢¨¥ 2. V H = eV ^

H �
_

H.

�¥®à¥¬  4. �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

V �x =
X
I

�i(x; g
0
i )e

0
i =

X
I

�i(q; g
0
i )e

0
i ; kV �k = kV k 8x 2 H; (12)

£¤¥ x = q + bq, q 2 _

H, bq 2 _

H?.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã V 2 L(H), â® á®£« á­® (5) V ¨¬¥¥â ¢ ¡ §¨á¥ G ª®®à¤¨­ âë
yk = �ke

0
k, k 2 I (¨ yk = 0 ¯à¨ k 2 K n I). � ª ª ª ¡ §¨á G ®àâ®£®­ «ì­ë©, â® ¢ á¨«ã â¥®à¥¬ë 1

sup
K

kykk = sup
I

j�ij = M < 1 ¨ kV k = M . �®¯®«­¨¬ ¢¥ªâ®àë e0i , i 2 I, ¢¥ªâ®à ¬¨ be0r, r2R,
¤® ¯®«­®£® ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  bG ¢ H ¨ ¯®«®¦¨¬ bgr = 0, r 2 R. � ¬¥â¨¬, çâ® ¢¥ª-
â®àë g0i , i 2 I, ¨ bgr, r 2 R, ®àâ®£®­ «ì­ë. �®«®¦¨¬ byi = �igi, i 2 I, byr = 0, r 2 R. �®£¤ 
sup

i2I; r2R

fkbyik; kbyrkg = sup
I

j�ij = M < 1. �«¥¤®¢ â¥«ì­®, á®£« á­® â¥®à¥¬¥ 1 ¢¥ªâ®àë byi, i 2 I, ¨
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byr, r 2 R, ®¯à¥¤¥«ïîâ ¢ ¡ §¨á¥ bG ­¥ª®â®àë© ­¥¯à¥àë¢­ë© ®¯¥à â®à, áª ¦¥¬, W , á ª®®à¤¨­ -
â ¬¨ byi, i 2 I, ¨ byr, r 2 R, ¯à¨ç¥¬ kWk = M . �ç¨âë¢ ï, çâ® byr = 0, r 2 R, § ¯¨è¥¬ á®£« á­®
¯à¥¤«®¦¥­¨î 1

Wx =
X
I

�i(x; g
0
i )e

0
i 8x 2 H: (13)

�à¨¬¥­ïï ª ®¯¥à â®àã W «¥¬¬ã 1 ¨ á«¥¤áâ¢¨¥ 2, ¯®«ãç¨¬ 1) N(W ) =
_

H?; 2) WH = fW _

H �
^

H;

3) 8x 2 H, x = q + bq, q 2 _

H, bq 2 _

H?:

Wx =Wq =
X
I

�i(q; g
0
i )e

0
i : (14)

�¥¯¥àì, ª ª®¢ë ¡ë ­¨ ¡ë«¨ x0 ¨ x00 ¨§ H, ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© «¥£ª® ã¡¥¦¤ ¥¬áï, çâ®
(V x0; x00) = (x0;Wx00), ®âªã¤  á«¥¤ã¥â W = V �, ¯à¨ç¥¬ kV �k = M . �®¤áâ ¢«ïï V � ¢ (13) ¨ (14)
¢¬¥áâ® W , ¯®«ãç¨¬ (12).

�«¥¤áâ¢¨¥ 3. �á«¨ e0i = g0i ¨ �i = �i, i 2 I, â® V = V �.

�¥¬¬  2. R(V ) =
_

H, R(V �) =
^

H.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, â. ª. N(V �) =
_

H? ¨ á®£« á­® ([4], â¥®à¥¬  6.5.10, á. 183)

R(V ) = N(V �)?, â® R(V ) =
_

H. �­ «®£¨ç­® R(V �) =
^

H.

4. �¥à¥©¤¥¬ ª ¢®¯à®áã ®¡ ®¡à â¨¬®áâ¨ ®¯¥à â®à®¢ eV ¨ eV �.
�¥®à¥¬  5. �¯¥à â®à eV ®¡à â¨¬ ­  R( eV ), ¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

eV �1q =X
I

��1i (q; q0i )e
0
i 8q 2 R( eV ): (15)

�¯¥à â®à eV �1 ­¥¯à¥àë¢­® ¯à®¤®«¦ ¥¬ ­ 
_

H â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

inf j�ij = m > 0: (16)

� íâ®¬ á«ãç ¥ eV �1 ­¥¯à¥àë¢¥­ ­  R( eV ) = _

H.

�®ª § â¥«ìáâ¢®. �à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1 ¡ë«® ãáâ ­®¢«¥­®, çâ® ¨§ à ¢¥­áâ¢  eV h = 0,

£¤¥ h 2
^

H, á«¥¤ã¥â h = 0. �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ eV :
^

H ! R( eV ) ¢§ ¨¬­® ®¤­®§­ ç­®, â. ¥.
9 eV �1 : R( eV )! ^

H. �ï¤ (15) áå®¤¨âáï, â. ª.

q = eV h)X
I

(q; g0i )g
0
i =

X
I

�i(h; e
0
i )g

0
i ) ��1i (q; g0i ) = (h; e0i ) 8i 2 I )

)
X
I

j��1i j2j(q; g0i )j2 =
X
I

j(h; e0i )j2 = khk2 <1:

� á¯à ¢¥¤«¨¢®áâ¨ à ¢¥­áâ¢  (15) ã¡¥¦¤ ¥¬áï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© à ¢¥­áâ¢ eV eV �1 =
I
R(eV ), eV �1V = I^

H
.

�®¯®«­¨¬ fe0i gI ¢¥ªâ®à ¬¨ fbe0jgJ ¤® ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  bG ¢ H, ¯®«®¦¨¬ bgj = 0,

j 2 J . �®£« á­® â¥®à¥¬¥ 1, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (16) ¨ â®«ìª® â®£¤ , ¢¥ªâ®àë yi = ��1i g0i ,byj = 0, i 2 I, j 2 J , ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ ¢ H ­¥¯à¥àë¢­ë© ®¯¥à â®à, ®¡®§­ ç¨¬ ¥£® U : Ux =P
I

��1i (x; g0i )e
0
i 8x 2 H. �®áª®«ìªã Uq 2

^

H 8q 2
_

H, â® eV ^

H = R( eV ) = _

H. �¡®§­ ç¨¬ áã¦¥­¨¥ U ­ 
_

H ç¥à¥§ eU . �®£¤  «¥£ª® ¯à®¢¥à¨âì, çâ® eU( eV h) = h 8h 2
^

H, eV ( eUq) = q 8q 2
_

H. �«¥¤®¢ â¥«ì­®,

®¯¥à â®à eU = eV �1 ®¯à¥¤¥«¥­ ­  _

H ¨ ­¥¯à¥àë¢¥­.

33



V. �à¨¬¥­¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ª à¥è¥­¨î äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¨
¢â®à®£® à®¤ .

1. �­ ç «  à áá¬®âà¨¬ ãà ¢­¥­¨¥

V x = q; (17)

£¤¥ q 2 H, V 2 L?(H) ¨, §­ ç¨â, V ¯à¥¤áâ ¢«¥­® à §«®¦¥­¨¥¬ (8). �§ â¥®à¥¬ë 5 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 4. �à ¢­¥­¨¥ (17) à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  q 2 R( eV ). P¥è¥­¨¥
¥¤¨­áâ¢¥­­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

^

H? = 0. O¡é¨© ¢¨¤ à¥è¥­¨ï ãà ¢­¥­¨ï (17) ¯à¨
q 2 R( eV ) ¤ ¥âáï à ¢¥­áâ¢®¬

x = bh+X
I

��1i (q; g0i )e
0
i ; (18)

£¤¥ bh | «î¡®© í«¥¬¥­â ¨§
^

H?. �¥è¥­¨¥ (18) ­¥¯à¥àë¢­® § ¢¨á¨â ®â ¯à ¢®© ç áâ¨ q ãà ¢­¥­¨ï

(17) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (16). �à¨ íâ®¬ R( eV ) = _

H.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã H =
_

H �
_

H?, â® «î¡®¥ q 2 H ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ q = q0 + bq0,
£¤¥ q0 2

_

H, bq0 2 _

H?. �®áª®«ìªã V H = eV ^

H = R( eV ) � _

H, ¥á«¨ bq0 6= 0, â® ãà ¢­¥­¨¥ V x = q0 + bq0,
®ç¥¢¨¤­®, ­¥à §à¥è¨¬®. �«¥¤®¢ â¥«ì­®, ¤«ï à §à¥è¨¬®áâ¨ íâ®£® ãà ¢­¥­¨ï ­¥®¡å®¤¨¬®, çâ®¡ë

bq0 = 0 ¨ q = q0. � «¥¥, ¥á«¨ q0 2
^

H n R( eV ), â® ãà ¢­¥­¨¥ (17), ®ç¥¢¨¤­®, á­®¢  ­¥à §à¥è¨¬®.
�®íâ®¬ã «¨èì ¯à¨ q 2 R( eV ) ãà ¢­¥­¨¥ (17) à §à¥è¨¬®. � íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë
(18) ãáâ ­ ¢«¨¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©. A ¨¬¥­­®,

V x = V

�bh+X
I

��1i (q; g0i )e
0
i

�
= eV �X

I

��1i (q; g0i )e
0
i

�
= eV ( eV �1q) = q:

� ª«îç¥­¨¥ ® ­¥¯à¥àë¢­®© § ¢¨á¨¬®áâ¨ á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 5.

2. �¥¯¥àì ¬®¦­® ãáâ ­®¢¨âì ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ­ « £ ¥¬®¥ â®«ìª® ­  q 2 H,
¯à¨ ª®â®à®¬ ¢¥ªâ®à q ®ª §ë¢ ¥âáï ¯à¨­ ¤«¥¦ é¨¬ R( eV ). �®£¤  ¯® ¢¥ªâ®àã q  ¢â®¬ â¨ç¥áª¨
§ ¯¨è¥âáï ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (17).

�¥®à¥¬  6. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (17) ¡ë«® à §à¥è¨¬® ¯à¨ § ¤ ­­®¬ q 2 H, ­¥®¡å®-

¤¨¬®, çâ®¡ë q à §« £ «®áì ¢ àï¤ ¯® ¢¥ªâ®à ¬ fg0i gI
q =

X
I

(q; g0i )g
0
i ; (19)

¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¨ íâ®¬ áå®¤¨«áï àï¤X
I

j��1i j2j(q; g0i )j2: (20)

�®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (17) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (18).

�®ª § â¥«ìáâ¢®. �á«¨ ãà ¢­¥­¨¥ (17) ¨¬¥¥â à¥è¥­¨¥ (  ¨¬ ¡ã¤¥â ¢¥ªâ®à (18)), â® ¨§ (18)
á«¥¤ã¥â, çâ® V x = q 2 R( eV ). �âáî¤  á®£« á­® «¥¬¬¥ 2 ­¥¬¥¤«¥­­® á«¥¤ã¥â (19). �®«®¦¨¬

qi = (q; g0i ), i 2 I, ¨ ¯ãáâì q 2
_

H â ª®¢®, çâ®
P
I

j��1i j2jqij2 < 1. �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«

f��1i qig ®¤­®§­ ç­® ®¯à¥¤¥«¨â ¢
^

H ¢¥ªâ®à h =
P
I

��1i qie
0
i . �à®¢¥àª  â®£®, çâ® x = bh+h ¥áâì ®¡é¥¥

à¥è¥­¨¥ ãà ¢­¥­¨ï (17), ¯à®¨§¢®¤¨âáï «¥£ª®.
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� ¬¥ç ­¨¥ 1. �¥®à¥¬  6 ¨¬¥¥â §­ ç¥­¨¥ ¤«ï ¯®«ãç¥­¨ï à¥è¥­¨© ãà ¢­¥­¨ï V x = q, £¤¥
V 2 L?(H). �à¥¤¯®«®¦¨¬, çâ® ¨§¢¥áâ­® à §«®¦¥­¨¥ V ¯® ä®à¬ã«¥ (8), ¨, ¢ ç áâ­®áâ¨, ¨§¢¥áâ­ë
ç¨á«  �i, i 2 I. �®£¤ 

1) eá«¨ ¤«ï ­¥ª®â®à®£® k 2 K n I (á¬. ¯. IV.1) qk = (q; g0k) 6= 0, â® q =2
_

H, ¨ ¯®íâ®¬ã ãà ¢­¥­¨¥
(17) ­¥à §à¥è¨¬®;

2) eá«¨ 8k 2 K n I qk = 0, â® q 2
_

H; p §« £ ¥¬ q ¯® ¡ §¨áã fg0i gI : q =
P
I

(q; g0i )g
0
i ;

3) ¯à®¢¥àï¥¬ áå®¤¨¬®áâì ç¨á«®¢®£® àï¤  (20); ¥á«¨ àï¤ áå®¤¨âáï, â® à¥è¥­¨¥ (18) § ¯¨áë¢ -
¥âáï  ¢â®¬ â¨ç¥áª¨; eá«¨ ¦¥ àï¤ (20) à áå®¤¨âáï, â® à¥è¥­¨ï ­¥ áãé¥áâ¢ã¥â.

� ¬¥â¨¬, çâ® á®£« á­® ([1], â¥®à¥¬  1, á. 202) ¢ á«ãç ¥, ª®£¤  V ª®¬¯ ªâ­®, à §«®¦¥­¨¥ (8),
  §­ ç¨â, ¨ ç¨á«  �i ¨§¢¥áâ­ë. � ¬¥â¨¬ ¤ «¥¥, çâ® ¢¬¥áâ® ¯. 1) ¬®¦­® ¯àï¬® ¯¥à¥©â¨ ª ¯. 2) á
¯à®¢¥àª®© â®£®, çâ® kqk2 = P

I

jqij2. �á«¨ íâ® à ¢¥­áâ¢® ­¥ ¢ë¯®«­ï¥âáï, â® à¥è¥­¨¥ ãà ¢­¥­¨ï

(17) ­¥ áãé¥áâ¢ã¥â. �®áª®«ìªã ¢ á«ãç ¥ ª®¬¯ ªâ­®£® V ¨¬¥¥¬ �k > 0 ¨ �k ! 0, â® ãá«®¢¨¥ (16)
­¥ ¢ë¯®«­ï¥âáï, ¯®íâ®¬ã à¥è¥­¨¥ (17) à §àë¢­®.

�á«¨ (á¬. ¯. IV.1) yk 6= 0 8k 2 K, â® I = K, G = fg0i gI ,
_

H? = 0 ¨ q 2
_

H = H. �áâ ¥âáï
à §«®¦¨âì q ¯® ¡ §¨áã G: q =

P
I

(q; g0i )g
0
i ¨ § â¥¬ ¨áá«¥¤®¢ âì áå®¤¨¬®áâì àï¤  (20).

� ¬¥â¨¬, ­ ª®­¥æ, çâ®, ¨á¯®«ì§ãï ®æ¥­ªã ®áâ âª  àï¤  (20), ¬®¦­® ­ å®¤¨âì ¯à¨¡«¨¦¥­­®¥

à¥è¥­¨¥ x �= bh+ nP
i=1

��1i (q; g0i )e
0
i .

3. �¥à¥©¤¥¬ â¥¯¥àì ª ¢®¯à®áã ® à §à¥è¨¬®áâ¨ ãà ¢­¥­¨© ¢â®à®£® à®¤ 

�x� V x = q; (21)

£¤¥ � 2 C , � 6= 0, x; q 2 H, V 2 L?(H). �ãáâì x = h + bh, £¤¥ h 2
^

H, bh 2
^

H?. � áá¬®âà¨¬

®¯¥à â®à �I �V =W . �¬¥¥¬ W 2 L(H). �¡®§­ ç¨¬ áã¦¥­¨¥ W ­ 
^

H ç¥à¥§ fW . � ª¨¬ ®¡à §®¬,fW :
^

H ! R(fW ). fW ­¥¯à¥àë¢¥­ ­ 
^

H.

�¥¬¬  3. �à ¢­¥­¨¥ (21) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

�bh+ fWh = q: (22)

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï x = h+ bh ¢ (21), ¨¬¥¥¬ �bh+ �h� V x = q. �ç¨âë¢ ï V bh = 0,

¯®«ãç ¥¬ V x = V h. � ª ª ª �h� V h = Wh, â® ¨¬¥¥¬ �bh+Wh = q. �¤­ ª® Wh = fWh 8h 2
^

H,
¨ ¯®íâ®¬ã �bh + fWh = q. � ª¨¬ ®¡à §®¬, ¨§ (21) á«¥¤ã¥â (22). � ááã¦¤ ï ¢ ®¡à â­®¬ ¯®àï¤ª¥,
¨§ (22) ¯®«ãç¨¬ (21).

�¥¬¬  4. �á«¨ � ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ®¯¥à â®à  V , â® ®¯¥à â®à fW ®¡à -

â¨¬ ­  R(fW ).

�®ª § â¥«ìáâ¢®. �ãáâì h 2
^

H ¨ fWh = 0. �®£¤  �h � V h = 0. �®áª®«ìªã ¯® ãá«®¢¨î � ­¥
ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ®¯¥à â®à  V , â® ®âáî¤  á«¥¤ã¥â h = 0.

� ª¨¬ ®¡à §®¬, ®¯¥à â®à fW ®â®¡à ¦ ¥â
^

H ­  R(fW ) ¢§ ¨¬­® ®¤­®§­ ç­®, ¨ fW�1 : R(fW )!
^

H
áãé¥áâ¢ã¥â.

�¥¬¬  5. �«ï â®£® çâ®¡ë ¢¥ªâ®à q 2 H ¯à¨­ ¤«¥¦ « R(fW ), ­¥®¡å®¤¨¬®, çâ®¡ë ®­ ¡ë«

¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

q =
X
I


i(�I � V )e0i =
X
I


i�i; (23)

£¤¥ 
i 2 C , �i = �e0i � �ig
0
i , i 2 I.
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�®ª § â¥«ìáâ¢®. �§ q 2 R(fW ) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¢¥ªâ®à h 2
^

H â ª®©, çâ® fWh = q.

�® fWh = (�̂I � V )h = (�I � V )h = �
P
I

(h; e0i )e
0
i �

P
I

�i(h; e0i )g
0
i =

P
I

(h; e0i )[�e
0
i � �ig

0
i ]. � ¬¥â¨¬

â¥¯¥àì, çâ® ¨§ (11) á«¥¤ã¥â �ig
0
i = V e0i , i 2 I. �®íâ®¬ã q = fWh =

P
I

(h; e0i )[�I � V ]e0i . �®« £ ï

§¤¥áì (h; e0i ) = 
i, ¯®«ãç¨¬ (23).

�¥¬¬  6. �ãáâì q ¯à¥¤áâ ¢«¥­ ä®à¬ã«®© (23). �«ï â®£® çâ®¡ë q 2 R(fW ), ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï X
I

j
ij2 <1: (24)

�®ª § â¥«ìáâ¢®. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 5 ¢¨¤­®, çâ® ¥á«¨ q 2 R(fW ), â® 
i = (h; e0i )

¤«ï ­¥ª®â®à®£® h 2
^

H,   ¯®íâ®¬ã
P
I

j
ij2 < 1. � ®¡®à®â, ¥á«¨ á¯à ¢¥¤«¨¢® (24), â® ç¨á«  
i

®¤­®§­ ç­® ®¯à¥¤¥«ïîâ ¢
^

H ¢¥ªâ®à h =
P
I


ie
0
i . �®£¤ , ãç¨âë¢ ï ä®à¬ã«ã (11), ¯®«ãç¨¬

fWh = (�I � V )h = �
X
I


ie
0
i �

X
I

�i
ig
0
i =

X
I


i[�e0i � �ig
0
i ] =

X
I


i(�I � V )e0i = q:

�«¥¤®¢ â¥«ì­®, q 2 R(fW ) ¨ fW�1q =
P
I


ie
0
i .

�«¥¤áâ¢¨¥ 5. �à ¢­¥­¨¥ fWh = q, h 2
^

H, à §à¥è¨¬® ¨ ¥£® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®, â®«ìª®
¥á«¨ ¢¥ªâ®à q ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (23) á ãá«®¢¨¥¬ (24). �¥è¥­¨¥ ¨¬¥¥â ¢¨¤

h =
X
I


ie
0
i = fW�1q:

�¥®à¥¬  7. �à ¢­¥­¨¥ (21) à §à¥è¨¬® ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ¥£® ¯à ¢ ï ç áâì q ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

q = q0 + bq; (25)

£¤¥

q0 =
X
I


i(�I � V )e0i ;
X
I

j
ij2 <1; (26)

bq 2 ^

H? n R(fW ): (27)

�à¨ á®¡«î¤¥­¨¨ ãá«®¢¨© (26) ¨ (27) à¥è¥­¨¥ ãà ¢­¥­¨ï (21) ¨¬¥¥â ¢¨¤

x = bq=�+X
I


ie
0
i : (28)

�®ª § â¥«ìáâ¢®. �á«¨ bq 2 R(fW ) ¨ ¯®áª®«ìªã ¨§ (26) á«¥¤ã¥â q0 2 R(fW ), â® q0 + bq 2 R(fW ),
â. ¥. q 2 R(fW ), ¨ ¯®íâ®¬ã ¯à¥¤áâ ¢«ïâì q ¢ ¢¨¤¥ (25) ­¥â ­¥®¡å®¤¨¬®áâ¨. �«¥¤®¢ â¥«ì­®, bq =2
R(fW ). �á«¨ ãà ¢­¥­¨¥ (22) à §à¥è¨¬®, â® áãé¥áâ¢ã¥â ¢¥ªâ®à x = h + bh, h 2

^

H, bh 2
^

H?,
ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î (22). �®« £ ï ¢ (22) �bh = bq, fWh = q0, ¯®«ãç¨¬ à §«®¦¥­¨¥ q =
q0+ bq, ¯à¨ç¥¬ ¡ã¤ãâ ¢ë¯®«­ïâìáï ¨ á®®â­®è¥­¨ï (26) ¨ (27). �¥®¡å®¤¨¬®áâì ¯à¥¤áâ ¢«¥­¨ï (25)
á ãá«®¢¨ï¬¨ (26) ¨ (27) ¤®ª § ­ .

�®ª ¦¥¬ â¥¯¥àì, çâ® ­ «¨ç¨¥ à §«®¦¥­¨ï (25) á ãá«®¢¨ï¬¨ (26) ¨ (27) ¤®áâ â®ç­® ¤«ï áã-
é¥áâ¢®¢ ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï (22). �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (22) ¯à¨­¨¬ ¥â
¢¨¤

�bh+ fWh = bq + q0;

®âªã¤  ­ å®¤¨¬ bh = bq=�, h = fW�1q0,   á ¬® à¥è¥­¨¥ ãà ¢­¥­¨ï (22) ¨¬¥¥â ¢¨¤ (28).
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