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� à ¡®â¥ �.�¨àá¨ ¨ �.�¨«¤á  [1] ¯®ª § ­®, çâ® ¥á«¨ A ¨ B | ª®¬¯«¥ªá­ë¥ ¬ âà¨æë
à §¬¥à  n� n, A = A� ¨ ¢ë¯®«­¥­® ãá«®¢¨¥

kAB �BAk �
2"2

n� 1
; (1)

â® áãé¥áâ¢ãîâ ¬ âà¨æë A0 ¨ B0 â®£® ¦¥ à §¬¥à  ¨ â ª¨¥, çâ® A0B0 = B0A0 ¨ kA � A0k � ",
kB�B0k � ". �­ «®£¨ç­®© § ¤ ç¥ ¤«ï ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¯®á¢ïé¥­  ¡®«ìè ï «¨â¥à âãà 
(á¬., ­ ¯à., ááë«ª¨ ¢ à ¡®â å [1], [4]). � áâ âìïå �.�. �®§¥­¡«î¬  [2], [3], �.�.� ¤®¢  [4] áâ ¢¨«áï
¢®¯à®á ® â®¬, ­ áª®«ìª® ¤ ­­ë© ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¡«¨§®ª ª ­®à¬ «ì­®¬ã, ¨
® ¯®áâà®¥­¨¨ ª®¬¬ãâ¨àãîé¨å  ¯¯à®ªá¨¬ ­â.

� ¤ ­­®© § ¬¥âª¥ à áá¬ âà¨¢ îâáï ¯ àë «¨­¥©­ëå ®¯¥à â®à®¢ A;B : D(A) � H ! H, ¤¥©-
áâ¢ãîé¨å ¢ ª®¬¯«¥ªá­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H á ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(A), ¯à¨ç¥¬
®¯¥à â®à A ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ ®¯¥à â®à®¬ á® áç¥â­ë¬ á¯¥ªâà®¬ �(A), á®áâ®ïé¨¬ ¨§
á®¡áâ¢¥­­ëå §­ ç¥­¨© �1; �2; : : : ¨ ¤®¯ãáª îé¨¬ ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥

�(A) =
N[
j=1

�j ; (2)

£¤¥ �j , j = 1; 2; : : : ; N � 1 | ®£à ­¨ç¥­­ë¥ ¢§ ¨¬­® ­¥¯¥à¥á¥ª îé¨¥áï ª®¬¯ ªâë.
�áî¤ã áç¨â ¥âáï ¢ë¯®«­¥­­ë¬

�à¥¤¯®«®¦¥­¨¥ 1. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â à §¡¨¥­¨¥ A á¯¥ªâà  �(A) ®¯¥à â®à 
A ¢¨¤  (2) â ª®¥, çâ® ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ¤¢  ãá«®¢¨ï: 1) sup

1�j�N

diam�j � 2", 2) d(";A) =

inf dist
i6=j

(�i; �j) > 0.

� §¡¨¥­¨¥ A ¨§ ¯à¥¤¯®«®¦¥­¨ï 1 ­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬. �â¬¥â¨¬, çâ® ãá«®¢¨ï¬ ¯à¥¤¯®«®¦¥-
­¨ï 1 ã¤®¢«¥â¢®àïîâ ª®¬¯ ªâ­ë¥ ®¯¥à â®àë ¨ ®¯¥à â®àë á ¤¨áªà¥â­ë¬ á¯¥ªâà®¬, ¤«ï ª®â®àëå
áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥ ç¨á«® n0, çâ® ­  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ [n; n+ 1] ¨¬¥¥âáï ­¥ ¡®«¥¥
n0 á®¡áâ¢¥­­ëå §­ ç¥­¨©.

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨î d(") = d(";A), " > 0, ¯®« £ ï d(") = sup
A

d(";A) ¯® ¢á¥¢®§-

¬®¦­ë¬ ¤®¯ãáâ¨¬ë¬ à §¡¨¥­¨ï¬ A.
�à®¬¥ ¯à¥¤¯®«®¦¥­¨ï 1 áç¨â ¥âáï â ª¦¥ ¢ë¯®«­¥­­ë¬

�à¥¤¯®«®¦¥­¨¥ 2. �¯¥à â®à B : D(A) � H ! H ¯®¤ç¨­¥­ ®¯¥à â®àã A (â. ¥. áãé¥-
áâ¢ã¥â ¯®áâ®ï­­ ï c > 0 â ª ï, çâ® kBxk � c(kxk + kAxk) 8x 2 D(A)) ¨ ª®¬¬ãâ â®à

C = [A;B] = AB � BA : D(A2) � H ! H ¤®¯ãáª ¥â ®£à ­¨ç¥­­®¥ à áè¨à¥­¨¥ ¤® ­¥ª®â®à®-

£® ®¯¥à â®à  ¨§ ¡ ­ å®¢®©  «£¥¡àë EndH ®£à ­¨ç¥­­ëå «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å

¢ H.

�à®áâà ­áâ¢® ®¯¥à â®à®¢, ¯®¤ç¨­¥­­ëå ®¯¥à â®àã A, ®¡®§­ ç¨¬ LA(H).
�à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå ­  ­®à¬ã ª®¬¬ãâ â®à  C = [A;B] ¢ ¤ ­­®© § ¬¥â-

ª¥ ¯®«ãç¥­  ­ «®£ à¥§ã«ìâ â  �¨àá¨ ¨ �¨«¤á , ¡®«¥¥ â®£®, ¢ ¯®«ãç¥­­®¬ ­ ¬¨ ãá«®¢¨¨ â¨¯ 
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ãá«®¢¨ï (1) ¨á¯®«ì§ã¥âáï ¢¢¥¤¥­­ ï äã­ªæ¨ï d. �á«¨ à §¬¥à­®áâì n = dimH ª®­¥ç­ , â® ç¨-
á«® n ­¥ ãç áâ¢ã¥â ¢ ®æ¥­ª¥ ­®à¬ë ª®¬¬ãâ â®à  (¯à®¡«¥¬  áâ ¢¨« áì ¢ à ¡®â¥ [1]). �á­®¢­®©
à¥§ã«ìâ â (â¥®à¥¬ ) ¤®ª § ­ á ¨á¯®«ì§®¢ ­¨¥¬ ®¯¥à â®à­®£®  ­ «®£  ®æ¥­ª¨ �®à -� ¢ à  ¤«ï
¨­â¥£à «  ®â ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¨ (á¬. [5], [6]).

�¥®à¥¬ . �ãáâì ®¯¥à â®àë A;B : D(A) � H ! H ã¤®¢«¥â¢®àïîâ ¯à¥¤¯®«®¦¥­¨ï¬ 1 ¨ 2
¨ ¤«ï ­¥ª®â®à®£® " > 0 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

kAB �BAk �
2d(")
�

": (3)

�®£¤  áãé¥áâ¢ã¥â á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à A0 : D(A) � H ! H ¨ «¨­¥©­ë© ®¯¥à â®à

B0 : D(A) � H ! H, ¤«ï ª®â®àëå ®¯¥à â®àë A�A0, B�B0 ¤®¯ãáª îâ ®£à ­¨ç¥­­®¥ à áè¨à¥­¨¥

¤® ®¯¥à â®à®¢ ¨§ EndH ¨

kA�A0k � "; kB �B0k � ":

�®ª § â¥«ìáâ¢®. �® ç¨á«ã � > 0 ¢ë¡¥à¥¬ â ª®¥ ¤®¯ãáâ¨¬®¥ à §¡¨¥­¨¥ A ¢¨¤  (2), çâ®¡ë
d(";A) � d(") � �. �¨¬¢®«®¬ Pk ®¡®§­ ç¨¬ ¯à®¥ªâ®à �¨áá , ¯®áâà®¥­­ë© ¯® á¯¥ªâà «ì­®¬ã
¬­®¦¥áâ¢ã �k, â. ¥. Pk = P (�k; A). �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ âà ­áä®à¬ â®à I : LA(H) ! LA(H),
®¯à¥¤¥«¥­­ë© ä®à¬ã«®© IX =

P
j�1

PjXPj , X 2 LA(H) (®¯¥à â®à ¡«®ç­®© ¤¨ £®­ «¨§ æ¨¨) ¨

âà ­áä®à¬ â®à � : EndH ! EndH, £¤¥ �Y ®¯à¥¤¥«ï¥âáï ¤«ï «î¡®£® Y 2 EndH ª ª à¥è¥­¨¥
®¯¥à â®à­®£® ãà ¢­¥­¨ï A�Y � �Y A = Y � IY , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î I(�Y ) = 0 (á¬.
[5], [6]). � ãá«®¢¨ïå áç¥â­®áâ¨ ¬­®¦¥áâ¢  �(A) á®¡áâ¢¥­­ë¥ ­®à¬¨à®¢ ­­ë¥ ¢¥ªâ®àë e1; e2; : : :

®¯¥à â®à  A (Aek = �kek, k � 1) ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­ë© ¡ §¨á, ¨ ¤ «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® ¬ âà¨æë ®¯¥à â®à®¢ § ¤ ­ë ¢ íâ®¬ ¡ §¨á¥. �¥£ª® ¯à®¢¥à¨âì, çâ® ®¯¥à â®à �Y , Y 2 EndH,
¨¬¥¥â ¬ âà¨æã ¢¨¤ 

((�Yij)) =

8><
>:
(Y � IY )ij
�i � �j

¯à¨ (Y � IY )ij 6= 0;

0 ¯à¨ (Y � IY )ij = 0:

�§¢¥áâ­  ®æ¥­ª  ­  ­®à¬ã âà ­áä®à¬ â®à  � ([6], â¥®à¥¬  1.3)

k�k �
�

2d(";A)
: (4)

�¥à¥©¤¥¬ â¥¯¥àì ­¥¯®áà¥¤áâ¢¥­­® ª ¯®áâà®¥­¨î ª®¬¬ãâ¨àãîé¨å  ¯¯à®ªá¨¬ ­â, ¯à¨ç¥¬  «-
£®à¨â¬ ¯®áâà®¥­¨ï § ¨¬áâ¢®¢ ­ ­ ¬¨ ¨§ [1]. �¯¥à â®à A0 ¡ã¤¥â ï¢«ïâìáï äã­ªæ¨¥© ®â ®¯¥à â®à 
A ¨ ­  ®¡à §¥ ImPj ¯à®¥ªâ®à  Pj § ¤ ¥âáï ä®à¬ã«®© A0 = aj+bj

2
Pj 8j, £¤¥ [aj ; bj ] | ­ ¨¬¥­ìè¨©

®âà¥§®ª, á®¤¥à¦ é¨© ¬­®¦¥áâ¢® �j. �á­®, çâ® kA�A0k � ".
�ãáâì B0 = IB. �¥£ª® ¯à®¢¥à¨âì à ¢¥­áâ¢® A0B0 = B0A0. �®ª ¦¥¬, çâ® B � B0 2 EndH ¨

kB � B0k � ". � áá¬®âà¨¬ ®¯¥à â®à C = [A;B] 2 EndH. � ¬¥â¨¬, çâ® ¬ âà¨æ  (Cij) ®¯¥à â®à 
C á®áâ®¨â ¨§ í«¥¬¥­â®¢ cij = (�i � �j)bij . �«¥¤®¢ â¥«ì­®,

((B � IB)ij) =

8<
:

cij

�i � �j
¯à¨ (B � IB)ij 6= 0;

0 ¯à¨ (B � IB)ij = 0;

¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, B � IB = �C. � ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï ®æ¥­ª¨ (3), (4), ¨¬¥¥¬

kB �B0k � k�k kCk �
�

2d(";A)
2d(")
�

" � "
d(")

d(") � �
:

� ª ª ª ¯®á«¥¤­ïï ®æ¥­ª  ¢¥à­  ¯à¨ «î¡®¬ �, â® ®ª®­ç â¥«ì­® ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

kB �B0k � ": �
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�«¥¤áâ¢¨¥. �ãáâì ePn = P1 + P2 + � � � + Pn, Hn = Im ePn ¨ d(";A) = inf dist
i;j�n; i6=j

(�i; �j), d(") =

sup
A

d(";A). �á«¨ ¤«ï ®¯¥à â®à  B ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

k(AB �BA) j Hnk �
2d(")
�

";

â® áãé¥áâ¢ãîâ â ª¨¥ ®¯¥à â®àë A0 ¨ B0, çâ® (A0B0) j Hn = (B0A0) j Hn ¨ ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨
k(A � A0) j Hnk � ", k(B � B0) j Hnk � ". (�¨¬¢®«®¬ Y j Hn ®¡®§­ ç¥­® áã¦¥­¨¥ ®¯¥à â®à 
Y : D(Y ) � H ! H ­  ¯®¤¯à®áâà ­áâ¢® Hn = Im ePn.)

�¨â¥à âãà 
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