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�¥á¬®âàï   § ç¨â¥«ì®¥ ç¨á«® ¨áá«¥¤®¢ ¨©, ¯®á¢ïé¥ëå ¨§ãç¥¨î äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (á¬. [1]{[3],   â ª¦¥ ãª § ãî â ¬ ¡¨¡«¨®£à ä¨î), à ¡®â, ¢
ª®â®àëå ¨§ãç îâáï á¢®©áâ¢  á¨áâ¥¬ íªá¯®¥æ¨ «ìëå à¥è¥¨©, áà ¢¨â¥«ì® ¥¬®£®. � àï-
¤ã á ¨§¢¥áâë¬ á ¬®áâ®ïâ¥«ìë¬ ¨â¥à¥á®¬ ¨§ãç¥¨¥ ¯®«®âë, ¬¨¨¬ «ì®áâ¨ ¨ ¡ §¨á®áâ¨
á¨áâ¥¬ íªá¯®¥æ¨ «ìëå à¥è¥¨© íâ¨å ãà ¢¥¨© ¨£à ¥â ¢ ¦ãî à®«ì ¯à¨ ¯®«ãç¥¨¨ ®æ¥®ª
à¥è¥¨© ãª § ëå ãà ¢¥¨© (¯®¤à®¡¥¥ á¬. [4]{[7]).

� ¤ ®© à ¡®â¥ ãáâ ®¢«¥ë ¥ã«ãçè ¥¬ë¥ ®æ¥ª¨ á¨«ìëå à¥è¥¨© á¨áâ¥¬ ¤¨ää¥à¥-
æ¨ «ì®-à §®áâëå ãà ¢¥¨© (¯à®¨§¢®«ì®£® ¤¨ää¥à¥æ¨ «ì®£® ¯®àï¤ª  m) ¥©âà «ì®£®
â¨¯  ¢ ¯à®áâà áâ¢¥ �®¡®«¥¢ .

�¥§ã«ìâ âë áâ âì¨ ï¢«ïîâáï à §¢¨â¨¥¬ ¨ ®¡®¡é¥¨¥¬ à¥§ã«ìâ â®¢ à ¡®â [4]{[7].

1. �¯à¥¤¥«¥¨ï, ®¡®§ ç¥¨ï ¨ ä®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢

� áá¬®âà¨¬ âà ¤¨æ¨®ãî  ç «ìãî § ¤ çã ¤«ï ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£® ãà ¢¥¨ï
¢¨¤ 

nX
k=0

mX
j=0

Akju
(j)(t� hk) +

mX
j=0

Z h

0
Bj(s)u

(j)(t� s)ds = 0; t > 0; (1)

u(t) = y(t); t 2 [�h; 0]: (2)

�¤¥áìAkj |¬ âà¨æë à §¬¥à  r�r á ¯®áâ®ïë¬¨ ª®¬¯«¥ªáë¬¨ í«¥¬¥â ¬¨, í«¥¬¥âë ¬ âà¨æ-
äãªæ¨© Bj(s) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã L2(0; h), ç¨á«  hk â ª®¢ë, çâ®

0 = h0 < h1 < � � � < hn = h:

�¡®§ ç¨¬ ç¥à¥§ L(�) ¬ âà¨æã-äãªæ¨î ¢¨¤ 

L(�) =
nX

k=0

mX
j=0

Akj�
je��hk +

mX
j=0

�j
Z h

0

e��sBj(s)ds;

ç¥à¥§ l(�) = detL(�) | å à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¬®£®ç«¥ [1] ãà ¢¥¨ï (1), ç¥à¥§ �q |
ã«¨ äãªæ¨¨ l(�), ã¯®àï¤®ç¥ë¥ ¯® ¢®§à áâ ¨î ¬®¤ã«¥© á ãç¥â®¬ ªà â®áâ¨, ç¥à¥§ � |
¬®¦¥áâ¢® ¢á¥å ã«¥© äãªæ¨¨ l(�).

�®¡áâ¢¥ë¥ ¢¥ªâ®àë, ¢å®¤ïé¨¥ ¢ ª ®¨ç¥áªãî á¨áâ¥¬ã [8] á®¡áâ¢¥ëå ¨ ¯à¨á®¥¤¨¥ëå
(ª®à¥¢ëå) ¢¥ªâ®à®¢ ¬ âà¨æë-äãªæ¨¨ L(�), ®â¢¥ç îé¨¥ ç¨á«ã �q, ®¡®§ ç¨¬ ç¥à¥§ xq;j;0, ¨å
¯à¨á®¥¤¨¥ë¥ ¯®àï¤ª  s | ç¥à¥§ xq;j;s (¨¤¥ªá j ¯®ª §ë¢ ¥â, ª ª¨¬ ¯® áç¥âã ï¢«ï¥âáï ¢¥ªâ®à
xq;j;0 ¢ á¯¥æ¨ «ì® ¢ë¡à ®¬ ¡ §¨á¥ ¯®¤¯à®áâà áâ¢  à¥è¥¨© ãà ¢¥¨ï L(�q)x = 0).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à âë òò02-01-00790, 04-01-00618.
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�¢¥¤¥¬ á¨áâ¥¬ã íªá¯®¥æ¨ «ìëå à¥è¥¨© ãà ¢¥¨ï (1)

yq;j;s(t) = e�qt
�
ts

s!
xq;j;0 +

ts�1

(s� 1)!
xq;j;1 + � � � + xq;j;s

�
: (3)

�¡®§ ç¨¬ ç¥à¥§ W
p
2;((a; b); C

r), �1 < a < b � +1, p = 1; 2; : : : , ¢¥á®¢ë¥ ¯à®áâà áâ¢ 
�®¡®«¥¢  ¢¥ªâ®à-äãªæ¨¨ á® § ç¥¨ï¬¨ ¢ Cr, á ¡¦¥ë¥ ®à¬ ¬¨

kvkWp

2;
(a;b) �

�Z b

a

e�2t
� pX

j=0

kv(j)(t)k2Cr

�
dt

�1=2

;  � 0:

�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ W
p
2;0 �W

p
2 , v

(j)(t) = dj

dtj
v(t), p; j = 1; 2; : : :

�¯à¥¤¥«¥¨¥. �¥ªâ®à-äãªæ¨î u(t); ¯à¨ ¤«¥¦ éãî ¯à®áâà áâ¢ã Wm
2;((�h;1); Cr) ¯à¨

¥ª®â®à®¬  2 R+,  §®¢¥¬ á¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2), ¥á«¨ u(t) ã¤®¢«¥â¢®àï¥â ¯®çâ¨
¢áî¤ã   ¯®«ã®á¨ R+ ãà ¢¥¨î (1) ¨ ãá«®¢¨î (2).

�à¨¢¥¤¥¬ à¥§ã«ìâ â ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (1), (2) ¢ ¯à®áâà áâ¢¥ Wm
2;((�h; 0); C

r).

�¥¬¬  1. �ãáâì

detA0m 6= 0; (4)

   ç «ì ï äãªæ¨ï y(s) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã Wm
2;((�h;+1); Cr). �®£¤   ©¤¥âáï

â ª®¥ 0 � 0, çâ® ¤«ï «î¡®£®  � 0 § ¤ ç  (1), (2) ®¤®§ ç® à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥

Wm
2;((�h; 0); C

r), ¯à¨ íâ®¬ ¤«ï ¥¥ à¥è¥¨ï u(t) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kukWm
2;

(�h;+1) � d0kykWm
2
(�h;0)

á ¯®áâ®ï®© d0, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ y(t).

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ «¥¬¬ã 1, ¢¢¥¤¥¬   «®£¨ç® [2] ¯®«ã£àã¯¯ã Vt, t > 0, ®£à ¨ç¥ëå
®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà áâ¢¥ Wm

2 ((�h; 0); C
r) á®£« á® ¯à ¢¨«ã

(Vty)(s) = u(t+ s); t � 0; s 2 [�h; 0];

£¤¥ u(t) | á¨«ì®¥ à¥è¥¨¥ § ¤ ç¨ (1), (2), ®â¢¥ç îé¥¥  ç «ì®© äãªæ¨¨ y(t).

�¥¬¬  2. �à¨ ¢ë¯®«¥¨¨ (4) á¥¬¥©áâ¢® ®¯¥à â®à®¢ Vt, t > 0, ®¡à §ã¥â C0-¯®«ã£àã¯¯ã ¢

¯à®áâà áâ¢¥ Wm
2 ((�h; 0); C

r) á £¥¥à â®à®¬ D, ¨¬¥îé¨¬ ®¡« áâì ®¯à¥¤¥«¥¨ï

Dom(D) =
�
y 2Wm+1

2 ((�h; 0); Cr);
nX

k=0

mX
j=0

Akjy
(j)(�hk) +

mX
j=0

Z h

0

Bj(s)y
(j)(�s)ds = 0

�

¨ ¤¥©áâ¢ãîé¨¬ ¯® ¯à ¢¨«ã

(Dy)(s) = y(1)(s); s 2 (�h; 0):

�à¥¤«®¦¥¨¥ 1. �à¨ ¢ë¯®«¥¨¨ (4) á¯¥ªâà ®¯¥à â®à  D á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ �
ã«¥© äãªæ¨¨ l(�),   íªá¯®¥æ¨ «ìë¥ à¥è¥¨ï ¯à¨ t 2 [�h; 0] ï¢«ïîâáï ¥£® ª®à¥¢ë¬¨ äãª-

æ¨ï¬¨ ¨ ®¡à §ãîâ ¬¨¨¬ «ìãî á¨áâ¥¬ã ¢ ¯à®áâà áâ¢¥ Wm
2 ((�h; 0); C

r).

�¥¬¬  3. �ãáâì

detA0m 6= 0; detAnm 6= 0: (5)

�®£¤ 

1) ª®¥çë ¢¥«¨ç¨ë {+ = sup
�q2�

Re �q, {� = inf
�q2�

Re �q, N = max
�q2�

�q;

2) á¨áâ¥¬  íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ãà ¢¥¨ï (1) ¯®«  ¢ ¯à®áâà áâ¢¥
Wm

2 ((�h; 0); C
r).
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�¡®§ ç¨¬ ç¥à¥§ B(�q; �) ªàã£ à ¤¨ãá  � á æ¥âà®¬ ¢ â®çª¥ �q ¨ ¯ãáâì

G(�; �) � C n
� [
�q2�

B(�q; �)
�
:

�¥¬¬  4. �á«¨ ¢ë¯®«ï¥âáï (5), â®  ©¤¥âáï á¨áâ¥¬  § ¬ªãâëå ª®âãà®¢

�n = f� 2 C : Re � = �; n � Im� � n+1g [ f� 2 C : � � Re� � �; Im� = n+1g [

[ f� 2 C : Re � = �; n � Im� � n+1g [ f� 2 C : � � Re� � �; Im� = ng;

æ¥«¨ª®¬ ¯à¨ ¤«¥¦ é ï ®¡« áâ¨ G(�; �) ¯à¨ ¥ª®â®à®¬ ¤®áâ â®ç® ¬ «®¬ � > 0. �à¨ íâ®¬

¢ë¯®«ïîâáï ãá«®¢¨ï

(i) ¯®á«¥¤®¢ â¥«ì®áâì ¢¥é¥áâ¢¥ëå ç¨á¥« fngn2Z â ª®¢ , çâ® 0 < � � n+1 � n � � <

+1, £¤¥ � ¨ � | ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥;
(ii) ª®«¨ç¥áâ¢® N(�n) ã«¥© äãªæ¨¨ l(�) (á ãç¥â®¬ ªà â®áâ¨), «¥¦ é¨å ¢ ®¡« áâïå,

£à ¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®âãàë �n, à ¢®¬¥à® ®£à ¨ç¥® ¯® n, â. ¥.

max
n

N(�n) �M:

�¡®§ ç¨¬ ç¥à¥§ Wn ¯®¤¯à®áâà áâ¢  ¯à®áâà áâ¢  Wm
2 ((�h; 0); C

r), ï¢«ïîé¨¥áï «¨¥©®©
®¡®«®çª®© ¢á¥å íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ¢¨¤  (3), ®â¢¥ç îé¨å ç¨á« ¬ �q, «¥¦ é¨¬ ¢
®¡« áâïå, £à ¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®âãàë �n,   ç¥à¥§ V�q | ¯®¤¯à®áâà áâ¢  ¯à®áâà -
áâ¢ Wm

2 ((�h; 0); C
r), ï¢«ïîé¨¥áï «¨¥©®© ®¡®«®çª®© ¢á¥å íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t),

®â¢¥ç îé¨å ç¨á«ã �q.
�¥à¥©¤¥¬ ª ä®à¬ã«¨à®¢ª ¬ ®á®¢ëå à¥§ã«ìâ â®¢ à ¡®âë.

�¥®à¥¬  1. �à¨ ¢ë¯®«¥¨¨ (5) á¥¬¥©áâ¢® ¯®¤¯à®áâà áâ¢ fWngn2Z ®¡à §ã¥â ¡ §¨á �¨áá 

¨§ ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢  Wm
2 ((�h; 0); C

r).

�¥®à¥¬  2. �ãáâì ¢ë¯®«ï¥âáï (5) ¨ ¬®¦¥áâ¢® � ®â¤¥«¨¬®, â. ¥. inf
�p 6=�q

j�p��qj > 0. �®-

£¤  á¥¬¥©áâ¢® ¯à®áâà áâ¢ fV�qg�q2� ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢ 

Wm
2 ((�h; 0); C

r).

� ¬¥ç ¨¥ 1. �á«®¢¨¥ detAnm 6= 0 ï¢«ï¥âáï áãé¥áâ¢¥ë¬ ¤«ï à ¢®¬¥à®© ¬¨¨¬ «ì®-
áâ¨ ¨ â¥¬ á ¬ë¬ ¤«ï ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ãà ¢¥¨ï
(1) ¢ ¯à®áâà áâ¢¥ Wm

2 ((�h; 0); C
m).

�¥®à¥¬  3. �à¨ ¢ë¯®«¥¨¨ (5) ¤«ï «î¡®£® á¨«ì®£® à¥è¥¨ï u(t) § ¤ ç¨ (1), (2) ¢ë¯®«¥®
¥à ¢¥áâ¢®

kukWm
2
(t�h;t) � d(t+ 1)M�1e{+tkykWm

2
(�h;0); t � 0; (6)

á ¯®áâ®ï®© M , ä¨£ãà¨àãîé¥© ¢ ãâ¢¥à¦¤¥¨¨ (ii) «¥¬¬ë 4, ¨ ¯®áâ®ï®© d, ¥ § ¢¨áïé¥©

®â äãªæ¨¨ y(t).

�à¨¢¥¤¥¬ ãâ®ç¥¨¥ â¥®à¥¬ë 3 ¢ á«ãç ¥ ®â¤¥«¨¬®áâ¨ ¬®¦¥áâ¢  �.

�¥®à¥¬  4. �á«¨ ¢ë¯®«ï¥âáï (5) ¨ ¬®¦¥áâ¢® � ®â¤¥«¨¬®, â® ¤«ï «î¡®£® á¨«ì®£® à¥-

è¥¨ï u(t) § ¤ ç¨ (1), (2) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (6), ¢ ª®â®à®¬ M = max
�q2�

�q,   ¯®áâ®ï ï d

¥ § ¢¨á¨â ®â  ç «ì®© äãªæ¨¨ y(t).

� ¬¥ç ¨¥ 2. �æ¥ª¨ ¢ â¥®à¥¬ å 3, 4 ï¢«ïîâáï ¥ã«ãçè ¥¬ë¬¨ ¢ â®¬ á¬ëá«¥, çâ® ¢¥«¨-
ç¨ã {+ ¥«ì§ï § ¬¥¨âì   {+ � " ¯à¨ «î¡®¬ " > 0 ([5]).
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2. �®ª § â¥«ìáâ¢® ®á®¢ëå à¥§ã«ìâ â®¢

� ç «¥ ¯à¨¢¥¤¥¬ ãâ¢¥à¦¤¥¨¥, ®áïé¥¥ â¥å¨ç¥áª¨© å à ªâ¥à ¨ ¨á¯®«ì§ã¥¬®¥ ¯à¨ ¤®ª § -
â¥«ìáâ¢¥ ®á®¢ëå à¥§ã«ìâ â®¢ à ¡®âë.

�à¥¤«®¦¥¨¥ 2. �á«¨ ¢ë¯®«¥® (5), â® ¬ âà¨æ -äãªæ¨ï L�1(�) ã¤®¢«¥â¢®àï¥â ®æ¥-

ª ¬

kL�1(�)k � c(j�j + 1)�m; � 2 G(�; �) [ fRe � > 0g;

kL�1(�)k � c0(j�j+ 1)�m exp(Re �h); � 2 G(�; �) [ fRe � < 0g;

£¤¥ c, c0 | ª®áâ âë.

�§¢¥áâ® ãâ¢¥à¦¤¥¨¥, ä®à¬ã«¨à®¢ªã ª®â®à®£® ¯à¨¢¥¤¥¬ á ãç¥â®¬ ¯à¨ïâëå §¤¥áì ®¡®§ -
ç¥¨©.

�¥¬¬  5 ([9], á. 30). �á«¨ ¤«ï «î¡ëå í«¥¬¥â®¢ f; g 2Wm
2 ((�h; 0); C

r) � H

X
n2Z

����
Z
�n

(RD(�)f; g)Hd�
���� � const kfkHkgkH ; (7)

â® á¨áâ¥¬  ¯®¤¯à®áâà áâ¢ Wn ï¢«ï¥âáï ¡¥§ãá«®¢ë¬ ¡ §¨á®¬ H (¡ §¨á®¬ �¨áá  ¨§ ¯®¤¯à®-

áâà áâ¢), ¥á«¨ ®  ¯®«  ¢ H.

�ç¨âë¢ ï â®, çâ® á¨áâ¥¬  íªá¯®¥æ¨ «ìëå à¥è¥¨© ãà ¢¥¨ï (1)   ¯à®¬¥¦ãâª¥ § -
¯ §¤ë¢ ¨ï [�h; 0] á®¢¯ ¤ ¥â á á¨áâ¥¬®© á®¡áâ¢¥ëå ¨ ¯à¨á®¥¤¨¥ëå (ª®à¥¢ëå) äãªæ¨©
®¯¥à â®à  D, ¨ ¨á¯®«ì§ãï «¥¬¬ã 5, ãáâ ®¢¨¬ ¡ §¨á®áâì �¨áá  ª®à¥¢ëå äãªæ¨© ®¯¥à â®à  D.

�â®¡ë ¥ § £à®¬®¦¤ âì ¨§«®¦¥¨¥ â¥å¨ç¥áª¨¬¨ ¤¥â «ï¬¨, ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® â¥®-
à¥¬ë 1 ¢ ¯à¥¤¯®«®¦¥¨¨ Bj(s) � 0, j = 0; 1; : : : ;m.

�¥§®«ì¢¥â  ®¯¥à â®à  D ¢ â®çª å áãé¥áâ¢®¢ ¨ï ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

RD(�)f = �(�I �D)�1f = �e�tF (�)� e�t
m�1X
p=0

f (p)(0)
�p+1

+
Z t

0

e�(t�s)f(s)ds; (8)

£¤¥

F (�) = L�1(�)
m�1X
p=0

� nX
k=0

pX
j=0

Akj�
je��hk

�
f (p)(0)
�p+1

� L�1(�)
nX

k=0

mX
j=0

Akje
��hk

Z �hk

0
e��sf (j)(s)ds:

�à¥¤áâ ¢¨¬ ¢¥ªâ®à-äãªæ¨î

F (�) = Q(�) + L�1(�)P (�); (9)

£¤¥

Q(�) = L�1(�)
m�1X
p=0

� nX
k=0

pX
j=0

Akj�
je��hk

�
f (p)(0)
�p+1

;

P (�) =
nX

k=0

e�hkGk(�); Gk(�) =
Z �hk

0

e��s
mX
j=0

Akjf
(j)(s)ds:

�áâ ®¢¨¬ ¥®¡å®¤¨¬ë¥ ¢ ¤ «ì¥©è¥¬ ®æ¥ª¨ ¢¥ªâ®à-äãªæ¨¨ F (�). � ¬¥â¨¬, çâ® ¢¥ªâ®à-
äãªæ¨¨ Gk(�) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨ íªá¯®¥æ¨ «ì®£® â¨¯  (¥ ¯à¥¢®áå®¤ïé¥£® hk),
¯à¨ ¤«¥¦ é¨¬¨ ¯à®áâà áâ¢ã � à¤¨ ¢ «î¡®© ¯®«®á¥ f� : A < Re � < Bg, ¯à¨ç¥¬ á¯à ¢¥¤«¨¢ë
¥à ¢¥áâ¢ 

sup
A�x�B

Z +1

�1

kGk(x+ iy)k2dy � c1kfk
2
Wm
2
(�h;0)
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á ¯®áâ®ï®© c1, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t). �âáî¤  ¥¬¥¤«¥® ¢ëâ¥ª ¥â ¥à ¢¥áâ¢®

sup
A�x�B

Z +1

�1

kP (x+ iy)k2dy � c2kfk
2
Wm
2
(�h;0) (10)

á ¯®áâ®ï®© c2, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t).
�  ®á®¢ ¨¨ ¯à¥¤«®¦¥¨ï 2 ¨ â¥®à¥¬ë ® á«¥¤ å ¤«ï ¯à®áâà áâ¢ �®¡®«¥¢  ¯®«ãç ¥¬ ®æ¥ªã

¢¥ªâ®à-äãªæ¨¨ Q(�) ¢ ®¡« áâ¨ ��(�1; �1) = G(�; �) \ f� : �1 < Re � < �1g

kQ(�)k � c3(j�j+ 1)�m�1kfkWm
2
(�h;0); c3 = const > 0: (11)

�¤¥áì �1, �1 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥ â ª¨¥, çâ® �1 � �, � � �1. �à¨¨¬ ï ¢® ¢¨¬ ¨¥
¯à¥¤áâ ¢«¥¨¥ (9), ¯à¥¤«®¦¥¨¥ 2,   â ª¦¥ ®æ¥ª¨ (10) ¨ (11), ¯à¨ Re� = �, Re � = � ¯®«ãç ¥¬
¥à ¢¥áâ¢ 

Z +1

�1

(1 + j� + i�j2m)kF (� + i�)k2d� � c4kfk
2
Wm
2
(�h;0); � = �; �; (12)

á ¯®áâ®ï®© c4, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t).
�®áª®«ìªã á®£« á® «¥¬¬¥ 2 á¨áâ¥¬  fWngn2Z ï¢«ï¥âáï ¯®«®© ¢ ¯à®áâà áâ¢¥Wm

2 ((�h; 0); C
r),

®áâ ®¢¨¬áï   ¤®ª § â¥«ìáâ¢¥ á®®â®è¥¨ï (7), ä¨£ãà¨àãîé¥£® ¢ ä®à¬ã«¨à®¢ª¥ «¥¬¬ë 5.
� á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 5 ¨ (8) ¥®¡å®¤¨¬® ¯®ª § âì, çâ®

X
n2Z

����
Z
�n

(e�tF (�); g(t))Wm
2
d�

���� � const kfkWm
2
kgkWm

2
: (13)

� ¬¥â¨¬, çâ® ¨â¥£à «ë ¯® ª®âãà ¬ �n ®â ¢â®à®£® ¨ âà¥âì¥£® á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ (8)
à ¢ë ã«î (§  ¨áª«îç¥¨¥¬, ¡ëâì ¬®¦¥â, ®¤®£® ¨â¥£à «  ®â ¢â®à®£® á« £ ¥¬®£®), ¯®áª®«ìªã
¯®¤¨â¥£à «ìë¥ äãªæ¨¨ à¥£ã«ïàë ¢ ®¡« áâïå, £à ¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®âãàë �n.

�¡®§ ç¨¢

gm(�) =
Z 0

�h

e�tg(m)(t)dt; g0(�) =
Z 0

�h

e�tg(t)dt;

¯®«ãç¨¬
(e�tF (�); g(t))Wm

2
((�h;0);Cr) = (�mF (�); gm(�))Cr + (F (�); g0(�))Cr :

�«ï ¤®ª § â¥«ìáâ¢  (13) ¤®áâ â®ç® ãáâ ®¢¨âì ¥à ¢¥áâ¢ 

X
n2Z

����
Z
�n

(�jF (�); gj(�))d�
���� � const kfkWm

2
kgkWm

2
; j = 0;m: (14)

�â¬¥â¨¬, çâ® ¢¥ªâ®à-äãªæ¨¨ gm(�) ¨ g0(�) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨ íªá¯®¥æ¨ «ì®£®
â¨¯ , ¥ ¯à¥¢®áå®¤ïé¥£® h, ¨§ ¯à®áâà áâ¢  � à¤¨ H2(A;B) ¢ «î¡®© ¯®«®á¥ f� : A � Re� � Bg,
¯à¨ç¥¬ á¯à ¢¥¤«¨¢ë ®æ¥ª¨

sup
A�x�B

Z +1

�1

kgj(x+ iy)k2dy � kjkg
(j)k2L2(�h;0); j = 0;m; (15)

á ¯®áâ®ïë¬¨ k0, km, ¥ § ¢¨áïé¨¬¨ ®â äãªæ¨¨ g(t). �âáî¤  ¯à¨ A = �, B = � ¢ëâ¥ª îâ
¥à ¢¥áâ¢ 

X
n2Z

����
Z �+in+1

�+in

(�jF (�); gj(�))d�
���� �

Z +1

�1

j((� + i�)jF (� + i�); gj(� � i�))jd� �

� c5

�Z +1

�1

(1 + j� + i�j2j)kF (� + i�)k2d�
�1=2

kg(j)kL2(�h;0); j = 0;m; � = �; �; (16)

á ¯®áâ®ï®© c5, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ g(t).
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� á¢®î ®ç¥à¥¤ì, ¨§ (12), (16) ¢ëâ¥ª îâ ¥à ¢¥áâ¢ 

X
n2Z

����
Z �+in+1

�+in

(�jF (�); gj(�))d�
���� � c7kfkWm

2
(�h;0)kg

(j)kL2(�h;0); j = 0;m; (17)

á ¯®áâ®ï®© c7, ¥ § ¢¨áïé¥© ®â äãªæ¨© f ¨ g.
�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  á®®â®è¥¨ï (13) ¯® ¤®¡¨âáï ãâ¢¥à¦¤¥¨¥, ï¢«ïîé¥¥áï

¥§ ç¨â¥«ì®© ¬®¤¨ä¨ª æ¨¥© â¥®à¥¬ë 3.3.1 ¨§ [10]. �«ï ¥£® ä®à¬ã«¨à®¢ª¨ ®¡®§ ç¨¬ ç¥à¥§
M�2(R) á®¢®ªã¯®áâì ¢á¥å æ¥«ëå äãªæ¨© íªá¯®¥æ¨ «ì®£® â¨¯  �, ª®â®àë¥ ª ª äãªæ¨¨
¤¥©áâ¢¨â¥«ì®£® ¯¥à¥¬¥®£® t 2 R ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã L2(R).

�¥¬¬  6. �ãáâì äãªæ¨ï v(z) 2 M�2(R),   ¯®á«¥¤®¢ â¥«ì®áâì ¤¥©áâ¢¨â¥«ìëå ç¨á¥«

ftngn2Z â ª®¢ , çâ® 0 < � � tn+1 � tn � � < +1, £¤¥ � ¨ � | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥.

�®£¤  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

�X
n2Z

jv(tn)j
2

�1=2

� ��1=2(1 + ��)
�Z +1

�1

jv(t)j2
�1=2

:

� á®®â¢¥âáâ¢¨¨ á ¯à¥¤áâ ¢«¥¨¥¬ (9)

(�jF (�); gj(�)) = (�jQ(�); gj(�)) + (�jL�1(�)P (�); gj(�)):

�®£« á® «¥¬¬¥ 4 ¨ ®æ¥ª¥ (11)

k�mQ(�)k jIm�=n � c8 sup(j�j+ 1)�1kfkWm
2
(�h;0):

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç¨¬ ®æ¥ªã
Z �+in

�+in

k�mQ(�)k2d� � c9(jnj+ 1)�2kfk2Wm
2
(�h;0); n 2 Z; (18)

á ¯®áâ®ï®© c9, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t).
�«ï ¢¥ªâ®à-äãªæ¨¨ gj(�) ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 6 ¨¬¥¥¬

+1X
n=�1

j(gj(x+ in); el)j
2 � c10

Z +1

�1

j(gj(x+ iy); el)j
2dy �

� c11

Z +1

�1

kgj(x+ iy)k2Crdy; x 2 [�; �]; j = 0;m;

£¤¥ felgrl=1 | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢  Cr, ¨, § ç¨â, á®£« á® (15)

+1X
n=�1

Z �

�
kgj(x+ in)k

2
Crdx � c12 sup

��x��

Z +1

�1

kgj(x+ iy)k2Crdy � c13kg
(j)kL2(�h;0) (19)

á ¯®áâ®ïë¬¨ c10, c11, c12, c13, ¥ § ¢¨áïé¨¬¨ ®â äãªæ¨¨ g(t).
�à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® äãªæ¨ï (P (�); el), l = 1; 2; : : : ; r, � = iz, â ª¦¥ ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬ «¥¬¬ë 6,   «®£¨ç® ®æ¥ª¥ ¤«ï ¢¥ªâ®à-äãªæ¨¨ gj(�) ¯®«ãç ¥¬

+1X
n=�1

kP (x+ in)k
2
Cr � c14

Z +1

�1

kP (x+ iy)k2Crdy; x 2 [�; �]: (20)

�«¥¤®¢ â¥«ì®, ¨§ (20) ¨ ®æ¥ª¨ (10) á«¥¤ã¥â ¥à ¢¥áâ¢®

+1X
n=�1

Z �

�

kP (x+ in)k
2dx � c15kfk

2
Wm
2
(�h;0)

á ¯®áâ®ï®© c15, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t).
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�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢ ,   â ª¦¥ ¨§ â®£® (á¬. «¥¬¬ã 4 ¨ ¯à¥¤«®¦¥¨¥ 2), çâ®

sup
�2ln

j�jmkL�1(�)k � K0 = const; n 2 Z;

¯®«ãç¨¬ ®æ¥ªã

+1X
n=�1

Z
ln

k�mL�1(�)P (�)k2Cr jd�j � c16kfk
2
Wm
2
(�h;0); (21)

£¤¥ ln = f� 2 C : Im� = n, � � Re� � �g.
�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à¥¤áâ ¢«¥¨¥ (9) ¨ ®æ¥ª¨ (18), (21), ¨¬¥¥¬

+1X
n=�1

Z
ln

k�mF (�)k2jd�j � c17kfk
2
Wm
2
(�h;0) (22)

á ¯®áâ®ï®© c17, ¥ § ¢¨áïé¥© ®â äãªæ¨¨ f(t).
�«¥¤®¢ â¥«ì®, ¨§ ®æ¥®ª (19), (22) ¨ ¥à ¢¥áâ¢ 

+1X
n=�1

����
Z
ln

(�jF (�); gj(�))d�
���� �

� +1X
n=�1

Z
ln

k�jF (�)k2jd�j
�1=2� +1X

n=�1

Z
ln

kgj(�)k
2jd�j

�1=2

;

j = 0;m, ¢ëâ¥ª ¥â

+1X
n=�1

����
Z
ln

(�jF (�); gj(�))d�
���� � c18kfkWm

2
(�h;0)kg

(j)kL2(�h;0); j = 0;m; (23)

á ¯®áâ®ï®© c18, ¥ § ¢¨áïé¥© ®â äãªæ¨© f(t) ¨ g(t).
� ª®¥æ, ®¡ê¥¤¨ïï ¥à ¢¥áâ¢  (17) ¨ (23), ¯®«ãç ¥¬ ¨áª®¬®¥ ¥à ¢¥áâ¢® (14).
� ª¨¬ ®¡à §®¬, ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 5 á¨áâ¥¬  ¯®¤¯à®áâà áâ¢ fWngn2Z ®¡à §ã¥â ¡¥§-

ãá«®¢ë© ¡ §¨á (¡ §¨á �¨áá ) ¯à®áâà áâ¢  Wm
2 ((�h; 0); C

r).
�à®ª®¬¬¥â¨àã¥¬ ¥ª®â®àë¥ áä®à¬ã«¨à®¢ ë¥ ãâ¢¥à¦¤¥¨ï.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 á«¥¤ã¥â ¨§ ãáâ ®¢«¥®© â¥®à¥¬ë 1 ¨§ [11]. �®ª § â¥«ìáâ¢® â¥®-

à¥¬ë 2 ¯à®¢®¤¨âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 á ¥áª®«ìª® ¨ë¬ ¢ë¡®à®¬ ª®âãà®¢
�n, ãç¨âë¢ îé¨¬ ®â¤¥«¨¬®áâì ¬®¦¥áâ¢  �. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë
2 ¨ ãáâ  ¢«¨¢ ¥âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 ¨§ [5].

�â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® «¥¬¬ë 4 ¨ ¯à¥¤«®¦¥¨ï 2 ¯à®¢®¤¨âáï á ¨á¯®«ì§®¢ ¨¥¬ à¥-
§ã«ìâ â®¢ à ¡®â [12], [13]   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 4 ¨ ¯à¥¤«®¦¥¨ï 3 ¨§ áâ âì¨ [4], ¢
ª®â®à®© à áá¬ âà¨¢ ¥âáï á«ãç © ãà ¢¥¨ï ¯¥à¢®£® ¯®àï¤ª  (m = 1). �®«®â  á¨áâ¥¬ë íªá¯®-
¥æ¨ «ìëå à¥è¥¨© («¥¬¬  3) ¤®ª §ë¢ ¥âáï   «®£¨ç® «¥¬¬¥ 3 ¨§ [14].

�¥¬¬  1 ® ª®àà¥ªâ®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (1), (2) ¢ ¯à®áâà áâ¢¥ Wm
2;((�h;+1); Cr)

ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ áãé¥áâ¢¥® ¡®«¥¥ ®¡é¨å à¥§ã«ìâ â®¢ ® à §à¥è¨¬®áâ¨ äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ®¯¥à â®àë¬¨ ª®íää¨æ¨¥â ¬¨ ([15], [14]).

3. �¥ª®â®àë¥ § ¬¥ç ¨ï ¨ ª®¬¬¥â à¨¨

� ¬¥ç ¨¥ 3. �æ¥ª¨,   «®£¨çë¥ ¯®«ãç¥ë¬ ¢ â¥®à¥¬ å 3, 4, ¤«ï ª®â®àëå ¢¥«¨ç¨  {
§ ¬¥ï¥âáï   {+" (" > 0), ¤ ¢® ¨§¢¥áâë ([1], [2]). � íâ®© á¢ï§¨ ¨ ¢ á¢ï§¨ á à áá¬®âà¥¨¥¬ ªà¨-
â¨ç¥áª®£® ¨ á¢¥àåªà¨â¨ç¥áª®£® á«ãç ¥¢ ¥áâ¥áâ¢¥® ¢®§¨ª«  § ¤ ç  ® ¯®«ãç¥¨¨ ¡®«¥¥ â®çëå
®æ¥®ª à¥è¥¨© ãà ¢¥¨© ¥©âà «ì®£® â¨¯ , ¨, ¢ ç áâ®áâ¨, ¢®¯à®á ® â®¬, ¬®¦® «¨ ¯®«®¦¨âì
" = 0. �¥®à¥¬ë 3, 4 ¤ îâ ¯®«®¦¨â¥«ìë© ®â¢¥â   ¤ ë© ¢®¯à®á ¨ ¯®á¢ïé¥ë ¨áá«¥¤®¢ ¨î
ãª § ®© § ¤ ç¨.
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�®«®â  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© ãà ¢¥¨©, ¡«¨§ª¨å (1), ¨§ãç « áì àï¤®¬  ¢-
â®à®¢ (á¬. [16]{[18],   â ª¦¥ ãª § ãî â ¬ ¡¨¡«¨®£à ä¨î).

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ®  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥¨¥ à¥è¥¨© ãà ¢¥¨ï ¢¨¤  (1) ¨§ãç -
«®áì ¬®£¨¬¨  ¢â®à ¬¨ ([1], [2]). �â«¨ç¨â¥«ì®© ç¥àâ®© ¯à¥¤« £ ¥¬®£® §¤¥áì ¯®¤å®¤  ï¢«ï¥âáï
â®, çâ® ® ®á¨â á¯¥ªâà «ìë© å à ªâ¥à ¨ ¡ §¨àã¥âáï     «¨§e á¢®©áâ¢ á¨áâ¥¬ë íªá¯®¥-
æ¨ «ìëå à¥è¥¨©. � ª, â¥®à¥¬ë 3 ¨ 4 ¯®«ãç¥ë   ®á®¢¥ ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë ¯®¤¯à®-
áâà áâ¢ Wn ¨ V�q . � ¥¥ à¥§ã«ìâ âë ® ¡ §¨á®áâ¨ íªá¯®¥æ¨ «ìëå à¥è¥¨© ¢ èª «¥ ¯à®-
áâà áâ¢ �®¡®«¥¢  á æ¥«ë¬ ¨¤¥ªá®¬ ¡ë«¨ ãáâ ®¢«¥ë ¢ á«ãç ¥ m = 1 ¢ [4]{[6]; ¢ áª «ïà®¬
á«ãç ¥ (r = 1) ¤«ï ¯à®¨§¢®«ì®£® ¨¤¥ªá  | ¢ [7].

�à¨ ¨®¬ ¯®¨¬ ¨¨ à¥è¥¨© ¡ §¨á®áâì á¨áâ¥¬ íªá¯®¥æ¨ «ìëå à¥è¥¨© ¤«ï ãà ¢¥-
¨©, ¡«¨§ª¨å (1) ¢ ¯à®áâà áâ¢¥ L2((�h; 0); Cr) � Cr, ¯à¨ m = 1 ¢ ¯à¥¤¯®«®¦¥¨¨ ®â¤¥«¨¬®áâ¨
¬®¦¥áâ¢  � à áá¬ âà¨¢ « áì ¢ [16].

�â¬¥â¨¬, çâ® ¨§ãç¥¨¥ ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© â¥á® á¢ï§ ®
á ¨áá«¥¤®¢ ¨¥¬ § ¤ ç á® á¯¥ªâà «ìë¬ ¯ à ¬¥âà®¬ ¢ £à ¨çëå ãá«®¢¨ïå,   â ª¦¥ ¬®£®-
â®ç¥çëå á¯¥ªâà «ìëå § ¤ ç. � ¨¡®«¥¥ ¡«¨§ª®© ¨ § ¢¥àè¥®© ¢ íâ®¬  ¯à ¢«¥¨¨ à ¡®â®©
ï¢«ï¥âáï [19] (á¬. â ¬ ¦¥ ¡¨¡«¨®£à ä¨î).

� á¢ï§¨ á ¨§ãç¥¨¥¬ ®¯¥à â®à  D § ¬¥â¨¬, çâ® á¯¥ªâà «ìë©   «¨§ ®¯¥à â®à  ¤¨ää¥à¥æ¨-
à®¢ ¨ï (¯®«®â , à §«®¦¥¨¥ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬, à ¢®áå®¤¨¬®áâì) £« ¢ë¬ ®¡à §®¬
¢ áª «ïà®¬ á«ãç ¥ ¨ ¢ ¯à®áâà áâ¢ å Lp(a; b); C(a; b) á ¥áª®«ìª® ¨ë¬¨ £à ¨çë¬¨ ãá«®¢¨-
ï¬¨ ¯à®¢®¤¨«áï àï¤®¬  ¢â®à®¢. �¨¡«¨®£à ä¨ï ¨ ª®¬¬¥â à¨¨ ¯® íâ®© â¥¬ â¨ª¥ ¯à¥¤áâ ¢«¥ë
¢ ®¡áâ®ïâ¥«ì®¬ ®¡§®à¥ [20].
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