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�ãáâì § ¤ ­ë ®¤­®¬¥à­®¥ ¬­®£®®¡à §¨¥ M ¨ äã­ªæ¨ï f :M�M! R, á®¯®áâ ¢«ïîé ï ª -
¦¤®© ¯ à¥ hi; ji 2M�M ­¥ª®â®à®¥ ç¨á«® f(i; j) 2 R. �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨ï f £« ¤ª ï
¨ ¨¬¥¥â ®â«¨ç­ë¥ ®â ­ã«ï ¯à®¨§¢®¤­ë¥. � ¦¤®© âà®©ª¥ hi; j; ki 2 M3 äã­ªæ¨ï f ¥áâ¥áâ¢¥­­®
á®¯®áâ ¢«ï¥â â®çªã (f(i; j); f(i; k); f(j; k)) ¢ R3 . �®¢®àïâ, çâ® äã­ªæ¨ï f § ¤ ¥â ­  ¬­®¦¥áâ¢¥
M ®¤­®¬¥à­ãî ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î (ä¨§¨ç¥áªãî áâàãªâãàã) à ­£  3,
¥á«¨ ¢á¥ â ª¨¥ â®çª¨ «¥¦ â ­  ­¥ª®â®à®© ¤¢ã¬¥à­®© £¨¯¥à¯®¢¥àå­®áâ¨, § ¤ ¢ ¥¬®© ãà ¢­¥­¨-
¥¬ �(f(i; j); f(i; k); f(j; k)) = 0 á grad� 6= 0. �à¥¤áâ ¢¨¬ íâ® ãà ¢­¥­¨¥ ¢ ¢¨¤¥, à §à¥è¥­­®¬
®â­®á¨â¥«ì­® ¯¥à¢®£®  à£ã¬¥­â 

f(i; j) = '(f(i; k); f(j; k)); (1)

£¤¥ '(u; v) | äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå, ¯à¨ç¥¬ '
u
6= 0, '

v
6= 0.

�à ¢­¥­¨¥ (1), ¢ë¯®«­ïîé¥¥áï ¤«ï «î¡®© âà®©ª¨ hi; j; ki, ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ¢ëà -
¦¥­¨¥¬ ¯à¨­æ¨¯  ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ | ®á­®¢­®£® ¯®áâã« â  â¥®à¨¨ ä¨§¨ç¥áª¨å
áâàãªâãà, ª®â®à ï ¡ë«  ¯à¥¤«®¦¥­  �.�.�ã« ª®¢ë¬ [1] ¤«ï  ­ «¨§  áâà®¥­¨ï ä¨§¨ç¥áª¨å
§ ª®­®¢.

� áá¬®âà¨¬ ¤ «¥¥ ç¥â¢¥àªã hi; j; k; l; i ¨ § ¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¤«ï ¢á¥å âà®¥ª ¨§ ­¥¥: hi; j; ki,
hi; j; li, hi; k; li, hj; k; li. �§ íâ¨å ç¥âëà¥å ãà ¢­¥­¨© «¥£ª® ¯®«ãç¨âì á®®â­®è¥­¨¥

'['(f(i; l); f(k; l)); '(f(j; l); f(k; l))] = '(f(i; l); f(j; l));

¢ ª®â®à®¬, ®ç¥¢¨¤­®, ­¥§ ¢¨á¨¬ë ¢á¥ âà¨ ¯¥à¥¬¥­­ë¥. �á«¨ ¤«ï ­¨å ¢¢¥áâ¨ ®¡®§­ ç¥­¨ï
f(i; l)=x, f(j; l) = y, f(k; l) = z, â® ¤«ï äã­ªæ¨¨ '(u; v) ¯à¨å®¤¨¬ ª äã­ªæ¨®­ «ì­®¬ã ãà ¢-
­¥­¨î

'('(x; z); '(y; z)) = '(x; y): (2)

�à ¢­¥­¨¥ (1) ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ ¯à¨­æ¨¯  ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨
¨, ª ª ¡ã¤¥â ¯®ª § ­® ­¨¦¥, ¨¬¥¥â à¥è¥­¨¥, á®¤¥à¦ â¥«ì­®¥ ª ª ¢ ä¨§¨ç¥áª®¬, â ª ¨ ¢ ¬ â¥-
¬ â¨ç¥áª®¬ (£¥®¬¥âà¨ç¥áª®¬) á¬ëá« å.

� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á à áá¬®âà¥âì ¢á¥ ¢ à¨ ­âë, ¯®«ãç î-
é¨¥áï ¢á¥¢®§¬®¦­ë¬¨ ¯¥à¥áâ ­®¢ª ¬¨ ¯¥à¥¬¥­­ëå x, y ¨ z, ¢ «¥¢®© ¥£® ç áâ¨. � ª¨å ¢ à¨ ­â®¢,
¢ª«îç ï á ¬® ãà ¢­¥­¨¥ (2), ­¥ á¢®¤¨¬ëå ¤àã£ ª ¤àã£ã, ¡ã¤¥â ¢®á¥¬ì (á ¬¨ ¦¥ ¯¥à¥áâ ­®¢ª¨
¤ îâ ¤¢¥­ ¤æ âì):

'('(y; z); '(x; z)) = '(x; y); (3)
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'('(x; z); '(z; y)) = '(x; y); (4)

'('(z; y); '(x; z)) = '(x; y); (5)

'('(z; x); '(y; z)) = '(x; y); (6)

'('(y; z); '(z; x)) = '(x; y); (7)

'('(x; y); '(z; z)) = '(x; y); (8)

'('(y; x); '(z; z)) = '(x; y): (9)

�¥®à¥¬ . �§ ¢®áì¬¨ äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© (2){(9) â®«ìª® ãà ¢­¥­¨ï (2), (3), (8), (9)
¨¬¥îâ à¥è¥­¨ï á '

u
6= 0, '

v
6= 0. �¥è¥­¨ï íâ¨å ç¥âëà¥å ãà ¢­¥­¨© § ¤ îâáï á®®â¢¥âáâ¢ãî-

é¨¬¨ ¢ëà ¦¥­¨ï¬¨

'(u; v) =  �1( (u) �  (v)); (20)

'(u; v) =  �1(� (u) +  (v)); (30)

£¤¥  | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®© á  0 6= 0,  �1 | ®¡à â­ ï ª ­¥© äã­ªæ¨ï ;

'(u; v) =  �1(�(u; v) � �(v; v) + �(c; c)); (80)

£¤¥ �(u; v) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå á �
u
6= 0, c { ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,

 �1 | äã­ªæ¨ï, ®¡à â­ ï ª  (s) = �(s; c);

'(u; v) =  �1(�(u; v)); (90)

£¤¥ �(u; v) | ¯à®¨§¢®«ì­ ï  ­â¨á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå á �
v
6= 0, c | ¯à®¨§-

¢®«ì­ ï ¯®áâ®ï­­ ï,  �1 | äã­ªæ¨ï, ®¡à â­ ï ª  (t) = �(c; t).

�®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë ¡ã¤¥â ¯®á«¥¤®¢ â¥«ì­®¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© (2){
(9), ¢ ª®â®àëå ¯à¨áãâáâ¢ã¥â â®«ìª® ¨áª®¬ ï äã­ªæ¨ï '(u; v). �¥â®¤ë à¥è¥­¨ï â ª¨å ãà ¢­¥­¨©
¢ ª« áá¥ ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ¡ë«¨ ¯à¥¤«®¦¥­ë ¢ [2].

�® à¥è¥­¨ï¬ (20), (30), (80), (90) ãà ¢­¥­¨© (2), (3), (8), (9),   â ª¦¥ ¯® ®âáãâáâ¢¨î à¥è¥­¨©
ãà ¢­¥­¨© (4){(7) ¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® ¨§ ¢®áì¬¨ äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© (2){(9) á®-
¤¥à¦ â¥«ì­ë¬¨ ¢ ¬ â¥¬ â¨ç¥áª®¬ á¬ëá«¥ ï¢«ïîâáï â®«ìª® ãà ¢­¥­¨ï (2), (3), ¯à¨ç¥¬ ¯¥à¢®¥
¨§ ­¨å ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ ¯à¨­æ¨¯  ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨. � ç áâ­®áâ¨,
¥á«¨ à¥è¥­¨¥ (20) ¯®áâ ¢¨âì ¢ ãà ¢­¥­¨¥ (1), â® ¯®«ãç¨¬ á®®â­®è¥­¨¥

 (f(i; j)) �  (f(i; k)) +  (f(j; k)) = 0: (10)

�ã¤¥¬ ¨­â¥à¯à¥â¨à®¢ âì f(i; j) ª ª ª¢ §¨à ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ i, j ¥¢ª«¨¤®¢®© ¯àï¬®©.
� â®£¤  ¤«ï ­¥ª®â®à®© äã­ªæ¨¨  á®®â­®è¥­¨¥ (10) § ¤ ¥â á¢ï§ì âà¥å ¨áâ¨­­ëå à ááâ®ï­¨©
L(i; j) =  (f(i; j)), L(i; k) =  (f(i; k)), L(j; k) =  (f(j; k)) ¬¥¦¤ã «î¡ë¬¨ ¥¥ âà¥¬ï â®çª ¬¨
i, j, k:

L(i; j) � L(i; k) + L(j; k) = 0;

¯à¨ç¥¬ ¢ ª®®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¯®« £ ¥¬ L(i; j) = x(i)�x(j). �®®â­®è¥­¨¥ (10) ¢ëà ¦ ¥â
â ª¦¥ áâàãªâãàã ®¤­®¬¥à­®£® ¢à¥¬¥­¨, £¤¥  (f(i; j)) ¥áâì ¨áâ¨­­ë© ¢à¥¬¥­­®© ¯à®¬¥¦ãâ®ª
T (i; j) = t(i)� t(j) ¬¥¦¤ã á®¡ëâ¨ï¬¨ i, j ¨§ ­¥ª®â®à®£® ¨å ¬­®¦¥áâ¢ 

T (i; j) � T (i; k) + T (j; k) = 0:

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à­®áâì �.�.�ã« ª®¢ã ¨ ãç áâ­¨ª ¬ ­ ãç­®£® á¥¬¨­ à  ¯® â¥®-
à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ¢ �®¢®á¨¡¨àáª®¬ ã­¨¢¥àá¨â¥â¥ §  ®¡áã¦¤¥­¨¥ à®«¨ äã­ªæ¨®­ «ì­ëå
ãà ¢­¥­¨© ¢ ¬ â¥¬ â¨ç¥áª®¬  ¯¯ à â¥ á®¢à¥¬¥­­®© â¥®à¥â¨ç¥áª®© ä¨§¨ª¨.
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