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1. �¡®§ ç¥¨ï. �®áâ ®¢ª  § ¤ ç¨. �®«¨®¬¨ «ìë¥ ã¦¨, ¢¢¥¤¥ë¥ ¢ [1], ¯®«ãç¨-
«¨ ¤ «ì¥©è¥¥ à §¢¨â¨¥ ¢ à ¡®â å �.�.�§ï¤ëª  (á¬.,  ¯à., [2]). �å ®¡®¡é¥¨¥   ª  «ë á
à §àë¢ë¬¨ £à ¨æ ¬¨ ¯®áâà®¥® ¢ [3].

�ãáâì   ª®¥ç®¬ ®âà¥§ª¥ [a; b] § ¤   ¥ª®â®à ï «¨¥©® ¥§ ¢¨á¨¬ ï á¨áâ¥¬  äãªæ¨©
'0; : : : ; 'n. �¥à¥§ L ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¯®«¨®¬®¢ ¯® íâ®© á¨áâ¥¬¥. �«ï ¤¢ãå ä¨ªá¨à®¢ ëå
äãªæ¨© g, G â ª¨å, çâ® g(x) < G(x), ª®£¤  x ¯à¨ ¤«¥¦¨â [a; b], ¯®«®¦¨¬ L(g;G) = fP 2 L :
g(x) � P (x) � G(x); x 2 [a; b]g.

� ¯®¬¨¬, çâ® ¯®«¨®¬ Z 2 L(g;G)  §ë¢ ¥âáï ã¦®¬, ¯®à®¦¤¥ë¬ ¯ à®© (g;G), ¨«¨ ã¦®¬
¯ àë (g;G), ¥á«¨   ®âà¥§ª¥ [a; b] ¨¬¥¥âáï â ª®©  ¡®à ¨§ m = n + 1 â®ç¥ª x1 < x2 < � � � < xm,
çâ® á à®áâ®¬ k ®â 1 ¤® m â®çª¨ Mk = (xk; Z(xk)) ¯®¯¥à¥¬¥® ¯®¯ ¤ îâ â®   £à ä¨ª �(g)
äãªæ¨¨ g, â®   £à ä¨ª �(G) äãªæ¨¨ G ( ç¨ ï á «î¡®£® ¨§ ¨å). �á«¨ ¦¥ m > n+ 1, â® Z
 §ë¢ îâ ¨§¡ëâ®çë¬ ã¦®¬ [3]. �. � à«¨ ¤®ª § « ãâ¢¥à¦¤¥¨¥: ¥á«¨ g, G | ¥¯à¥àë¢ë¥  
®âà¥§ª¥ [a; b] äãªæ¨¨, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â â ª®© ¯®«¨®¬ l ¨§ L, çâ® g(x) < l(x) < G(x)
  [a; b] ¨ á¨áâ¥¬  '0; : : : ; 'n ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® ¨¬¥îâáï à®¢® ¤¢  ã¦ , ¯®à®¦¤¥ë¥
¯ à®© (g;G).

�â®â à¥§ã«ìâ â ®¡®¡é¥ �.�.�®«¦¥ª® ¨ �.�. �¥¢ áâìï®¢ë¬ [2]   à §àë¢ë¥ äãªæ¨¨ g,
G, ¨¬¨ ¦¥ ãáâ ®¢«¥ë ¥ª®â®àë¥ ®¢ë¥ á¢®©áâ¢  ã¦¥©,   â ª¦¥ ¨å á¢ï§ì á  ¯¯à®ªá¨¬ æ¨ï¬¨
á® § ª®çã¢áâ¢¨â¥«ìë¬ ¢¥á®¬ [4]{[6].

� ¤ ®© à ¡®â¥ ¨§ãç îâáï ¢®¯à®áë áãé¥áâ¢®¢ ¨ï ¨ ª®«¨ç¥áâ¢  ã¦¥©, ª®£¤  á¨áâ¥¬ 
'0; : : : ; 'n ¥ ï¢«ï¥âáï ç¥¡ëè¥¢áª®©; à áá¬ âà¨¢ ¥âáï ®¤  íªáâà¥¬ «ì ï § ¤ ç , á¢ï§  ï
á ã¦ ¬¨. �áâ ®¢«¥ë¥ à¥§ã«ìâ âë ª®ªà¥â¨§¨àãîâáï   ¯®«¨®¬ å ¯® ¥ª®â®àë¬ ¯®¤á¨áâ¥-
¬ ¬  «£¥¡à ¨ç¥áª¨å áâ¥¯¥¥©.

2. �ã¤¥¬ áç¨â âì ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ¨¦¥ äãªæ¨¨ ¥¯à¥àë¢ë¬¨   ®âà¥§ª¥ [a; b]. �
¯ à®© (g;G) á¢ï¦¥¬ ¤¢¥ ®¢ë¥ äãªæ¨¨: g0(x) = (g(x) + G(x))=2, h(x) = (G(x) � g(x))=2. � ª
ª ª G(x) > g(x), â® h(x) > 0   ®âà¥§ª¥ [a; b].

�¢¥¤¥¬ äãªæ¨® «

N(f) = N(f; g;G) = maxfjf(x)� g0(x)j=h(x) : x 2 [a; b]g:

�§¢¥áâ® [7], [8], çâ® N(f) | ¥¯à¥àë¢ë© ¢ë¯ãª«ë© ¥®âà¨æ â¥«ìë© äãªæ¨® « ¨

L(g;G) = fl 2 L : N(l) � 1g: (1)

�¥«¨ç¨ã N(f1 � f2)  §ë¢ ¥¬ (g;G)-à ááâ®ï¨¥¬ ¬¥¦¤ã f1 ¨ f2. �ãáâì

En(f) = inf
l2L

maxfjf(x)� l(x)j=h(x) : x 2 [a; b]g:

� ¯®¬¨¬, çâ® ¢¥«¨ç¨ En(f)  §ë¢ ¥âáï  ¨¬¥ìè¨¬ ãª«®¥¨¥¬ ¯à®áâà áâ¢  L ®â äãªæ¨¨
f ,   l� 2 L â ª®©, çâ®

maxfjf(x)� l�(x)j=h(x) : x 2 [a; b]g = En(f)
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 §ë¢ ¥âáï ¯®«¨®¬®¬ (í«¥¬¥â®¬)  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï f   L. �ç¥¢¨¤®, ¤«ï ¯®«®¦¨-
â¥«ìëå   ®âà¥§ª¥ [a; b] äãªæ¨© h á®åà ïîâáï â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï, ¥¤¨áâ¢¥®áâ¨, å -
à ªâ¥à¨áâ¨ª¨ í«¥¬¥â   ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï, ¨§¢¥áâë¥ ¢ á«ãç ¥ h = 1 [3]. �«ï ®¡é¥£®
á«ãç ï, ª®£¤  Fn(f) = Fn(f ; g;G) = inffN(f � l) : l 2 Lg, á®åà ¨¬ âã ¦¥ â¥à¬¨®«®£¨î.

�â¬¥â¨¬ ®ç¥¢¨¤®¥ à ¢¥áâ¢® Fn(f) = En(f � g0), ¨§ ª®â®à®£® á«¥¤ã¥â, çâ® l� ¨§ L ¡ã¤¥â
¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï f ¢ á¬ëá«¥ (g;G)-à ááâ®ï¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
® ¡ã¤¥â ¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï äãªæ¨¨ f � g0 ¢ ®¡ëç®¬ á¬ëá«¥. �â®
§ ¬¥ç ¨¥ ¤®ª §ë¢ ¥â, çâ® ã¯®¬ïãâë¥ â¥®à¥¬ë à á¯à®áâà ïîâáï ¨   ®¡é¨© á«ãç ©.

� íâ®© à ¡®â¥ ã¦¨ ¡ã¤ãâ ¯®áâà®¥ë ª ª à¥è¥¨¥ ¥ª®â®à®© íªáâà¥¬ «ì®© § ¤ ç¨. �¬¥®,
ä¨ªá¨àã¥¬ ®¤ã ¨§ äãªæ¨© á¨áâ¥¬ë '0; : : : ; 'n, áª ¦¥¬, 'n. �®«¨®¬ l ¨§ L ¡ã¤¥¬ § ¯¨áë¢ âì
¢ ¢¨¤¥ l = cn(l)'n + q, £¤¥ q ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã V ¯®«¨®¬®¢, ¯®à®¦¤¥ëå á¨áâ¥¬®©
'0; : : : ; 'n�1.

�®«®¦¨¬

M = supfcn(l) : l 2 L(g;G)g; m = inffcn(l) : l 2 L(g;G)g: (§1)

� ª ª ª L(g;G) ¥áâì ¢ë¯ãª«ë© ª®¬¯ ªâ, â® ®¡¥ § ¤ ç¨ ¨¬¥îâ à¥è¥¨ï, ¯à¨ç¥¬, ¥á«¨ l� |
à¥è¥¨¥ ª ª®©-¨¡ã¤ì ¨§ ¨å, â® N(l�) = 1. �â®¡ë oå à ªâ¥à¨§®¢ âì í«¥¬¥â l�, ¢¢¥¤¥¬ ®¢ë¥
®¡®§ ç¥¨ï. �«ï ä¨ªá¨à®¢ ®£® ç¨á«  t ¯®«®¦¨¬

F (t) = inffN(t'n � q) : q 2 V g;

F = F (g;G) = inffF (t) : �1 < t <1g:

�ç¥¢¨¤®,

F (t) = inffN(l) : cn(l) = tg;

F = F (g;G) = inffN(l) : l 2 L(g;G)g:

�¥«¨ç¨ã F (g;G) ¡ã¤¥¬  §ë¢ âì à ááâ®ï¨¥¬ ®â ¯à®áâà áâ¢  L ¤® ª  «  (g;G). � ¬¥â¨¬,
çâ® F (g;G) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  \á¥à¥¤¨ " ª  «  g0 ¯à¨ ¤«¥¦¨â L.

� ¬ ¯® ¤®¡¨âáï

�¥¬¬ . �ãªæ¨ï F (t) ï¢«ï¥âáï ¥¯à¥àë¢®© ¢ë¯ãª«®©   ¢á¥© ç¨á«®¢®© ¯àï¬®©, ¯à¨ç¥¬

lim
jtj!1

F (t) = +1: (2)

�®¦¥áâ¢® L(g;G) ¥ ¯ãáâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  F (g;G) � 1.

�®ª § â¥«ìáâ¢®. �®á«¥¤ïï ç áâì ãâ¢¥à¦¤¥¨ï ä ªâ¨ç¥áª¨ á«¥¤ã¥â ¨§ à ¢¥áâ¢  (1). �ë-
¯ãª«®áâì F á«¥¤ã¥â ¨§ ¢ë¯ãª«®áâ¨ äãªæ¨® «  N :

F ((t1+ t2)=2) � N('n(t1+ t2)=2� (q1+ q2)=2) � 1
2
(N(t1'n� q1) +N(t2'n� q2)) = 1

2
(F (t1) +F (t2)):

�¤¥áì qi 2 V | ¯®«¨®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï äãªæ¨¨ ti'n, i = 1; 2. �á«¨ g0 =2 L, â®
à ¢¥áâ¢® (2) ¥¯®áà¥¤áâ¢¥® ¯®«ãç ¥âáï ¨§ ¥à ¢¥áâ¢  (t 6= 0)

F (t) � jtjen �K(g;G); (3)

£¤¥ en = inffN('n�q) : q 2 V g, K(g;G) = maxfjg0(x)j=h(x) : x 2 [a; b]g. � ª ª ª á¨áâ¥¬  äãªæ¨©
'0; : : : ; 'n «¨¥©® ¥§ ¢¨á¨¬ ï ¨ g0 =2 L, â® en > 0. �¥à ¢¥áâ¢® (3) ¯®«ãç ¥âáï ¨§ á«¥¤ãîé¨å
¤¢ãå ¥à ¢¥áâ¢:

(jt'n(x)� q�(x)j � jg0(x)j)=h(x) � N(t'n � q�); x 2 [a; b];

supf(jt'n(x)� q�(x)j � jg0(x)j)=h(x) : x 2 [a; b]g �

� supf(jt'n(x)� q�(x)j)=h(x) : x 2 [a; b]g � supfjg0(x)j=h(x) : x 2 [a; b]g:
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�¤¥áì q� | ¯®«¨®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï äãªæ¨¨ t'n. �á«¨ g0 2 L, â® ¤®áâ â®ç® áç¨â âì
g0(x) = t0'n(x) ¨ t 6= t0.

�«¥¤áâ¢¨¥. �«ï «î¡®© ¯ àë (g;G) áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  t1, t2, çâ®   «ãç¥ (�1; t1)
äãªæ¨ï F (t) áâà®£® ã¡ë¢ ¥â,   «ãç¥ (t2;1) áâà®£® ¢®§à áâ ¥â,     ®âà¥§ª¥ [t1; t2] ®  à ¢ 
F (g;G). �á«¨ á¨áâ¥¬  äãªæ¨© '0; : : : ; 'n ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® t1 = t2.

�®ª ¦¥¬ â¥¯¥àì â¥®à¥¬ã ® å à ªâ¥à¨áâ¨ª¥ à¥è¥¨ï § ¤ ç (§1).

�¥®à¥¬  1. �ãáâì L(g;G) 6= 0. �®£¤  ¯®«¨®¬ l� ¨§ L ¡ã¤¥â à¥è¥¨¥¬ ¯¥à¢®© ¨§ § ¤ ç

(§1), â. ¥.

cn(l)! sup; l 2 L(g;G); (�)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  q� = M'n � l� (M ¨§ (§1)) ï¢«ï¥âáï ¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨-

¡«¨¦¥¨ï äãªæ¨¨ M'n ¢ V ¢ á¬ëá«¥ (g;G)-à ááâ®ï¨ï.
� «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ¢¥à® ¨ ¤«ï ¢â®à®© § ¤ ç¨ (§1).

�®ª § â¥«ìáâ¢®. � ª ª ª L(g;G) 6= 0, â® F (g;G) � 1. �ãáâì F (g;G) = 1. �«ï «î¡®£® t < t1
¨ t > t2 äãªæ¨ï F (t) > 1. �®íâ®¬ã ¤«ï «î¡®£® ¯®«¨®¬  l ¢¨¤  l = t'n + q ç¨á«® N(l) > 1,
  § ç¨â (á¬. à ¢¥áâ¢® (1)), l ¥ ¯à¨ ¤«¥¦¨â L(g;G) ¨ M = t2, m = t1. �á«¨ l� = M'n + q�

| à¥è¥¨¥ § ¤ ç¨ (�), â® l� ¯à¨ ¤«¥¦¨â L(g;G) ¨ â. ª. F (g;G) = 1, â® F (M) = F (t2) = 1.
�§ ®¯à¥¤¥«¥¨ï F (t) á«¥¤ã¥â, çâ® q� | ¯®«¨®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï M'n ¢ á¬ëá«¥
(g;G)-à ááâ®ï¨ï.

�®¯ãáâ¨¬, çâ® q� =M'n � l� ¨§ V ¥áâì ¯®«¨®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï M'n. �®£¤ 
l� =M'n� q� ¨ F (M) = F (t2) = 1. � ç¨â, l� ¯à¨ ¤«¥¦¨â L(g;G) ¨ ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨
(�). � «®£¨ç® à §¡¨à ¥âáï ¢â®à ï § ¤ ç .

� áá¬®âà¨¬ á«ãç ©, ª®£¤  F (g;G) < 1. �§ «¥¬¬ë á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ à®¢® ¤¢  â ª¨å
ç¨á«  a1 < t1 � t2 < a2, çâ® F (a1) = F (a2) = 1. �®áª®«ìªã ¤«ï t < a1 ¨ t > a2 ¨¬¥¥¬ F (t) > 1 ¨
¯®«¨®¬ l = t'n + q ¥ ¯à¨ ¤«¥¦¨â L(g;G), â® M = a2, m = a1. �¥¯¥àì ¨§ ®¯à¥¤¥«¥¨ï F (a1)
¨ F (a2) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

� ªâ¨ç¥áª¨, ª ª á«¥¤áâ¢¨¥ ¤®ª § ®© â¥®à¥¬ë ¨ â¥®à¥¬ë �¥¡ëè¥¢  ® å à ªâ¥à¨áâ¨ª¥ ¯®-
«¨®¬   ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¯®«ãç ¥âáï

�¥®à¥¬  2. �ãáâì F (g;G) = 1. �®£¤  a) ¥á«¨ á¨áâ¥¬  äãªæ¨© '0; : : : ; 'n ï¢«ï¥âáï ç¥¡ë-

è¥¢áª®©, â® ª  « (g;G) á®¤¥à¦¨â ¥¤¨áâ¢¥ë© ¯®«¨®¬, ª®â®àë© ¤«ï ¥£® ï¢«ï¥âáï ¨§¡ë-

â®çë¬ ã¦®¬ (t1 = t2); ¡) ¥á«¨ ¦¥ ¯®¤á¨áâ¥¬  '0; : : : ; 'n�1 ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® ª  «

(g;G) ¨¬¥¥â ¥¤¨áâ¢¥ë© ã¦, ª®£¤  äãªæ¨ï g0 ¨¬¥¥â ¥¤¨áâ¢¥ë© ¯®«¨®¬  ¨«ãçè¥£®

¯à¨¡«¨¦¥¨ï ¢ L. �  « ¨¬¥¥â ¡¥áª®¥ç® ¬®£® ã¦¥©, ¥á«¨ g0 ¨¬¥¥â å®âï ¤¢  ¯®«¨®¬ 

 ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¢ L.
�ãáâì F (g;G) < 1. �®£¤ , ¥á«¨ á¨áâ¥¬  '0; : : : ; 'n�1 ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® ¯ à  (g;G)

¯®à®¦¤ ¥â ¯® ¬¥ìè¥© ¬¥à¥ ¤¢  ã¦  ¯® á¨áâ¥¬¥ '0; : : : ; 'n.

�®ª § â¥«ìáâ¢®. � ª ª ª F (t) = Fn(t'n) = En(t'n � g0), â® ¢ ¤®ª § â¥«ìáâ¢¥ ã¦¤ -
¥âáï «¨èì â  ç áâì â¥®à¥¬ë, £¤¥ F (g;G) = 1,   á¨áâ¥¬  '0; : : : ; 'n�1 ï¢«ï¥âáï ç¥¡ëè¥¢áª®©.
�ãáâì g0 ¨¬¥¥â ¢ L ¥¤¨áâ¢¥ë© ¯®«¨®¬ l�  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï. � ª ª ª F (g;G) = 1, â®
En(g0) = 1. �á«¨ áç¨â âì, çâ® l� = t�'n + q�, â® q� ¡ã¤¥â ¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï
¤«ï äãªæ¨¨ g0 � t�'n ¯® ç¥¡ëè¥¢áª®© á¨áâ¥¬¥ '0; : : : ; 'n�1. �«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ �¥¡ë-
è¥¢  [2] áãé¥áâ¢ãîâ â®çª¨ x1 < � � � < xm (m � n + 1), ¢ ª®â®àëå g0(xi) � l�(xi) = "(�1)ih(xi),
i = 1; : : : ;m, £¤¥ " à ¢¥ «¨¡® ¯«îá, «¨¡® ¬¨ãá ¥¤¨¨æ¥. �®§¢à é ïáì ®â g0 ¨ h ª g ¨ G, ¬®¦®
ã¡¥¤¨âìáï, çâ® l� ï¢«ï¥âáï ã¦®¬ ¯ àë (g;G).

� á¨«ã ¥¤¨áâ¢¥®áâ¨ ¯®«¨®¬   ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï ª ¦¤®£® l 2 L, l 6= l�, ¡ã¤¥¬
¨¬¥âì N(l) > 1 (¥á«¨ N(l) = 1, â® l â®¦¥ ¡ë« ¡ë ¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï g0 ¢ L),
â. ¥. l 2 L(g;G). �«¥¤®¢ â¥«ì®, ª  « (g;G) á®¤¥à¦¨â ¥¤¨áâ¢¥ë© ¯®«¨®¬ l�.
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�ãáâì â¥¯¥àì g0 ¤®¯ãáª ¥â å®âï ¡ë ¤¢  ¯®«¨®¬  l1 = a1'n + q1, l2 = a2'n + q2  ¨«ãçè¥£®
¯à¨¡«¨¦¥¨ï. � ª ª ª á¨áâ¥¬  '0; : : : ; 'n�1 ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® a1 6= a2. � ª ®¡ëç®,
¬®¦® ã¡¥¤¨âìáï, çâ® â®£¤  «î¡®© ¯®«¨®¬ lz = zl1 + (1 � z)l2, z 2 [0; 1], â ª¦¥ ï¢«ï¥âáï
¯®«¨®¬®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤«ï g0 ¨ En(g0) = 1. �â® ¦¥ ®§ ç ¥â, çâ® ¤«ï ª ¦¤®£®
z 2 [0; 1] ¯®«¨®¬ zq1 + (1 � z)q2 ï¢«ï¥âáï  ¨«ãçè¨¬ ¢ ç¥¡ëè¥¢áª®¬ ¯à®áâà áâ¢¥ V ¤«ï
äãªæ¨¨ g0 = za1 + (1� z)a2. �«¥¤®¢ â¥«ì® (á¬. ¯à¥¤ë¤ãé¨©  ¡§ æ), ª ¦¤ë© ¨§ ¯®«¨®¬®¢ lz
ï¢«ï¥âáï ã¦®¬ ¯ àë (g;G).

�«¥¤áâ¢¨¥ 1. �á«¨ ¤«ï ¯ àë (g;G) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® F (g;G) < 1,   á¨áâ¥¬ 
'0; : : : ; 'n�1 ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® à¥è¥¨ï § ¤ ç (§1) ï¢«ïîâáï ã¦ ¬¨, ¯®à®¦¤¥ë¬¨
¯ à®© (g;G). �á«¨ ¦¥ ¨ á¨áâ¥¬  '0; : : : ; 'n�1; 'n ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® ¤¢  ã¦ , ¯®à®¦¤¥-
ë¥ ¯ à®© (g;G), ¨ â®«ìª® ®¨ ¡ã¤ãâ à¥è¥¨ï¬¨ § ¤ ç (§1).

� ¬¥ç ¨¥ 1. �â®à ï ç áâì â¥®à¥¬ë 2 ¯®ª §ë¢ ¥â: çâ®¡ë ª  « (g;G) ¨¬¥« ¯® ¬¥ìè¥© ¬¥-
à¥ ¤¢  ã¦ , ¥®¡ï§ â¥«ì®, çâ®¡ë ¢áï á¨áâ¥¬  '0; : : : ; 'n ¡ë«  ç¥¡ëè¥¢áª®©. �«ï íâ®£® ¤®áâ â®ç-
®, çâ®¡ë áãé¥áâ¢®¢ «  å®âï ¡ë ®¤  ç¥¡ëè¥¢áª ï ¯®¤á¨áâ¥¬  ¨§ n äãªæ¨© (¤«ï F (g;G) < 1).
(�à. á â¥®à¥¬®© �.� à«¨ .)

� ¬¥ç ¨¥ 2. �à®áâë¥ ¯à¨¬¥àë ('0(x) = x, '1(x) = x2 � 1, '2(x) = x2 � 4, n = 2) ¯®ª §ë-
¢ îâ, çâ® ç¥¡ëè¥¢áª ï á¨áâ¥¬  '0; : : : ; 'n ¬®¦¥â ¨ ¥ á®¤¥à¦ âì ç¥¡ëè¥¢áª¨å ¯®¤á¨áâ¥¬ ¨§ n
äãªæ¨©.

� ¬¥ç ¨¥ 3. �«ãç © a) ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 2 ¢¯¥à¢ë¥ ®â¬¥ç¥ �.�.�®«¦¥ª® ¨
�.�. �¥¢ áâìï®¢ë¬.

�§ â¥®à¥¬ë 2 ¨ â¥®à¥¬ë �.� à«¨  ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 2. �á«¨ ¤«ï ¯ àë (g;G) ¢ë¯®«ï¥âáï ãá«®¢¨¥ F (g;G) < 1,   á¨áâ¥¬  '0; : : : ; 'n

¨«¨ ª ª ï-¨¡ã¤ì ¥¥ ¯®¤á¨áâ¥¬  ¨§ n äãªæ¨© ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â® ¯ à  (g;G) ¯®à®¦¤ ¥â
¯® ¬¥ìè¥© ¬¥à¥ ¤¢  ã¦ .

�á«¨ á¨áâ¥¬  '0; : : : ; 'n ¥ ï¢«ï¥âáï ç¥¡ëè¥¢áª®©, â®, ¢®®¡é¥ £®¢®àï, áãé¥áâ¢ã¥â ¯ à  (g;G),
ª®â®à ï ¯®à®¦¤ ¥â ¯® íâ®© á¨áâ¥¬¥ ¡¥áª®¥ç® ¬®£® ã¦¥©. � ª,  ¯à¨¬¥à, ¯ãáâì ¤«ï á¨áâ¥¬ë
'0; : : : ; 'n ¢ë¯®«ï¥âáï ãá«®¢¨¥ (i): ¤«ï ¥ª®â®à®£®  ¡®à  â®ç¥ª x0 < � � � < xn ®âà¥§ª  � = [a; b]������

'0(x0) : : : '0(xn)
: : : : : : : : : : : : : : : : :
'n(x0) : : : 'n(xn)

������ = 0;

®¯à¥¤¥«¨â¥«¨

�i =

������
'0(x0) : : : '0(xi�1) '0(xi+1) : : : '0(xn)
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
'n�1(x0) : : : 'n�1(xi�1) 'n�1(xi+1) : : : 'n�1(xn)

������
¨¬¥îâ ®¤¨ ¨ â®â ¦¥ § ª.

�®¦® ¯®ª § âì, çâ® ¯à¨ ãá«®¢¨¨ (i)

1) áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  bi (i = 0; : : : ; n), çâ® bibi+1 < 0 ¤«ï i = 0; : : : ; n�1, ¨
nP

i=0
biP (xi) = 0

¤«ï «î¡®£® P 2 Ln;
2) áãé¥áâ¢ã¥â ¯®«¨®¬ P0 2 Ln á ã«ï¬¨ ¢ â®çª å x0; x1; : : : ; xn ¨ â ª®©, çâ® max

x2[a;b]
jP0(x)j = 1.

�®«®¦¨¬, çâ® f ¥áâì ¥¯à¥àë¢ ï   ®âà¥§ª¥ [a; b] äãªæ¨ï á ãá«®¢¨ï¬¨ f(xi) = sign bi,
maxfjf(x)j : x 2 [a; b]g = 1. �ãáâì g0(x) = f(x)(1 � jP0(x)j), G(x) = g0(x) + 1, g(x) = g0(x) � 1.
�®£¤  ¯à¨ j"j � 1 «î¡®© ¯®«¨®¬ ¢¨¤  "P0(x) ®¡à §ã¥â ã¦ ¤«ï ¯ àë (g;G).

� à ¡®â¥ [9] ¤®ª § ®, çâ® ¬®¦¥áâ¢® á¨áâ¥¬, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (i), ¥¯ãáâ®.
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�á«¨ ¦¥ ¨ á¨áâ¥¬  '0; : : : ; 'n ¨ ¨ª ª ï ¥¥ ¯®¤á¨áâ¥¬  ¨§ n äãªæ¨© ¥ ¡ã¤¥â ç¥¡ëè¥¢áª®©,
â® áãé¥áâ¢ãîâ ª  «ë ¡¥§ ã¦¥©. � ¯à¨¬¥à, ª  « (g;G) á

G(x) = g1(x) + 1; g(x) = g1(x)� 5=4;

g1(x) =

(
(7=4)x + 1; �1 � x � 0;

1� (3=4)x; 0 � x � 1;

¥ ¯®à®¦¤ ¥â ã¦¥© ¯® á¨áâ¥¬¥ x, x3, x5.

3. � íâ®¬ ¯ãªâ¥ ¨§ãç¨¬ á¢®©áâ¢  ¯®¤á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å áâ¥¯¥¥©. �ç¨â ¥¬, çâ®

'i(x) = xi; i = 0; : : : ; j � 1; 'i(x) = xi+q; i = j; : : : ; n;

£¤¥ q � 1, 1 � j � n+ 1.
�à¨ j = n+1 íâ  á¨áâ¥¬  ï¢«ï¥âáï ç¥¡ëè¥¢áª®©   «î¡®¬ ®âà¥§ª¥. �§¢¥áâ® â ª¦¥, çâ® ® 

ï¢«ï¥âáï ç¥¡ëè¥¢áª®©   «î¡®¬ ®âà¥§ª¥ [a; b], ª®£¤  ab > 0. �«ãç © q = 1 à áá¬®âà¥  ¢â®à®¬
¢ [9]. � ¤ «ì¥©è¥¬ áç¨â ¥¬ j � n, a < 0 < b.

�¥®à¥¬  3. �á«¨ ç¨á«® q ï¢«ï¥âáï ç¥âë¬, â® á¨áâ¥¬  äãªæ¨© '0; : : : ; 'n ¡ã¤¥â ç¥¡ë-

è¥¢áª®© á¨áâ¥¬®©, ¥á«¨ q ¥ç¥â®¥, â® «î¡®© ¥ã«¥¢®© ¯®«¨®¬ ¯® íâ®© á¨áâ¥¬¥ ¨¬¥¥â

¡®«¥¥ n+ 1 ã«¥©.

�®ª § â¥«ìáâ¢®. �«ï P (x) =
nP
i=0

ci'i(x) ç¥à¥§ N+(P ) ¨ N�(P ) ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥®

ç¨á«® ¥£® à §«¨çëå ¯®«®¦¨â¥«ìëå ¨ ®âà¨æ â¥«ìëå ª®à¥©,   ç¥à¥§W+(P ) (W�(P )) | ç¨á«®
¯¥à¥¬¥ § ª  ¯®«¨®¬  P (t) (P (�t)), N(P ) | ç¨á«® ¢á¥å à §«¨çëå ¢¥é¥áâ¢¥ëå ã«¥© P .
�§¢¥áâ® [10], çâ®

N+(P ) �W+(P ); N(P ) � r +W+(P ) +W�(P ); (4)

£¤¥ r = 1, ¥á«¨ x = 0 ï¢«ï¥âáï ª®à¥¬ P , ¨ ã«î ¢ ¯à®â¨¢®¬ á«ãç ¥.
�¬¥îâáï âà¨ á«ãç ï ¤«ï ¯®«¨®¬  P . �¥à¢ë©, ª®£¤  c0 = � � � = cj�1 = 0, ¨ ¢â®à®© á«ãç ©,

ª®£¤  cj = � � � = cn = 0, à áá¬ âà¨¢ îâáï ®ç¥¢¨¤ë¬ ®¡à §®¬. � §¡¥à¥¬ âà¥â¨© á«ãç ©, ª®£¤ 

c0 = � � � = cs�1 = 0; cs 6= 0; s � 0;

ck = � � � = cj�1 = 0; ck�1 6= 0; k � j; k � 1 � s;

cj = � � � = cj+m�1 = 0; cj+m 6= 0; m � 0;

cn�i+1 = � � � = cn = 0; cn�j 6= 0; i � 0; n� i � j +m;

¯à¨ç¥¬ ¢ íâ¨å áâà®ª å ¯à¨ i = 0, m = 0, k = j ¨«¨ s = 0 ãç¨âë¢ îâáï â®«ìª® ¥à ¢¥áâ¢  á
ª®íää¨æ¨¥â ¬¨ ¯®«¨®¬  P . � âà¥âì¥¬ á«ãç ¥ ¯®«¨®¬ ¨¬¥¥â ¢¨¤

P (x) = csx
s + � � � + ck�1x

k�1 + cj+mx
j+m+q + � � �+ cn�ix

n�i+q:

�®¤áç¨â ¥¬ W+(P ) ¨ W�(P ). �á«¨ ¯®«¨®¬ Q(x) = asx
s + � � � + anx

n, s � 0, â®

W+(Q) +W�(Q) � n� s: (5)

�à¨ s = 0 íâ® ¥à ¢¥áâ¢® ¯à¨¢®¤¨âáï ¢ ([10], £«. 1); ¥á«¨ ¦¥ s > 0, â® Q(x) = xsQ1(x), £¤¥
Q1(x) = as + � � �+ anx

n�s. � §®¡ì¥¬ ¯®á«¥¤®¢ â¥«ì®áâì ª®íää¨æ¨¥â®¢ ¯®«¨®¬  P   ç áâ¨

�1 = (cs; : : : ; ck�1); �2 = (ck�1; cj+m); �3 = (cj+m; : : : ; cn�i):

�¡®§ ç¨¬ ç¥à¥§ W+(P;�i), W�(P;�i) ç¨á«® ¯¥à¥¬¥ § ª  P   ç áâ¨ �i, i = 1; 2; 3. �®£¤ 
W+(P ) +W�(P ) à ¢¥ áã¬¬¥ ¯®«ãç ¥¬ëå â ª¨¬ ®¡à §®¬ è¥áâ¨ ç¨á¥«.

�§ ¥à ¢¥áâ¢  (5) á«¥¤ã¥â, çâ®

W+(P;�1) +W�(P;�1) � k � 1� s; W+(P;�3) +W�(P;�3) � n� i� j �m:
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�®«®¦¨¬ W =W+(P;�2) +W�(P;�2), R = j � k+1+m, a = ck�1cj+m ¨ b = (�1)k�1+j+m+qck�1,
cj+m = (�1)R+qa. �ç¥¢¨¤®, W à ¢¥ ª®«¨ç¥áâ¢ã ®âà¨æ â¥«ìëå ç¨á¥« ¢ ¬®¦¥áâ¢¥ fa; bg. � á-
á¬®âà¨¬ ¯¥à¢ãî ç áâì â¥®à¥¬ë, ª®£¤  q | ç¥â®¥ ç¨á«®. �®£¤  b = (�1)Ra ¨ W = 1 ¯à¨ R
¥ç¥â®¬; ¥á«¨ ¦¥ R ç¥â®¥, â® W = 0 ¨«¨ W = 2.

�ª« ¤ë¢ ï ¢á¥ è¥áâì ç¨á¥«, ¯®«ãç¨¬ W+(P ) +W�(P ) � n+W � (j � k +m+ 1)� s. �¨á«®
r ¢ ¥à ¢¥áâ¢¥ (4) ¥ ¯à¥¢®áå®¤¨â s. � ç¨â,

W+(P ) +W�(P ) + r � n+W �R: (6)

�¥¯®áà¥¤áâ¢¥® ¨§ ®¡®§ ç¥¨ï R ¢¨¤®, çâ® R � 1, ¥á«¨ ®® ¥ç¥â®¥, ¨ R � 2 ¯à¨ R
ç¥â®¬. �®íâ®¬ã ¨§ ¥à ¢¥áâ¢ (4) ¨ (6) ¯®«ãç ¥âáï ¯¥à¢ ï ç áâì â¥®à¥¬ë.

�â®à ï ç áâì â¥®à¥¬ë ¥áâì á«¥¤áâ¢¨¥ ¥¥ ¯¥à¢®© ç áâ¨. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¡ë ª ª®©-¨¡ã¤ì
¥ã«¥¢®© ¬®£®ç«¥ ¯® á¨áâ¥¬¥ (q ¥ç¥â®¥)

1; : : : ; xj�1; xj+q ; : : : ; xn+q

¨¬¥« ¡ë ¡®«¥¥ n+ 1 ª®à¥©, â® íâ®â ¦¥ ¬®£®ç«¥, à áá¬ âà¨¢ ¥¬ë© ¯® á¨áâ¥¬¥

1; : : : ; xj�1; xj+q�1; : : : ; xn+1+(q�1);

¨¬¥« ¡ë ¡®«¥¥ n+ 1 ª®à¥©, å®âï ¯® ¤®ª § ®© ç áâ¨ ®  ï¢«ï¥âáï ç¥¡ëè¥¢áª®©.

� ¬¥ç ¨¥ 4. �á«¨ j = 0, â® â¥®à¥¬  ®áâ ¥âáï ¢ á¨«¥, ª®£¤  q ¥ç¥â®¥; ¯à¨ j = 0 ¨ q ç¥â®¬
®  ¥¢¥à  ( ¯à¨¬¥à, á¨áâ¥¬  x2, x3, x4   ®âà¥§ª¥ [�1; 1] ç¥¡ëè¥¢áª®© ¥ ï¢«ï¥âáï).

� ¬¥ç ¨¥ 5. �á«¨ ¨§ á¨áâ¥¬ë áâ¥¯¥¥© ¢ë¡à áë¢ âì ¥ ¯®¤àï¤ ¨¤ãé¨¥ ªãáª¨, â® ¢ ®áâ ¢-
è¥©áï á¨áâ¥¬¥ § ª®®¬¥à®áâ¨ â¨¯  â¥®à¥¬ë 4 ¥ á®¡«î¤ îâáï.

4. �¨¦¥ ¢á¥ ®¡®§ ç¥¨ï (¢ ç áâ®áâ¨, '0; : : : ; 'n ¯. 3) á®åà ïîâáï.

�¥®à¥¬  4. �ãáâì ¤«ï ¯ àë (g;G) ¬®¦¥áâ¢® L(g;G) ¥¯ãáâ®¥. �®£¤  ¤«ï «î¡ëå n � 2,
q � 0, j � 1 ¢®§¬®¦ë â®«ìª® á«¥¤ãîé¨¥ á¨âã æ¨¨.

1) F (g;G) = 1, q ç¥â®¥. �®¦¥áâ¢® L(g;G) á®¤¥à¦¨â ¥¤¨áâ¢¥ë© ¯®«¨®¬, ª®â®àë©

ï¢«ï¥âáï ¨§¡ëâ®çë¬ ã¦®¬ ¯ àë (g;G).
2) F (g;G) = 1, q ¥ç¥â®¥. �á«¨ g0 ¨¬¥¥â å®âï ¡ë ¤¢  ¯®«¨®¬   ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï

¯® á¨áâ¥¬¥ '0; : : : ; 'n, â® ¯ à  (g;G) ¨¬¥¥â ¡¥áª®¥ç® ¬®£® ã¦¥©. �á«¨ ¦¥ g0 ¯®

íâ®© á¨áâ¥¬¥ ¨¬¥¥â ¥¤¨áâ¢¥ë© ¯®«¨®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï, â® ® ¨ ¡ã¤¥â

¥¤¨áâ¢¥ë¬ ã¦®¬ ¯ àë (g;G).
3) F (g;G) < 1. �®£¤  ¯ à  (g;G) ¯®à®¦¤ ¥â à®¢® ¤¢  ã¦  ¯à¨ q ç¥â®¬ ¨ ¯® ¬¥ìè¥©

¬¥à¥ ¤¢  ã¦  ¤«ï ¥ç¥â®£® q.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ãîâáï â¥®à¥¬ë 2, 3. �®¡ ¢¨¬ â®«ìª®, çâ®
¢ á«ãç ¥, ª®£¤  q | ¥ç¥â®¥ ç¨á«®, ¯®¤á¨áâ¥¬  1; : : : ; xj�1; : : : ; xj+q+1; : : : ; xn�1+(q+1) ï¢«ï¥âáï
ç¥¡ëè¥¢áª®©.

�§ á«¥¤áâ¢¨ï 1 â¥®à¥¬ë 2 ¯®«ãç ¥âáï

�¥®à¥¬  5. �ãáâì

L =
� j�1X

i=0

cix
i + xq

nX
i=j

cix
i

�

| ¬®¦¥áâ¢® ¯®«¨®¬®¢ ¯® á¨áâ¥¬¥ '0; : : : ; 'n, F (g;G) < 1. �®£¤  à¥è¥¨¥ § ¤ ç¨

ck(l)! sup; l 2 L(g;G); (§2)

ï¢«ï¥âáï ã¦®¬, ¯®à®¦¤¥ë¬ ¯ à®© (g;G) ¯à¨ k = j � 1 (j � 2) ¨ k = j + q (j � 1), ª®£¤  q |
¥ç¥â®¥ ç¨á«®.
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�á«¨ q | ç¨á«® ç¥â®¥,   k = n + q, â® ¯®«¨®¬ l� ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (§2) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  l� ï¢«ï¥âáï ã¦®¬ á ¡�®«ìè¨¬ áâ àè¨¬ ª®íää¨æ¨¥â®¬ ¨§ ¤¢ãå ã¦¥©,

¯®à®¦¤¥ëå ¯ à®© (g;G).

� ¬¥ç ¨¥ 6. � ¤ ç  (§2) ¯à¨ q = 0 ¤«ï 0 � k � n ¨§ãç « áì à ¥¥ ¢ [9].
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