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1. �¢¥¤¥¨¥

� ¤ ®© à ¡®â¥ ®¯à¥¤¥«ï¥âáï ¤¨ £® «ìë© «¨äâ Dg à¨¬ ®¢®© ¬¥âà¨ª¨ g á £« ¤ª®£® ¬®-
£®®¡à §¨ï Mn   â¥§®à®¥ à áá«®¥¨¥ T 0

q (Mn) ¨ ¨§ãç îâáï ª¨««¨£®¢ë ¢¥ªâ®àë¥ ¯®«ï ¨ £¥®-
¤¥§¨ç¥áª¨¥ «¨¨¨ ¬¥âà¨ª¨ Dg.

�ãáâì Mn | n-¬¥à®¥ ¤¨ää¥à¥æ¨àã¥¬®¥ ¬®£®®¡à §¨¥ ª« áá  C1 ¨ T 0
q (Mn) | â¥§®à®¥

à áá«®¥¨¥ â¨¯  (0; q)  ¤Mn. � â¥à¬¨ å «®ª «ìëå ª®®à¤¨ â   ¬®£®®¡à §¨¨Mn, § ¤ ëå
¢ ®ªà¥áâ®áâ¨ U �Mn, â¥§®à t ¢ â®çª¥ x 2 U ®¯à¥¤¥«ï¥âáï  ¡®à®¬ ç¨á¥« (xi; ti1:::iq ), £¤¥ x

i |
ª®®à¤¨ âë â®çª¨ x,   ti1:::iq | ª®¬¯®¥âë â¥§®à  t ¯® ®â®è¥¨î ª  âãà «ì®¬ã à¥¯¥àã ¢
â®çª¥ x. � ¡®àë (xi; ti1:::iq ) = (xi; xi) = (xI), i = 1; : : : ; n, i = n+ 1; : : : ; n + nq, I = 1; : : : ; n + nq,
ï¢«ïîâáï «®ª «ìë¬¨ ª®®à¤¨ â ¬¨ í«¥¬¥â®¢ à áá«®¥¨ï T 0

q (Mn) ¢ ®ªà¥áâ®áâ¨ ��1(U), £¤¥
� | ¥áâ¥áâ¢¥ ï ¯à®¥ªæ¨ï T 0

q (Mn)   Mn.
�ãáâì â¥¯¥àì Mn | à¨¬ ®¢® ¬®£®®¡à §¨¥ á ¬¥âà¨ª®© g, gji | ª®¬¯®¥âë ¬¥âà¨ª¨ g ¯®

®â®è¥¨î ª «®ª «ìë¬ ª®®à¤¨ â ¬ ¢ ®ªà¥áâ®áâ¨ U ,   �hji | á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª¨
g ¢ ®ªà¥áâ®áâ¨ U . �ãáâì F (Mn) ®¡®§ ç ¥â ª®«ìæ® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© ª« áá  C1

  Mn,   T r
s (Mn) | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¢á¥å ¤¨ää¥à¥æ¨àã¥¬ëå ª« áá  C1 â¥§®àëå

¯®«¥© â¨¯  (r; s)   Mn. T r
s (Mn) ï¢«ï¥âáï ¬®¤ã«¥¬  ¤ F (Mn). � áá¬®âà¨¬ ¢¥ªâ®à®¥ ¯®«¥

X 2 T 1
0 (Mn) ¨ â¥§®à®¥ ¯®«¥ w 2 T 0

q (Mn). �ãáâì Xh ¨ wh1:::hq | «®ª «ìë¥ ª®¬¯®¥âë ¯®«¥©
X ¨ w á®®â¢¥âáâ¢¥®. �®«ë© «¨äâ CX 2 T 1

0 (T
0
q (Mn)) ¢¥ªâ®à®£® ¯®«ï X, £®à¨§®â «ìë©

«¨äâ HX 2 T 1
0 (T

0
q (Mn)) ¢¥ªâ®à®£® ¯®«ï X ¨ ¢¥àâ¨ª «ìë© «¨äâ Vw 2 T 1

0 (T
0
q (Mn)) â¥§®à®£®

¯®«ï w   à áá«®¥¨¥ T 0
q (Mn) ¨¬¥îâ á®®â¢¥âáâ¢¥® á«¥¤ãîé¨¥ ª®¬¯®¥âë ¯® ®â®è¥¨î ª

 âãà «ì®¬ã à¥¯¥àã f@Hg = f@h; @hg, x
h = th1:::hq ,   T

0
q (Mn) [1]{[3]:

CX =

0@ Xh

�
qP

�=1
th1:::m:::hq@h�X

m

1A ; Vw =
�

0
wh1:::hq

�
;

HX =

0@ Xh

Xm
qP

�=1
�smh�

th1:::s:::hq

1A :

(1)

�«ï ª ¦¤®© ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U(xh)   Mn ®¯à¥¤¥«¨¬

Xj =
@

@xj
= �hj

@

@xh
2 T 1

0 (Mn); j = 1; : : : ; n;

wj = dxj1 
 � � � 
 dxjq = �j1h1 : : : �
jq
hq
dxh1 
 � � � 
 dxhq 2 T 0

q (Mn); h = n+ 1; : : : ; n+ nq:

�§ (1) á«¥¤ã¥â, çâ® ª®¬¯®¥âë ¯®«¥© HXj ¨ Vwj ¯® ®â®è¥¨î ª  âãà «ì®¬ã à¥¯¥àã f@Hg
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¨¬¥îâ á®®â¢¥âáâ¢¥® á«¥¤ãîé¨© ¢¨¤:

HXj = (AH
j ) =

0@ �hj
qP

�=1
�sjh� th1:::s:::hq

1A ;

Vwj = (Aj
H) =

 
0

�
j1
h1
: : : �

jq
hq

!
;

£¤¥ �ij | á¨¬¢®«ë �à®¥ª¥à . �ã¤¥¬  §ë¢ âì  ¡®à fHXj ;
Vwjg à¥¯¥à®¬,  ¤ ¯â¨à®¢ ë¬ ª

à¨¬ ®¢®© á¢ï§®áâ¨ r ¢ ��1(U) � T 0
q (Mn). �®« £ ï

Aj =
HXj ; Aj =

Vwj ;

¡ã¤¥¬ ®¡®§ ç âì  ¤ ¯â¨à®¢ ë© à¥¯¥à á«¥¤ãîé¨¬ ®¡à §®¬: fA�g = fAj ; Ajg.
�¥£ª® ¯à®¢¥à¨âì, çâ® n+ nq «®ª «ìëå 1-ä®à¬

eAi = ( eAi
H) = (�ih; 0) = dxi; i = 1; : : : ; n; (2)

eA i = ( eA i
H) =

�
�

qX
�=1

�shj�ti1:::s:::iq ; �
h1
i1
: : : �

hq
iq

�
=

= �
qX

�=1

�shi�ti1:::s:::iqdx
h + �h1i1 : : : �

hq
iq
dxh =

= �ti1:::iq ; i = n+ 1; : : : ; n+ nq;

®¡à §ãîâ ª®à¥¯¥à f eA�g = f eAi; eA ig, ¤ã «ìë©  ¤ ¯â¨à®¢ ®¬ã à¥¯¥àã fA�g, â. ¥. eA�
HA�

H = ��� .

2. �¨ £® «ìë© «¨äâ Dg à¨¬ ®¢®© ¬¥âà¨ª¨ g   à áá«®¥¨¥ T 0

q (Mn)

�¨ £® «ìë¬ «¨äâ®¬ â¥§®à®£® ¯®«ï g   à áá«®¥¨¥ T 0
q (Mn) ®â®á¨â¥«ì® á¢ï§®áâ¨ r

 §ë¢ ¥âáï â¥§®à®¥ ¯®«¥ â¨¯  (0; 2)   T 0
q (Mn), ®¯à¥¤¥«ï¥¬®¥ «®ª «ì® á«¥¤ãîé¨¬ ®¡à §®¬:

Dg = Dgji eAj 
 eAi + Dgj i
eA j 
 eA i = gjidx

j 
 dxi + gj1i1�j2i2 : : : �jq iq�tj1:::jq 
 �ti1:::iq ; (3)

£¤¥ �ji | á¨¬¢®«ë �à®¥ª¥à . �§ (3) á«¥¤ã¥â, çâ® ¢  ¤ ¯â¨à®¢ ®¬ à¥¯¥à¥ ¤«ï â¥§®à  Dg
¨¬¥¥¬

Dg = (Dg��) =
�
gji 0
0 gj1i1�j2i2 : : : �jq iq

�
: (4)

�®¬¯®¥âë â¥§®à  Dg ¢  âãà «ì®¬ à¥¯¥à¥ ¨¬¥îâ ¢¨¤

Dg = (DgJI) =
�
Dgji

Dgji
Dgj i

Dgj i

�
;

Dgji = gji + gj1i1 + �j2i2 : : : �jq iq
qX

�=1

qX
�=1

�mjj� tj1:::m:::jq�
s
ii�
ti1:::s:::iq ;

Dgji = �gj1i1�j2i2 : : : �jq iq
qX

�=1

�mjj� tj1:::m:::jq ;

Dgj i = �gj1i1�j2i2 : : : �jq iq
qX

�=1

�sii�ti1:::s:::iq ;

Dgj i = gj1i1�j2i2 : : : �jq iq :
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�«ï ®¡®§ ç¥¨ï ª®¬¯®¥â®¢ ®¡ê¥ªâ®¢ ¢  ¤ ¯â¨à®¢ ®¬ à¥¯¥à¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨¤¥ªáë
� = (i; i), � = (j; j) = 1; : : : ; n(1+nq�1),   ¤«ï ®¡®§ ç¥¨ï ª®¬¯®¥â®¢ ®¡ê¥ªâ®¢ ¢  âãà «ì®¬
à¥¯¥à¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨¤¥ªáë I = (i; i), J = (j; j) = 1; : : : ; n(1 + nq�1).

�§ (4) á«¥¤ã¥â, çâ® Dg | à¨¬ ®¢  ¬¥âà¨ª    T 0
q (Mn).

� ¬¥ç ¨¥. �¥âà¨ª  Dg   «®£¨ç  ¬¥âà¨ª¥ à¨¬ ®¢  à áè¨à¥¨ï   ª á â¥«ì®¬ à á-
á«®¥¨¨ T 1

0 (Mn), ¨§ãç ¢è¥©áï ¢ [4] (á¬. â ª¦¥ [5], á. 155;   à áá«®¥¨¨ à¥¯¥à®¢   «®£¨ç ï
¬¥âà¨ª  à áá¬ âà¨¢ « áì ¢ [6]). � à ¡®â¥ [7] ¨§ãç « áì ¬¥âà¨ª  � á ª¨   â¥§®à®¬ à áá«®¥-
¨¨ T p

q (Mn), p > 1.

�§ (1) ¨ (2) á«¥¤ã¥â, çâ® ¢  ¤ ¯â¨à®¢ ®¬ à¥¯¥à¥ ª®¬¯®¥âë «¨äâ®¢ CX, HX ¨ Vw ¨¬¥îâ
á®®â¢¥âáâ¢¥® á«¥¤ãîé¨© ¢¨¤:

(CX�) =

0@ xi
qP

�=1
ti1:::m:::iqri�X

m

1A ; (5)

(HX�) =
�
X i

0

�
;

(Vw�) =
�
0 wi1:::iq

�
:

�§ (4) ¨ (5) á«¥¤ã¥â

Dg(HX;HY ) = g(X;Y ); (6)
Dg(V w;HY ) = 0: (7)

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �ãáâì X;Y 2 T 1
0 (Mn). �®£¤  áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ £®à¨§®â «ìëå «¨äâ®¢

HX ¨ HY   T 0
q (Mn) ¢ ¬¥âà¨ª¥ Dg á®¢¯ ¤ ¥â á ¢¥àâ¨ª «ìë¬ «¨äâ®¬ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï

X ¨ Y   Mn.

�§ (4) ¨ (5) â ª¦¥ á«¥¤ã¥â

Dg(V w; V �) =
X
(i)

V (g(w(i)�(i))); (8)

Dg(V w; CY ) =
X
(i)

V g(w(i); �(rX)(i)); (9)

Dg(Cx; CY ) = V (g(X;Y )) +
X
(i)

V (g(�(rX)(i); �(rY )(i))); (10)

£¤¥ (i) = (i1 : : : iq), �(rX)(i) = �
qP

�=1
ti1:::m:::iqri�X

m@r.

�®áª®«ìªã ¬®¤ã«ì ¢¥ªâ®àëå ¯®«¥©   à áá«®¥¨¨ T 0
q (Mn) ¯®à®¦¤ ¥âáï £®à¨§®â «ìë¬¨

(¨«¨ ¯®«ë¬¨) ¨ ¢¥àâ¨ª «ìë¬¨ «¨äâ ¬¨ ¢¥ªâ®àëå ¯®«¥© á ¬®£®®¡à §¨ï Mn, â® ¤¨ £® «ì-
ë© «¨äâ Dg à¨¬ ®¢®© ¬¥âà¨ª¨ g   à áá«®¥¨¨ T 0

q (Mn) ¯®«®áâìî ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨
(6){(8) (¨«¨ (8){(10)).

� ¬¥ç ¨¥. � ¯®¬¨¬, çâ® «î¡®¥ â¥§®à®¥ ¯®«¥ eg 2 T 0
2 (T

0
1 (Mn)) â¨¯  (0; 2)   ª®ª á â¥«ì-

®¬ à áá«®¥¨¨ T 0
1 (Mn) (p = 0) ¯®«®áâìî ®¯à¥¤¥«ï¥âáï á¢®¨¬ ¤¥©áâ¢¨¥¬   ¯®«ëå «¨äâ å

¢¥ªâ®àëå ¯®«¥© ([5], á. 237). �®íâ®¬ã ¬¥âà¨ª  Dg 2 T 0
2 (T

0
1 (Mn)) ¯®«®áâìî ®¯à¥¤¥«ï¥âáï ä®à-

¬ã« ¬¨ (10).
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3. �¨¬ ®¢  á¢ï§®áâì ¬¥âà¨ª¨ Dg

�¡ê¥ªâ ¥£®«®®¬®áâ¨ 
�
� à¥¯¥à  fA�g ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

[A ; A�] = 
�
�A�

¨«¨

�

� = (AA�
H �A�A

H) eA�
H :

�®áª®«ìªã Aj = @j +
qP

�=1
�sjh�th1:::s:::hq@h, Aj = @j , â® ª®¬¯®¥âë 
�

� ¨¬¥îâ ¢¨¤


ij
s = �
ji

s =
qX

�=1

�tjs��
i1
s1
: : :�i�js� : : : �

iq
sq
;


ij
s = �
ji

s =
qX

�=1

Rijs�
tts1:::t:::sq ; (11)


ij
s = 
i j

s = 
ij
s = 
i j

s = 
i j
s = 0;

£¤¥ Rkji
h | ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë à¨¬ ®¢®© á¢ï§®áâ¨ r.

�®¬¯®¥âë à¨¬ ®¢®© á¢ï§®áâ¨, ®¯à¥¤¥«ï¥¬®© ¬¥âà¨ª®© Dg, § ¤ îâáï ä®à¬ã« ¬¨

D��� =
1
2
Dg�"(A

Dg"�A�
Dg" �A"

Dg�) +
1
2
(
�

� +
�
� +
�

�); (12)

£¤¥ 
�
� = Dg�" Dg��
"

�,   Dg�" | ª®âà ¢ à¨ âë¥ ª®¬¯®¥âë ¬¥âà¨ª¨ Dg ¢  ¤ ¯â¨à®¢ -
®¬ à¥¯¥à¥,

(Dg��) =
�
gji 0
0 gj1i1�j2i2 : : : �jq iq

�
: (13)

�ç¨âë¢ ï (11){(13), ¨¬¥¥¬

D�hij = �hij ;
D�h

ij
= �

qX
�=1

�
j1
h1
: : :�j�ih� : : : �

jq
hq
;

D�h
ij
=
1
2
ghngm1j1�m2j2 : : : �mqjq

qX
�=1

Rnim�

ttm1:::t:::miq ;

D�h
i j
=
1
2
ghngm1i1�m2i2 : : : �mq iq

qX
�=1

Rhjm�

ttm1:::t:::mq
; (14)

D�hij =
1
2

qX
�=1

Rijh�
tth1:::t:::hq ;

D�h
i j
= 0; D�h

i j
= 0; D�h

i j
= 0:

�§ (5) ¨ (14) á«¥¤ã¥â, çâ® ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ DrV �
Vw, DrHX

HY , DrV �
HY ¨ DrHX

Vw
¨¬¥îâ á®®â¢¥âáâ¢¥® á«¥¤ãîé¨¥ ª®¬¯®¥âë:

DrV �
Vw = 0;

DrHX
HY =

0@ X iriY
k

1
2
X iY j

qP
�=1

Rijk�
stk1:::s:::kq

1A = H(rXY ) +
1
2
R(X;Y );

DrV �
HY =

0@ 1
2
Y j�i1:::iqg

hngm1i1�m2i2 : : : �mqiq
qP

�=1
Rhjm�

ttm1:::t:::mq

0

1A ; (15)
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DrHX
Vw =

0@ 1
2
X iwj1:::jqg

hngm1j1�m2j2 : : : �mqjq
qP

�=1
Rnim�

ttm1:::t:::mq

X i(@iwh1:::hq � �tih�wh1:::t:::hq)

1A ;

£¤¥ R(X;Y ) ¨¬¥¥â ¢¨¤ [8]

R(X;Y ) =

0@ 0

X iY j
qP

�=1
Rijk�

stk1:::s:::kq

1A :

�®áª®«ìªã ¬®¤ã«ì ¢¥ªâ®àëå ¯®«¥©   à áá«®¥¨¨ T 0
q (Mn) ¯®à®¦¤ ¥âáï £®à¨§®â «ìë¬¨ ¨

¢¥àâ¨ª «ìë¬¨ «¨äâ ¬¨ ¢¥ªâ®àëå ¯®«¥© á ¬®£®®¡à §¨ï Mn, â® ä®à¬ã«ë (15) ¯®«®áâìî
®¯à¥¤¥«ïîâ à¨¬ ®¢ã á¢ï§®áâì Dr ¬¥âà¨ª¨ Dg.

�¯à¥¤¥«¨¬ â¥¯¥àì £®à¨§®â «ìë© «¨äâ Hr à¨¬ ®¢®© á¢ï§®áâ¨ r á ¬®£®®¡à §¨ï Mn  
à áá«®¥¨¥ T 0

q (Mn) á«¥¤ãîé¨¬¨ ãá«®¢¨ï¬¨:

HrV w
V � = 0; HrV w

HY = 0;
HrHX

V � = V (rX�);
HrHX

HY = H(rXY )
(16)

¤«ï «î¡ëå X;Y 2 T 1
0 (Mn), w; � 2 T 0

q (Mn). �  âãà «ì®¬ à¥¯¥à¥   à áá«®¥¨¨ T 0
q (Mn) £®à¨-

§®â «ìë© «¨äâ Hr á¢ï§®áâ¨ r ¨¬¥¥â ª®¬¯®¥âë

H�ims = �ims;
H�ims = 0; H�ims = 0; H�im s = 0;

H�ims = �
qX

c=1

�m1

i1
: : :�mc

sic
: : : �m1

iq
;

H�ims = �
qX

c=1

�s1i1 : : :�
sc
mic

: : : �
sq
iq
;

H�ims =
qX

c=1

(�@m�
a
sic

+ �rmic
�asr + �rms�

a
ric
)ti1:::a:::iq +

+
1
2

qX
b=1

qX
c=1

(�kmic
�rsib +�rmib

�lsic)ti1:::r:::l:::iq ;

H�im s = 0 (xi = ti1:::iq ; xm = tm1:::mq
; xx = ts1:::sq ):

�®áª®«ìªã ¬®¤ã«ì ¢¥ªâ®àëå ¯®«¥©   ��1(U) � T 0
q (Mn) ¯®à®¦¤ ¥âáï ¢¥ªâ®àë¬¨ ¯®«ï¬¨

HXi ¨ Vwi, ¢áïª®¥ â¥§®à®¥ ¯®«¥ â¨¯  (1; 2)   ��1(U) ®¯à¥¤¥«ï¥âáï á¢®¨¬ ¤¥©áâ¢¨¥¬   HXi

¨ Vwi. �ãáâì S 2 T 1
2 (Mn) | â¥§®à®¥ ¯®«¥ â¨¯  (1; 2)   ¬®£®®¡à §¨¨ Mn. �¥§®à®¥ ¯®«¥

HS 2 (T 1
2 (T

0
q (Mn))), ®¯à¥¤¥«ï¥¬®¥ á®®â®è¥¨ï¬¨

HS(HX;HY ) = H(S(X;Y )) 8X;Y 2 T 1
0 (Mn);

HS(Vw;HY ) = V (SY (w)) 8w 2 T 0
q (Mn);

HS(HX; V �) = V (SX(�)) 8� 2 T 0
q (Mn);

HS(Vw; V �) = 0;

(17)

£¤¥ SX(w); SX(�) 2 T 0
q (Mn),  §®¢¥¬ £®à¨§®â «ìë¬ «¨äâ®¬ ¯®«ï S 2 T 1

2 (Mn)   T 0
q (Mn).

�ãáâì T ¨ eT | â¥§®àë ªàãç¥¨ï á¢ï§®áâ¥©r ¨ Hr á®®â¢¥âáâ¢¥®,   R| â¥§®à ªà¨¢¨§ë
á¢ï§®áâ¨ r. �¥¯®áà¥¤áâ¢¥® ¯® ®¯à¥¤¥«¥¨î â¥§®à  ªàãç¥¨ï «¨¥©®© á¢ï§®áâ¨ ¨¬¥¥¬eT (Vw; V �) = HrV w

V � � HrV �
Vw � [Vw; V �];eT (Vw;HY ) = HrV w

HY � HrHY
Vw � [Vw;HY ];eT (HX;HY ) = HrHX

HY � HrHY
HX � [HX;HY ]:
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�à®¬¥ â®£®, [9]

[Vw; V �] = 0; [Vw;HY ] = �V (rYw);

[HX;HY ] = H [X;Y ] + R(X;Y ):
(18)

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ (16){(18), ¯®«ãç ¥¬

eT (Vw; V �) = 0; eT (Vw;HY ) = 0;eT (HX;HY ) = HT (HX;HY )� R(X;Y ) = H(T (X;Y ))� R(X;Y ) = �R(X;Y ):

� ª¨¬ ®¡à §®¬, ¢ ®¡é¥¬ á«ãç ¥ á¢ï§®áâì Hr ¨¬¥¥â ªàãç¥¨¥.
� áá¬®âà¨¬   T 0

q (Mn) â¥§®à

Deg = egjiAj 
Ai + gj1i1�j2i2 : : : �jqiqAj 
Ai: (19)

�§ (16) ¨¬¥¥¬

HrHXAi = Xs�hsiAh;

HrHXAi = �Xs

qX
�=1

�i1h1 : : :�
i+�
sh�

: : : �
iq
hq
Ah;

HrV wAi = 0;
HrV wAi = 0

(20)

¤«ï «î¡ëå X 2 T 1
0 (Mn), w 2 T 0

q (Mn). �ç¨âë¢ ï (19) ¨ (20), ¯®«ãç ¥¬

HrHX
Deg = D(rXeg);

HrV w
Deg = 0:

(21)

�á«¨ rXg = 0, â® rXeg = 0. �®£« á® (21),   â ª¦¥ á®®â®è¥¨î rXg = 0 ¨ Dg�
Deg� = ���,

¨¬¥¥¬

HrHX
Dg = 0;

HrV w
Dg = 0:

� à¥§ã«ìâ â¥ ¤®ª §  

�¥®à¥¬  2. �ãáâì Mn | à¨¬ ®¢® ¬®£®®¡à §¨¥ á ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ g. �®£¤  £®à¨-

§®â «ìë© «¨äâ Hr à¨¬ ®¢®© á¢ï§®áâ¨ r ï¢«ï¥âáï ¬¥âà¨ç¥áª®© á¢ï§®áâìî ¯® ®â®è¥-
¨î ª Dg.

4. �¨««¨£®¢ë ¢¥ªâ®àë¥ ¯®«ï

�¥ªâ®à®¥ ¯®«¥ X 2 T 1
0 (Mn)   à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (Mn; g)  §ë¢ ¥âáï ¨ä¨¨â¥§¨-

¬ «ì®© ¨§®¬¥âà¨¥© ¨«¨ ª¨««¨£®¢ë¬ ¢¥ªâ®àë¬ ¯®«¥¬, ¥á«¨ LXg = 0 ([10], á. 178). � â¥à¬¨ å
«®ª «ìëå ª®®à¤¨ â   Mn íâ® ãá«®¢¨¥ ¯à¨¨¬ ¥â ¢¨¤

LXgji = Xkrkgji + gkirjX
k + gjkrjX

k = rjXi +riXj = 0;

£¤¥ gji | ª®¬¯®¥âë ¬¥âà¨ç¥áª®£® â¥§®à  g, Xk | ª®¬¯®¥âë ¢¥ªâ®à®£® ¯®«ï X,   r |
à¨¬ ®¢  á¢ï§®áâì â¥§®à  g.
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�®¢¥ªâ®àë¥ ¯®«ï   à áá«®¥¨¨ T 0
q (Mn),  áá®æ¨¨à®¢ ë¥ ¯®áà¥¤áâ¢®¬ ¬¥âà¨ª¨ Dg á®®â-

¢¥âáâ¢¥® á ¯®«ë¬ CX ¨ £®à¨§®â «ìë¬ HX «¨äâ ¬¨ ¢¥ªâ®à®£® ¯®«ï X, ¨¬¥îâ á«¥¤ãîé¨¥
ª®¬¯®¥âë ¯® ®â®è¥¨î ª  ¤ ¯â¨à®¢ ®¬ã à¥¯¥àã:

(CX�) = (Dg��CX�) =
�
Xj ;�g

j1i1�j2i2 : : : �jq iq
qX

�=1

ti1:::m:::iqriuX
m

�
;

(HX�) = (Dg��HX�) = (Xj ; 0):

�à®¨§¢®¤ë¥ �¨ â¥§®à  Dg ¯® ®â®è¥¨î ª ¢¥ªâ®àë¬ ¯®«ï¬ CX ¨ HX ¨¬¥îâ á®®â¢¥â-
áâ¢¥® ª®¬¯®¥âë

(LCX
Dg��) = (Dr�

CX� + Dr�
CX�) =

1
2
(A(�

CX�) + D�(��)
CX) =

�
LCX

Dgji LCX
Dgji

LCX
Dgj i LCX

Dgj i

�
;

LCX
Dgji = rjXi +riXj ;

LCX
Dgji = �

qX
�=1

(rjrl�Xs +Rnjl�sX
n)tl1:::t:::lqg

stgi1l1�i2l2 : : : �iq lq ;

LCX
Dgji = �

qX
�=1

(rirl�Xs +Rnil�sX
n)tl1:::t:::lqg

stgj1l1�j2l2 : : : �jq lq ;

LCX
Dgj i = �

qX
�=1

rl�X
m�j1l1 : : : �

j�
m : : : �

jq
lq
gl1i1�l2i2 : : : �lq iq +

+rl�X
m�i1l1 : : : �

i�
m : : : �

iq
lq
gl1j1�l2j2 : : : �lqjq);

(22)

(LHX
Dg��) = (Dr�

HX� +
Dr�

HX�) =
1
2
(A(�

HX�) +
D�(��)

HX) =
�
LHX

Dgji LHX
Dgji

LHX
Dgj i LHX

Dgj i

�
;

8>>>>>>><>>>>>>>:

LHX
Dgji = rjXi +riXj ;

LHX
Dgji = �

qP
�=1

Rnjm�

tXntm1:::t:::mq
gm1i1�m2i2 : : : �mqiq ;

LHX
Dgji = �

qP
�=1

Rnim�

tXntm1:::t:::mq
gm1j1�m2j2 : : : �mqjq ;

LHX
Dgj i = 0:

�§ LXgji = rjXi + riXj = 0 á«¥¤ã¥â ([10], á. 178), çâ® rirkXt + RliktX
l = 0. �®£¤  ¨§ (22)

á«¥¤ã¥â, çâ® ¥á«¨ X | ª¨««¨£®¢® ¢¥ªâ®à®¥ ¯®«¥   Mn ¨ rjXi = 0, â® ¥£® ¯®«ë© «¨äâ CX
  à áá«®¥¨¥ T 0

q (Mn) ¡ã¤¥â â ª¦¥ ª¨««¨£®¢ë¬ ¢¥ªâ®àë¬ ¯®«¥¬.
� ¥á«¨ ¤«ï ª¨««¨£®¢  ¢¥ªâ®à®£® ¯®«ï X   Mn ¢ë¯®«ï¥âáï rirkXh = 0, â® Rh

jtrXh = 0
¨ Rhjm

tXh = 0. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�¥®à¥¬  3. �ãáâì Mn | à¨¬ ®¢® ¬®£®®¡à §¨¥ á ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ g ¨ X | ª¨«-
«¨£®¢® ¢¥ªâ®à®¥ ¯®«¥   Mn. �®£¤ 

1) eá«¨ rjXi = 0, â® ¯®«ë© «¨äâ CX ¢¥ªâ®à®£® ¯®«ï X   à áá«®¥¨¥ T 0
q (Mn) ¡ã¤¥â

ª¨««¨£®¢ë¬ ¢¥ªâ®àë¬ ¯®«¥¬ ¤«ï ¬¥âà¨ª¨ Dg.

2) eá«¨ rjrkXi = 0, â® £®à¨§®â «ìë© «¨äâ HX ¢¥ªâ®à®£® ¯®«ï X   à áá«®¥¨¥ T 0
q (Mn)

¡ã¤¥â ª¨««¨£®¢ë¬ ¢¥ªâ®àë¬ ¯®«¥¬ ¤«ï ¬¥âà¨ª¨ Dg.
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5. �¥®¤¥§¨ç¥áª¨¥   à áá«®¥¨¨ T 0

q (Mn) á ¬¥âà¨ª®©
Dg

�ãáâì C | ªà¨¢ ï   ¬®£®®¡à §¨¨ Mn, «®ª «ì® ®¯à¥¤¥«ï¥¬ ï ãà ¢¥¨ï¬¨ xh = xh(t),  
wh1:::hq(t) | â¥§®à®¥ ¯®«¥ â¨¯  (0; q) ¢¤®«ì C. � áá¬®âà¨¬   à áá«®¥¨¨ T 0

q (Mn) ªà¨¢ãî eC,
®¯à¥¤¥«ï¥¬ãî ãà ¢¥¨ï¬¨

xh = xh(t); xeh = th1:::hq = wh1:::hq(t):

�á«¨ ¢¤®«ì ªà¨¢®© C ¢ë¯®«ï¥âáï

�wh1:::hq

dt
= 0; (23)

£¤¥ � |  ¡á®«îâ®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥, â® ªà¨¢ ï eC  §ë¢ ¥âáï £®à¨§®â «ìë¬ «¨äâ®¬
ªà¨¢®© C. � ª¨¬ ®¡à §®¬, ¯à¨ § ¤ ëå  ç «ìëå ãá«®¢¨ïå wh1:::hq(t0) = (wh1:::hq)0 áãé¥áâ¢ã¥â
¥¤¨áâ¢¥ë© £®à¨§®â «ìë© «¨äâ ªà¨¢®© C.

� áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å «¨¨©   à áá«®¥¨¨ T 0
q (Mn) á

¬¥âà¨ª®© Dg. �á«¨ ¯ à ¬¥âà t ¯à¥¤áâ ¢«ï¥â á®¡®© ¤«¨ã ¤ã£¨ ªà¨¢®© xA = xA(t)   T 0
q (Mn), â®

¢ ª®®à¤¨ â å (xi; xi) = (xi; tj1:::jq) ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å   T
0
q (Mn) ¨¬¥îâ å®à®è® ¨§¢¥áâë©

¢¨¤

�2xA

dt2
=

d2xA

dt2
+ D�ACB

dxC

dt

dxB

dt
= 0: (24)

�  ¤ ¯â¨à®¢ ®¬ à¥¯¥à¥ fAi; Aig ãà ¢¥¨ï (24) ¯à¨¨¬ îâ ¢¨¤

d

dt

�
��

dt

�
+ D��

�
�

�
�

dt

��
��

dt

�
= 0;

£¤¥ (2)
�h

dt
= eAh

A

dxA

dt
=

dxh

dt
;

�h

dt
= eA h

A

dxA

dt
=

�th1:::hq
dt

:

�®¤áâ ¢«ïï ¢ëà ¦¥¨ï (14) ¤«ï ª®íää¨æ¨¥â®¢ á¢ï§®áâ¨   à áá«®¥¨¨ T 0
q (Mn), ¯®«ãç¨¬

�2xh

dt2
+ ghngm1j1�m2j2 : : : �mqjq

qX
�=1

Rnim�

ttm1:::t:::mq

dxi

dt

dtj1:::jq = 0;

d

dt

��th1:::hq
dt

�
+
1
2

qX
�=1

Rijh�
nth1:::n:::hq

dxi

dt

dxj

dt
�

qX
�=1

�nih�
dxi

dt

�th1:::n:::hq
dt

= 0:

(25)

� ª ª ª â¥§®à ªà¨¢¨§ë Rjim
m  â¨á¨¬¬¥âà¨ç¥ ¯® ¨¤¥ªá ¬ i ¨ j, â® ¢ ãà ¢¥¨ïå (25)

Rjih
m dxj

dt
dxi

dt
= 0. � ª¨¬ ®¡à §®¬, ªà¨¢ ï xi = xi(t), th1:::hq = th1:::hq(t)   à áá«®¥¨¨ T 0

q (Mn) á
¬¥âà¨ª®© Dg ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬

(a)
�2xh

dt2
+ ghngm1j1�m2j2 : : : �mqjq

qX
�=1

Rnim�

ttm1:::t:::mq

dxi

dt

dtj1:::jq
dt

= 0;

(b)
d

dt

��th1:::hq
dt

�
�

qX
�=1

�nih�
dxi

dt

�th1:::n:::hq
dt

= 0:

(26)

�á«¨ ªà¨¢ ï, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨ï¬ (26), «¥¦¨â ¢ á«®¥ à áá«®¥¨ï T 0
q (Mn), ®¯à¥¤¥-

«ï¥¬®¬ ãà ¢¥¨ï¬¨ xh = const, â® ãà ¢¥¨¥ (24 (b)) á¢®¤¨âáï ª ãà ¢¥¨î

d2th1:::hq
dt2

= 0;

¯à®¨§¢®«ì®¥ à¥è¥¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤ th1:::hq = ah1:::hq t+ bh1:::hq , £¤¥ ah1:::hq ¨ bh1:::hq ¯®áâ®ï-
ë¥. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥âáï

58



�¥®à¥¬  4. �¥®¤¥§¨ç¥áª ï «¨¨ï xh = xh(t), th1:::hq = th1:::hq(t), «¥¦ é ï ¢ á«®¥ à áá«®¥¨ï

T 0
q (Mn) á ¬¥âà¨ª®© Dg, ¨¬¥¥â á«¥¤ãîé¨¥ ãà ¢¥¨ï : xh = ch, th1:::hq = ah1:::hq t + bh1:::hq , £¤¥

ah1:::hq , bh1:::hq ¨ ch | ª®áâ âë.

� ª á«¥¤áâ¢¨¥ ãà ¢¥¨© (23) ¨ (26) ¯®«ãç ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  5. �áïª¨© £®à¨§®â «ìë© «¨äâ £¥®¤¥§¨ç¥áª®© «¨¨¨ à¨¬ ®¢  ¬®£®®¡à §¨ï
(Mn; g) ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®© «¨¨¥©   à áá«®¥¨¨ T 0

q (Mn) á ¬¥âà¨ª®© Dg.
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