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1. �¢¥¤¥­¨¥

�¨á«¥­­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï á¨áâ¥¬ ãà ¢­¥­¨© ¨ ­¥à ¢¥­áâ¢ ¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à -
âãà . � ¯à¨«®¦¥­¨ïå ç áâ® ¢áâà¥ç ¥âáï á«ãç ©, ª®£¤  à áá¬ âà¨¢ ¥¬ë¥ á¨áâ¥¬ë ­¥ ¨¬¥îâ à¥-
è¥­¨©. � [1]{[4] â ª¨¥ § ¤ ç¨, ­ §¢ ­­ë¥ ­¥á®¡áâ¢¥­­ë¬¨, ¯®¤à®¡­® ¨áá«¥¤®¢ ­ë ¨ ¯à¥¤«®¦¥­ë
á¯¥æ¨ «ì­ë¥ ¯à¨¥¬ë ª®àà¥ªæ¨¨ ¤«ï ãáâà ­¥­¨ï ­¥á®¢¬¥áâ­®áâ¨. �¤­®¢à¥¬¥­­®¥ ¨§ãç¥­¨¥ á®-
¢¬¥áâ­ëå ¨ ­¥á®¢¬¥áâ­ëå á¨áâ¥¬ á®¤¥à¦¨âáï ¢ ¬­®£®ç¨á«¥­­ëå ª­¨£ å, áâ âìïå, ¯®á¢ïé¥­­ëå
â¥®à¥¬ ¬ ®¡  «ìâ¥à­ â¨¢ å (­ ¯à., [5]{[10]). � íâ¨å à ¡®â å ª ¦¤®© á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥-
­¨© ¨ ­¥à ¢¥­áâ¢ áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥  «ìâ¥à­ â¨¢­ ï á¨áâ¥¬  â ª ï, çâ® ®¡¥ á¨áâ¥¬ë ­¥
¬®£ãâ ¨¬¥âì à¥è¥­¨ï ®¤­®¢à¥¬¥­­® ¨ ¢á¥£¤  à §à¥è¨¬  â®«ìª® ®¤­  ¨§ ­¨å. �¯à¨®à¨ ­¥ ¨§-
¢¥áâ­®, ¨¬¥¥â «¨ ¤ ­­ ï á¨áâ¥¬  à¥è¥­¨e. �®íâ®¬ã á«¥¤ã¥â, ¢®-¯¥à¢ëå, ¢ëïá­¨âì, à §à¥è¨¬ 
«¨ § ¤ ­­ ï á¨áâ¥¬  ¨, ¢®-¢â®àëå, ­ ©â¨ ¥¥ à¥è¥­¨¥, ¥á«¨ ®­  à §à¥è¨¬ .

� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¯®¤å®¤ ª à¥è¥­¨î á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© ¨ ­¥à ¢¥­áâ¢ ­ 
®á­®¢¥ ª®­áâàãªâ¨¢­®£® ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ®¡  «ìâ¥à­ â¨¢ å. �¡®á­®¢ ­¨¥ ¯à¥¤« £ ¥¬®£®
¯®¤å®¤  ¯à®¢®¤¨âáï ­  ®á­®¢¥ â¥®à¨¨ ¤¢®©áâ¢¥­­®áâ¨ ­¥«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï. �¢®¤ïâáï
á¨áâ¥¬ë, á®¯àï¦¥­­ë¥ ¨  «ìâ¥à­ â¨¢­ë¥ ª ¨áå®¤­®©. � §¬¥à­®áâì ¯¥à¥¬¥­­ëå ¢ íâ¨å á¨áâ¥¬ å
à ¢­  ç¨á«ã ãà ¢­¥­¨© ¨ ­¥à ¢¥­áâ¢ ¢ ¨áå®¤­®© § ¤ ç¥. �¥è¥­¨¥ á¢®¤¨âáï ª ¡¥§ãá«®¢­®© ¬¨­¨-
¬¨§ æ¨¨ ­®à¬ ­¥¢ï§ª¨ ¨áå®¤­®© ¨«¨  «ìâ¥à­ â¨¢­®© ª ­¥© á¨áâ¥¬ë.

�á«¨ § ¤ ­ë ¨áå®¤­ ï á¨áâ¥¬  ¨  «ìâ¥à­ â¨¢­ ï ª ­¥©, â® ¤«ï ­ å®¦¤¥­¨ï à¥è¥­¨ï à §à¥-
è¨¬®© á¨áâ¥¬ë ¤®áâ â®ç­® ¯à®¬¨­¨¬¨§¨à®¢ âì ­¥¢ï§ªã ª ª®©-«¨¡® ®¤­®© ¨§ íâ¨å ¤¢ãå á¨áâ¥¬.
� ª ï § ¤ ç  ¤ ¥â ¡®«¥¥ ¡®£ âãî ¨­ä®à¬ æ¨î, ç¥¬ ¯à®áâ® à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë. �á«¨
¤«ï ¢ë¡à ­­®© á¨áâ¥¬ë ¢ à¥§ã«ìâ â¥ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ¯®«ãç¥­  ­ã«¥¢ ï ­¥¢ï§ª , â®
à¥è¥­¨¥ íâ®© § ¤ ç¨ ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ à¥è¥­¨¥¬ ¢ë¡à ­­®© á¨áâ¥¬ë. �à¨ íâ®¬ ¬®¦-
­® ãâ¢¥à¦¤ âì, çâ® ¢â®à ï á¨áâ¥¬  ­¥ ¨¬¥¥â à¥è¥­¨ï. �á«¨ ¬¨­¨¬ «ì­ ï ­¥¢ï§ª  ¢ë¡à ­­®©
á¨áâ¥¬ë ­¥ à ¢­  ­ã«î, â® íâ  á¨áâ¥¬  ­¥ ¨¬¥¥â à¥è¥­¨ï,   ¢â®à ï á¨áâ¥¬  à §à¥è¨¬  ¨ ¯® à¥-
§ã«ìâ â ¬ ¯à®¢¥¤¥­­®© ¬¨­¨¬¨§ æ¨¨ ¯® ¯à®áâë¬ ä®à¬ã« ¬ ¢ëç¨á«ï¥âáï à¥è¥­¨¥ íâ®© á¨áâ¥¬ë
á ¬¨­¨¬ «ì­®© ­®à¬®© (­®à¬ «ì­®¥ à¥è¥­¨¥).

�­ «®£¨ç­® ¯®¤å®¤ã, ¨á¯®«ì§ã¥¬®¬ã ¢ [11], ä®à¬ã«¨àã¥âáï § ¤ ç , ª®â®à ï ¢¬¥áâ¥ á § ¤ ç¥©
¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ­®à¬ë ­¥¢ï§®ª á®áâ ¢«ïîâ ¯ àã ¢§ ¨¬­® ¤¢®©áâ¢¥­­ëå § ¤ ç. �¯¯ -
à â â¥®à¨¨ ¤¢®©áâ¢¥­­®áâ¨ ¯®§¢®«ï¥â ¤ âì ¯à®áâ®¥ ª®­áâàãªâ¨¢­®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ®¡
 «ìâ¥à­ â¨¢ å.

� ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à¥¤« £ ¥¬®£® ¯®¤å®¤  à áá¬ âà¨¢ îâáï ­¥âà ¤¨æ¨®­­ë¥ ¤¢ã¯ à ¬¥-
âà¨ç¥áª¨¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï [12]. �®à¬ã«¨àã¥â-
áï ¨¬¥îé ï ¬¥­ìèãî à §¬¥à­®áâì ­¥á®¢¬¥áâ­ ï á¨áâ¥¬ , ª®â®à ï ï¢«ï¥âáï  «ìâ¥à­ â¨¢­®©
ª á¨áâ¥¬¥ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨. � à¥§ã«ìâ â¥ ®¤­®ªà â­®© ¡¥§-
ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ £« ¤ª®© ªãá®ç­®-ª¢ ¤à â¨ç­®© äã­ªæ¨¨ á ç¨á«®¬ ¯¥à¥¬¥­­ëå ­  ¥¤¨­¨-
æã ¡®«ìè¥ ç¨á«  ¯¥à¥¬¥­­ëå ¯àï¬®© § ¤ ç¨ ¢ëç¨á«ïîâáï ¯® ¯à®áâë¬ ä®à¬ã« ¬ ­®à¬ «ì­®¥

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

ª®¤ ¯à®¥ªâ  ò 01-01-00804, ¨ ¯® ¯à®£à ¬¬¥ £®áã¤ àáâ¢¥­­®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å ­ ãç­ëå èª®«, ª®¤

¯à®¥ªâ  ò00-15-96080.
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à¥è¥­¨¥ ¯àï¬®© § ¤ ç¨ ¨ ®¯â¨¬ «ì­ë¥ ­¥¢ï§ª¨ á ¬¨­¨¬ «ì­®© ­®à¬®© ¤¢®©áâ¢¥­­®© § ¤ ç¨
«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï.

�®¤ç¥àª­¥¬, çâ®, ¡« £®¤ àï à §«¨ç¨î à §¬¥à­®áâ¥© ¯¥à¥¬¥­­ëå ¨áå®¤­®© ¨  «ìâ¥à­ â¨¢­®©
á¨áâ¥¬, ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ­­®© á¨áâ¥¬ë ¬®¦¥â ®ª § âìáï æ¥«¥á®®¡à §­ë¬ ¯¥à¥å®¤ ®â
¨áå®¤­®© á®¢¬¥áâ­®© á¨áâ¥¬ë ª ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§ª¨  «ìâ¥à­ â¨¢­®© ­¥á®¢¬¥áâ­®© á¨áâ¥¬ë.
� ª ï à¥¤ãªæ¨ï ¬®¦¥â ¯à¨¢¥áâ¨ ª § ¤ ç¥ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ¬¥­ìè¥© à §¬¥à­®áâ¨ ¨
¤ ¥â ¢®§¬®¦­®áâì ®¯à¥¤¥«¨âì ­®à¬ «ì­®¥ à¥è¥­¨¥ ¨áå®¤­®© á¨áâ¥¬ë. � ª¨¬ ®¡à §®¬, ¢ ®â«¨-
ç¨¥ ®â ãáâà ­¥­¨ï ­¥á®¢¬¥áâ­®áâ¨ ¢ ­¥á®¡áâ¢¥­­ëå § ¤ ç å [1]{[4] ¤«ï ­ å®¦¤¥­¨ï ­®à¬ «ì­®£®
à¥è¥­¨ï á®¢¬¥áâ­®© á¨áâ¥¬ë ¬®¦¥â ¡ëâì ¯®«¥§¥­ ¯¥à¥å®¤ ª \à¥è¥­¨î" ­¥á®¢¬¥áâ­®©  «ìâ¥à-
­ â¨¢­®© á¨áâ¥¬ë.

2. �á­®¢­ë¥ â¥®à¥¬ë

�ãáâì m� n-¬ âà¨æ  § ¤ ­  ¢ ¢¨¤¥

A =
�
A11 A12

A21 A22

�
;

£¤¥ ¯àï¬®ã£®«ì­ë¥ ¬ âà¨æë A11, A12, A21, A22 ¨¬¥îâ á®®â¢¥âáâ¢¥­­® à §¬¥à­®áâ¨ m1�n1, m1�
n2, m2 � n1, m2 � n2. �ãáâì ¢¥ªâ®àë x 2 Rn, z; u; b 2 Rm ¨¬¥îâ à §¡¨¥­¨ï x> = [x>1 ; x

>
2 ],

z> = [z>1 ; z
>
2 ], u

> = [u>1 ; u
>
2 ], b

> = [b>1 ; b
>
2 ], £¤¥ x1 2 Rn1 , x2 2 Rn2 , n = n1 + n2, z1; u1; b1 2 Rm1 ,

z2; u2; b2 2 Rm2 , m = m1 +m2. �¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥ ¬­®¦¥áâ¢  �x = f[x1; x2] : x1 2 Rn1
+ ; x2 2

Rn2g, �z = f[z1; z2] : z1 2 Rm1

+ ; z2 2 Rm2g, �u = f[u1; u2] : u1 2 Rm1

+ ; u2 2 Rm2g.
� áá¬®âà¨¬ á¨áâ¥¬ã «¨­¥©­ëå à ¢¥­áâ¢ ¨ ­¥à ¢¥­áâ¢

A11x1 +A12x2 � b1; A21x1 +A22x2 = b2; x1 � 0n1 : (I)

�¯à¥¤¥«¨¬ á®¯àï¦¥­­ãî á¨áâ¥¬ã ª (I)

A>
11z1 +A>

21z2 � 0n1 ; A>
12z1 +A>

22z2 = 0n2 ; z1 � 0m1
: (I0)

�¢¥¤¥¬  «ìâ¥à­ â¨¢­ãî ª (I) á¨áâ¥¬ã

A>
11u1 +A>

21u2 � 0n1 ; A>
12u1 +A>

22u2 = 0n2 ; b>1 u1 + b>2 u2 = �; u1 � 0m1
: (II)

�¤¥áì � > 0 | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �â¬¥â¨¬, çâ® âà¥¡®¢ ­¨¥
¯®«®¦¨â¥«ì­®áâ¨ �  ¢â®¬ â¨ç¥áª¨ ¯à¥¤¯®« £ ¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨ï kbk 6= 0.

�¢¥¤¥¬ ¢¥ªâ®à w 2 Rn+1, ¯à¥¤áâ ¢¨¬ë© ¢ ¢¨¤¥ w> = [w>
1 ; w

>
2 ; w3], £¤¥ w1 2 Rn1 , w2 2 Rn2 ,

w3 2 R1, ¨ ¢á¯®¬®£ â¥«ì­®¥ ¬­®¦¥áâ¢® �w = f[w1; w2; w3] : w1 2 Rn1
+ ; w2 2 Rn2 ; w3 2 R1g.

�«ï á¨áâ¥¬ë (II) á®¯àï¦¥­­ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤

A11w1 +A12w2 � b1w3 � 0m1
; A21w1 +A22w2 � b2w3 = 0m2

; w1 � 0n1 : (II0)

�­®¦¥áâ¢  à¥è¥­¨© á¨áâ¥¬ (I), (I0), (II) ¨ (II0) ®¡®§­ ç¨¬ á®®â¢¥âáâ¢¥­­® ç¥à¥§ X, Z, U ¨
W . � ®â«¨ç¨¥ ®â (I) ¨ (II) á®¯àï¦¥­­ë¥ á¨áâ¥¬ë (I0) ¨ (II0) ¢á¥£¤  ¨¬¥îâ à¥è¥­¨ï, â. ª. 0m 2 Z
¨ 0n+1 2W .

�¥¬¬ . �¨áâ¥¬ë (I) ¨ (II) ­¥ ¬®£ãâ ¡ëâì ®¤­®¢à¥¬¥­­® à §à¥è¨¬ë.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ®¡à â­®¥, ¯ãáâì áãé¥áâ¢ãîâ à¥è¥­¨ï x� ¨ u� á¨áâ¥¬ (I),
(II). �®¤áâ ¢¨¬ x� ¢ (I) ¨ áª «ïà­® ã¬­®¦¨¬ ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¢ (I) ­  u�1, ¢â®à®¥ à ¢¥­áâ¢®
| ­  u�2. �®á«¥ á«®¦¥­¨ï à¥§ã«ìâ â®¢ ¨ ¯à®áâ¥©è¨å ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬

x�>1 (A>
11u

�
1 +A>

21u
�
2) + x�>2 (A>

12u
�
1 +A>

22u
�
2) � b>1 u

�
1 + b>2 u

�
2:

�®£« á­® (II) «¥¢ ï ç áâì íâ®£® ­¥à ¢¥­áâ¢  ­¥¯®«®¦¨â¥«ì­ ,   ¯à ¢ ï ç áâì áâà®£® ¯®«®¦¨-
â¥«ì­ , â. ª. A>

11u
�
1 +A>

21u
�
2 � 0n1 ¨ b

>
1 u

�
1 + b>2 u

�
2 = � > 0. �à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î.
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�¨¦¥ ¢ â¥®à¥¬ å 2 ¨ 4 ¡ã¤ãâ ¯à¨¢¥¤¥­ë ¯à®áâë¥ ¨ ª®­áâàãªâ¨¢­ë¥ ¤®ª § â¥«ìáâ¢  â®£®, çâ®
¢á¥£¤  ¨¬¥¥â à¥è¥­¨¥ ®¤­  ¨ â®«ìª® ®¤­  ¨§ á¨áâ¥¬: «¨¡® (I), «¨¡® (II). �®íâ®¬ã íâ¨ á¨áâ¥¬ë
­ §ë¢ îâáï  «ìâ¥à­ â¨¢­ë¬¨.

�«ìâ¥à­ â¨¢­ ï ª  «ìâ¥à­ â¨¢­®© § ¤ ç¥ (II) á¢®¤¨âáï ª ¨áå®¤­®© § ¤ ç¥ (I). �¥©áâ¢¨â¥«ì­®,
á¨áâ¥¬ ,  «ìâ¥à­ â¨¢­ ï ª (II), ¨¬¥¥â ¢¨¤

A11w1 +A12w2 � b1w3 � 0m1
; A21w1 +A22w2 � b2w3 = 0m2

; �w3 = �0; w1 � 0n1 ; (1)

£¤¥ �0 > 0 | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �®íâ®¬ã w3 = �0=� > 0. �¤¥« ¢ ¢ (1) § ¬¥­ã
x1 = w1=w3, x2 = w2=w3, ¯à¨å®¤¨¬ ª ¨áå®¤­®© á¨áâ¥¬¥ (I).

�à®¥ªæ¨¥© â®çª¨ x ­  ­¥¯ãáâ®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® X ­ §®¢¥¬ â®çªã x� 2 X, ¥á«¨ min
x2X

kx�

xk = kx� x�k. �¡®§­ ç¨¬ x� = pr(x;X), dist(x;X) = kx� � xk.
�¥à¥§ pen(x;X) ®¡®§­ ç¨¬ ª¢ ¤à â¨ç­ë© èâà ä ¢ â®çª¥ x §  ­ àãè¥­¨¥ ãá«®¢¨ï x 2 X.

�­ «®£¨ç­® ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥ pen(u;U). � ª¨¬ ®¡à §®¬, ¤«ï ¬­®¦¥áâ¢ X, U ¨ «î¡ëå x 2 �x

¨ u 2 �u ¨¬¥¥¬

pen(x;X) = [k(b1 �A11x1 �A12x2)+k
2 + kb2 �A21x1 �A22x2k

2]1=2;

pen(u;U) = [k(A>
11u1 +A>

21u2)+k
2 + kA>

12u1 +A>
22u2k

2 + (�� b>1 u1 � b>2 u2)
2]1=2:

�¤¥áì ¨ ­¨¦¥ ¤«ï ¯à®áâ®âë áç¨â ¥¬, çâ® ¨á¯®«ì§ã¥âáï ¥¢ª«¨¤®¢  ­®à¬ ; a+ ¥áâì ­¥®âà¨æ â¥«ì-
­ ï ç áâì ¢¥ªâ®à  a, â. ¥. i-ï ª®¬¯®­¥­â  ¢¥ªâ®à  a+ á®¢¯ ¤ ¥â á i-© ª®¬¯®­¥­â®© ¢¥ªâ®à  a, ¥á«¨
®­  ­¥®âà¨æ â¥«ì­ , ¨ à ¢­  ­ã«î ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�á«¨ x 2 �x, â® pen(x;X) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x 2 X. �­ «®£¨ç­®, ¥á«¨ u 2 �u,
â® pen(u;U) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u 2 U .

�«ï ¯à®¢¥àª¨ à §à¥è¨¬®áâ¨ â®© ¨«¨ ¨­®© á¨áâ¥¬ë ¨ ­ å®¦¤¥­¨ï á®®â¢¥âáâ¢ãîé¥£® à¥è¥­¨ï
¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¬¥â®¤ë ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ¯à¨¬¥­¥­­ë¥ ª «î¡®© ¨§ á«¥¤ãîé¨å
§ ¤ ç:

I1 = min
x2�x

[pen(x;X)]2=2; (2)

I2 = min
u2�u

[pen(u;U)]2=2: (3)

�âà®£® £®¢®àï, (2) ¨ (3) ­¥ ï¢«ïîâáï § ¤ ç ¬¨ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, â. ª. ¢ ­¨å ¯à¨-
áãâáâ¢ãîâ ®£à ­¨ç¥­¨ï ­  §­ ª¨ ª®¬¯®­¥­â ¢¥ªâ®à®¢ x1 ¨ u1, ®¤­ ª® ¯®áª®«ìªã ¡®«ìè¨­áâ¢®
¬¥â®¤®¢ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ á ¯®¬®éìî ¯à®áâ¥©è¨å ¬®¤¨ä¨ª æ¨© ¬®£ãâ ãç¨âë¢ âì ­ -
«¨ç¨¥ ®£à ­¨ç¥­¨© ­  §­ ª ¯¥à¥¬¥­­ëå, â® á®åà ­¨¬ §  (2) ¨ (3) íâ®â â¥à¬¨­.

�¢¥¤¥¬ ¤¢¥ § ¤ ç¨ ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

Id1 = max
z2Z

fb>z � kzk2=2g; (4)

Id2 = max
w2W

f�w3 � kwk2=2g: (5)

�­®¦¥áâ¢  Z ¨ W ¢á¥£¤  ­¥¯ãáâë, â. ª. á®¤¥à¦ â ­ã«¥¢ë¥ ¢¥ªâ®àë. � ®â«¨ç¨¥ ®â á¨áâ¥¬ (I),
(II), ª®â®àë¥ ¬®£ãâ ¡ëâì à §à¥è¨¬ë ¨«¨ ­¥à §à¥è¨¬ë, § ¤ ç¨ (2){(5) ¢á¥£¤  ¨¬¥îâ à¥è¥­¨ï.
�à¨ íâ®¬ § ¤ ç¨ (4) ¨ (5) ¨¬¥îâ ¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï. � ¤ ç¨ (2) ¨ (3) ï¢«ïîâáï ¤¢®©áâ¢¥­-
­ë¬¨ ª § ¤ ç ¬ (4) ¨ (5) á®®â¢¥âáâ¢¥­­®. �¨¦¥ ¯®ª ¦¥¬, çâ® § ¤ ç¨ (4) ¨ (5) ¬®¦­® ­ §¢ âì
¢§ ¨¬­® ¤¢®©áâ¢¥­­ë¬¨ ª (2) ¨ (3) á®®â¢¥âáâ¢¥­­®.

�®à¬ «ì­® § ¤ ç¨ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ (2) ¨ (3) ­¥ ¨¬¥îâ äã­ªæ¨© � £à ­¦  ¨, á«¥-
¤®¢ â¥«ì­®, ¤«ï ­¨å ­¥«ì§ï ­¥¯®áà¥¤áâ¢¥­­® ¯®áâà®¨âì ¤¢®©áâ¢¥­­ë¥ § ¤ ç¨. �¥¬ ­¥ ¬¥­¥¥ á
¯®¬®éìî ¢¢¥¤¥­¨ï ¤®¯®«­¨â¥«ì­ëå ¯¥à¥¬¥­­ëå ¬®¦­® ¯®áâà®¨âì ¨áªãááâ¢¥­­ë¥ ®£à ­¨ç¥­¨ï
¨ ¯®«ãç¨âì íª¢¨¢ «¥­â­ë¥ § ¤ ç¨ ­¥«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï, ¤«ï ª®â®àëå ®¯à¥¤¥«¥­ë
¤¢®©áâ¢¥­­ë¥ § ¤ ç¨. � ª®© ¯à¨¥¬, ­ áª®«ìª® ¨§¢¥áâ­®  ¢â®à ¬, ¡ë« ¢¯¥à¢ë¥ ç¥âª® áä®à¬ã-
«¨à®¢ ­ ¨ ¨á¯®«ì§®¢ ­ ¢ [11].
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�¢¥¤¥¬ ¢¥ªâ®à ¤®¯®«­¨â¥«ì­ëå ¯¥à¥¬¥­­ëå y 2 Rm, y> = [y>1 ; y
>
2 ], £¤¥ y1 2 Rm1 , y2 2 Rm2 ,

â ª®©, çâ®
y1 = b1 �A11x1 �A12x2; y2 = b2 �A21x1 �A22x2:

�®£¤  § ¤ ç  (2) § ¬¥­ï¥âáï íª¢¨¢ «¥­â­®© § ¤ ç¥© ­  ãá«®¢­ë© ¬¨­¨¬ã¬

I1 = min
[x;y]2G

f(y); (6)

£¤¥ æ¥«¥¢ ï äã­ªæ¨ï ¨ ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® G ¨¬¥îâ ¢¨¤

f(y) = k(y1)+k2=2 + ky2k
2=2;

G = f[x; y] : A11x1 +A12x2 + y1 = b1; A21x1 +A22x2 + y2 = b2; x 2 �xg:

� ®â«¨ç¨¥ ®â ¬­®¦¥áâ¢  X ¬­®¦¥áâ¢® G ¢á¥£¤  ­¥¯ãáâ®.
�«ï § ¤ ç¨ ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (6) ®¯à¥¤¥«¨¬ ¢¥ªâ®à ¬­®¦¨â¥«¥© � £à ­¦ 

z 2 �z ¨ ¢ë¯¨è¥¬ äã­ªæ¨î � £à ­¦ 

L(x; y; z) = f(y) + z>1 (b1 �A11x1 �A12x2 � y1) + z>2 (b2 �A21x1 �A22x2 � y2):

�à¥®¡à §ã¥¬ ¥¥ ª ¢¨¤ã

L(x; y; z) = f(y)� x>1 (A
>
11z1 +A>

21z2)� x>2 (A
>
12z1 +A>

22z2) + z>1 (b1 � y1) + z>2 (b2 � y2): (7)

�¢¥¤¥¬ ¤¢®©áâ¢¥­­ãî äã­ªæ¨î

F (z) = min
x2�x

min
y2Rn

L(x; y; z) (8)

¨ à áá¬®âà¨¬ ¤¢®©áâ¢¥­­ãî ª (6) § ¤ çã max
z2�z

F (z).

�¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  ¢ § ¤ ç¥ (8) ¨¬¥îâ ¢¨¤

Lx1(x; y; z) = �A>
11z1 �A>

21z2 � 0n1 ; D(x1)(A
>
11z1 +A>

21z2) = 0n1 ; x1 � 0n1 ; (9)

Lx2(x; y; z) = �A>
12z1 �A>

22z2 = 0n2 ; (10)

Ly1(x; y; z) = (y1)+ � z1 = 0m1
; Ly2(x; y; z) = y2 � z2 = 0m2

: (11)

�¤¥áì ¨ ­¨¦¥ ç¥à¥§D(z) ®¡®§­ ç¥­  ¤¨ £®­ «ì­ ï ¬ âà¨æ , ã ª®â®à®© i-© ¤¨ £®­ «ì­ë© í«¥¬¥­â
¥áâì i-ï ª®¬¯®­¥­â  ¢¥ªâ®à  z.

�à¨ z 2 �z ¨§ (11) ¨¬¥¥¬ z = y. �®¤áâ ¢¨¬ íâ® á®®â­®è¥­¨¥ ¢ (7) ¨ ¯®âà¥¡ã¥¬ ¢ë¯®«-
­¥­¨ï ãá«®¢¨ï z 2 Z. �®£¤  á®£« á­® (8){(10) ¤¢®©áâ¢¥­­ ï äã­ªæ¨ï F (z) ¯à¨­¨¬ ¥â ¢¨¤
F (z) = b>z � kzk2=2. � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª § ¤ ç¥ (4), ª®â®à ï ï¢«ï¥âáï ¤¢®©áâ¢¥­­®©
ª (6) ¨, á«¥¤®¢ â¥«ì­®, ª (2). �â ª, § ¤ çã ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ (2) ¨ § ¤ çã ª¢ ¤à â¨ç­®-
£® ¯à®£à ¬¬¨à®¢ ­¨ï (4) ¬®¦­® ­ §¢ âì ¢§ ¨¬­® ¤¢®©áâ¢¥­­ë¬¨. �­ «®£¨ç­® § ¤ ç¨ (3) ¨ (5)
ï¢«ïîâáï ¤¢®©áâ¢¥­­ë¬¨ ¤àã£ ª ¤àã£ã.

�¥®à¥¬  1. �áïª®¥ à¥è¥­¨¥ x� § ¤ ç¨ (2) ®¯à¥¤¥«ï¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z�> = [z�>1 ; z�>2 ]
§ ¤ ç¨ (4) ¯® ä®à¬ã« ¬

z�1 = (b1 �A11x
�
1 �A12x

�
2)+; z�2 = b2 �A21x

�
1 �A22x

�
2; (12)

¨ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

kz�k2 = b>z�; (13)

z�?Ax�; z�?(b� z�); (14)

z� = pr(b; Z); kz�k = pen(x�;X); kb� z�k = dist(b; Z); (15)

[pen(x�;X)]2 + [dist(b; Z)]2 = kbk2: (16)
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�®ª § â¥«ìáâ¢®. � â®çª¥ x� ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  § ¤ ç¨ (2)
§ ¯¨áë¢ îâáï ¢ ¢¨¤¥

�A>
11(b1 �A11x

�
1 �A12x

�
2)+ �A>

21(b2 �A21x
�
1 �A22x

�
2) � 0n1 ;

D(x�1)[A
>
11(b1 �A11x

�
1 �A12x

�
2)+ +A>

21(b2 �A21x
�
1 �A22x

�
2)] = 0n1 ; x�1 � 0n1 ; (17)

A>
12(b1 �A11x

�
1 �A12x

�
2)+ +A>

22(b2 �A21x
�
1 �A22x

�
2) = 0n2 :

� ä®à¬ã« å (17) ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï

z�1 = (b1 �A11x
�
1 �A12x

�
2)+; z�2 = b2 �A21x

�
1 �A22x

�
2 (18)

¨ ¯®ª ¦¥¬, çâ® z�> = [z�>1 ; z�>2 ] ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (4). �á«®¢¨ï (17) § ¯¨è¥¬ ¢ ¢¨¤¥

A>
11z

�
1 +A>

21z
�
2 � 0n1 ; A>

12z
�
1 +A>

22z
�
2 = 0n2 ; (19)

D(x�1)(A
>
11z

�
1 +A>

21z
�
2) = 0n1 ; x�1 � 0n1 : (20)

�§ (18) ¨ (19) á«¥¤ã¥â, çâ® z� 2 Z. �¬­®¦¨¬ ¢ (18) ¯¥à¢®¥ á®®â­®è¥­¨¥ áª «ïà­® ­  z�1 ,
¢â®à®¥ | ­  z�2 , ¯®«ãç¨¬

kz�1k
2 = z�>1 (b1 �A11x

�
1 �A12x

�
2)+ = z�>1 (b1 �A11x

�
1 �A12x

�
2) = b>1 z

�
1 � x�>1 A>

11z
�
1 � x�>2 A>

12z
�
1 ;

kz�2k
2 = z�>2 (b2 �A21x

�
1 �A22x

�
2) = b>2 z

�
2 � x�>1 A>

21z
�
2 � x�>2 A>

22z
�
2 :

�ª« ¤ë¢ ï íâ¨ á®®â­®è¥­¨ï, ­ å®¤¨¬

kz�k2 = kz�1k
2 + kz�2k

2 = b>1 z
�
1 + b>2 z

�
2 � x�>1 (A>

11z
�
1 +A>

21z
�
2)� x�>2 (A>

12z
�
1 +A>

22z
�
2) =

= (b�Ax�)>z� = b>z�: (21)

� (21) ãçâ¥­®, çâ® á®£« á­® (19) ¨ (20) x�>1 (A>
11z

�
1 + A>

21z
�
2) + x�>2 (A>

12z
�
1 + A>

22z
�
2) = x�>A>z� = 0.

� ª¨¬ ®¡à §®¬, ¤®ª § ­® à ¢¥­áâ¢® (13) ¨ ¯®ª § ­®, çâ® z�>Ax� = 0, â. ¥. ¢¥ªâ®àë z� ¨ Ax�

®àâ®£®­ «ì­ë. �á«®¢¨¥ (13) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ z�>(z� � b) = 0, ®âªã¤  á«¥¤ã¥â ¢â®à®¥ ¨§
ãâ¢¥à¦¤¥­¨© (14).

� ¯¨è¥¬ äã­ªæ¨î � £à ­¦  ¤«ï § ¤ ç¨ (4)

L(z; x) = b>z � kzk2=2� x>1 (A
>
11z1 +A>

21z2)� x>2 (A
>
12z1 +A>

22z2) (22)

¨ ¯à¨¢¥¤¥¬ ãá«®¢¨ï �ã­ {� ªª¥à 

Lz1(z; x) = b1 � z1 �A11x1 �A12x2 � 0m1
; (23)

D(z1)(b1 � z1 �A11x1 �A12x2) = 0m1
; z1 � 0m1

; (24)

Lz2(z; x) = b2 � z2 �A21x1 �A22x2 = 0m2
; (25)

Lx1(z; x) = �(A>
11z1 +A>

21z2) � 0n1 ; x1 � 0m1
; D(x1)(A

>
11z1 +A>

21z2) = 0n1 ; (26)

Lx2(z; x) = �(A>
12z1 +A>

22z2) = 0n2 : (27)

�à ¢­¨¬ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  (18){(20) ¤«ï § ¤ ç¨ (2) á ­¥®¡å®-
¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ®¯â¨¬ «ì­®áâ¨ (23){(27) ¤«ï § ¤ ç¨ ª¢ ¤à â¨ç­®£® ¯à®-
£à ¬¬¨à®¢ ­¨ï (4). �á«¨ ¢ ãá«®¢¨ïå �ã­ {� ªª¥à  (23){(27) ¢ ª ç¥áâ¢¥ x ¢§ïâì ¢¥ªâ®à x�,   ¢
ª ç¥áâ¢¥ z | ¢¥ªâ®à z�, ®¯à¥¤¥«ï¥¬ë© ¢ (18), â® (26), (27) ¯¥à¥å®¤ïâ ¢ (19), (20). �¥£ª® ¢¨¤¥âì,
çâ® á®®â­®è¥­¨ï (18) ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¥­¨¥ ãá«®¢¨© (23){(25). � ª¨¬ ®¡à §®¬, á¥¤«®¢ãî
â®çªã [z�; x�] äã­ªæ¨¨ � £à ­¦  (22) á®áâ ¢«ïîâ ¢¥ªâ®à z� | à¥è¥­¨¥ § ¤ ç¨ (4) ¨ ¢¥ªâ®à x�

| à¥è¥­¨¥ § ¤ ç¨ (2), ¯à¨ç¥¬ ¬¥¦¤ã íâ¨¬¨ ¢¥ªâ®à ¬¨ ¨¬¥¥âáï á¢ï§ì, § ¤ ¢ ¥¬ ï ä®à¬ã« ¬¨
(12).

�§ (2), (4) ¨ (18) á«¥¤ã¥â Id1 = kz�k2=2 = I1 = [pen(x�;X)]2=2. �âáî¤  ¯®«ãç ¥¬ ¢â®à®¥ ¨§
ãâ¢¥à¦¤¥­¨© (15).
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� ¤ çã (4) ¯à¥®¡à §ã¥¬ ª ¤¢ã¬ íª¢¨¢ «¥­â­ë¬ § ¤ ç ¬

Id1 = max
z2Z

[�kb� zk2 + kbk2]=2 = kbk2=2�min
z2Z

kb� zk2=2:

� ª ª ª z� ¥áâì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (4), â® ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® z� = pr(b; Z) ¨
kb� z�k = dist(b; Z), â. ¥. ¤®ª § ­ë ¢á¥ ãâ¢¥à¦¤¥­¨ï (15).

�§ (13) á«¥¤ã¥â, çâ® ¢¥ªâ®à ­¥¢ï§ª¨ z� ®àâ®£®­ «¥­ ¢¥ªâ®àã b � z�. �®íâ®¬ã âà¨ â®çª¨:
­ ç «® ª®®à¤¨­ â ¢ Rm, â®çª¨ z� ¨ b ®¡à §ãîâ ¯àï¬®ã£®«ì­ë© âà¥ã£®«ì­¨ª, ã ª®â®à®£® ¢¥ªâ®à
b ®¯à¥¤¥«ï¥â £¨¯®â¥­ã§ã, ¢¥ªâ®à z� | ª â¥â ¤«¨­®©, à ¢­®© pen(x�; X), ¢¥ªâ®à b� z� | ¢â®à®©
ª â¥â ¤«¨­®© dist(b; Z). �§ â¥®à¥¬ë �¨ä £®à  ¯®«ãç¨¬ (16).

�§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® kz�k � kbk, b>z� � 0. �¥ªâ®à z� «¥¦¨â ¢ ¯®«ãáä¥à¥ á æ¥­âà®¬ ¢
­ ç «¥ ª®®à¤¨­ â ¨ à ¤¨ãá®¬, à ¢­ë¬ kbk, ¯à¨ç¥¬ z� «¥¦¨â ¢ â®© ¯®«®¢¨­¥ áä¥àë, £¤¥ ¢¥ªâ®à
z� ®¡à §ã¥â ®áâàë© ã£®« á ¢¥ªâ®à®¬ b.

� â¥®à¥¬¥ 1 ãâ¢¥à¦¤¥­¨¥ (13) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¤¢®©áâ¢¥­­®áâ¨ § ¤ ç (4) ¨ (2). �¥©-
áâ¢¨â¥«ì­®, ãá«®¢¨ï (12) ¯®§¢®«ïîâ ¢ëà §¨âì ®¯â¨¬ «ì­ë¥ ¯¥à¥¬¥­­ë¥ x� ¢ § ¤ ç¥ (2) ç¥à¥§
®¯â¨¬ «ì­ë¥ ¯¥à¥¬¥­­ë¥ z� § ¤ ç¨ (4). �®£¤  ¨§ ãá«®¢¨ï ¤¢®©áâ¢¥­­®áâ¨ I1 = Id1 ¯®«ãç ¥¬
kz�k2 = b>z�.

�¥¯¥àì ¬®¦­® áä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì á«¥¤ãîéãî â¥®à¥¬ã ®¡  «ìâ¥à­ â¨¢ å.

�¥®à¥¬  2. �ãáâì x�> = [x�>1 ; x�>2 ] | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (2), z�> = [z�>1 ; z�>2 ] |
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (4).

1. �á«¨ kz�k = 0, â® I1 = Id1 = 0, dist(b; Z) = kbk ¨ á¨áâ¥¬  (I) à §à¥è¨¬ , ®¤­¨¬ ¨§ ¥¥

à¥è¥­¨© ï¢«ï¥âáï x�; á¨áâ¥¬  (II) ­¥à §à¥è¨¬ .
2. �á«¨ kz�k 6= 0, â® I1 = Id1 > 0, dist(b; Z) < kbk ¨ á¨áâ¥¬  (I) ­¥à §à¥è¨¬ ; á¨áâ¥¬  (II)

à §à¥è¨¬  ¨ ¢¥ªâ®à u� = �z�=kz�k2 | ¥¥ ­®à¬ «ì­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. 1. �á«¨ kz�k = 0, â® ¨§ (18) á«¥¤ã¥â, çâ® á¨áâ¥¬  (I) à §à¥è¨¬  ¨ x� |
®¤­® ¨§ à¥è¥­¨© á¨áâ¥¬ë (I), ¯à¨ íâ®¬ I1 = Id1 = 0 ¨ (16) ¯¥à¥å®¤¨â ¢ ¢ëà ¦¥­¨¥ dist(b; Z) = kbk.
�®£« á­® «¥¬¬¥ á¨áâ¥¬  (II) ­¥ ¨¬¥¥â à¥è¥­¨ï.

2. �ãáâì kz�k 6= 0. �®£¤  ¨§ (12) á«¥¤ã¥â, çâ® á¨áâ¥¬  (I) ­¥à §à¥è¨¬  ¨ I1 = Id1 > 0. � ª ª ª
I1 = pen(x�;X) > 0, â® ¨§ (16) ¨¬¥¥¬ dist(b; Z) < kbk.

� ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  ¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¡ë«® ¯®ª § ­®, çâ® ¢¥ªâ®à z� ã¤®¢«¥â¢®àï¥â
á®¯àï¦¥­­®© ®¤­®à®¤­®© á¨áâ¥¬¥ (I0). �®íâ®¬ã ¢¥ªâ®à u� = �z�=kz�k2 â ª¦¥ ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ (I0). �® áà ¢­¥­¨î á (I0) ¢ (II) ¤®¡ ¢«¥­® ®¤­® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥. �®¤áâ ¢«ïï u�

¢ íâ® ãà ¢­¥­¨¥, ã¡¥¦¤ ¥¬áï á ãç¥â®¬ (13), çâ® ¢¥ªâ®à u� 2 U . �®ª ¦¥¬, çâ® u� | ­®à¬ «ì­®¥
à¥è¥­¨¥ á¨áâ¥¬ë (II), â. ¥. ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨

min
u2U

kuk2=2: (28)

�¢®©áâ¢¥­­®© ª (28) ï¢«ï¥âáï § ¤ ç 

max
x̂12R

n1
+

max
x̂22Rn2

max
x̂32R1

[�bx3 � k(b1bx3 �A11bx1 �A12bx2)+k2=2� kb2bx3 �A21bx1 �A22bx2k2=2]: (29)

� ¯¨è¥¬ äã­ªæ¨î � £à ­¦  ¤«ï § ¤ ç¨ (28)

L(u; bx) = kuk2=2 + bx>1 (A>
11u1 +A>

21u2) + bx>2 (A>
12u1 +A>

22u2) + bx3(�� b>1 u1 � b>2 u2)

¨ ¯à¨¢¥¤¥¬ ãá«®¢¨ï �ã­ {� ªª¥à , ¢ëç¨á«¥­­ë¥ ¢ á¥¤«®¢®© â®çª¥ [eu�; bx�], £¤¥ eu�> = [eu�>1 ; eu�>2 ]
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| à¥è¥­¨¥ § ¤ ç¨ (28) ¨ bx�> = [bx�>1 ; bx�>2 ] | à¥è¥­¨¥ § ¤ ç¨ (29),

eu�1 +A11bx�1 +A12bx�2 � b1bx�3 � 0m1
; (30)

D(eu�1)(eu�1 +A11bx�1 +A12bx�2 � b1bx�3) = 0m1
; eu�1 � 0m1

; (31)

eu�2 +A21bx�1 +A22bx�2 � b2bx�3 = 0m2
; (32)

A>
11eu�1 +A>

21eu�2 � 0n1 ; D(bx�1)(A>
11eu�1 +A>

21eu�2) = 0n1 ; bx�1 � 0n1 ; (33)

A>
12eu�1 +A>

22eu�2 = 0n2 ; (34)

�� b>1 eu�1 � b>2 eu�2 = 0: (35)

�§ (30){(32) ¯®«ãç ¥¬, çâ® à¥è¥­¨¥ eu� § ¤ ç¨ (28) á¢ï§ ­® á à¥è¥­¨¥¬ bx� § ¤ ç¨ (29) á®®â-
­®è¥­¨ï¬¨

eu�1 = (b1bx�3 �A11bx�1 �A12bx�2)+; eu�2 = b2bx�3 �A21bx�1 �A22bx�2:
�á¯®«ì§ãï íâ¨ á®®â­®è¥­¨ï, ¨§ à ¢¥­áâ¢ ®¯â¨¬ «ì­ëå §­ ç¥­¨© æ¥«¥¢ëå äã­ªæ¨© ¯àï¬®© § -
¤ ç¨ (28) ¨ ¤¢®©áâ¢¥­­®© (29) ¨¬¥¥¬ keu�k2 = �bx�3. �âáî¤  á«¥¤ã¥â bx�3 > 0.

�¤¥« ¢ ¢ (30){(34) § ¬¥­ã eu� = bx�3z�, bx�1 = bx�3x�1, bx�2 = bx�3x�2 ¨ á®ªà â¨¢ íâ¨ ¢ëà ¦¥­¨ï ­ 
¯®«®¦¨â¥«ì­ãî ¢¥«¨ç¨­ã bx�3, ¯à¨å®¤¨¬ ª ãá«®¢¨ï¬ �ã­ {� ªª¥à  (23){(27) ¤«ï § ¤ ç¨ (2),
¢ë¯®«­¥­­ë¬ ¢ â®çª¥ [z�; x�]. �®¤áâ ¢«ïï eu� = bx�3z� ¢ (35), á ãç¥â®¬ (13) ¯®«ãç ¥¬

�=bx�3 � b>z� = �=bx�3 � kz�k2:

�âáî¤  ¯à¨ bx�3 = �=kz�k2 ¯®«ãç ¥¬, çâ® ­®à¬ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (II) ¢ëà ¦ ¥âáï ç¥à¥§
à¥è¥­¨¥ § ¤ ç¨ (2) ¯® ä®à¬ã«¥ eu� = �z�=kz�k2.

�­ «¨§ § ¤ ç (3) ¨ (5)  ­ «®£¨ç¥­ ¯à¨¢¥¤¥­­®¬ã ¤«ï § ¤ ç (2), (4), ®¤­ ª® ¥áâì ­¥ª®â®àë¥
®â«¨ç¨â¥«ì­ë¥ áâ®à®­ë. �®íâ®¬ã ® á¢®©áâ¢ å § ¤ ç (3), (5) ¯à¨¢¥¤¥¬ ¤¢¥ â¥®à¥¬ë,  ­ «®£¨ç­ë¥
â¥®à¥¬ ¬ 1, 2. �¢¥¤¥¬ ¢¥ªâ®à r 2 Rn+1, § ¤ ­­ë© ¢ ¢¨¤¥ r> = [0>n ; �], ¨ ¬ âà¨æã bA = [�A j b].

�¥®à¥¬  3. �ãáâì u�> = [u�>1 ; u�>2 ] | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (3). �®£¤  à¥è¥­¨¥

w�> = [w�>
1 ; w�>

2 ; w�
3 ] § ¤ ç¨ (5) ¢ëà ¦ ¥âáï ç¥à¥§ à¥è¥­¨¥ w� § ¤ ç¨ (3) ¯® ä®à¬ã« ¬

w�
1 = (A>

11u
�
1 +A>

21u
�
2)+; w�

2 = A>
12u

�
1 +A>

22u
�
2; w�

3 = �� b�1u
�
1 � b>2 u

�
2; (36)

¯à¨ç¥¬ ¢¥ªâ®à w� ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

kw�k2 = �w�
3 ; (37)

w�? bA>u�; w�?(r � w�); (38)

w� = pr(r;W ); kw�k = pen(u�; U); kr � w�k = dist(r;W ); (39)

[pen(u�; U)]2 + [dist(r;W )]2 = krk2; (40)

kw�k � �; 0 � w�
3 � �; kw�

1k
2 + kw�

2k
2 � �2=4: (41)

�®ª § â¥«ìáâ¢®. � ¤ ç  áâà®£® ¢ë¯ãª«®£® ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (5) ï¢«ï¥âáï
§ ¤ ç¥© ­ å®¦¤¥­¨ï ¯à®¥ªæ¨¨ ¢¥ªâ®à  [0n; �] ­  ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® W , § ¤ ­­®¥ á¨áâ¥¬®©
«¨­¥©­ëå à ¢¥­áâ¢ ¨ ­¥à ¢¥­áâ¢ (II0). �â  § ¤ ç  ¢á¥£¤  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¤«ï ­¥¥
áãé¥áâ¢ã¥â ¢¥ªâ®à ¬­®¦¨â¥«¥© � £à ­¦  u 2 Rn,   äã­ªæ¨ï � £à ­¦  ¨¬¥¥â ¢¨¤

L(w; u) = �w3 � kwk2=2� u>1 (b1w3 �A11w1 �A12w2)� u>2 (b2w3 �A21w1 �A22w2):
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� ¯¨è¥¬ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ (ãá«®¢¨ï �ã­ {� ªª¥à ) ¤«ï § -
¤ ç¨ (5), ¢ëç¨á«¥­­ë¥ ¢ á¥¤«®¢®© â®çª¥ [w�; u�],

�w�
1 +A>

11u
�
1 +A>

21u
�
2 � 0n1 ; D(w�

1)(�w
�
1 +A>

11u
�
1 +A>

21u
�
2) = 0n1 ; w�

1 � 0n1 ; (42)

�w�
2 +A>

12u
�
1 +A>

22u
�
2 = 0n2 ; (43)

�� w�
3 � b>1 u

�
1 � b>2 u

�
2 = 0; (44)

A11w
�
1 +A12w

�
2 � b1w

�
3 � 0m1

; D(u�1)(A11w
�
1 +A12w

�
2 � b1w

�
3) = 0m1

; u�1 � 0m1
; (45)

A21w
�
1 +A22w

�
2 � b2w

�
3 = 0m2

: (46)

�§ ãá«®¢¨© (42){(44) á«¥¤ãîâ ä®à¬ã«ë (36) ¤«ï ®¯à¥¤¥«¥­¨ï ¢¥ªâ®à  w�. �®¤áâ ¢«ïï ¨å ¢
ãá«®¢¨ï (45), (46), ¯à¨å®¤¨¬ ª á®®â­®è¥­¨ï¬

A11(A
>
11u

�
1 +A>

21u
�
2)+ +A12(A

>
12u

�
1 +A>

22u
�
2)� b1(�� b>1 u

�
1 � b>2 u

�
2) � 0m1

;

D(u�1)[A11(A
>
11u

�
1 +A>

21u
�
2)+ +A12(A

>
12u

�
1 +A>

22u
�
2)� b1(�� b>1 u

�
1 � b>2 u

�
2)] = 0m1

; u�1 � 0m1
;

A21(A
>
11u

�
1 +A>

21u
�
2)+ +A22(A

>
12u

�
1 +A>

22u
�
2)� b2(�� b>1 u

�
1 � b>2 u

�
2) = 0m2

:

�â¨ á®®â­®è¥­¨ï á®¢¯ ¤ îâ á ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ®¯â¨¬ «ì­®áâ¨ § ¤ ç¨
(3), ¢ëç¨á«¥­­ë¬¨ ¢ â®çª¥ u�. �â ª, ¨§ ãá«®¢¨© �ã­ {� ªª¥à  ¨ ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨ § ¤ ç¨
(3) á«¥¤ã¥â, çâ® ¢ á¥¤«®¢®© â®çª¥ [w�; u�] ¢¥ªâ®à w� | à¥è¥­¨¥ § ¤ ç¨ (5) ¨ u� | à¥è¥­¨¥ § ¤ ç¨
(3). �â¨ à¥è¥­¨ï á¢ï§ ­ë á®®â­®è¥­¨ï¬¨ (36).

�§ à ¢¥­áâ¢  æ¥«¥¢ëå äã­ªæ¨© ¯àï¬®© (5) ¨ ¤¢®©áâ¢¥­­®© (3) § ¤ ç á ãç¥â®¬ á®®â­®è¥­¨©
(36) ¯®«ãç ¥¬ (37).

�®ª § â¥«ìáâ¢® á®®â­®è¥­¨© (38){(40)  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á®®â­®è¥­¨© (14){(16) ¢
â¥®à¥¬¥ 1.

�à¨ kw�k 6= 0 ¨§ (37) á«¥¤ã¥â, çâ® w�
3 > 0. � áá¬®âà¨¬ (37) ª ª ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ ®â­®-

á¨â¥«ì­® w�
3

w�2

3 � �w�
3 + kw�

1k
2 + kw�

2k
2 = 0: (47)

�§ â®£®, çâ® krk = � ¨ ¢¥ªâ®à w� ¥áâì ¯à®¥ªæ¨ï r ­  W , á«¥¤ã¥â ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¢ (41).
�â®à ï ®æ¥­ª  ¢ (41) á«¥¤ã¥â ¨§ ãá«®¢¨ï ­¥®âà¨æ â¥«ì­®áâ¨ á¢®¡®¤­®£® ç«¥­  ª¢ ¤à â­®£® ãà ¢-
­¥­¨ï w�

3(��w�
3) = kw�

1k
2 + kw�

2k
2 � 0,   âà¥âìï | ¨§ ãá«®¢¨ï ­¥®âà¨æ â¥«ì­®áâ¨ ¤¥â¥à¬¨­ ­â 

ª¢ ¤à â­®£® ãà ¢­¥­¨ï (47).

�¥®à¥¬  4. �ãáâì u�> = [u�>1 ; u�>2 ]| ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (3), w�> = [w�>
1 ; w�>

2 ; w�
3 ]

| à¥è¥­¨¥ § ¤ ç¨ (5), ®¯à¥¤¥«ï¥¬®¥ ¯® ä®à¬ã« ¬ (36).

1. �á«¨ kw�k = 0, â® I2 = Id2 = 0, á¨áâ¥¬  (II) à §à¥è¨¬ , ®¤­¨¬ ¨§ ¥¥ à¥è¥­¨© ï¢«ï¥âáï

u�, á¨áâ¥¬  (I) ­¥à §à¥è¨¬ .
2. �á«¨ kw�k 6= 0, â® w�

3 > 0, I1 = Id1 > 0, á¨áâ¥¬  (II) ­¥à §à¥è¨¬ ; á¨áâ¥¬  (I) à §à¥è¨¬ 
¨ ¢¥ªâ®à x�1 = w�

1=w
�
3, x

�
2 = w�

2=w
�
3 | ¥¥ à¥è¥­¨¥ á ¬¨­¨¬ «ì­®© ¥¢ª«¨¤®¢®© ­®à¬®©.

�®ª § â¥«ìáâ¢®. 1. �á«¨ w� = 0n+1, â® ¨§ (36) á«¥¤ã¥â, çâ® á¨áâ¥¬  (II) à §à¥è¨¬  ¨ ®¤­¨¬
¨§ ¥¥ à¥è¥­¨© ï¢«ï¥âáï ¢¥ªâ®à u�. �®£« á­® «¥¬¬¥ á¨áâ¥¬  (I) ­¥ ¬®¦¥â ¡ëâì à §à¥è¨¬ .

2. �ãáâì w� 6= 0n+1. �®£¤  ¨§ (36) á«¥¤ã¥â, çâ® á¨áâ¥¬  (II) ­¥à §à¥è¨¬  ¨ I2 = Id2 > 0. �à¨
íâ®¬ ¨§ ãá«®¢¨ï (37) ¯®«ãç ¥¬ w�

3 > 0. �§ ãá«®¢¨© (45), (46) á«¥¤ã¥â, çâ® x�1 = w�
1=w

�
3 , x

�
2 = w�

2=w
�
3

ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (I) ¨ ¨¬¥¥â ¬¨­¨¬ «ì­ãî ¥¢ª«¨¤®¢ã ­®à¬ã, â. ¥. ï¢«ï¥âáï à¥è¥­¨¥¬
§ ¤ ç¨

min
x2X

kxk2: (48)

�à¨¢¥¤¥¬ äã­ªæ¨î � £à ­¦  ¤«ï íâ®© § ¤ ç¨

L(x; eu) = kxk2=2 + eu>1 (b1 �A11x1 �A12x2) + eu>2 (b2 �A21x1 �A22x2)
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¨ ãá«®¢¨ï �ã­ {� ªª¥à , ¢ëç¨á«¥­­ë¥ ¢ á¥¤«®¢®© â®çª¥ [x�; eu�], £¤¥ x�> = [x�>1 ; x�>2 ] | à¥è¥­¨¥
§ ¤ ç¨ (48), eu�> = [eu�>1 ; eu�>2 ] | ®¯â¨¬ «ì­ë© ¢¥ªâ®à ¬­®¦¨â¥«¥© � £à ­¦  ¢ § ¤ ç¥ (48),

x�1 �A>
11eu�1 �A>

21eu�2 � 0n1 ; D(x�1)(x
�
1 �A>

11eu�1 �A>
21eu�2) = 0n1 ; x�1 � 0n1 ;

x�2 �A>
12eu�1 �A22eu�2 = 0n2 ;

b1 �A11x
�
1 �A12x

�
2 � 0m1

; D(eu�1)(b1 �A11x
�
1 �A12x

�
2) = 0m1

; eu�1 � 0m1
;

b2 �A21x
�
1 �A22x

�
2 = 0m2

:

�â¨ ãá«®¢¨ï �ã­ {� ªª¥à  ¤«ï § ¤ ç¨ (48) ¯®«ãç îâáï ¨§ (42), (43), (45), (46), ¥á«¨ ¯®«®¦¨âì
x�1 = w�

1=w
�
3 , x

�
2 = w�

2=w
�
3 , eu�1 = u�1=w

�
3 , eu�2 = u�2=w

�
3 .

�®§¬®¦­ë à §«¨ç­ë¥ ¢ à¨ ­âë ¯à¥¤áâ ¢«¥­¨ï  «ìâ¥à­ â¨¢­®© á¨áâ¥¬ë (II). � ª á«¥¤ã¥â
¨§ ¯à¨¢¥¤¥­­ëå â¥®à¥¬, á¨áâ¥¬ ,  «ìâ¥à­ â¨¢­ ï ª (I), ¯®«ãç ¥âáï ¨§ á®¯àï¦¥­­®© á¨áâ¥¬ë
(I0) ¯ãâ¥¬ ¤®¡ ¢«¥­¨ï ãá«®¢¨ï, ¨áª«îç îé¥£® ¢®§¬®¦­®áâì âà¨¢¨ «ì­®£® à¥è¥­¨ï. � ¯à¨¬¥à,
¬®¦­® ¯®âà¥¡®¢ âì ¤«ï à¥è¥­¨© á®¯àï¦¥­­®© á¨áâ¥¬ë (I0) ¢ë¯®«­¥­¨ï ãá«®¢¨ï b>u > 0 (ª ª ¢
«¥¬¬¥ � àª è  [6]) «¨¡® ãá«®¢¨ï b>u = 1 (ª ª ¢ â¥®à¥¬¥ �¥©«  [5]), «¨¡® ­ «®¦¨âì ­¥«¨­¥©­®¥
ãá«®¢¨¥ kuk2 = �, £¤¥ � > 0 | ¯à®¨§¢®«ì­ ï ä¨ªá¨à®¢ ­­ ï ¢¥«¨ç¨­ , ¨ â. ¤.

�à¨¢¥¤¥¬ £¥®¬¥âà¨ç¥áªãî ¨­â¥à¯à¥â æ¨î ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢. �ãáâì b? ®¡®§­ ç ¥â
¯à®¥ªæ¨î ¢¥ªâ®à  b ­  ¬­®¦¥áâ¢® Z. �®£¤  ®àâ®£®­ «ì­ë© ª ­¥¬ã ¢¥ªâ®à ¡ã¤¥â bk = b � b?,
á®®â­®è¥­¨ï (15) § ¯¨èãâáï ¢ ¢¨¤¥

z� = b? = pr(b; Z); kb?k = pen(x�;X); kbkk = dist(x�;X):

� íâ¨å ®¡®§­ ç¥­¨ïå á®®â­®è¥­¨ï (13) ¨ (16) áâ ­®¢ïâáï ®ç¥¢¨¤­ë¬¨: kb?k2 = kb?k2, kb?k2+
kbkk2 = kbk2. �­ «®£¨ç­® ¢ â¥®à¥¬¥ 3 ¨¬¥¥¬

w� = r? = pr(r;W ); kr?k = pen(u�; U); rk = r � r?; krkk = dist(r;W ):

�ç¥¢¨¤­®, ¢¥ªâ®àë r? ¨ rk «¥¦ â ¢­ãâà¨ è à  à ¤¨ãá  � á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â.

3. �à¨«®¦¥­¨¥ ª «¨­¥©­®¬ã ¯à®£à ¬¬¨à®¢ ­¨î

�à¨¬¥­¨¬ ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ª § ¤ ç ¬ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (��).
�ãáâì ¯àï¬ ï § ¤ ç  �� § ¤ ­  ¢ ª ­®­¨ç¥áª®¬ ¢¨¤¥

min
x2X

c>x; X = fx 2 Rn : Ax = b; x � 0ng: (P)

�¤¥áì ¨ ­¨¦¥ A| m�n-¬ âà¨æ  à ­£  m, m < n, ¤¥ä¥ªâ ¬ âà¨æë A, à ¢­ë© n�m, ®¡®§­ ç¨¬
ç¥à¥§ �, ¢¥ªâ®àë c; x 2 Rn, b 2 Rm.

�¨¦¥ ¢¬¥áâ® âà ¤¨æ¨®­­ëå ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç
�� ¢®á¯®«ì§ã¥¬áï ãá«®¢¨ï¬¨ ¨§ [12]. �«ï íâ®£® ¢¢¥¤¥¬ ¬ âà¨æã K à §¬¥à  � � n. � ª ç¥áâ¢¥
K ¬®¦­® ¨á¯®«ì§®¢ âì «î¡ãî ¬ âà¨æã, � áâà®ª ª®â®à®© ®¡à §ãîâ ¡ §¨á ­ã«ì-¯à®áâà ­áâ¢ 
¬ âà¨æë A. � ª¨¬ ®¡à §®¬, imK> ï¢«ï¥âáï ®àâ®£®­ «ì­ë¬ ¤®¯®«­¥­¨¥¬ ª ¯à®áâà ­áâ¢ã imA>.
�®íâ®¬ã

imK> = kerA; AK> = 0m� ; Rn = imA> � imK>: (49)

�¤¥áì ç¥à¥§ 0ij ®¡®§­ ç¥­  i� j-¬ âà¨æ  á ­ã«¥¢ë¬¨ í«¥¬¥­â ¬¨.
�á«¨ ¬ âà¨æã A ¯à¥¤áâ ¢¨âì ¢ ¡«®ç­®¬ ¢¨¤¥ A = [B j N ], £¤¥ B ­¥¢ëà®¦¤¥­ , â® ¬ âà¨æã K

¬®¦­® § ¯¨á âì ¢ ¢¨¤¥K = [�N>(B�1)> j I� ]. �á«¨ á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨© � ãáá {�®à¤ ­ 
¬ âà¨æã A ¯à¨¢¥áâ¨ ª ¢¨¤ã A = [Im j N ], â®£¤  ¬ âà¨æ  K ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ K = [�N> j
I� ]. � àï¤¥ á«ãç ¥¢ ¯®áâà®¥­¨¥ ¬ âà¨æë K ã¯à®é ¥âáï. � ¯à¨¬¥à, ¯ãáâì § ¤ ç  �� ¨¬¥¥â
®£à ­¨ç¥­¨ï â¨¯  ­¥à ¢¥­áâ¢ Nz � b, £¤¥ N | m� �-¬ âà¨æ , z 2 R�

+. �¢®¤ï ¤®¯®«­¨â¥«ì­ë¥
¯¥à¥¬¥­­ë¥ � 2 Rm

+ , ¢¥ªâ®à x 2 Rn ¯à¥¤áâ ¢¨¬ ª ª ®¡ê¥¤¨­¥­¨¥ ¢¥ªâ®à®¢ z, �, â. ¥. x> = [z>; �>].
�®íâ®¬ã ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® § ¯¨è¥âáï ¢ â®¬ ¦¥ ¢¨¤¥, çâ® ¨ ¢ § ¤ ç¥ (P), £¤¥ ¬ âà¨æ 
A = [N j �Im]. �®£¤  K = [I� j N>].
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�¯à¥¤¥«¨¬ ¢¥ªâ®à d = Kc 2 R� ¨ ¢¥ªâ®à ­¥¢ï§®ª

v = c�A>u: (50)

�¢¥¤¥¬ ¤¢   ää¨­­ëå ¬­®¦¥áâ¢ 

X = fx 2 Rn : Ax = bg; V = fv 2 Rn : Kv = dg:

�áî¤ã ­¨¦¥ ç¥à¥§ x ¨ v ¡ã¤¥¬ ®¡®§­ ç âì ¯à®¨§¢®«ì­ë¥ ä¨ªá¨à®¢ ­­ë¥ n-¬¥à­ë¥ ¢¥ªâ®àë,
ã¤®¢«¥â¢®àïîé¨¥ á®®â¢¥âáâ¢¥­­® ãá«®¢¨ï¬ x 2 X, v 2 V . � ¬¥â¨¬, çâ® ­¥ª®â®àë¥ ª®¬¯®­¥­âë
¢¥ªâ®à®¢ x, v ¬®£ãâ ¡ëâì ®âà¨æ â¥«ì­ë¬¨. � ¯à®áâ¥©è¥¬ ¢ à¨ ­â¥ ¬®¦­® ¢§ïâì v = c. � á¨«ã
â®£®, çâ® ¬ âà¨æ  A ¨¬¥¥â à ­£ m ¨ n > m, ¢á¥£¤  X 6= ; ¨ V 6= ;. �«ï ­ å®¦¤¥­¨ï ¢¥ªâ®à 
v 2 V ¤®áâ â®ç­® ¢§ïâì ¯à®¨§¢®«ì­ë© ¢¥ªâ®à u 2 Rm ¨ ¯®«®¦¨âì v = c � A>v. �à¨­¨¬ ï ¢®
¢­¨¬ ­¨¥ (49) ¨ (50), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® v 2 V .

�«¥¤ãï [12], ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¬¨­¨¬ã¬  ¢ § ¤ ç¥ (P) § ¯¨è¥¬ ¢ ¢¨¤¥
á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© á ­¥®âà¨æ â¥«ì­ë¬¨ ¯¥à¥¬¥­­ë¬¨2

4 A 0mn
0�n K
v> x>

3
5 �x

v

�
=

2
4 b

d
x>v

3
5 ; x � 0n; v � 0n: (51)

�á«¨ § ¤ ç  �� (P) ¨¬¥¥â à¥è¥­¨¥, â® á¨áâ¥¬  (51) á®¢¬¥áâ­  ¨, à¥è¨¢ ¥¥, ­ å®¤¨¬ à¥è¥­¨¥
¯àï¬®© § ¤ ç¨ (P) ¨ á®¯àï¦¥­­®© § ¤ ç¨ ��

min
v2V

x>v; V = fv 2 Rn : Kv = d; v � 0ng: (C)

�¨áâ¥¬  (51) á®áâ®¨â ¨§ n + 1 ãá«®¢¨© à ¢¥­áâ¢, 2n ­¥à ¢¥­áâ¢ ¨ á®¤¥à¦¨â 2n ¯¥à¥¬¥­­ëå.
�§-§  ¢ëá®ª®© à §¬¥à­®áâ¨ ¥¥ ­¥¯®áà¥¤áâ¢¥­­®¥ à¥è¥­¨¥ ¬®¦¥â ®ª § âìáï § âàã¤­¨â¥«ì­ë¬.
�®íâ®¬ã ¯¥à¥©¤¥¬ ª  «ìâ¥à­ â¨¢­®© á¨áâ¥¬¥, ª®â®à ï ¨¬¥¥â ¬¥­ìè¥ ¯¥à¥¬¥­­ëå, ç¥¬ á¨áâ¥¬ 
(51), ¨ á®áâ®¨â ¨§ 2n «¨­¥©­ëå ­¥à ¢¥­áâ¢ ¨ ®¤­®£® à ¢¥­áâ¢  á n+ 1 ¯¥à¥¬¥­­ë¬¨

�
A> 0n� v
0nm K> x

� 24pq
�

3
5 � 02n; b>p+ d>q + x>v� = �: (52)

�¤¥áì � > 0 | ¯à®¨§¢®«ì­ ï ä¨ªá¨à®¢ ­­ ï ª®­áâ ­â , p 2 Rm, q 2 R� , � 2 R1.
� ª ª ª á¨áâ¥¬  (51) á®¢¬¥áâ­ , â®  «ìâ¥à­ â¨¢­ ï á¨áâ¥¬  (52) ­¥á®¢¬¥áâ­ . �â® ¯®§¢®«ï¥â

­  ®á­®¢ ­¨¨ â¥®à¥¬ 3, 4 ¨§ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§®ª á¨áâ¥¬ë (52) ¯®«ãç¨âì ­®à¬ «ì-
­ë¥ à¥è¥­¨ï § ¤ ç (P) ¨ (C). � ¤ ç  (3) ¢ ¤ ­­®¬ á«ãç ¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

min
p2Rm

min
q2R�

min
�2R1

[k(A>p+ v�)+k
2 + k(K>q + x�)+k

2 + (�� b>p� d>q � x>v�)2]=2: (53)

� à¥§ã«ìâ â¥ à¥è¥­¨ï íâ®© § ¤ ç¨ ­ å®¤ïâáï ®¯â¨¬ «ì­ë¥ ¢¥ªâ®àë p�, q�, ��, ¯® ª®â®àë¬
¢ëç¨á«ïîâáï ­¥¢ï§ª¨ ­¥á®¢¬¥áâ­®© á¨áâ¥¬ë

w�
x = (A>p� + v��)+; w�

v = (K>q� + x��)+; w�
3 = �� b>p� � d>q� � x>v��:

� ¯®¬®éìî íâ¨å ä®à¬ã« ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 4 ®¯à¥¤¥«ïîâáï ­®à¬ «ì­ë¥ à¥è¥­¨ï á¨-
áâ¥¬ë (51)

ex� = w�
x=w

�
3 ; ev� = w�

v=w
�
3 ; (54)

£¤¥ w�
3 > 0 ¢ á¨«ã (37), â. ¥. ¯®«ãç¥­ë ­®à¬ «ì­ë¥ à¥è¥­¨ï § ¤ ç (P) ¨ (C).

�¥è¥­¨¥ § ¤ ç¨ ��, â ª¨¬ ®¡à §®¬, á¢¥«®áì ª ®¤­®ªà â­®© ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ¢ë-
¯ãª«®© ¤¨ää¥à¥­æ¨àã¥¬®© ªãá®ç­®-ª¢ ¤à â¨ç­®© äã­ªæ¨¨ ®â n+ 1 ¯¥à¥¬¥­­®©.

� ­¥¥ (á¬. ä®à¬ã«ë (29) ¢ [12]) ¡ë«¨ ¢¢¥¤¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¯â¨-
¬ «ì­®áâ¨ § ¤ ç¨ ��, ª®â®àë¥ ¢ ®¡®§­ ç¥­¨ïå íâ®© áâ âì¨ § ¯¨áë¢ îâáï ¢ ¢¨¤¥ á¨áâ¥¬ë

A>p� v � 0n; K>q � x � 0n; d>q + b>p = x>v: (55)
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� ©¤ï ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë, ¯® ä®à¬ã« ¬

x = x�K>q; v = v �A>p

¯®«ãç ¥¬ à¥è¥­¨¥ § ¤ ç (P) ¨ (C).
�ç¥¢¨¤­®, ¥á«¨ ¯®«®¦¨âì � = �1, � = 0, â® (52) ¯¥à¥å®¤¨â ¢ á¨áâ¥¬ã (55). �à¨­æ¨¯¨ «ì­®¥

®â«¨ç¨¥ (52) ®â (55) á®áâ®¨â ¢ â®¬, çâ® á¨áâ¥¬  (55) á®¢¬¥áâ­ ,   á¨áâ¥¬  (52) ­¥ á®¢¬¥áâ­ .
�à¨ ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§ª¨ ¢ á¨áâ¥¬¥ (52) ¯à¨å®¤¨âáï ¯à®¢®¤¨âì ¡¥§ãá«®¢­ãî ¬¨­¨¬¨§ æ¨î
¯® ¯¥à¥¬¥­­ë¬, ç¨á«® ª®â®àëå ­  ¥¤¨­¨æã ¡®«ìè¥, ç¥¬ ¯à¨ ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§ª¨ ¢ (55). � -
â® ¢ à¥§ã«ìâ â¥ ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§ª¨ ­¥á®¢¬¥áâ­®© á¨áâ¥¬ë (52) ¯®«ãç îâáï ¥¤¨­áâ¢¥­­ë¥,
­®à¬ «ì­ë¥ à¥è¥­¨ï § ¤ ç (P) ¨ (C), ¢ â® ¢à¥¬ï ª ª ¨§ ¬¨­¨¬¨§ æ¨¨ ­¥¢ï§ª¨ á¨áâ¥¬ë (55)
¯®«ãç îâáï ª ª¨¥-«¨¡® ¨§ ¢®§¬®¦­ëå à¥è¥­¨© (P) ¨ (C).

� [12] ¤«ï ®âëáª ­¨ï ­®à¬ «ì­ëå à¥è¥­¨© § ¤ ç (P) ¨ (C) ¯à¥¤« £ «®áì ¨á¯®«ì§®¢ âì à¥-
è¥­¨¥ § ¤ ç¨

min
p2Rm

min
q2R�

min
�2R1

[k(A>p� v�)+k
2 + k(K>q � x�)+k

2 � b>p� d>q + x>v�]: (56)

�ãáâì bp, bq, b� | à¥è¥­¨ï íâ®© § ¤ ç¨. �§ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨
§ ¤ ç¨ (56) á«¥¤ãîâ ä®à¬ã«ë ¤«ï ­®à¬ «ì­®£® à¥è¥­¨ï á¨áâ¥¬ë (51)

ex� = (A>bp� vb�)+; ev� = (K>bq � xb�)+:
�à ¢­¨¢ ï íâ¨ ¢ëà ¦¥­¨ï á (54), ¯à¨å®¤¨¬ ª ä®à¬ã« ¬ bp = p�=w�

3 , bq = q�=w�
3 , b� = ���=w�

3 .
� ª¨¬ ®¡à §®¬, ®¡  ¯®¤å®¤  ¢¥áì¬  ¡«¨§ª¨. � ¢ à¨ ­â¥ (53) ¤®¯®«­¨â¥«ì­® ¯®ï¢«ï¥âáï ¯à®-

¨§¢®«ì­ë© ¯®«®¦¨â¥«ì­ë© ¯ à ¬¥âà �, ­¥áãé¥áâ¢¥­­® ¨§¬¥­ïîé¨© ¬¥â®¤.
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