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�á®¢ë¬ ¯à¥¤¯®«®¦¥¨¥¬ â¥®à¨¨ ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¢ § ¤ ç å ®¯â¨-
¬ «ì®£® ã¯à ¢«¥¨ï âà ¤¨æ¨®® ï¢«ï¥âáï ¯à¥¤¯®«®¦¥¨¥ ® áãé¥áâ¢®¢ ¨¨ ®¯â¨¬ «ì®£®
í«¥¬¥â , ª ª®¢ë¬ ¬®¦¥â á«ã¦¨âì ª ª ®¡ëç®¥, â. ¥. ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã, â ª ¨ ®¡®¡é¥®¥
ã¯à ¢«¥¨¥ [1], [2]. � ª ¨§¢¥áâ® [3], ¢ á«ãç ¥ ®¡ëç®£® ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¨¬¥® íâ® ®¡-
áâ®ïâ¥«ìáâ¢® ¯à¨¢¥«® ª á«®¢®á®ç¥â ¨î \ ¨¢ ï â¥®à¨ï ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï". � ¬¥â¨¬,
çâ® ¤«ï § ¤ ç ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ®¡ëª®¢¥ë¬¨ ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨,  
â ª¦¥ ¯®«ã«¨¥©ë¬¨ ãà ¢¥¨ï¬¨ ¢ ç áâëå ¯à®¨§¢®¤ëå áãé¥áâ¢®¢ ¨¥ ®¯â¨¬ «ìëå ®¡-
®¡é¥ëå [1], [2] í«¥¬¥â®¢ ¤ ¥âáï \¯à ªâ¨ç¥áª¨ ¤ à®¬". �áâ¥áâ¢¥®, ¯®áâã«¨à®¢ ¨¥ ä ªâ 
áãé¥áâ¢®¢ ¨ï á®¯àï¦¥® á  «®¦¥¨¥¬ ¢¥áì¬  ¦¥áâª¨å ãá«®¢¨©   ¨áå®¤ë¥ ¤ ë¥ § ¤ ç.

� â® ¦¥ ¢à¥¬ï á¯¥æ¨ä¨ª  ã¯à ¢«ï¥¬ëå à á¯à¥¤¥«¥ëå á¨áâ¥¬ â ª®¢ , çâ® ¥áãé¥áâ¢®¢ -
¨¥ ®¡ëçëå ®¯â¨¬ «ìëå ã¯à ¢«¥¨© ¨ ®¤®¢à¥¬¥® ¥¢®§¬®¦®áâì à áè¨à¥¨ï § ¤ ç¨ ¢
ª ª®¬-«¨¡® ¥áâ¥áâ¢¥®¬ á¬ëá«¥ (�.�.�¨«¨¯¯®¢, �.�£, �.�. � ¬ªà¥«¨¤§¥, �¦.� à£ ) ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¨å â¨¯¨ç®¥ á¢®©áâ¢®, ª®â®àë¬ ®¨ áãé¥áâ¢¥® ®â«¨ç îâáï ®â ã¯à ¢«ï¥¬ëå
á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®¤¥à¦ â¥«ìë¥ ¯à¨¬¥àë â ª¨å § ¤ ç
¬®£®ç¨á«¥ë ¨,  ¯à¨¬¥à, ¢ á«ãç ¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë �ãàá {� à¡ã ¬®£ãâ ¡ëâì  ©¤¥ë
¢ [4], [5]. � «¨§ ¯®¤®¡®£® ¯à¨¬¥à  ¤«ï § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ á¨áâ¥¬ë �ãàá {� à¡ã á ¯®â®ç¥ç-
ë¬ ä §®¢ë¬ ®£à ¨ç¥¨¥¬ ¯à¨¢®¤¨âáï ¢ § ª«îç¨â¥«ì®© ç áâ¨ ¤ ®© à ¡®âë. �â®â   «¨§,  
â ª¦¥   «¨§ ¬®£¨å ¤àã£¨å   «®£¨çëå ¯à¨¬¥à®¢ ( ¯à., [4], [5]) ¯®§¢®«ï¥â § ª«îç¨âì, çâ® ¢
®¡é¥¬ ¥«¨¥©®¬ á«ãç ¥ á¨áâ¥¬ë �ãàá {� à¡ã ¥¥ ¥«ì§ï à áè¨à¨âì ¢ á¬ëá«¥ �.�.�¨«¨¯¯®¢ ,
�.�£ , �.�. � ¬ªà¥«¨¤§¥, �¦.� à£¨. �®íâ®¬ã ¨§ãç ¥¬ ï ¢ ¤ ®© à ¡®â¥ § ¤ ç  á ¯®â®ç¥ç-
ë¬ ä §®¢ë¬ ®£à ¨ç¥¨¥¬ ¯à¨æ¨¯¨ «ì® ®â«¨ç ¥âáï ®â § ¤ ç á   «®£¨çë¬ ®£à ¨ç¥¨¥¬
à ¡®â [6], [7].

�® íâ®© ¯à¨ç¨¥ ¥áâ¥áâ¢¥ë¬ ¯à¥¤áâ ¢«ï¥âáï ¯®áâà®¥¨¥ â¥®à¨¨ áã¡®¯â¨¬ «ì®£® ã¯à -
¢«¥¨ï á¨áâ¥¬ ¬¨ á à á¯à¥¤¥«¥ë¬¨ ¯ à ¬¥âà ¬¨, â. ¥. ®¯â¨¬¨§ æ¨®®© â¥®à¨¨ ¤«ï â ª¨å
á¨áâ¥¬. �â  â¥®à¨ï ¥ ®á®¢ë¢ ¥âáï   ä ªâ¥ áãé¥áâ¢®¢ ¨ï ®¯â¨¬ «ìëå í«¥¬¥â®¢. � ¥© ¢
ª ç¥áâ¢¥ ®á®¢®£® (¨áª®¬®£®) ®¡ê¥ªâ  à áá¬ âà¨¢ ¥âáï ¥ ®¯â¨¬ «ìë© í«¥¬¥â,   ¬¨¨¬¨-

§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì (¬. ¯.) ®¡ëçëå ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨©. � §«¨çë¥  á¯¥ªâë
â¥®à¨¨ áã¡®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, ¢ â®¬ ç¨á«¥ ¨ á ¯®â®ç¥çë¬¨ ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨,
¢ á«ãç ¥ ã¯à ¢«ï¥¬ëå à á¯à¥¤¥«¥ëå á¨áâ¥¬ à áá¬ âà¨¢ «¨áì à ¥¥ ¢ [4], [6]{[10].

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï â ª  §ë¢ ¥¬ ï ¯ à ¬¥âà¨ç¥áª ï § ¤ ç  áã¡®¯â¨¬ «ì®£®
ã¯à ¢«¥¨ï [4], [6], [7], [9], [10], â. ¥. á¥¬¥©áâ¢® § ¢¨áïé¨å ®â ¯ à ¬¥âà  § ¤ ç áã¡®¯â¨¬ «ì®£®

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë òò01-01-00979, 04-01-00460) ¨ ª®ªãàá®£® æ¥âà  äã¤ ¬¥â «ì®£® ¥áâ¥áâ¢®§ ¨ï ¯à¨
� ªâ-�¥â¥à¡ãà£áª®¬ £®áã¤ àáâ¢¥®¬ ã¨¢¥àá¨â¥â¥ (¯à®¥ªâ ò�02-1.0-173).
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ã¯à ¢«¥¨ï. �â®â ¯ à ¬¥âà ï¢«ï¥âáï äãªæ¨® «ìë¬ ¨  ¤¤¨â¨¢® ¢å®¤¨â ¢ ¯®â®ç¥ç®¥ ä §®-
¢®¥ ®£à ¨ç¥¨¥ § ¤ ç¨. �§ãç¥¨¥ ¯ à ¬¥âà¨ç¥áª¨å § ¤ ç ¢ á®®â¢¥âáâ¢¨¨ á ®¡é¥© ¨¤¥®«®£¨¥©
¬¥â®¤  ¢®§¬ãé¥¨© ( ¯à., [11], á. 263) ¤ ¥â ¢®§¬®¦®áâì ¯®«ãç âì ¨ä®à¬ æ¨î \¢ æ¥«®¬" ®
á¥¬¥©áâ¢¥ ¨, ª ª á«¥¤áâ¢¨¥, ¢® ¬®£¨å ¢ ¦ëå ç áâëå á«ãç ïå ® ª ¦¤®© ª®ªà¥â®© § ¤ ç¥
®â¤¥«ì®.

� á¢®î ®ç¥à¥¤ì, ¨§ãç¥¨¥ ¯ à ¬¥âà¨ç¥áª¨å § ¤ ç áã¡®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¥áâ¥áâ¢¥-
ë¬ ®¡à §®¬ ¯®¤¢®¤¨â ª æ¥«¥á®®¡à §®áâ¨ ¨§ãç¥¨ï ¢ ª ç¥áâ¢¥ ¬. ¯. â ª  §ë¢ ¥¬ëå ¬¨¨-

¬¨§¨àãîé¨å ¯à¨¡«¨¦¥ëå à¥è¥¨© (¬. ¯. à) ¢ á¬ëá«¥ �¦.� à£¨ [2]. O¨ å à ªâ¥à¨§ãîâáï, ¢
ç áâ®áâ¨, â¥¬, çâ® ¨å í«¥¬¥âë ã¤®¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬ «¨èì \¢ ¯à¥¤¥«¥" ¨ ¯®à®¦¤ ¥¬ ï
¨¬¥® â ª¨¬ ¯®ïâ¨¥¬ ¬. ¯. äãªæ¨ï § ç¥¨© ¢ á ¬®© ®¡é¥© á¨âã æ¨¨ ï¢«ï¥âáï ¯®«ã¥¯à¥-
àë¢®© á¨§ã1. � ®¥ ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â ¯à¨¬¥¨âì ª ¨áá«¥¤®¢ ¨î ®¯â¨¬¨§ æ¨®ëå
§ ¤ ç  ¯¯ à â ¥£« ¤ª®£®   «¨§ ,   ¨¬¥®,   «¨§  ®à¬ «¥© (¯à®ªá¨¬ «ìëå ®à¬ «¥©,
®à¬ «¥© �à¥è¥) ª § ¬ªãâë¬ ¬®¦¥áâ¢ ¬ ¢ ¡  å®¢ëå ¯à®áâà áâ¢ å ¨ ®¡®¡é¥®£® ¤¨ää¥-
à¥æ¨à®¢ ¨ï ¥£« ¤ª¨å (¯®«ã¥¯à¥àë¢ëå á¨§ã) äãªæ¨© ¢ ¡  å®¢ëå ¯à®áâà áâ¢ å ( ¯à.,
[12]{[14]).

�¨¡«¨®£à ä¨ï ¯® â¥®à¨¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á¨áâ¥¬ ¬¨ �ãàá {� à¡ã  áç¨âë¢ ¥â
¤¥áïâª¨ à ¡®â ( ¯à., [15], [16]). �à¨ íâ®¬ § ¤ ç¨ á ¯®â®ç¥çë¬¨ ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨ à á-
á¬ âà¨¢ «¨áì, ¯®-¢¨¤¨¬®¬ã, «¨èì ¢ ¬®®£à ä¨¨ [16] ¨ â®«ìª® á â®çª¨ §à¥¨ï ª« áá¨ç¥áª¨å
ãá«®¢¨© ®¯â¨¬ «ì®áâ¨. �à¨¬¥ï¥¬ë© ¢ ¤ ®© à ¡®â¥ ¯®¤å®¤ [4], [6], [7], [9], [10] ¯®§¢®«ï¥â
¨§ãç¨âì ¬®£® ¢®¯à®á®¢ â¥®à¨¨ ®¯â¨¬¨§ æ¨¨, ª®â®àë¥ à ¥¥ ¥ à áá¬ âà¨¢ «¨áì ¢ ®¯â¨¬ «ì-
®¬ ã¯à ¢«¥¨¨ £¨¯¥à¡®«¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¨, ¢ ç áâ®áâ¨, á¨áâ¥¬ ¬¨ �ãàá {� à¡ã. � ¨¬
®â®áïâáï ¢®¯à®áë, á¢ï§ ë¥ á ¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ ¤«ï ¬. ¯. à., á ¥®¡å®-
¤¨¬ë¬¨ ¨ ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ à¥£ã«ïà®áâ¨, ®à¬ «ì®áâ¨ § ¤ ç, á ¤¨ää¥à¥æ¨ «ìë¬¨
á¢®©áâ¢ ¬¨ äãªæ¨© § ç¥¨© (çã¢áâ¢¨â¥«ì®áâì) ¨ ¤à. �§-§  ®£à ¨ç¥®áâ¨ ®¡ê¥¬  áâ âì¨
§¤¥áì à áá¬ âà¨¢ ¥âáï â®«ìª® ç áâì íâ¨å ¢®¯à®á®¢.

1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ¯ à ¬¥âà¨ç¥áªãî § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á¨áâ¥¬®© �ãàá {� à¡ã á
¯®â®ç¥çë¬ ä §®¢ë¬ ®£à ¨ç¥¨¥¬

I0(u)! inf; I1(u) 2M+ q; u 2 D; q 2 C(X) | ¯ à ¬¥âà; (Pq)

£¤¥ D � fu 2 Lm
1(�) : u(x; y) 2 U ¯. ¢. ¢ �g, U � Rm | ª®¬¯ ªâ, � � [0; a] � [0; b], (xj ; yj),

j = 1; : : : ; l, | ä¨ªá¨à®¢ ë©  ¡®à â®ç¥ª,M | ¬®¦¥áâ¢® ¢á¥å ¥¯à¥àë¢ëå ¥¯®«®¦¨â¥«ì-

ëå   ª®¬¯ ªâ¥ X � � äãªæ¨©, I0(u) �
lP

j=1
G(z[u](xj ; yj)), I1(u)(�; �) � �(�; �; z[u](�; �)), z[u] |

á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u 2 D  ¡á®«îâ® ¥¯à¥àë¢®¥ à¥è¥¨¥ ¥«¨¥©®£® ¢¥ªâ®à®£®
£¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï (z � (z1; : : : ; zn) 2 Rn, zx � p, zy � r)

zxy = f(x; y; z; zx; zy; u(x; y)); z(x; 0) = '1(x); z(0; y) = '2(y): (1.1)

�à¥¤¯®«®¦¨¬, çâ® äãªæ¨¨ f : ��Rn�Rn�Rn�U ! Rn, G : Rn ! R ¢¬¥áâ¥ á ïª®¡¨  ¬¨rzf ,
rpf , rrf ¨ £à ¤¨¥â®¬ rzG ¨§¬¥à¨¬ë ¢ á¬ëá«¥ �¥¡¥£  ¯® (x; y) ¨ ¥¯à¥àë¢ë ¯® (z; p; r; v);
äãªæ¨ï � : � � Rn ! R ¨ £à ¤¨¥â rz� ¥¯à¥àë¢ë ¯® (x; y; z); äãªæ¨¨ '1 : [0; a] ! Rn ¨
'2 : [0; b]! Rn «¨¯è¨æ¥¢ë, ¯à¨ç¥¬ '1(0) = '2(0). �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® á¯à ¢¥¤«¨¢  ®æ¥ª 

jf j+ jrzf j+ jrpf j+ jrrf j � N(M) 8(x; y; z; p; r; v) 2 �� Sn
M � Sn

M � Sn
M � U; (1.2)

1� ¬¥â¨¬, çâ® äãªæ¨ï § ç¥¨©, ¯®à®¦¤ ¥¬ ï ª« áá¨ç¥áª¨¬ ¯®ïâ¨¥¬ ¬. ¯., í«¥¬¥âë ª®â®à®© ã¤®-
¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬ ¢ â®ç®¬ á¬ëá«¥, â ª¨¬ á¢®©áâ¢®¬, ¢®®¡é¥ £®¢®àï, ¥ ®¡« ¤ ¥â [9]. �à®¬¥ â®£®,
¢ ¦® ®â¬¥â¨âì, çâ® ¬. ¯. à. a) ¢á¥£¤  áãé¥áâ¢ã¥â, b) ¯®§¢®«ï¥â § ¯¨áë¢ âì ¢á¥ à¥§ã«ìâ âë ¢ â¥à¬¨ å
à áè¨à¥®© [1], [2] § ¤ ç¨, ¥á«¨ â ª®¥ à áè¨à¥¨¥ ¢®®¡é¥ ¢®§¬®¦®, c)  ¤¥ª¢ â® â¥®à¨¨ ç¨á«¥ëå
¬¥â®¤®¢, d) ã¤®¡® á ¯à¨ª« ¤®© (¨¦¥¥à®©) â®çª¨ §à¥¨ï (¯®¤à®¡®áâ¨ á¬.,  ¯à., ¢ [2]).
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£¤¥ Sn
M � fx 2 Rn : jxj < Mg, N(M) | ¥ª®â®à ï äãªæ¨ï  à£ã¬¥â  M > 0, ¨ ¤«ï «î¡®£®

ã¯à ¢«¥¨ï u 2 D áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥  ¡á®«îâ® ¥¯à¥àë¢®¥ à¥è¥¨¥ z[u] § ¤ ç¨ (1.1),
¯à¨ç¥¬

jz[u]j(0)� + kzx[u]k1;� + kzy[u]k1;� � K 8u 2 D; (1.3)

£¤¥ K > 0 | ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â ã¯à ¢«¥¨ï u 2 D. �¤¥áì ¨ ¨¦¥ ¨á¯®«ì§ãîâáï
á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: k'kp;� |®à¬  ¢ ¯à®áâà áâ¢¥ Ln

p (�) áã¬¬¨àã¥¬ëå   � á p-© áâ¥¯¥ìî

(áãé¥áâ¢¥® ®£à ¨ç¥ëå ¯à¨ p = 1) äãªæ¨© ' : � ! Rn; j'j(0)� | ®à¬  ¢ ¯à®áâà áâ¢¥
Cn(�) ¥¯à¥àë¢ëå   � äãªæ¨© ' : �! Rn.

� ¬¥ç ¨¥ 1.1. �á«®¢¨ï   ¯à ¢ãî ç áâì f ãà ¢¥¨ï (1.1), ¤®áâ â®çë¥ ¤«ï ¢ë¯®«¨¬®-
áâ¨ âà¥¡®¢ ¨© (1.2), (1.3), ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [18].

�¢¥¤¥¬   ¬®¦¥áâ¢¥ D ¬¥âà¨ªã �ª« ¤  d(u1; u2) � mesf(x; y) 2 � : u1(x; y) 6= u2(x; y)g,
¯à¥¢à â¨¢ ¥£® â¥¬ á ¬ë¬ ¢ ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£« á® [2] ¬¨¨¬¨§¨àãîé¨¬
¯à¨¡«¨¦¥ë¬ à¥è¥¨¥¬ (¬. ¯. à.) ¢ § ¤ ç¥ (Pq)  §ë¢ ¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥-
¨© ui 2 D, i = 1; 2; : : : , çâ®

I0(u
i) � �(q) + i; ui 2 D"i

q ; i; "i � 0; i; "i ! 0; i!1; (1.4)

£¤¥ D"
q � fu 2 D : �(I1(u);M + q) � "g, �(I;M + q) � inf

x2M
jx + q � Ij(0)X , �(q) � �+0(q) �

lim
"!+0

�"(q) � �0(q), �"(q) � f inf
u2D"

q

I0(u), ¥á«¨ D"
q 6= ;; +1, ¥á«¨ D"

q = ;g. �à¨ íâ®¬ äãªæ¨î

� : C(X) ! R [ f+1g ¯à¨ïâ®  §ë¢ âì äãªæ¨¥© § ç¥¨© § ¤ ç¨ (Pq). �ãªæ¨ï � ï¢«ï¥âáï
¯®«ã¥¯à¥àë¢®© á¨§ã [7].

2. �à¨æ¨¯ ¬ ªá¨¬ã¬ 

�¢¥¤¥¬ ®¡®§ ç¥¨ï: H(x; y; z; p; r; v; �) = h�; f(x; y; z; p; r; v)i, � � (z; zx; zy),

�uf(�[u];u1(�; �); u2(�; �)) � f(�; �; �[u1](�; �); u1(�; �)) � f(�; �; �[u2](�; �); u2(�; �));
rzH[u](x; y; �) � rzH(x; y; z[u](x; y); zx[u](x; y); zy [u](x; y); u(x; y); �);

¨ â. ¯., h�; �i | § ª áª «ïà®£® ¯à®¨§¢¥¤¥¨ï. �¡®§ ç¨¬ â ª¦¥ ç¥à¥§ �x;y(�; �) å à ªâ¥à¨áâ¨ç¥-
áªãî äãªæ¨î ¯àï¬®ã£®«ì¨ª  [0; x]� [0; y]. �§ à¥§ã«ìâ â®¢ à ¡®âë [18] ¥¯®áà¥¤áâ¢¥® ¢ëâ¥-
ª ¥â

�¥¬¬  2.1. �«ï «î¡ëå ¤¢ãå ã¯à ¢«¥¨© v; u 2 D á¯à ¢¥¤«¨¢  ®æ¥ª 

jz[v] � z[u]j(0)� + kzx[v]� zx[u]kp;� + kzy[v]� zy[u]kp;� � C1k�uf(�[u];u1(�; �); u2(�; �))kp;�;
£¤¥ C1 > 0 § ¢¨á¨â «¨èì ®â p, 1 � p <1.

�«ï «î¡®£® ã¯à ¢«¥¨ï u 2 D áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ¢ Ln
1 (�) à¥è¥¨¥ �0[u] á®¯àï¦¥®©

§ ¤ ç¨

�(x; y) =
Z a

x

Z b

y

r�zH[u](�1; �2; �(�1; �2))d�1d�2 +
Z b

y

r�pH[u](x; �2; �(x; �2))d�2 +

+
Z a

x

r�rH[u](�1; y; �(�1; y))d�1 �
lX

j=1

rzG(z[u](xj ; yj))�xj ;yj (x; y):

�â® à¥è¥¨¥ à ¢®¬¥à® ®£à ¨ç¥® ¢ Ln
1(�) ¨ à ¢®¬¥à® ¥¯à¥àë¢® ¢ ®à¬¥ Ln

p (�) § ¢¨á¨â
®â u 2 D ¯à¨ «î¡®¬ 1 � p <1. �¢¥àå â®£®, äãªæ¨® « I0 : D ! R ¨ ®¯¥à â®à I1 : D ! C(�)
â ª¦¥ à ¢®¬¥à® ¥¯à¥àë¢ë.

�ãáâì M(�) | ¯à®áâà áâ¢® ¬¥à � ¤® , á®áà¥¤®â®ç¥ëå   �,   k�k | ¯®« ï ¢ à¨ æ¨ï
¬¥àë � 2M(�).
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�¥¬¬  2.2 ([4]). �«ï «î¡®© ¬¥àë � ¤®  � 2M(�) ¨ «î¡®£® ã¯à ¢«¥¨ï u 2 D áãé¥áâ¢ã¥â

¥¤¨áâ¢¥®¥ ¢ ª« áá¥ Ln
1 (�) à¥è¥¨¥ �1[u; �] ãà ¢¥¨ï

�(x; y) =
Z a

x

Z b

y

r�zH[u](�1; �2; �(�1; �2))d�1d�2 +
Z b

y

r�pH[u](x; �2; �(x; �2))d�2 +

+
Z b

y

r�rH[u](�1; y; �(�1; y))d�1 �
Z a

x

Z b

y

rz�(�1; �2; z[u](�1; �2))�(d�1d�2); (2.1)

¯à¨ç¥¬ � 2 Ln
1(�). �â® à¥è¥¨¥ à ¢®¬¥à® ¥¯à¥àë¢® ¢ ®à¬¥ Ln

1 (�) § ¢¨á¨â ®â u 2 D,
� 2 M(�) ¨ á¯à ¢¥¤«¨¢  ®æ¥ª  k�1[u; �]k1;� � C2k�k, ¢ ª®â®à®© C2 > 0 ¥ § ¢¨á¨â ®â u 2 D,
� 2M(�).

�¥®à¥¬  2.1 (¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à.). �ãáâì �(q) < +1. �á«¨ uk 2 D, k = 1; 2; :::,
¥áâì ¬. ¯. à. ¢ § ¤ ç¥ (Pq), â®  ©¤ãâáï áå®¤ïé ïáï ª ã«î ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« k � 0,
¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« �k0 � 0 ¨ ¯®á«¥¤®¢ â¥«ì®áâì á®áà¥¤®â®ç¥ëå   ¬®¦¥áâ¢¥ �k �
f(x; y) 2 X : j�(x; y; z[uk](x; y)) � q(x; y)j � kg ¥®âà¨æ â¥«ìëå  â®¬¨ç¥áª¨å ¬¥à � ¤® 

�k 2M(�), k = 1; 2; : : : , â ª¨¥, çâ®

uk 2 Dk

q ; �k0 + k�kk = 1; (2.2)Z
�

fmax
v2U

H(x; y; �[uk](x; y); v; �[uk ; �k; �k0 ](x; y)) �
�H(x; y; �[uk](x; y); uk(x; y); �[uk; �k; �k0 ](x; y))gdx dy � k; (2.3)

£¤¥ �[u; �; �] � ��0[u] + �1[u; �].

� ¬¥ç ¨¥ 2.1. �§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® ¥á«¨ ã¯à ¢«¥¨¥ u0 2 D0
q â ª®¢®, çâ® I0(u) =

�(q), â® ®® ã¤®¢«¥â¢®àï¥â ®¡ëç®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (�k0 � �0, �k � �, k �  = 0).
�¥áª®«ìª® ¢¨¤®¨§¬¥ïï à ááã¦¤¥¨ï ¯à¨¢®¤¨¬®£® ¨¦¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2.1, ¬®¦®
¯®ª § âì, çâ® â ª®© ¦¥ ®¡ëçë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  á¯à ¢¥¤«¨¢ ¨ ¤«ï â ª®£® ã¯à ¢«¥¨ï
u0 2 D0

q , çâ® I0(u) = �0(q).

�à¨¢¥¤¥¬ ªà âª® áå¥¬ã ¤®ª § â¥«ìáâ¢  ¯à¨æ¨¯  ¬ ªá¨¬ã¬  [19]. �ãáâì uk, k = 1; 2; : : : , |
¬. ¯. à. ¢ § ¤ ç¥ (Pq). � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî § ¤ çã

J(u)! inf; u 2 D; (2.4)

£¤¥ J(u) � maxfI0(u)��(q), �(x; y; z[u](x; y))�q(x; y), (x; y) 2 Xg. �ç¥¢¨¤®, ¯®á«¥¤®¢ â¥«ì®áâì
uk ï¢«ï¥âáï ®¤®¢à¥¬¥® ¬¨¨¬¨§¨àãîé¥© ¨ ¤«ï § ¤ ç¨ (2.4) á ã«¥¢®© ¨¦¥© £à ìî. �ãáâì
Xk � f(xk;j ; yk;j) : j = 1; : : : ; lkg � X | 1=k-á¥âì ¢ X. � áá¬®âà¨¬ á¥¬¥©áâ¢® ¢á¯®¬®£ â¥«ìëå
§ ¤ ç Jk(u) ! inf, u 2 D, £¤¥ Jk(u) � maxfI0(u) � �(q); �(x; y; z[u](x; y)) � q(x; y), (x; y) 2 Xkg.
� á¨«ã «¥¬¬ë 2.1 äãªæ¨® « Jk(�) ¥¯à¥àë¢¥ ¨ ®£à ¨ç¥   D ¨, ª ª ¥âàã¤® ¯®ª § âì,
¯®«ì§ãïáì à ¢®¬¥à®© ®£à ¨ç¥®áâìî ¨ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâìî á¥¬¥©áâ¢  fz[u] :
u 2 Dg � C(�), ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì®¥ á®®â®è¥¨¥

lim
k!1

inf
u2D

Jk(u) = inf
u2D

J(u) = lim
k!1

J(uk) = 0:

�âáî¤  á«¥¤ã¥â, çâ®  ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì®áâì �k � 0, k = 1; 2; : : : , �k ! 0, k !1,
çâ® Jk(uk) � inf

u2D
Jk(u) + �k. �®íâ®¬ã ¢ á¨«ã ¢ à¨ æ¨®®£® ¯à¨æ¨¯  �ª« ¤  [20] áãé¥áâ¢ã¥â

¯®á«¥¤®¢ â¥«ì®áâì vk 2 D, í«¥¬¥âë ª®â®à®© ï¢«ïîâáï à¥è¥¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å § ¤ ç

Jk(u) +
p
�kd(vk; u)! min; u 2 D; (2.5)

¯à¨ç¥¬ á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

d(uk; vk) �
p
�k; Jk(v

k) � Jk(u
k): (2.6)
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� ®â«¨ç¨¥ ®â J(u) äãªæ¨® « Jk(u) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ ªá¨¬ã¬ «¨èì ®â ª®¥ç®£® ç¨á« 
äãªæ¨® «®¢. �®íâ®¬ã ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï vk ¢ § ¤ ç¥ (2.5) ãáâ -
 ¢«¨¢ îâáï ¯®¤®¡® â®¬ã, ª ª íâ® ®¡ëç® ¤¥« ¥âáï ¢ § ¤ ç å ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á ª®-
¥çë¬ ç¨á«®¬ äãªæ¨® «ìëå ®£à ¨ç¥¨© ( ¯à., [21]). �®á«¥¤¥¥ ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â
£®¢®à¨âì ® áãé¥áâ¢®¢ ¨¨ â ª®£® ¢¥ªâ®à  �k � (�k0 ; �

k
1 ; : : : ; �

k
lk
) 2 Rlk+1, çâ®

�kj � 0; j = 0; : : : ; lk;
lkX
j=0

�kj = 1; (2.7)

�kj (Jk(v
k)� (�(xk;j ; yk;j ; z[vk](xk;j ; yk;j))� q(xk;j ; yk;j))); j = 1; : : : ; lk; (2.8)

H

�
x; y; �[vk](x; y); vk(x; y); �k0�0[v

k](x; y) +
lkX
j=1

�kj b�[vk](x; y; xk;j ; yk;j)��
�H

�
x; y; �[vk](x; y); w; �k0�0[v

k](x; y) +
lkX
j=1

�kj b�[vk](x; y; xk;j ; yk;j)� � �2
p
�k (2.9)

8w 2 U ¯à¨ ¯. ¢. (x; y) 2 �;

£¤¥ b�[u](�; �; x; y) | à¥è¥¨¥ ãà ¢¥¨ï

�(x; y; x; y) =
Z a

x

Z b

y

r�zH[u](�1; �2; �(�1; �2; x; y))d�1d�2 +
Z b

y

r�pH[u](x; �2; �(x; �2; x; y))d�2 +

+
Z a

x

r�rH[u](�1; y; �(�1; y; x; y))d�1 �rz�(x; y; z[u](x; y))�x;y(x; y): (2.10)

�¢¥¤¥¬ ¯®áà¥¤áâ¢®¬ à ¢¥áâ¢  �k �
lkP
j=1

�kj �(xk;j ;yk;j)  â®¬¨ç¥áª¨¥ ¬¥àë � ¤®  �k 2M(�), £¤¥

�(x;y) | �-¬¥à  �¨à ª , á®áà¥¤®â®ç¥ ï ¢ â®çª¥ (x; y).

�®£¤ 
lkP
j=1

�kj b�[vk](x; y; xk;j ; yk;j) = R
�

b�[vk](x; y; x; y)�k(dx dy). �¡®§ ç ï ¯®á«¥¤îî äãªæ¨î

ç¥à¥§ �[vk; �k] ¨ ¨â¥£à¨àãï ãà ¢¥¨¥ (2.10) ¯® ¬¥à¥ �k, ¢ë¢®¤¨¬

�[vk; �k](x; y) =
Z a

x

Z b

y

r�zH[u](�1; �2;�[vk; �k](�1; �2))d�1d�2 +

+
Z b

y

r�pH[u](x; �2;�[v
k; �k](x; �2))d�2 +

+
Z a

x

r�rH[u](�1; y;�[vk; �k](�1; y))d�1 �
Z a

x

Z b

y

rz�(x; y; z[u](x; y))�k(dx dy);

â. ¥. �[vk; �k] | à¥è¥¨¥ ãà ¢¥¨ï (2.1) ¯à¨ u = vk, � = �k, ª®â®à®¥ á®£« á® «¥¬¬¥ 2.2 ¥¤¨-
áâ¢¥® ¢ ª« áá¥ Ln

1 (�). �«¥¤®¢ â¥«ì®, �[v
k; �k](x; y) � �1[vk; �k](x; y), ¨ á®®â®è¥¨¥ (2.9) ¬®-

¦¥â ¡ëâì ¯¥à¥¯¨á ® ¢ ¢¨¤¥

H(x; y; �[vk ](x; y); vk(x; y); �[vk ; �k; �k0 ](x; y))�
�H(x; y; �[vk](x; y); w; �[vk ; �k; �k0 ](x; y)) � �2

p
�k 8w 2 U ¯à¨ ¯. ¢. (x; y) 2 �: (2.11)

� ¯®¬®éìî ãá«®¢¨ï ¡«¨§®áâ¨ (2.6) ¤¢ãå ã¯à ¢«¥¨© uk ¨ vk,   â ª¦¥  ¯à¨®àëå ®æ¥®ª «¥¬¬
2.1, 2.2 á®®â®è¥¨¥ (2.11) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ® ¢ â¥à¬¨ å ¨áå®¤®£® ¬. ¯. à. uk, k = 1; 2; : : :
�¯ãáª ï ¢¥áì¬  £à®¬®§¤ª¨¥, ® ¤®áâ â®ç® ®ç¥¢¨¤ë¥ ¤¥â «¨ â ª®£® ¯¥à¥¯¨áë¢ ¨ï, ¯®«ãç ¥¬
á®®â®è¥¨¥ ¬ ªá¨¬ã¬  (2.3). � ¢¥áâ¢® ¦¥ (2.7) ¯¥à¥å®¤¨â ¢ ãá«®¢¨¥ ¥¢ëà®¦¤¥®áâ¨  ¡®à 
¬®¦¨â¥«¥© � £à ¦  (2.2). �á¯®«ì§ãï ¥¯à¥àë¢®áâì   X äãªæ¨¨ q, ¡«¨§®áâì ã¯à ¢«¥¨©
uk ¨ vk ¨ à ¢®¬¥àãî ¥¯à¥àë¢®áâì ¯® u 2 D à¥è¥¨© z[u], ¨§ (2.8) § ª«îç ¥¬, çâ® �k á®áà¥-
¤®â®ç¥    ¬®¦¥áâ¢¥ �k. �
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� § ª«îç¥¨¥ íâ®£® à §¤¥« , ª ª ¨ ¢ [6], ¢¢¥¤¥¬

�¯à¥¤¥«¥¨¥ 2.1. �®á«¥¤®¢ â¥«ì®áâì uk 2 D, k = 1; 2; : : : ,  §®¢¥¬ áâ æ¨® à®© ¢ § ¤ ç¥
(Pq), ¥á«¨  ©¤ãâáï ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå ç¨á¥« k ! 0, k ! 1, uk 2 Dk

q , ¨
®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¯ à (�k0 ; �

k), �k0 � 0, �k 2 M(�) | ¥®âà¨æ â¥«ì ï  â®¬¨-
ç¥áª ï ¬¥à  � ¤® , á®áà¥¤®â®ç¥ ï   ¬®¦¥áâ¢¥ �k, â ª¨¥, çâ® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
(2.3) ¨ ¢á¥ ¯à¥¤¥«ìë¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯ à (�k0 ; �

k), k = 1; 2; : : : (¢ �-á« ¡®¬ á¬ëá«¥
¤«ï ¢â®à®© ª®¬¯®¥âë), ®â«¨çë ®â ã«ï. �â æ¨® àãî ¢ § ¤ ç¥ (Pq) ¯®á«¥¤®¢ â¥«ì®áâì
uk 2 D, k = 1; 2; : : : ,  §®¢¥¬ ®à¬ «ì®© (à¥£ã«ïà®©,  ®à¬ «ì®©), ¥á«¨ ¢á¥ (áãé¥áâ¢ãîâ, ¥
áãé¥áâ¢ãîâ) ¯à¥¤¥«ìë¥ â®çª¨ «î¡®© (å®âï ¡ë ®¤®©, ¨ ã ®¤®©) á®®â¢¥âáâ¢ãîé¥© ¥© ¯®á«¥¤®-
¢ â¥«ì®áâ¨ �k0 ¥ à ¢ë ã«î. � ¤ ç  (Pq)  §ë¢ ¥âáï ®à¬ «ì®© (à¥£ã«ïà®©,  ®à¬ «ì®©),
¥á«¨ ¢á¥ (áãé¥áâ¢ãîâ, ¥ áãé¥áâ¢ãîâ) ¥¥ áâ æ¨® àë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®à¬ «ìë (ï¢«ï-
îé¨¥áï à¥£ã«ïàë¬¨, ï¢«ïîé¨¥áï à¥£ã«ïàë¬¨).

3. �¯¯à®ªá¨¬ æ¨ï § ¤ ç¨ á ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨,
«¨¯è¨æ¥¢®áâì äãªæ¨¨ § ç¥¨©

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì á¥¬¥©áâ¢ ®¯â¨¬¨§ æ¨®ëå § ¤ ç, § ¢¨áïé¨å ®â ª®¥ç®-
¬¥à®£® ¢¥ªâ®à®£® ¯ à ¬¥âà  qk � (qk1 ; : : : ; q

k
lk
) 2 Rlk ,  ¯¯à®ªá¨¬¨àãîé¨å ¨áå®¤®¥ á¥¬¥©áâ¢®

(Pq):

I0(u)! inf; Ik(u) 2Mk + qk; u 2 D; qk 2 Rlk | ¯ à ¬¥âà; (P k
qk)

£¤¥ Mk � fy 2 Rlk : yi � 0, i = 1; : : : ; lkg, Ik(u) � (Ik1 (u); : : : ; I
k
lk
(u)),

Iki (u) � �(xk;i; yk;i; z[u](xk;i; yk;i)); (xk;i; yk;i) 2 Xk;

  1=k-á¥âì Xk ®¯à¥¤¥«¥  ¢ à §¤¥«¥ 2. � ª ¨ ¢ á«ãç ¥ § ¤ ç¨ (Pq), á®£« á® [2] ¬. ¯. à. ¢ § ¤ ç¥
(P k

qk )  §ë¢ ¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© ui 2 D, i = 1; 2; : : : , çâ® ¢ë¯®«ïîâáï
á®®â®è¥¨ï

I0(u
i) � �k(q

k) + i; ui 2 Dk;"i

qk
; i; "i � 0; i; "i ! 0; i!1;

£¤¥ Dk;"

qk
� fu 2 D : Ikj (u) � qkj + ", j = 1; : : : ; lkg, �k(qk) � �k;+0(qk) � lim

"!+0
�k;"(qk) � �k;0(qk);

�k;"(qk) � f inf
u2D

k;"

qk

I0(u), Dk;"

qk
6= ;; +1, Dk;"

qk
= ;g. �®¦® ãâ¢¥à¦¤ âì, çâ® äãªæ¨ï § ç¥¨©

�k : Rlk ! R, ª ª ¨ äãªæ¨ï �, ¯®«ã¥¯à¥àë¢  á¨§ã [7].

�¥¬¬  3.1. �ãáâì �(q) < +1, q 2 C(X). �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì

¢¥ªâ®à®¢ qk 2 Rlk , k = 1; 2; : : : , çâ® �k(qk) ! �(q), k ! 1. � ç áâ®áâ¨, â ª®¢®© ï¢«ï¥âáï

¯®á«¥¤®¢ â¥«ì®áâì qk � (qk1 ; : : : ; q
k
lk
), qki = q(xk;i; yk;i), i = 1; : : : ; lk.

�®ª § â¥«ìáâ¢® íâ®©  ¯¯à®ªá¨¬ æ¨®®© «¥¬¬ë   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 3.1 ¨§
[7] ¨ ¯®íâ®¬ã ®¯ãáª ¥âáï. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤  ï «¥¬¬  ¬®¦¥â ¡ëâì ¯®«¥§  ¯à¨ ª®-
áâàã¨à®¢ ¨¨ ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç á ä §®¢ë¬¨ ®£à ¨ç¥¨ï¬¨.

�¢¥¤¥¬ â ª  §ë¢ ¥¬ë¥ ®¡ëçë© ¨ á¨£ã«ïàë© ®¡®¡é¥ë¥ áã¡¤¨ää¥à¥æ¨ «ë ¢ á¬ëá«¥
[13] ¤«ï ¯à®¨§¢®«ì®© ¯®«ã¥¯à¥àë¢®© á¨§ã äãªæ¨¨ � : Rn ! R [ f+1g ¢ ª ¦¤®© â®çª¥
q 2 dom� á®®â¢¥âáâ¢¥® ¯® ä®à¬ã« ¬ @�(q) � D��(q) � f� : (�;�1) 2 K((q;�(q)) j epi�)g,
@1�(q) � D�

s �(q) � f� : (�; 0) 2 K((q;�(q)) j epi�)g, £¤¥
K((q;�(q)) j epi�) � lim sup

(r;�)!(q;�(q))

P ((r; �) j epi�)

 §ë¢ ¥âáï ª®ãá®¬ ®¡®¡é¥ëå ®à¬ «¥© ª epi� ¢ â®çª¥ (q;�(q)),

P ((r; �) j epi�) � f�((r; �) � (s; �)) : � > 0; (s; �) 2W ((r; �) j epi�)g;
W ((r; �) j epi�) � f(s; �) 2 epi� : j(r; �) � (s; �)j = �((r; �) j epi�)g;
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�((r; �) j epi�) | ¥¢ª«¨¤®¢® à ááâ®ï¨¥ ®â â®çª¨ (r; �) ¤® ¬®¦¥áâ¢  epi� ([13], á. 45). �®ª ¦¥¬,
çâ® á¯à ¢¥¤«¨¢  á«¥¤ãîé ï «¥¬¬  ® á¢ï§¨ ¬®¦¨â¥«¥© � £à ¦  á ®¡®¡é¥ë¬¨ ®à¬ «ï¬¨
¢ á¬ëá«¥ [13].

�¥¬¬  3.2. �ãáâì �k(qk) < 1 ¨ (�;��) 2 K((qk; �k(qk)) j epi�k) | ¯à®¨§¢®«ì ï ®¡-

®¡é¥ ï ®à¬ «ì, ¯à¨ç¥¬ (�;��) 6= 0. �®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ -

â¥«ìëå ç¨á¥« i ! 0, i ! 1, ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¬®¦¨â¥«¥© � £à ¦ 

�i � (�i0; : : : ; �
i
lk
) 2 Rlk ¨ ¯®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© ui 2 Dk;i

qk
, i = 1; 2; : : : , â ª¨¥, çâ®

j�ij 6= 0; �ij � 0; j = 0; : : : ; lk; �ij = 0; ¥á«¨ jIkj (ui)� qkj j � i; j = 1; : : : ; lk; (3.1)Z
�

fmax
v2U

H(x; y; �[ui](x; y); v; �[ui ; �i; �i0](x; y))�
�H(x; y; �[ui](x; y); ui(x; y); �[ui; �i; �i0](x; y))gdx dy � i; (3.2)

� +
lkX
j=1

�je
j = 0;

£¤¥ �i �
lkP
j=1

�ij�(xk;j ;yk;j),   � � (�; �1; : : : ; �lk) 6= 0 | ¯à¥¤¥«ì ï â®çª  ¯®á«¥¤®¢ â¥«ì®áâ¨

¢¥ªâ®à®¢ �i, i = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �ãáâì (rk;i; �k;i) =2 epi�k, i = 1; 2; : : : , | ¯à®¨§¢®«ì ï ¯®á«¥¤®¢ â¥«ì®áâì
â®ç¥ª, áå®¤ïé ïáï ª (qk; �k(qk)). �®£¤  ¨§ ¯®«ã¥¯à¥àë¢®áâ¨ á¨§ã äãªæ¨¨ �k ¨ ®¯à¥¤¥«¥¨ï
ª®ãá  K((qk; �k(qk)) j epi�k) ([13], á. 45) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«®¦¨-
â¥«ìëå ç¨á¥« �i ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ â®ç¥ª

(qk;i; �k(q
k;i)) 2W ((rk;i; �k;i) j epi�k) � Rlk+1; i = 1; 2; : : : ; (3.3)

â ª¨å, çâ®

qk;i ! qk; �k(q
k;i)! �k(q

k); �i(�k;i;��k;i)! (�;��); i!1; (3.4)

(�k;i;��k;i) � (rk;i; �k;i) � (qk;i; �k(qk;i)), �k;i � 0. � ¬®¦¥áâ¢¥ W ((rk;i; �k;i) j epi�k) â®çª 
(qk;i; �k(qk;i)) ¢ë¡¨à ¥âáï ¯à®¨§¢®«ì®. �«ï ¤ «ì¥©è¥£® ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¯®ª ¦¥¬, çâ®
á¯à ¢¥¤«¨¢ 

�¥¬¬  3.3. �ãáâì ui;s, s = 1; 2; : : : , | ¯à®¨§¢®«ì®¥ ¬. ¯. à. ¢ á¬ëá«¥ (1:4) ¢ § ¤ ç¥ (P k
qk;i).

�®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« i;s � 0, i;s ! 0, s ! 1, ui;s 2 Dk;i;s

qk;i
� fu 2

D : Ikj (u) � qk;ij + i;s, j = 1; : : : ; lkg, ¯®á«¥¤®¢ â¥«ì®áâì ¢¥ªâ®à®¢ �i;s � (�i;s0 ; : : : ; �i;slk ) 2 Rlk+1,

s = 1; 2; : : : ,

lkX
j=0

�i;sj = 1; �i;sj � 0; j = 0; : : : ; lk; �i;sj = 0 ¯à¨ jIkj (ui;s)� qk;ij j � i;s; j = 1; : : : ; lk; (3.5)

â ª¨¥, çâ® Z
�

fmax
v2U

H(x; y; �[ui;s](x; y); v; �[ui;s ; �i;s; �i;s0 �k;i](x; y)) �
�H(x; y; �[ui;s](x; y); ui;s(x; y); �[ui;s; �i;s; �i;s0 �k;i](x; y))gdx dy � i;s; (3.6)

max
q2S

lk
P

D
� �i;s0 �k;i �

lkX
j=1

�i;sj ej ; q � qk;i
E
� i;s; (3.7)
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£¤¥ �i;s �
lkP
j=1

�i;sj �(xk;j ;yk;j), e
j � ( 0; : : : ; 0| {z }

j�1

; 1; 0; : : : ; 0) 2 Rlk ,   P > 0 | ¯à®¨§¢®«ì®¥ ¤®áâ â®ç®

¡®«ìè®¥ ç¨á«®,  ¯à¨¬¥à, P = sup
i�1

jqk;ij+ 1.

�®ª § â¥«ìáâ¢®. � á¨«ã ¢ª«îç¥¨ï (3.3) ¢¥ªâ®à (�k;i;��k;i) ï¢«ï¥âáï ¯¥à¯¥¤¨ªã«ïà®¬
([12], á. 66) ª epi�k ¢ â®çª¥ (qk;i; �k(qk;i)). �®íâ®¬ã   ®á®¢ ¨¨ ¯à¥¤«®¦¥¨ï 2.5.5 ¨§ [12] ¢ë¢®-
¤¨¬

h(�k;i;��k;i); (q0; I)� (qk;i; �k(qk;i))i � 1
2
j(q0; I)� (qk;i; �k(qk;i))j2 8q0 2 Rlk ; I � �k(q0);

®âªã¤  ¯®á«¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬

�k;i�k(q
k;i)� h�k;i; qk;ii � �k;iI � h�k;i; q0i+ 1

2
jq0 � qk;ij2 + 1

2
(I � �k(q

k;i))2 8q0 2 Rlk ; I � �k(q
0):

�®ª ¦¥¬, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì ui;s, s = 1; 2; : : : , | ¬. ¯. à. ¢ § ¤ ç¥ (P k
qk;i), â® ¯®á«¥¤®-

¢ â¥«ì®áâì ¯ à (ui;s; qk;i), s = 1; 2; : : : , | ¬. ¯. à. ¢ § ¤ ç¥

I i(u; q0)! inf; Ik(u)� q0 2Mk; (u; q0) 2 bD � D � S
lk

P ; (3.8)

£¤¥ I i(u; q0) � �k;iI0(u) � h�k;i; q0i + 1
2
jq0 � qk;ij2 + 1

2
(I0(u) � �k(qk;i))2. �à¥¦¤¥ ¢á¥£®,  ¤¥«¨¬bD ¬¥âà¨ª®© bd((u1; q1); (u2; q2)) � d(u1; u2) + jq1 � q2j ¨ ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: bDt �

f(u; q0) 2 bD : Ikj (u)� q0j � t, j = 1; : : : ; lkg, b�ik � lim
t!0

b�i;tk , b�i;tk � infbDt

I i(u; q0). � á®®â¢¥âáâ¢¨¨ á ®¡é¨¬

®¯à¥¤¥«¥¨¥¬ [2] ¯®á«¥¤®¢ â¥«ì®áâì ¯ à (us; q0s) 2 bD, s = 1; 2; : : : , ¡ã¤¥â ¬. ¯. à. ¢ § ¤ ç¥ (3.8),
¥á«¨  ©¤ãâáï â ª¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥« s, "s � 0, s, "s ! 0, s!1, çâ®

I i(us; q0s) � b�ik + s; (us; q0s) 2 bD"s ; s = 1; 2; : : :

� ª ª ª ui;s, s = 1; 2; : : : , | ¬. ¯. à. ¢ § ¤ ç¥ (P k
qk;i), â®  ©¤ãâáï â ª¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨

¥®âà¨æ â¥«ìëå ç¨á¥« "i;s, i;s ! 0, s!1, çâ® ui;s 2 Dk;"i;s

qk;i
, I0(ui;s) � �k(qk;i) + i;s. �®íâ®¬ã

I i(ui;s; qk;i) = �k;iI0(ui;s)� h�k;i; qk;ii+ 1
2
(I0(ui;s)� �k(qk;i))2 �

� �k;i�k(qk;i) + �k;ii;s � h�k;i; qk;ii+ 1
2
(i;s)2: (3.9)

�®áª®«ìªã ¨¦ïï £à ì b�ik ¢ § ¤ ç¥ (3.8) à ¢  b�ik = �k;i�k(qk;i) � h�k;i; qk;ii (¤®ª § â¥«ìáâ¢®
¤ ®£® ä ªâ    «®£¨ç® ¤®ª § â¥«ìáâ¢ã à ¢¥áâ¢  (5.6) ¢ à ¡®â¥ [9]), â® ®æ¥ªã (3.9) ¬®¦®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

I i(ui;s; qk;i) � b�ik + ei;s; (3.10)

£¤¥ ei;s � �k;ii;s + 1
2
(i;s)2. �à®¬¥ â®£®, ¨§ á®®â®è¥¨© "i;s ! 0, s ! 1, ui;s 2 Dk;"i;s

qk;i
¨ ®¯à¥¤¥-

«¥¨ï ¬®¦¥áâ¢ bDt á«¥¤ã¥â, çâ® (ui;s; qk;i) 2 bD"i;s . �®á«¥¤¥¥ ¢ª«îç¥¨¥ ¢ á®¢®ªã¯®áâ¨ á ®æ¥-
ª®© (3.10) ¤®ª §ë¢ ¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ¯ à (ui;s; qk;i) ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï ¬. ¯. à. ¢
§ ¤ ç¥ (3.8),   ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ ri;s � b�ik � b�i;"i;sk + ei;s, i = 1; 2; : : : , á¯à ¢¥¤«¨¢ë á®®â®-
è¥¨ï

I i(ui;s; qi;k) � b�i;"i;sk + ri;s; (ui;s; qk;i) 2 bD"i;s :

�âáî¤  á ¯®¬®éìî ¢ à¨ æ¨®®£® ¯à¨æ¨¯  �ª« ¤  [20] ¢ë¢®¤¨¬ áãé¥áâ¢®¢ ¨¥ ¯®á«¥¤®¢ -
â¥«ì®áâ¨ (ui;s;1; qk;i;s) 2 bD"i;s , ï¢«ïîé¥©áï à¥è¥¨¥¬ ¢ § ¤ ç¥

I i(u; q0) +
p
ri;s bd((u; q0); (ui;s;1; qk;i;s))! inf; (u; q0) 2 bD"i;s ; (3.11)
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¨ â ª®©, çâ®

bd((ui;s; qk;i); (ui;s;1; qk;i;s)) � p
ri;s; I i(ui;s;1; qk;i;s) � I i(ui;s; qk;i): (3.12)

�à¨ íâ®¬ ¨§ ¯¥à¢®© ®æ¥ª¨ (3.12) ¨ «¥¬¬ë 2.1 ¢ëâ¥ª ¥â, çâ® I0(ui;s;1) � �k(qk;i) ! 0, s ! 1,
¨, ª ª á«¥¤áâ¢¨¥, ¯®á«¥¤®¢ â¥«ì®áâì ui;s;1, s = 1; 2; : : : , ï¢«ï¥âáï ¬. ¯. à. ¨ ¢ § ¤ ç¥ (P k

qk ) ¯à¨
qk = qk;i. �§ (3.11) ¬®¦® § ª«îç¨âì, çâ®

J(u
i;s;1; qk;i;s) � infbD J(u; q

0) + ;

£¤¥ J(u; q0) � maxfI i(u; q0) � I i(ui;s;1; qi;k;s) +  +
p
ri;s bd((u; q0); (ui;s;1; qk;i;s)), Ikj (u) � q0j � "i;s,

j = 1; : : : ; lkg. �®¢  ¯à¨¬¥ïï ¢ à¨ æ¨®ë© ¯à¨æ¨¯ �ª« ¤ , ¢ë¢®¤¨¬, çâ®  ©¤¥âáï ¯ à 
(ui;s;1; ; qk;i;s;) 2 bD, ï¢«ïîé ïáï à¥è¥¨¥¬ ¢ § ¤ ç¥

J(u; q
0) +

p
 bd((u; q0); (ui;s;1; ; qk;i;s;))! inf; (u; q0) 2 bD; (3.13)

¨ ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ ¬

bd((ui;s;1; qk;i;s); (ui;s;1; ; qk;i;s;)) � p
; J(u

i;s;1; ; qk;i;s;) � J(u
i;s;1; qk;i;s): (3.14)

�«ï ¯®«ãç¥¨ï ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¢ ¯®á«¥¤¥© § ¤ ç¥ ¬®¦® ¢®á¯®«ì§®-
¢ âìáï à¥§ã«ìâ â ¬¨ à ¡®âë [21], ¢ ª®â®à®© ¤®áâ â®ç® ¯®¤à®¡® ¨§«®¦¥ ¬¥â®¤ ¯®«ãç¥¨ï
ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¢   «®£¨ç®© § ¤ ç¥ ¤«ï ª¢ §¨«¨¥©®£® í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï
(á¬. § ¤ çã ¤«ï äãªæ¨® «  J�;� ¢ [21], á. 1414). �à¨¬¥ïï §¤¥áì íâ®â ¬¥â®¤, ¯®«ãç¨¬ á«¥-
¤ãîé¥¥ § ª«îç¥¨¥. � ª ª ª (ui;s;1; ; qk;i;s;) | à¥è¥¨¥ § ¤ ç¨ (3.13), â® áãé¥áâ¢ãîâ ¢¥ªâ®à
�i;s;1; � (�i;s;1;0 ; �i;s;1;1 ; : : : ; �i;s;1;lk

) 2 Rlk+1 ¨ ¤®áâ â®ç® ¡®«ìè®¥ ç¨á«® K > 0 â ª¨¥, çâ®

�i;s;1;j � 0; j = 0; : : : ; lk;
lkX
j=0

�i;s;1;j = 1;

�i;s;1;j (J(u
i;s;1; ; qk;i;s;)� (Ikj (u

i;s;1;)� qk;i;s; � "i;s)) = 0; j = 1; : : : ; lk;

H(x; y; �[ui;s;1; ](x; y); ui;s;1;(x; y); �[ui;s;1; ; �i;s;1; ; �i;s;1;0 �k;i](x; y)) �
�H(x; y; �[ui;s;1; ](x; y); w; �[ui;s;1; ; �i;s;1; ; �i;s;1;0 �k;i](x; y)) �

� �2K(
p
ri;s +

p
) 8w 2 U ¯à¨ ¯. ¢. (x; y) 2 �;D

�i;s;1;0 (��k;i + qk;i;s; � qk;i)�
lkX
j=1

�i;s;1;j ej ; q0 � qk;i;s;
E
� 2K(

p
ri;s +

p
) 8q0 2 S

lk

P :

�¥à¥å®¤ï ¢ ¯®«ãç¥®¬ á¥¬¥©áâ¢¥ ¥®¡å®¤¨¬ëå ãá«®¢¨© ª ¯à¥¤¥«ã ¯à¨  ! 0 ¨ ãç¨âë¢ ï ®æ¥-
ª¨ (3.12), (3.14), ¯®á«¥ ¢¥áì¬  £à®¬®§¤ª¨å ¢ëç¨á«¥¨© ¯à¨å®¤¨¬ ª ¢ë¢®¤ã ® á¯à ¢¥¤«¨¢®áâ¨
«¥¬¬ë 3.3.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 3.2 ¢ë¡¥à¥¬ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì si; i = 1; 2; : : : ,
¯®á«¥¤®¢ â¥«ì®áâ¨ s = 1; 2; : : : , â ª, çâ®

Ij(ui) � qkj + (qk;ij � qkj ) + i;si ; (qk;ij � qkj ) + i;si ! 0; j = 1; : : : ; lk; (3.15)

i;si ! 0; "i;si ! 0; �ii;si ! 0; I0(ui;si)� �k(qk)! 0; i!1;

£¤¥ ¢¢¥¤¥® ®¡®§ ç¥¨¥ ui � ui;si . �¤®¢à¥¬¥® ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¢ á¨«ã (3.15), (3.4),
(3.7) ¬®¦¥¬ áç¨â âì, çâ®

�i;si0 ! 1; �i�i;sij ! �j; j = 1; : : : ; lk; (3.16)
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£¤¥ �j | ¥ª®â®àë¥ ç¨á« . � ¬¥â¨¬, çâ® ç¨á«  �i, �i;sij , �j , ¢®®¡é¥ £®¢®àï, § ¢¨áïâ ®â k. �¬®-
¦ ï á®®â®è¥¨ï (3.5){(3.7) «¥¬¬ë 3.3   �i, ¯®«ì§ãïáì á®®â®è¥¨ï¬¨ (3.15) ¨ (3.16), ¬®¦¥¬
¯¥à¥ä®à¬ã«¨à®¢ âì «¥¬¬ã 3.3 ¢ ä®à¬¥ «¥¬¬ë 3.2. �

�¯à¥¤¥«¥¨¥ 3.1. �®á«¥¤®¢ â¥«ì®áâì ã¯à ¢«¥¨© ui 2 D, i = 1; 2; : : : ,  §®¢¥¬ áâ æ¨® à-
®© ¢ § ¤ ç¥ (P k

qk ), ¥á«¨  ©¤ãâáï ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå ç¨á¥« i ! 0, i!1, ¨
®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¢¥ªâ®à®¢ �i 2 Rlk , i = 1; 2; : : : , �i � (�i0; �

i
1; : : : ; �

i
lk
), â ª¨¥, çâ®

ui 2 Dk;i

qk
, ¢ë¯®«¥ë á®®â®è¥¨ï (3.1), (3.2), £¤¥ �i �

lkP
j=1

�ij�(xk;j ;yk;j), ¨ ¢á¥ ¯à¥¤¥«ìë¥ â®çª¨

¯®á«¥¤®¢ â¥«ì®áâ¨ �i, i = 1; 2; : : : , ®â«¨çë ®â ã«ï.

�¢¥¤¥¬ ¬®¦¥áâ¢  ¬®¦¨â¥«¥© Lk;�

qk
�
n
�

lkP
j=1

�je
j 2 Rlk : � = (�0; �1; : : : ; �ll) 2 Rlk+1, � 6= 0,

�0 = �, áãé¥áâ¢ã¥â áâ æ¨® à ï ¢ § ¤ ç¥ (P k
qk) ¯®á«¥¤®¢ â¥«ì®áâì, ¤«ï ª®â®à®© á®®â¢¥âáâ¢ãî-

é ï ¥©, á®£« á® ®¯à¥¤¥«¥¨î áâ æ¨® à®© ¯®á«¥¤®¢ â¥«ì®áâ¨, ¯®á«¥¤®¢ â¥«ì®áâì ¢¥ªâ®à®¢

�i, i = 1; 2; : : : , ¨¬¥¥â ¢¥ªâ®à � ¢ ª ç¥áâ¢¥ á¢®¥© ¯à¥¤¥«ì®© â®çª¨
o
, � = 0; 1; Mk;0

qk
� Lk;0

qk
[ f0g,

Mk;1
qk

� Lk;1
qk
. �¥¯®áà¥¤áâ¢¥® ¨§ «¥¬¬ë 3.2, ®¯à¥¤¥«¥¨ï ®¡®¡é¥ëå áã¡¤¨ää¥à¥æ¨ «®¢ ¢

á¬ëá«¥ [13] ¨ ¯à®¨§¢®«  ¢ ¢ë¡®à¥ ¯®á«¥¤®¢ â¥«ì®áâ¥© rk;i, �k;i, i = 1; 2; : : : , á«¥¤ã¥â

�¥®à¥¬  3.1. �ãáâì �k(qk) < +1. �®£¤  @�k(qk) = @�k(qk) \Mk;1
qk
, @1�k(qk) = @1�k(qk) \

Mk;0
qk
, £¤¥ @�k(qk) ¨ @1�k(qk) ï¢«ïîâáï á®®â¢¥âáâ¢¥® ®¡ëçë¬ ¨ á¨£ã«ïàë¬ ®¡®¡é¥ë¬

áã¡¤¨ää¥à¥æ¨ « ¬¨ ¢ â®çª¥ qk [13].

�§ ¤ ®© â¥®à¥¬ë ¨ â¥®à¥¬ë 2.1 ¢ [13] ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 3.1. �á«¨ ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ Oqk â®çª¨ qk ¢á¥ § ¤ ç¨ (P k
yk), y

k 2 Oqk , ®à-

¬ «ìë, â. ¥. Mk;0
yk

= f0g, yk 2 Oqk , ¯à¨ç¥¬ ¬®¦¥áâ¢  Mk;1
yk

à ¢®¬¥à® ®£à ¨ç¥ë ¯®áâ®ï®©
K ¢ ¥ª®â®à®© ®à¬¥ k �k ( ¯à., ¥¢ª«¨¤®¢®© j � j), â® äãªæ¨ï § ç¥¨© �k ï¢«ï¥âáï «¨¯è¨æ¥¢®©
¢ á®¯àï¦¥®© ®à¬¥   Oqk á â®© ¦¥ ¯®áâ®ï®© K.

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 3.1, ª ª ¨ ¢ [7], ï¢«ï¥âáï á«¥¤ãîé ï â¥®à¥¬ , ¤®ª § â¥«ìáâ¢® ª®â®à®©
¬®¦¥â ¡ëâì ¯à®¢¥¤¥® ¢ ¯®«®¬ á®®â¢¥âáâ¢¨¨ á® áå¥¬®© ¤®ª § â¥«ìáâ¢    «®£¨ç®£® à¥§ã«ì-
â â  ¢ ([7], x 4).

�¥®à¥¬  3.2. �á«¨ § ¤ ç  (Pq) ®à¬ «ì , â® ¥¥ äãªæ¨ï § ç¥¨© � «¨¯è¨æ¥¢  ¢ ®ªà¥áâ-

®áâ¨ â®çª¨ q 2 C(X).

�ä®à¬ã«¨àã¥¬,  ª®¥æ, ¤¢  ¤®áâ â®çëå ãá«®¢¨ï ®à¬ «ì®áâ¨ ¢ § ¤ ç¥ (Pq) ( ¯à., [6]).

�¥®à¥¬  3.3. �ãáâì ¢ § ¤ ç¥ (Pq) ¯à ¢ ï ç áâì f ¨¬¥¥â ¢¨¤ f(x; y; z; p; r; v) � f1(x; y)z +
f2(x; y)p+ f3(x; y)r+ f4(x; y; v),   äãªæ¨ï G ¢ë¯ãª«  ¯® z. �ãáâì, ªà®¬¥ â®£®, ¢ë¯®«¥® ®¤®
¨§ á«¥¤ãîé¨å ãá«®¢¨©: 1) äãªæ¨ï � ¢ë¯ãª«  ¯® z, ¨  ©¤¥âáï â ª®¥ ã¯à ¢«¥¨¥ u� 2 D, çâ®
�(x; y; z[u�](x; y)) < q(x; y) 8 (x; y) 2 X; 2) äãªæ¨ï � ¨¬¥¥â ¢¨¤ �(x; y; z) � �1(x; y)z+�2(x; y)
¨ ¢ § ¤ ç¥ (Pq)  ©¤¥âáï ¥áâ æ¨® à ï ¯®á«¥¤®¢ â¥«ì®áâì ui 2 Di

q , i = 1; 2; : : : , i ! 0,
i!1. �®£¤  § ¤ ç  (Pq) ®à¬ «ì .

4. �««îáâà â¨¢ë© ¯à¨¬¥à

�ãáâì § ¤   ®¯â¨¬¨§ æ¨® ï § ¤ ç 

I0(u) � z2[u](1; 1) ! inf; I1(u)(x; y) � �z1[u](x; y) � 0; (x; y) 2 � � [0; 1] � [0; 1];

z1xy = (z1x + 1)u(x; y); z2xy = z1 � u2(x; y); z(0; y) = z(x; 0) = 0;

z = (z1; z2); u(x; y) 2 U � [�1;+1]; (x; y) 2 � � [0; 1] � [0; 1]:

�®¦® ¯®ª § âì, çâ® ¢ íâ®© § ¤ ç¥ ¥ áãé¥áâ¢ã¥â ¨§¬¥à¨¬®£® ¯® �¥¡¥£ã ®¯â¨¬ «ì®£® ã¯à -
¢«¥¨ï ¨ çâ® § ç¥¨¥ § ¤ ç¨ à ¢® �1.
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�à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ¬. ¯. à. â¥®à¥¬ë 2.1 §¤¥áì ¡ã¤¥â ¨¬¥âì ¢¨¤Z
�

max
v2[�1;+1]

f(�i�01[ui](x; y) + �11[ui; �i](x; y))[(v � ui(x; y))z1x[ui](x; y) +

+ (v � ui(x; y))] + (�i�02[ui](x; y) + �12[ui; �i](x; y))((ui(x; y))2 � v2)gdx dy � i;

£¤¥ i ! 0, i!1,   á®¯àï¦¥ë¥äãªæ¨¨ �0[ui] � (�01[ui]; �02[ui]), �1[ui; �i] � (�11[ui; �i]; �12[ui; �i])
| à¥è¥¨ï á®¯àï¦¥ëå á¨áâ¥¬

�1(x; y)�
Z 1

y

ui(x; �2)�1(x; �2)d�2 �
Z 1

x

Z 1

y

�2(�1; �2)d�1 d�2 = 0; �2(x; y) = �1;

�1(x; y)�
Z 1

y

ui(x; �2)�1(x; �2)d�2 �
Z 1

x

Z 1

y

�2(�1; �2)d�1 d�2 =
Z 1

x

Z 1

y

�i(d�1 d�2);

�2(x; y) = 0;

á®®â¢¥âáâ¢¥®. �â¨ á®®â®è¥¨ï ¬®£ãâ ¡ëâì ¯¥à¥¯¨á ë ¢ ¢¨¤¥Z
�

max
v2[�1;+1]

f(�i�01[ui](x; y) + �11[u
i; �i](x; y))[(v � ui(x; y))z1x[u

i](x; y) +

+(v � ui(x; y))]� �i((ui(x; y))2 � v2)gdx dy � i;

�01[u
i](x; y)�

Z 1

y

ui(x; �2)�01(x; �2)d�2 = �(1� x)(1� y);

�11[ui](x; y)�
Z 1

y

ui(x; �2)�11(x; �2)d�2 =
Z 1

x

Z 1

y

�i(d�1 d�2);

�i + j�ij = 1; mesf(x; y) 2 � : z1[u
i](x; y) � �ig ! 0; i!1;

£¤¥ ¬¥à  �i á®áà¥¤®â®ç¥    ¬®¦¥áâ¢¥ �i � f(x; y) 2 � : jz1[ui](x; y)j � ig, i ! 0, i!1.
�«¥¬¥â àë©   «¨§ íâ¨å á®®â®è¥¨© ¯®ª §ë¢ ¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ui 2 D,

i = 1; 2; : : : , ¡ã¤¥â § ¢¥¤®¬® ¨¬ ã¤®¢«¥â¢®àïâì, ¥á«¨

�i�01[u
i](x; y) + �11[u

i; �i](x; y)! 0 ¯® ¬¥à¥   �; (4.1)

jui(x; y)j ! 1 ¯® ¬¥à¥   �; �i + j�ij = 1;

mesf(x; y) 2 � : z1[u
i](x; y) � �ig ! 0; i!1; supp�i � �i:

�¤®© ¨§ ¯®¤å®¤ïé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥© ¯ à (�i; �i) ¡ã¤¥â ¯®á«¥¤®¢ â¥«ì®áâì, ã¤®¢«¥â¢®àï-
îé ï á®®â®è¥¨ï¬

�i ! 1=2; j�ij ! 1=2; �i[f(ex; ey) 2 � : x � ex � 1; y � ey � 1g]! (1=2)(1 � x)(1� y):

�«ï ¥¥, ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï ¯¥à¢®¥ ¨§ á®®â®è¥¨© (4.1). �à¨ íâ®¬, â. ª. ¯®á«¥¤®¢ â¥«ì-
®áâì ui, i = 1; 2; : : : , ¤®«¦  ã¤®¢«¥â¢®àïâì ¨ ®áâ «ìë¬ á®®â®è¥¨ï¬ (4.1), ¢ íâ®¬ á«ãç ¥ á
¥®¡å®¤¨¬®áâìî ¤®«¦® ¡ëâì jz1[ui]j(0)� ! 0, i!1. �®áª®«ìªã

z1[u](x; y) =
Z x

0

�
exp

�Z y

0

u(�1; �2)d�2

�
� 1

�
d�1;

â® ®¤®© ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¥©, ã¤®¢«¥â¢®àïîé¥© ¢á¥¬ âà¥¡®¢ ¨ï¬, ï¢«ï¥âáï,  ¯à¨¬¥à, ¯®-
á«¥¤®¢ â¥«ì®áâì

ui(x; y) �
(
+1; y 2 ( j�1

2i
; j

2i
); x 2 [0; 1]; j = 1; 3; : : : ; 2i� 1;

�1; y 2 ( j�1
2i
; j

2i
); x 2 [0; 1]; j = 2; 4; : : : ; 2i; i = 1; 2; : : :
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� â® ¦¥ ¢à¥¬ï ¯®á«¥¤®¢ â¥«ì®áâì

vi(x; y) �
(
+1; x 2 ( j�1

2i
; j

2i
); y 2 [0; 1]; j = 1; 3; : : : ; 2i � 1;

�1; x 2 ( j�1
2i
; j

2i
); y 2 [0; 1]; j = 2; 4; : : : ; 2i; i = 1; 2; : : : ;

¯®á«¥¤¨¬ âà¥¡®¢ ¨ï¬ ¥ ã¤®¢«¥â¢®àï¥â, â.ª. jz1[vi]j(0)� 6! 0, i ! 1. �à¨ íâ®¬ ®¡¥ ãª § ë¥
¯®á«¥¤®¢ â¥«ì®áâ¨ ¢ á« ¡®© ®à¬¥ j � jw ([2]) áå®¤ïâáï ª ®¤®¬ã ¨ â®¬ã ¦¥ ®¡®¡é¥®¬ã ã¯à -
¢«¥¨î �(x; y) � (��1+ �+1)=2. �â ª, ¢ ¤ ®¬ ¯à¨¬¥à¥ à §ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ã¯à ¢«¥¨©
áå®¤ïâáï ª ®¤®¬ã ¨ â®¬ã ¦¥ ®¡®¡é¥®¬ã ã¯à ¢«¥¨î, ® ®¤  ¨§ ¨å ï¢«ï¥âáï ¬. ¯. à. ¨ ¨¤¥-
â¨ä¨æ¨àã¥âáï á ¯®¬®éìî ¯à¨æ¨¯  ¬ ªá¨¬ã¬ ,   ¤àã£ ï â ª®¢®© ¥ ï¢«ï¥âáï.
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