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�ãáâì ã¯à ¢«ï¥¬ë© ¯à®æ¥áá x : [0; T ]! Rn ®¯¨áë¢ ¥âáï «¨¥©ë¬ ãà ¢¥¨¥¬

_x(t) +A(t)x(t) =
Z

t

0

K(t; s) _x(s) ds+B(t)u(t) + �(t); t 2 [0; T ]: (1)

�à¥¤¯®« £ ¥âáï, çâ® n � n-¬ âà¨æ  A(t), n � k-¬ âà¨æ  B(t) ¨ n-¬¥àë© ¢¥ªâ®à-áâ®«¡¥æ �(t)
(\¯®¬¥å ") ¨¬¥îâ ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¥   [0; T ] ¢¥é¥áâ¢¥ë¥ ª®¬¯®¥âë, ï¤à® K(t; s)
| n � n-¬ âà¨ç ï äãªæ¨ï á ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¬¨   0 � s � t � T ¢¥é¥áâ¢¥ë-
¬¨ í«¥¬¥â ¬¨, k-¬¥àë© ¢¥ªâ®à-áâ®«¡¥æ u(t) (\¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥") ¨¬¥¥â ¨§¬¥à¨¬ë¥  
[0; T ] ¢¥é¥áâ¢¥ë¥ ª®¬¯®¥âë, ¯à¨ç¥¬ ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; T ] § ç¥¨ï u(t) ¯à¨ ¤«¥¦ â
ª®¬¯ ªâã 
 ª®®à¤¨ â®£® ¯à®áâà áâ¢  Rk.

�®¤ à¥è¥¨¥¬ á¨áâ¥¬ë (1) ¯®¨¬ ¥âáï n-¬¥àë© ¢¥ªâ®à-áâ®«¡¥æ x(t) á ¯à®¨§¢®¤®© _x(t),
¨¬¥îé¥© ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¥   [0; T ] ª®¬¯®¥âë.

�®¬¥å  �(t)  §ë¢ ¥âáï ¤®¯ãáâ¨¬®©, ¥á«¨  ©¤¥âáï â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u(t) =
u�(t), ¯à¨ ª®â®à®¬ ã á¨áâ¥¬ë (1) áãé¥áâ¢ã¥â à¥è¥¨¥ x(t), ã¤®¢«¥â¢®àïîé¥¥ ¢¥ªâ®à®¬ã ¥à -
¢¥áâ¢ã

Z
T

0

�(s) _x(s) ds+	x(0) � �: (2)

�¤¥áì �(s) |m�n-¬ âà¨æ  á ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¬¨   [0; T ] í«¥¬¥â ¬¨, 	| ¯®áâ®ï ï
m� n-¬ âà¨æ , � | m-¬¥àë© ¢¥ªâ®à-áâ®«¡¥æ. �à ¢¥¨¥ ¢¥ªâ®à®¢ ¢ (2) ¯®ª®¬¯®¥â®¥.

�ã¤¥¬ £®¢®à¨âì, çâ® ã¯à ¢«¥¨¥ u�(t) ª®¬¯¥á¨àã¥â ¯®¬¥åã �(t).
�à¨â¥à¨© à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (1) á ®£à ¨ç¥¨¥¬ (2) ¯à¨ ®âáãâáâ¢¨¨ ã¯à ¢«¥¨ï

(u(t) � 0)  ®á¨à®¢  ¢ [1] ¨ ¤®ª §  ¤«ï â®ç¥çëå ¥à ¢¥áâ¢ á¯¥æ¨ «ì®£® ¢¨¤  ¢ [2]. �®¤-
å®¤ë ª ¨áá«¥¤®¢ ¨î à §à¥è¨¬®áâ¨ § ¤ ç á ®£à ¨ç¥¨ï¬¨ â¨¯  ¥à ¢¥áâ¢ ¤«ï à §«¨çëå
ª« áá®¢ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á¬. ¢ [3]{[6].

�¯¨á ¨¥ ¬®¦¥áâ¢  ¢á¥å ¯®¬¥å �(t) á¨áâ¥¬ë (1), ª®¬¯¥á¨àã¥¬ëå § ¤ ë¬ ¤®¯ãáâ¨¬ë¬
ã¯à ¢«¥¨¥¬ u(t), ¤ ¥â

�¥®à¥¬  1. �ãáâì Z(s) ¥áâì ¥¤¨áâ¢¥®¥ m�n-¬ âà¨ç®¥ à¥è¥¨¥ á ª¢ ¤à â¨ç® áã¬-
¬¨àã¥¬ë¬¨   [0; T ] í«¥¬¥â ¬¨ ãà ¢¥¨ï �®«ìâ¥àà 

Z(s) =
Z T

s

Z(�)[K(�; s)�A(�)] d� +�(s); s 2 [0; T ]: (3)

�«ï â®£® çâ®¡ë á¨áâ¥¬  (1) ¨¬¥«  à¥è¥¨¥ x(t), ã¤®¢«¥â¢®àïîé¥¥ (2), ¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç® ¢ë¯®«¥¨ï ¥à ¢¥áâ¢ 

�(� �
Z T

0

Z(s)fB(s)u(s) + �(s)g ds) � 0 (4)
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¤«ï ª ¦¤®© m-¬¥à®© ¢¥ªâ®à-áâà®ª¨ � á ¥®âà¨æ â¥«ìë¬¨ ª®¬¯®¥â ¬¨, ï¢«ïîé¥©áï à¥-

è¥¨¥¬ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

�(	�
Z T

0

Z(s)A(s) ds) = 0: (5)

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ f(t) = B(t)u(t) + �(t). �®¤áâ ®¢ª  x(t) = q +
tR
0

y(s) ds, y(t) =

_x(t) ¢ á¨áâ¥¬ã (1) ¯à¨¢®¤¨â ª ¨â¥£à «ì®¬ã ãà ¢¥¨î �®«ìâ¥àà 

y(t) =
Z t

0

[K(t; s)�A(t)]y(s) ds+ f(t)�A(t)q; t 2 [0; T ]:

�¤¨áâ¢¥®¥ ª¢ ¤à â¨ç® áã¬¬¨àã¥¬®¥ à¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¬®¦® ¢ëà §¨âì ç¥à¥§ à¥-
§®«ì¢¥âã R(t; �) ï¤à  K(t; �)�A(t) ¢ ¢¨¤¥

y(t) =
Z t

0

R(t; �)[f(�)�A(�)q] d� + f(t)�A(t)q; t 2 [0; T ]:

� ¬¥  _x(s) = y(s); x(0) = q ¢ ¥à ¢¥áâ¢¥ (2) ¤ ¥âZ
T

0

�(s)
�Z

s

0

R(s; �)[f(�)�A(�)q] d� + f(s)�A(s)q
�
ds+	q � �:

�®á«¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© «¥¢®© ç áâ¨ íâ®£® ¥à ¢¥áâ¢   ©¤¥¬, çâ® ¯®áâ®ïë© n-
¬¥àë© ¢¥ªâ®à-áâ®«¡¥æ q á«¥¤ã¥â ¢ë¡¨à âì ¨§ ãá«®¢¨ï á¯à ¢¥¤«¨¢®áâ¨ ¢¥ªâ®à®£® ¥à ¢¥áâ¢ �

	�
Z

T

0

Z(s)A(s) ds
�
q � � �

Z
T

0

Z(s)f(s) ds; (6)

£¤¥ Z(s) =
TR
s

�(�)R(�; s) d� + �(s), s 2 [0; T ]. �§ ¯®á«¥¤¥£® ¯à¥¤áâ ¢«¥¨ï ¢¨¤¨¬, çâ® Z(s)

á®¢¯ ¤ ¥â á ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ ¨â¥£à «ì®£® ãà ¢¥¨ï (3), â. ª. R(�; s) ¥áâì à¥§®«ì¢¥â 
ï¤à  K(�; s)�A(�).

� á¨«ã ®¡®¡é¥¨ï â¥®à¥¬ë �à¥¤£®«ì¬  ( ¯à., [7], á. 266) ¢¥ªâ®à®¥ ¥à ¢¥áâ¢® (6) ®â®á¨-
â¥«ì® q 2 Rn ¨¬¥¥â à¥è¥¨¥ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áª «ïà®¥ ¥à ¢¥áâ¢®

�(� �
Z T

0

Z(s)f(s) ds) � 0 (7)

¨¬¥¥â ¬¥áâ® ¤«ï ¢áïª®© m-¬¥à®© ¢¥ªâ®à-áâà®ª¨ � á ¥®âà¨æ â¥«ìë¬¨ ª®¬¯®¥â ¬¨, ï¢«ïî-
é¥©áï à¥è¥¨¥¬ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (5). �ç¨âë¢ ï, çâ®
f(s) = B(s)u(s) + �(s), ¢¨¤¨¬, çâ® (7) á®¢¯ ¤ ¥â á (4).

� ¬¥ç ¨¥ 1. � ¤¥©áâ¢¨â¥«ì®áâ¨ ¥à ¢¥áâ¢® (4) ¤®áâ â®ç® ¯à®¢¥à¨âì   ª®¥ç®¬ ç¨-
á«¥ ®¡à §ãîé¨å �1; : : : ; �l ª®ãá  ¥®âà¨æ â¥«ìëå à¥è¥¨© á¨áâ¥¬ë (5). �«ï ®âëáª ¨ï íâ¨å
®¡à §ãîé¨å ¬®¦® ¯à¨¬¥¨âì ¢ëç¨á«¨â¥«ìãî áå¥¬ã �.�.�¥à¨ª®¢®© ([8], á. 255) «¨¡® ¢®á-
¯®«ì§®¢ âìáï ¬®¤¨ä¨ª æ¨¥© á¨¬¯«¥ªá-¬¥â®¤ .

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¤®¯ãáâ¨¬ë¥ ¯®¬¥å¨ ¬®¦® ª®¬¯¥á¨à®¢ âì ã¯à -
¢«¥¨ï¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ¥ª®â®à®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ . �§ íâ®£® ¯à¨æ¨¯  ¢¨¤®, çâ®
¯à¨ ä®à¬¨à®¢ ¨¨ ª®¬¯¥á¨àãîé¥£® ã¯à ¢«¥¨ï u�(t) ¤«ï § ¤ ®© ¤®¯ãáâ¨¬®© ¯®¬¥å¨ �(t)
¬®¦® ®£à ¨ç¨âìáï «¨èì ªà ©¨¬¨ â®çª ¬¨ ª®¬¯ ªâ  
.

�¥®à¥¬  2. �ãáâì �(t) ¥áâì ¤®¯ãáâ¨¬ ï ¯®¬¥å  ¤«ï § ¤ ç¨ ã¯à ¢«¥¨ï (1){(2). �®£¤  ¤«ï
¥ª®â®à®£® ¥®âà¨æ â¥«ì®£® à¥è¥¨ï � = �� á¨áâ¥¬ë (5)  ©¤¥âáï ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥

u�(t); ã¤®¢«¥â¢®àïîé¥¥ ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0; T ] ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 

�Z(s)B(s)u�(s) = max
u2


�Z(s)B(s)u (8)
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¨ ª®¬¯¥á¨àãîé¥¥ ¯®¬¥åã �(t).

�®ª § â¥«ìáâ¢®. �ãáâì �1; : : : ; �l | ®¡à §ãîé¨¥ ª®ãá  ¥®âà¨æ â¥«ìëå à¥è¥¨© á¨áâ¥-
¬ë (5). � á¨«ã â¥®à¥¬ë 1 ª®¬¯¥á¨àãîé¥¥ ¯®¬¥åã �(t) ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u(t) = u�(t)
ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ¥à ¢¥áâ¢

�i(� �
Z T

0

Z(s)[B(s)u(s) + �(s)] ds) � 0; i = 1; l: (9)

� áá¬®âà¨¬ ª®¥ç®¬¥àë¥ ¬®¦¥áâ¢ 

V = fg 2 Rm : �ig � 0; i = 1; lg;

W� =
�
g 2 Rm : g = � �

Z
T

0

Z(s)�(s) ds�
Z

T

0

Z(s)B(s)u(s) ds
�
;

£¤¥ u ¯à®¡¥£ ¥â ¢á¥ ¨§¬¥à¨¬ë¥ ã¯à ¢«¥¨ï c u(s) 2 
 ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0; T ].
�¥à¥á¥ç¥¨¥ V \W� ¥ ¯ãáâ®, â. ª. �(s) | ¤®¯ãáâ¨¬ ï ¯®¬¥å . �à®¬¥ â®£®, V ¨ W� ¢ë¯ãª«ë

¨ § ¬ªãâë, ¯à¨ç¥¬ V | ª®ãá á ¥¯ãáâ®© ¢ãâà¥®áâìî intV ,   W� | ª®¬¯ ªâ. �«ï ¯¥à-
¢®£® ¬®¦¥áâ¢  íâ® ®ç¥¢¨¤®,   ¤«ï ãáâ ®¢«¥¨ï á¢®©áâ¢ ¢â®à®£® ¤®áâ â®ç® ¢®á¯®«ì§®¢ âìáï
( ¯à., [9], á. 351) â¥®à¥¬®© �.�.�ï¯ã®¢ , ¨§ ª®â®à®© á«¥¤ã¥â ¢ë¯ãª«®áâì, § ¬ªãâ®áâì ¨ ®£à -

¨ç¥®áâì ¢ Rm ¬®¦¥áâ¢  § ç¥¨© ¨â¥£à « 
TR
0

Z(s)B(s)u(s) ds, ª®£¤  u ¯à®¡¥£ ¥â ¬®¦¥áâ¢®

¢á¥å ¨§¬¥à¨¬ëå ¢¥ªâ®à-äãªæ¨© á u(s) 2 
 ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0; T ], 
 | § ¤ ë© ª®¬¯ ªâ ¢
Rk.

�ãáâì  ¯à ¢«¥¨¥ � 6= 0 ï¢«ï¥âáï ¥®âà¨æ â¥«ì®© «¨¥©®© ª®¬¡¨ æ¨¥© ®¡à §ãîé¨å
�1; : : : ; �l ª®ãá  ¥®âà¨æ â¥«ìëå à¥è¥¨© á¨áâ¥¬ë (5). � ©¤¥âáï £à ¨ç ï â®çª  g� ª®¬¯ ªâ 
V \W� â ª ï, çâ® �g� � �g ¯à¨ ¢á¥å g 2 V \W� . �®¯ãáâ¨¬, çâ® h 2 intV ¨ g� + h 2 V \W� .
�®£¤  �(g� + h) � �g� ¨, § ç¨â, �h � 0. �¤ ª® ¤«ï h 2 intV ¨¬¥¥¬ �ih < 0, i = 1; l, ¨,
á«¥¤®¢ â¥«ì®, �h < 0. �®§¨ªè¥¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® (g� + intV ) \ V \W� = ;. � ª
ª ª g� 2 V , â® (g� + intV ) \ V = (g� + intV ). �«¥¤®¢ â¥«ì®, (g� + intV ) \W� = ;. �®£« á®
¯¥à¢®© â¥®à¥¬¥ ®â¤¥«¨¬®áâ¨ ([9], á. 124) ®âªàëâ®¥ ¬®¦¥áâ¢® g�+intV ¨ ¢ë¯ãª«ë© ª®¬¯ ªâ W�

¬®¦® à §¤¥«¨âì £¨¯¥à¯«®áª®áâìî ��g = ��g
�.

�ã¤¥¬ áç¨â âì, çâ® ¯à¨ ¢á¥å g 2W�

��g
� � ��g: (10)

�®£¤  ��(g� g�) � 0 ¤«ï ¢á¥å g 2 (g�+intV ) ¨, § ç¨â, ��h � 0 ¯à¨ ¢á¥å h 2 V . �® â¥®à¥¬¥ � à-
ª è  ([7], á. 247) �� ¥áâì ¥®âà¨æ â¥«ì ï «¨¥© ï ª®¬¡¨ æ¨ï ®¡à §ãîé¨å �1; : : : ; �l ª®ãá 
¥®âà¨æ â¥«ìëå à¥è¥¨© á¨áâ¥¬ë (5), â. ¥. �� ¥áâì ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (5).

�«¥¬¥âã g� 2W� á®®â¢¥âáâ¢ã¥â ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u�(t) â ª®¥, çâ®

g� = � �
Z T

0

Z(s)�(s)ds�
Z T

0

Z(s)B(s)u�(s) ds:

�«ï íâ®£® ã¯à ¢«¥¨ï ¨¬¥¥¬ �ig� � 0, i = 1; l, â. ¥. ¢ë¯®«¥® (9) ¯à¨ u(s) = u�(s) ¨, § ç¨â,
¥à ¢¥áâ¢® (4). �â¢¥à¦¤ ¥âáï, çâ® u�(s) ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (8) ¯à¨ � = �� . �
¯à®â¨¢®¬ á«ãç ¥ á®£« á® ([10], á. 175) ¢ë¡¥à¥¬ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ eu(s), ã¤®¢«¥â¢®àïîé¥¥
¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 

��Z(s)B(s)eu(s) = max
u2


��Z(s)B(s)u; s 2 [0; T ]:

�®£¤    ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ì®© ¬¥àë ¨¬¥¥¬

��Z(s)B(s)u
�(s) < ��Z(s)B(s)eu(s):

�âáî¤  ¤«ï í«¥¬¥â  eg = � �
TR
0

Z(s)�(s)ds �
TR
0

Z(s)B(s)eu(s) ds ¨§ W� ¯®«ãç¨¬ ��eg < ��g
�, çâ®

¯à®â¨¢®à¥ç¨â (10).
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�§ ¤®ª § ëå ¢ëè¥ â¥®à¥¬ 1 ¨ 2 ¢ëâ¥ª ¥â á«¥¤ãîé¨© ªà¨â¥à¨© ¤®¯ãáâ¨¬®áâ¨ ¯®¬¥å¨ �(t)
¤«ï § ¤ ç¨ ã¯à ¢«¥¨ï (1){(2).

�«¥¤áâ¢¨¥. �«ï â®£® çâ®¡ë ¯®¬¥å  �(t) ¡ë«  ¤®¯ãáâ¨¬®© ¤«ï § ¤ ç¨ ã¯à ¢«¥¨ï (1){(2),
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¤«ï ¥ª®â®à®£® ¥®âà¨æ â¥«ì®£® à¥è¥¨ï � = �� á¨áâ¥¬ë (5)
 è«®áì ã¯à ¢«¥¨¥ u�(s), ã¤®¢«¥â¢®àïîé¥¥ ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0; T ] ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (8)
¨ ¯à¨ u(s) = u�(s) ¥à ¢¥áâ¢ã (4) ¤«ï ª ¦¤®£® ¥®âà¨æ â¥«ì®£® à¥è¥¨ï � á¨áâ¥¬ë (5).

� ¬¥ç ¨¥ 2. �ãáâì áãé¥áâ¢ã¥â ¯à¥¤¥« �(+0) ¨ K(�;+0) = 0 ¯à¨ ¯®çâ¨ ¢á¥å � 2 [0; T ].
�®£¤  ¨§ (3)  å®¤¨¬, çâ®   ¬®¦¥áâ¢¥ ¯®«®© ¬¥àë áãé¥áâ¢ã¥â ¯à¥¤¥« Z(+0), à ¢ë© �(+0)�
TR
0

Z(�)A(�) d� , ¨, § ç¨â, á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (5) § ¯¨è¥âáï ¢ ¢¨¤¥

�(	� �(+0) + Z(+0)) = 0:

� ¬¥ç ¨¥ 3. �á«¨ �(s) � � | ¯®áâ®ï ï m � n-¬ âà¨æ , â® m � n-¬ âà¨ç®¥ à¥è¥¨¥
ãà ¢¥¨ï (3) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ Z(s) = �Y (s), £¤¥ Y (s) | ¥¤¨áâ¢¥®¥ n � n-¬ âà¨ç®¥
à¥è¥¨¥ ãà ¢¥¨ï

Y (s) =
Z T

s

Y (�)[K(�; s)�A(�)] d� +En

á ¥¤¨¨ç®© ¬ âà¨æ¥© En ¯®àï¤ª  n.

� ¬¥ç ¨¥ 4. �§ ¯à¥¤áâ ¢«¥¨ï x(T ) =
TR
0

_x(s) ds+x(0) ¤«ï  ¡á®«îâ® ¥¯à¥àë¢®© ¢¥ªâ®à-

äãªæ¨¨ ¢¨¤®, çâ®, ¢§ï¢ ¢ ¥à ¢¥áâ¢¥ (2) �(s) � P ¨ 	 = P + Q, £¤¥ P , Q | ¯®áâ®ïë¥
m� n-¬ âà¨æë, ¯®«ãç¨¬ ¢¥ªâ®à®¥ ªà ¥¢®¥ ¥à ¢¥áâ¢® Px(T ) +Qx(0) � �.

�¨â¥à âãà 
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