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(1� {r2)vt = �r2v � (v � r)v +
MX

m=1

nm�1X
s=0

Am;sr
2wm;s �rp+ f;

0 = r � v;

@wm;0

@t
= v + �mwm;0; m = 1; : : : ;M;

@wm;s

@t
= swm;s�1 + �mwm;s; s = 1; : : : ; nm � 1;

�m < 0; Am;p > 0

(1)

¬®¤¥«¨àã¥â ¤¨­ ¬¨ªã ­¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®© ¦¨¤ª®áâ¨ �¥«ì¢¨­ -�®©£â  ­¥­ã«¥¢®£® ¯®-
àï¤ª  [1]. �ã­ªæ¨ï v = (v1; : : : ; vn), vi = vi(x; t) (x 2 
 � R

n , 
 | ®£à ­¨ç¥­­ ï ¨§¬¥à¨¬ ï
®¡« áâì á £à ­¨æ¥© @
 ª« áá  C1, t 2 R) ¨¬¥¥â ä¨§¨ç¥áª¨© á¬ëá« áª®à®áâ¨ â¥ç¥­¨ï, äã­ªæ¨ï
p = p(x; t) ®â¢¥ç ¥â ¤ ¢«¥­¨î ¦¨¤ª®áâ¨. � à ¬¥âàë � 2 R+ ¨ { 2 R å à ªâ¥à¨§ãîâ ¢ï§ª¨¥
¨ ã¯àã£¨¥ á¢®©áâ¢  ¦¨¤ª®áâ¨ á®®â¢¥âáâ¢¥­­®. � à ¬¥âàë Am;s ®¯à¥¤¥«ïîâ ¢à¥¬ï à¥â à¤ æ¨¨
(§ ¯ §¤ë¢ ­¨ï) ¤ ¢«¥­¨ï.

� ­¥¥ [2] ­ ¬¨ à áá¬ âà¨¢ « áì § ¤ ç  �®è¨-�¨à¨å«¥

v(x; 0) = v0(x); wm;s(x; 0) = w0
m;s(x) 8x 2 
;

v(x; t) = 0; wm;s(x; t) = 0 8(x; t) 2 @
� R; m = 1; : : : ;M; s = 0; 1; : : : ; nm � 1
(2)

¤«ï á¨áâ¥¬ë (1) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® á¢®¡®¤­ë© ç«¥­ f = (f1; : : : ; fn), å à ªâ¥à¨§ãîé¨© ¢­¥è-
­¥¥ ¢®§¤¥©áâ¢¨¥ ­  ¦¨¤ª®áâì, ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨. �®¤å®¤, ¯à¥¤«®¦¥­­ë© ¢ [3], [4], ¯®§¢®«ï¥â
à áá¬®âà¥âì § ¤ çã (1), (2) ¨ ¯à¨ ­¥áâ æ¨®­ à­®¬ á¢®¡®¤­®¬ ç«¥­¥ f = f(x; t).

�® ¬­®£¨å § ¤ ç å £¨¤à®¤¨­ ¬¨ª¨ ¨á¯®«ì§®¢ ­¨¥ £à ¤¨¥­â  ¤ ¢«¥­¨ï ¯à¥¤¯®çâ¨â¥«ì­¥¥ à á-
á¬®âà¥­¨ï ¤ ¢«¥­¨ï, ¯®íâ®¬ã ¯¥à¥©¤¥¬ (¯®¤à®¡­®¥ ®¡®á­®¢ ­¨¥ â ª®£® ¯¥à¥å®¤  á¬. ¢ [5]) ®â
á¨áâ¥¬ë (1) ª á¨áâ¥¬¥

(1� {r2)vt = �r2v � (v � r)v +
MX

m=1

nm�1X
s=0

Am;sr
2wm;s � �p+ f;

0 = r(r � v);

@wm;0

@t
= v + �mwm;0; m = 1; : : : ;M;

@wm;s

@t
= swm;s�1 + �mwm;s; s = 1; : : : ; nm � 1; �m < 0; Am;s > 0:

(3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥¦¤ã­ à®¤­®£® ­ ãç­®£® �®­¤  �¦.�®à®á  (£à ­â
d1320).
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� á ¡ã¤¥â ¨­â¥à¥á®¢ âì «®ª «ì­ ï ®¤­®§­ ç­ ï à §à¥è¨¬®áâì § ¤ ç¨ (2), (3). �âã § ¤ çã
ã¤®¡­® à áá¬ âà¨¢ âì ¢ à ¬ª å â¥®à¨¨ ãà ¢­¥­¨© â¨¯  �®¡®«¥¢ . �®íâ®¬ã á­ ç «  ¬ë ¨áá«¥-
¤ã¥¬ à §à¥è¨¬®áâì  ¡áâà ªâ­®© § ¤ ç¨ �®è¨ ¤«ï ¯®«ã«¨­¥©­®£® ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï
â¨¯  �®¡®«¥¢ ,   § â¥¬ à áá¬ âà¨¢ ¥¬ § ¤ çã �®è¨-�¨à¨å«¥ (2) ¤«ï á¨áâ¥¬ë (3) ª ª ª®­ªà¥â-
­ãî ¨­â¥à¯à¥â æ¨î  ¡áâà ªâ­®© § ¤ ç¨.

� ¤ ­­®© áâ âì¥ ®¡®¡é îâáï à¥§ã«ìâ âë [5].

1. �®áâ ­®¢ª  ¨ à §à¥è¨¬®áâì  ¡áâà ªâ­®© § ¤ ç¨

�ãáâì U ¨ F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®àë L 2 L(U;F) ¨ M 2 C1(U;F), äã­ªæ¨ï
f : R ! F. � áá¬®âà¨¬ § ¤ çã �®è¨

u(0) = u0 (4)

¤«ï ¯®«ã«¨­¥©­®£® ãà ¢­¥­¨ï â¨¯  �®¡®«¥¢ 

L _u =M(u) + f: (5)

�ãáâì «¨­¥©­ë© ®¯¥à â®à L : U ! F ¡¨à áé¥¯«ïîé¨© (â.¥. ¥£® ï¤à® kerL ¨ ®¡à § imL ¤®¯®«-
­ï¥¬ë ¢ ¯à®áâà ­áâ¢ å U ¨ F á®®â¢¥âáâ¢¥­­® [6]). �¥à¥§ M 0

u0
2 L(U;F) ®¡®§­ ç¨¬ ¯à®¨§¢®¤­ãî

�à¥è¥ ®¯¥à â®à  M ¢ â®çª¥ u0 2 U ¨ ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ æ¥¯®çª¨ M 0

u0
-¯à¨á®¥¤¨­¥­­ëå ¢¥ª-

â®à®¢ ®¯¥à â®à  L [7], ª®â®àë¥ ¡ã¤¥¬ ¢ë¡¨à âì ¨§ ­¥ª®â®à®£® ¤®¯®«­¥­¨ï coimL = U	 kerL ª
ï¤àã kerL.

�¢¥¤¥¬ ãá«®¢¨¥
(A1) �¥§ ¢¨á¨¬® ®â ¢ë¡®à  coimL «î¡ ï æ¥¯®çª  M 0

u0
-¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ «î¡®£®

á®¡áâ¢¥­­®£® ¢¥ªâ®à  ' 2 kerL n f0g á®¤¥à¦¨â â®ç­® p í«¥¬¥­â®¢.
�¥à¥§ eL ®¡®§­ ç¨¬ áã¦¥­¨¥ ®¯¥à â®à  L ­  coimL. �® â¥®à¥¬¥ � ­ å  ®¯¥à â®à eL : coimL!

imL | â®¯«¨­¥©­ë© ¨§®¬®àä¨§¬. �®áâà®¨¬ ¬­®¦¥áâ¢  U0q = Aq[U00], q = 1; : : : ; p, £¤¥ A =eL�1M 0

u0
, U00 = kerL. �ç¥¢¨¤­®, U0q, q = 1; : : : ; p | «¨­¥©­ë¥ ¯à®áâà ­áâ¢ , ¯à¨ç¥¬ U0q � coimL.

�«¥¤®¢ â¥«ì­®, ¬­®¦¥áâ¢® F0p =M 0

u0
[U0p] | â ª¦¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢®, ¯à¨ç¥¬ F0p\imL = f0g

(¢ á¨«ã (A1)).
�¢¥¤¥¬ ¥é¥ ãá«®¢¨¥
(A2) F0p � imL = F.
�­ «®£¨ç­® [5], [8] ¬®¦­® ãáâ ­®¢¨âì áãé¥áâ¢®¢ ­¨¥ ¯à®¥ªâ®à®¢ Pq : U ! U0q ¨ Qq : F ! F0q

(F0q =M 0

u0
[U0q ]) â ª¨å, çâ® PqPr = PrPq = O , QqQr = QrQq = O , q; r = 0; 1; : : : ; p, q 6= r. �®«®¦¨¬

U0 =
p

�
q=0
U0q; P =

pX
q=0

Pq;

F0 =
p

�
q=0
F0q; Q =

pX
q=0

Qq:

�¯¥à â®àë P 2 L(U), Q 2 L(F) | ¯à®¥ªâ®àë, ¯®íâ®¬ã U = U0 � U1, £¤¥ U0 = imP , u1 = kerP ;
F = F0 � F1, £¤¥ F0 = imQ, F1 = kerQ. �¥£ª® ¯®ª § âì [8], çâ®

LPq = Qq�1L; q = 1; : : : ; p: (6)

�¥à­¥¬áï â¥¯¥àì ª ãà ¢­¥­¨î (5), ª®â®à®¥ ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

L _u =M 0

u0
u+ F (u) + f; (7)
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£¤¥ ®¯¥à â®à F =M �M 0

u0
2 C1(U;F) ¯® ¯®áâà®¥­¨î. �®¤¥©áâ¢ã¥¬ ­  ãà ¢­¥­¨¥ (7) ¯®á«¥¤®¢ -

â¥«ì­® ¯à®¥ªâ®à ¬¨ Qq, q = 0; 1; : : : ; p, ¨ I �Q. �®«ãç¨¬ ¢ á¨«ã (6) íª¢¨¢ «¥­â­ãî á¨áâ¥¬ã

L _u01 =M 0

u0
u00 + F0(u) + f 00 ;

: : :

L _u0p =M 0

u0
u0p�1 + Fp�1(u) + f 0p�1;

0 =M 0

u0
u0p + Fp(u) + f 0p ;

L _u1 = (I �Q)M(u) + f 1;

(8)

£¤¥ u0q 2 U
0
q, f

0
q 2 F

0
q, Fq(u) = QqF (u) +QqM

0

u0
u1, q = 0; 1; : : : ; p; u1 2 U1, f 1 2 F1.

�â ª, á¯à ¢¥¤«¨¢ 

�¥¬¬  1. �ãáâì ®¯¥à â®àë L 2 L(U;F), M 2 C1(U;F), ¯à¨ç¥¬ L | ¡¨à áé¥¯«ïîé¨©

®¯¥à â®à, ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (A1) ¨ (A2). �®£¤  ãà ¢­¥­¨¥ (5) íª¢¨¢ «¥­â­® á¨áâ¥¬¥ (8).

� ¬¥ç ­¨¥ 1. � ãá«®¢¨ïå «¥¬¬ë 1 ®¯¥à â®à M L-®£à ­¨ç¥­ ¢ â®çª¥ u0 [3], ¯à¨ç¥¬ 1 |
¯®«îá ¯®àï¤ª  p ®¯¥à â®à-äã­ªæ¨¨ (�L�M 0

u0
)�1.

�áá«¥¤ã¥¬ â¥¯¥àì à §à¥è¨¬®áâì § ¤ ç¨ (4), (5). �®¤ à¥è¥­¨¥¬ íâ®© § ¤ ç¨ ¡ã¤¥¬ ¯®­¨¬ âì
¢¥ªâ®à-äã­ªæ¨î u 2 C1((�t0; t0);U), t0 = t0(u0) > 0, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î (5) ¨ ãá«®¢¨î
(4).

�§¢¥áâ­® [9]{[11], çâ® à¥è¥­¨ï § ¤ ç¨ (4), (5) áãé¥áâ¢ãîâ ­¥ ¤«ï ¢á¥å u0 2 U, ¨ ¤ ¦¥ ¥á«¨
à¥è¥­¨¥ § ¤ ç¨ (4), (5) áãé¥áâ¢ã¥â, â® ®­® ¬®¦¥â ¡ëâì ­¥¥¤¨­áâ¢¥­­ë¬ [3]. �®íâ®¬ã ¢¢¥¤¥¬ ¤¢ 
®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥ 1. �­®¦¥áâ¢® Bt � U�R ­ §®¢¥¬ ª®­ä¨£ãà æ¨®­­ë¬ ¯à®áâà ­áâ¢®¬ ãà ¢­¥-
­¨ï (5), ¥á«¨ ¤«ï «î¡®© â®çª¨ u0 2 U â ª®©, çâ® (u0; 0) 2 B0, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
§ ¤ ç¨ (4), (5), ¯à¨ç¥¬ (u(t); t) 2 Bt.

� ¬¥ç ­¨¥ 2. �á«¨Bt = B�R, £¤¥ B � U, â® ¬­®¦¥áâ¢® B ­ §ë¢ ¥âáï ä §®¢ë¬ ¯à®áâà ­-
áâ¢®¬ ãà ¢­¥­¨ï (5) [3], [9], [10].

�¯à¥¤¥«¥­¨¥ 2. �¥è¥­¨¥ u = u(t) § ¤ ç¨ (4), (5) ­ §®¢¥¬ ª¢ §¨áâ æ¨®­ à­®© âà ¥ªâ®à¨¥©,
¥á«¨ L _u0 � 0 8t 2 (�t0; t0), £¤¥ u0 = Pu [3].

�â®¡ë ¢ë¤¥«¨âì ª¢ §¨áâ æ¨®­ à­ë¥ âà ¥ªâ®à¨¨ ¨§ ¬­®¦¥áâ¢  ¢®§¬®¦­ëå à¥è¥­¨© § ¤ ç¨
(4), (5), ¢¢¥¤¥¬ ¥é¥ ¤¢  ãá«®¢¨ï

(A3) f 0q (t) � 0 8t 2 R, q = 1; : : : ; p;
(A4) Fq(u) � 0 8u 2 Ou0 , q = 1; : : : ; p.

�¤¥áì Ou0 | ­¥ª®â®à ï ®ªà¥áâ­®áâì â®çª¨ u0 2 eU = fu 2 U : u0q = const; q = 1; : : : ; pg. �ç¥¢¨¤­®,eU | ¯®«­®¥  ää¨­­®¥ ¬­®£®®¡à §¨¥, ¬®¤¥«¨àã¥¬®¥ ¯®¤¯à®áâà ­áâ¢®¬ U00 � U
1.

�¥®à¥¬  1. �ãáâì (i) ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1; (ii) â®çª  (u0; 0) 2 B0, £¤¥ Bt = f(u; t) 2eU � R : Q0(M(u) + f(t)) = 0g; (iii) ¢¥ªâ®à-äã­ªæ¨ï f 2 C1(R;F); (iv) ¢ë¯®«­¥­ë ãá«®¢¨ï (A3),
(A4). �®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (4), (5), ï¢«ïîé¥¥áï ª¢ §¨áâ æ¨®­ à­®©
âà ¥ªâ®à¨¥©, ¯à¨ç¥¬ (u(t); t) 2 Bt 8t 2 (�t0; t0).

�®ª § â¥«ìáâ¢®. �ãáâì à¥è¥­¨¥ § ¤ ç¨ (4), (5) ­ ©¤¥­®. �®£¤  ¨§ (8) ¢ á¨«ã ãá«®¢¨© (�3),
(�4) á«¥¤ã¥â, çâ® L _u0 � 0, â.¥. à¥è¥­¨¥ ï¢«ï¥âáï ª¢ §¨áâ æ¨®­ à­®© âà ¥ªâ®à¨¥©. �áâ ­®¢¨¬
áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï. � á¨«ã «¥¬¬ë 1 ¨ ãá«®¢¨© (�3) ¨ (�4) á¨áâ¥¬ã (8) ¢
®ªà¥áâ­®áâ¨ Ou0 ¯à¨¢¥¤¥¬ ª ¢¨¤ã

0 =M 0

u0
u00 + F0(u) + f 00 ;

L _u1 = (I �Q)M(u) + f 1:
(9)
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�® ¯®áâà®¥­¨î ®¯¥à â®à M 0

u0
: U00 ! F00 ­¥¢ëà®¦¤¥­, ¯à¨ç¥¬ F 00uju=u0 � O . (�¤¥áì ç¥à¥§ F 00u

®¡®§­ ç¥­  ¯à®¨§¢®¤­ ï �à¥è¥ ®¯¥à â®à  F0 ¢ â®çª¥ u.) �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ ® ­¥ï¢­®©
äã­ªæ¨¨ áãé¥áâ¢ãîâ â ª¨¥ ®ªà¥áâ­®áâì O1

u0
� (I � P )[Ou0 ] ¨ ¢¥ªâ®à-äã­ªæ¨ï � 2 C1(O1

u0
�

R;O0
u0
), £¤¥ O0

u0
= P [Ou0 ], çâ®

u(t) = u00(t) +
pX

q=1

u0q + u1 2 Bt 8t 2 R:

�¤¥áì u00(t) = �(u1; t) 8u1 2 O1
u0
,   u0q = Pqu0 = const ¯à¨ q = 1; : : : ; p.

�§ (6) á«¥¤ã¥â, çâ® QL = LP , ¨, §­ ç¨â, ®¯¥à â®à L : U1 ! F1. �¡®§­ ç¨¬ ç¥à¥§ L1 áã¦¥­¨¥
®¯¥à â®à  L ­  U1. �®¦­® ¯®ª § âì [8], çâ® ®¯¥à â®à L1 : U1 ! F1 ­¥¯à¥àë¢­® ¡¨¥ªâ¨¢¥­. �¥à¥§
L�1 ®¡®§­ ç¨¬ áã¦¥­¨¥ ®¯¥à â®à  eL�1 ­  F1. �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (9) ­  O1

u0
¬®¦¥â ¡ëâì

¯à¨¢¥¤¥­  ª ¢¨¤ã

_u1 = L�1(I �Q)M(�(u1; t) + (P � P0)u0 + u1) + g(t) � �(u1; t); (10)

£¤¥ � 2 C1(O1
u0
� R;U1),   g(t) = L�1f 1(t).

�¤­®§­ ç­ ï «®ª «ì­ ï à §à¥è¨¬®áâì § ¤ ç¨ �®è¨ u1(0) = (I � P )u0 ¤«ï ãà ¢­¥­¨ï (10)
| ª« áá¨ç¥áª¨© à¥§ã«ìâ â [12]. �áª®¬ ï ª¢ §¨áâ æ¨®­ à­ ï âà ¥ªâ®à¨ï ¨¬¥¥â ¢¨¤ u(t) =
�(u1(t); t) + u1(t), £¤¥ u1 2 C1((�t0; t0);O1

u0
) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (10).

� ¬¥ç ­¨¥ 3. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ¢ ª ç¥áâ¢¥ ­ ç «ì­®£® §­ ç¥­¨ï
¬®¦­® ¡à âì ­¥ â®«ìª® â®çªã u0, ­® ¨ «î¡ãî â®çªã ¨§ ­¥ª®â®à®© ¥¥ ®ªà¥áâ­®áâ¨ ¢ B0. �â®
®§­ ç ¥â, çâ® ¬­®¦¥áâ¢® Bt «®ª «ì­® ï¢«ï¥âáï ª®­ä¨£ãà æ¨®­­ë¬ ¯à®áâà ­áâ¢®¬.

� ¬¥ç ­¨¥ 4. � [13] á®¤¥à¦¨âáï ®¡§®à à¥§ã«ìâ â®¢ ® à §à¥è¨¬®áâ¨ § ¤ ç¨ �®è¨ (4) ¤«ï
«¨­¥©­®£® ®¯¥à â®à­®£® ãà ¢­¥­¨ï â¨¯  �®¡®«¥¢  L _u =Mu.

2. � §à¥è¨¬®áâì ª®­ªà¥â­®© § ¤ ç¨

�¥¤ãæ¨àã¥¬ § ¤ çã (2), (3) ª § ¤ ç¥ (4), (5). �«ï íâ®£® ¯®«®¦¨¬

U =
K

�
l=0
Ul; F =

K

�
l=0
Fl; K = n1 + n2 + � � �+ nM ; (11)

£¤¥ U0 = H2
� � H2

� � Hp, F0 = H� � H� � Hp [5], Ui = H2 \
0

H1 = H2
� � H2

�, i = 1; : : : ;K,
Fi = L2 = H� �H�, i = 1; : : : ;K.

�¤¥áì H2
� | ¯®¤¯à®áâà ­áâ¢® á®«¥­®¨¤ «ì­ëå ¢¥ªâ®à®¢ ¯à®áâà ­áâ¢  H2 \

0

H1, H2 =

(W 2
2 (
))

n,
0

H1 = (
0

W 1
2(
))

n, H2
� | ®àâ®£®­ «ì­®¥ (¢ á¬ëá«¥ L2 = (L2(
))n) ¤®¯®«­¥­¨¥ ª H2

�;
H� ¨ H� | § ¬ëª ­¨ï ¯®¤¯à®áâà ­áâ¢ H2

� ¨ H
2
� ¢ ­®à¬¥ L

2 á®®â¢¥âáâ¢¥­­®; Hp = H�.

�¡®§­ ç¨¬ ç¥à¥§ � : L2 ! H� ®àâ®¯à®¥ªâ®à ¢¤®«ì H�. �®£¤  � 2 L(H2 \
0

H1), ¯à¨ç¥¬
im� = H2

�, ker � = H2
�. �«¥¬¥­â ¯à®áâà ­áâ¢  U (¢¥ªâ®à ~u(x; t)) ¡ã¤¥â ¨¬¥âì ¢¨¤

~u(x; t) = (u�; u�; up; w1 0; : : : ; wM 0; w1 1; : : : ; w1;n1�1; : : : ; wM 1; : : : ; wM;nM�1);

£¤¥ u� = �v, u� = (I ��)v, up = p.
�¯¥à â®àë L;M : U! F ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨

L :=

0
BBBB@

�A{� �A{� O O : : : O

�A{� �A{� O O : : : O

O O O O : : : O

O O O 1 : : : O

O O O O : : : 1

1
CCCCA ; (12)
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£¤¥ � = I � �, A{ = 1� {r2, L | ¬ âà¨æ  ¯®àï¤ª  K + 3.

M(~u) := fM~u+

0
@�B(u� + u�)
�B(u� + u�)

O

1
A ; (13)

£¤¥

fM :=

0
BBBBBBBBBBBBBBBBB@

�e� �e� O A1 0e� ::: AM 0e� A1 1e� ::: A1n1�1
e� ::: AM 1e� ::: AM nM�1e�

��
�

��
�

�I A1 0�
�

::: AM 0�
�

A1 1�
�

::: A1n1�1
�
�

::: AM 1�
�

::: AM nM�1�
�

�C �C 0 0 ::: 0 0 ::: 0 ::: 0 ::: 0
1 1 0 �1 ::: 0 0 ::: 0 ::: 0 ::: 0

...
...

...
...

. . .
...

...
. ..

...
. . .

...
. ..

...
1 1 0 0 ::: �M 0 ::: 0 ::: 0 ::: 0
0 0 0 1 ::: 0 �1 ::: 0 ::: 0 ::: 0

...
...

...
...

. . .
...

...
. ..

...
. . .

...
. ..

...
0 0 0 0 ::: 0 0 ::: �1 ::: 0 ::: 0

...
...

...
...

. . .
...

...
. ..

...
. . .

...
. ..

...
0 0 0 0 ::: 1 0 ::: 0 ::: �M ::: 0

...
...

...
...

. . .
...

...
. ..

...
. . .

...
. ..

...
0 0 0 0 ::: 0 0 ::: 0 ::: 0 ::: �M

1
CCCCCCCCCCCCCCCCCA

; (14)

e� = ��, �
�

= ��, B(u� + u�) := �((u� + u�) � r)(u� + u�), C(u� + u�) := r(r � (u� + u�)).

�¥¬¬  2. �ãáâì ¯à®áâà ­áâ¢  U ¨ F ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (11), ¯à¨ç¥¬ n = 2; 3; 4,  
®¯¥à â®àë L;M : U! F | ä®à¬ã« ¬¨ (12), (13). �®£¤  (i) ®¯¥à â®à L 2 L(U;F), ¯à¨ç¥¬, ¥á«¨
{�1 =2 �(�r2), â® kerL = f0g � f0g �Hp�f0g � � � � � f0g| {z }

K à §

, imL = H� �H� �f0g� F1� � � � �FK;

(ii) ®¯¥à â®à M 2 C1(U;F).

�â¢¥à¦¤¥­¨¥ (i) «¥¬¬ë 2 ®ç¥¢¨¤­®,   ãâ¢¥à¦¤¥­¨¥ (ii) ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®. �ª ¦¥¬
«¨èì, çâ®

M 0

u = fM +

0
@�B� �B� O

�B� �B� O

O O O

1
A ; (15)

£¤¥ fM ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (14), B� (B�) | ç áâ­ ï ¯à®¨§¢®¤­ ï �à¥è¥ ®¯¥à â®à  B ¢ â®çª¥
u� + u� ¯® u� (u�). �ç¥¢¨¤­®, 8n � 3, 8u 2 U M (n)

u � O .
�®«®¦¨¬ f = (f�; f�; 0; : : : ; 0| {z }

K+1 à §

), £¤¥ f� = �f , f� = �f , ¨ â¥¬ á ¬ë¬ § ª®­ç¨¬ à¥¤ãªæ¨î § ¤ ç¨

(2), (3) ª § ¤ ç¥ (4), (5).
�à®¢¥à¨¬ â¥¯¥àì ¢ë¯®«­¨¬®áâì ãá«®¢¨© (A1){(A4). �¡®§­ ç¨¬ ç¥à¥§ A{� áã¦¥­¨¥ ®¯¥à â®à 

�A{� ­  H2
�.

�¥¬¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2, ¯à¨ç¥¬ kerA{� = f0g. �®£¤  ª ¦¤ë© ¢¥ªâ®à

' 2 kerL n f0g ¨¬¥¥â â®ç­® ®¤¨­ M 0

u-¯à¨á®¥¤¨­¥­­ë© ¢¥ªâ®à ­¥§ ¢¨á¨¬® ®â â®çª¨ u 2 U.

�®ª § â¥«ìáâ¢®. �ãáâì ¢¥ªâ®à ' = (0; 0; 'p; 0; : : : ; 0| {z }
K à §

) 2 kerL, 'p 6= 0. � ©¤¥¬ ¢¥ªâ®à  2 U

â ª®©, çâ® L =M 0

u'. �§ (12), (15) ¨¬¥¥¬

A{� � +�A{ � = 0;

�A{ � +�A{ � = �'p:
(16)

� ááã¦¤ ï ¤ «¥¥  ­ «®£¨ç­® [5], ¯®«ãç¨¬  � = ��A�1
{
'p,  � = ��A�1

{
'p, ª®¬¯®­¥­â   p ¢¥ª-

â®à   ¯à®¨§¢®«ì­ ,   ®áâ «ì­ë¥ K ª®¬¯®­¥­â ¢¥ªâ®à   à ¢­ë ­ã«î. � ª®­¥æ, M 0

u =2 imL,
â.ª. C � 6= 0, ¥á«¨  � 6= 0 [14]. �â ª, ãá«®¢¨¥ (A1) ¢ë¯®«­ï¥âáï, ¯à¨ç¥¬ p = 1
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�à®¢¥à¨¬ ¢ë¯®«­¨¬®áâì ãá«®¢¨ï (A2). �¡®§­ ç¨¬ ç¥à¥§ A{� áã¦¥­¨¥ ®¯¥à â®à  �A�1
{
�

­  H�.
�¯à ¢¥¤«¨¢ 

�¥¬¬  4 ([5]). � ãá«®¢¨ïå «¥¬¬ë 3 ®¯¥à â®à A{� : H� ! H2
� |â®¯«¨­¥©­ë© ¨§®¬®àä¨§¬.

� á¨«ã «¥¬¬ë 2 ®¯¥à â®à (12) ¡¨à áé¥¯«ïîé¨©. �®«®¦¨¬ U00 = kerL, coimL = H2
� �H2

� �
f0g � U1 � � � � � UK. �®áâà®¨¬ «¨­¥ «ë

F00 =M 0

u0
[U00] = f0g �Hp � f0g � f0g � � � � � f0g| {z }

K à §

=

= f0g �H� � f0g � f0g � � � � � f0g| {z }
K à §

� imL;

U01 = eL�1[F00] = �A�1
{
[Hp]�A{�[Hp]� f0g � f0g � � � � � f0g| {z }

K à §

=

= �A�1
{
A�1
{�[H

2
�]�H2 � f0g � f0g � � � � � f0g| {z }

K à §

� coimL

¢ á¨«ã «¥¬¬ë 4;

F01 =M 0

u0
[U01] = � eB0A

�1
{
[Hp]�� eB0A

�1
{
[Hp]� CA�1

{
[Hp]� f0g � � � � � f0g| {z }

K à §

:

�ãáâì eC | áã¦¥­¨¥ ®¯¥à â®à  C ­  H2
�. �®áª®«ìªã áãé¥áâ¢ã¥â ®¯¥à â®à eC�1 [14], â® ¢ á¨«ã

«¥¬¬ë 4

F01 = � eB0A
�1
{
A�1
{�
eC�1[Hp]�� eB0A

�1
{
A�1
{�
eC�1[Hp]�Hp � f0g � � � � � f0g| {z }

K à §

6� imL:

�¤¥áì ¨ ¢ëè¥ eB0 | ¯à®¨§¢®¤­ ï �à¥è¥ ®¯¥à â®à  eB ¢ â®çª¥ u�0 + u�0 ( eB(u� + u�) := �r2(u� +
u�)� ((u� + u�) � r)(u� + u�), u�0 = u�(x; 0), u�0 = u�(x; 0) ),   ®¯¥à â®à eL�1 ®¯à¥¤¥«¥­ ¨§ (12).

�®áâà®¨¬ ®¯¥à â®àë

P0 =

0
BBBBBBB@

O O O O : : : O

O O O O : : : O

O O � O : : : O

O O O O : : : O

...
...

...
...

. . .
...

O O O O : : : O

9>=
>;

K

áâà®ª

1
CCCCCCCA
; P1 =

0
BBBBBBB@

O P 1 2
1 O O : : : O

O � O O : : : O

O O O O : : : O

...
...

...
...

. . .
...

O O O O : : : O

9>=
>; K+1

1
CCCCCCCA
; (17)

£¤¥ P 1 2
1 = �A�1

{
A�1
{��;

Q0 =

0
BBBB@

O O O O : : : O

Q2 1
0 � Q2 3

0 O : : : O

O O O O : : : O

...
...

...
...

. . .
...

O O O O : : : O

9>=
>;

K+1
áâà®ª 

1
CCCCA ; Q1 =

0
BBBBBBB@

O O Q1 3
1 O : : : O

O O Q2 3
1 O : : : O

O O � O : : : O

O O O O : : : O

...
...

...
...

. . .
...

O O O O : : : O

9>=
>; K

1
CCCCCCCA
; (18)

£¤¥ Q1 3
1 = � eB0A

�1
{
A�1
{�
eC�1�, Q2 3

1 = � eB0A
�1
{
A�1
{�
eC�1�, Q2 1

0 = ��A{A�1{��, Q
2 3
0 = �Q2 1

0 Q
1 3
1 �Q2 3

1 .
�¥£ª® ¯à®¢¥à¨âì, çâ® ®¯¥à â®àë Pk 2 L(U) ¨ Qk 2 L(F), k = 0; 1, ®¯à¥¤¥«¥­­ë¥ ¢ (17), (18),

| ¯à®¥ªâ®àë, ¯à¨ç¥¬ imPk = U0k, imQk = F0k, k = 0; 1 ¨ P0P1 = P1P0 = O , Q0Q1 = Q1Q0 = O .
�à®¬¥ íâ®£®, kerQ1 = imL, ¨, á«¥¤®¢ â¥«ì­®, F01 � imL = F, â.¥. ãá«®¢¨¥ (A2) ¢ë¯®«­¥­®.
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�á«®¢¨¥ (A3) â ª¦¥, ®ç¥¢¨¤­®, ¢ë¯®«­ï¥âáï, ¯®áª®«ìªã

Q1f = Q1

�
f�; f�; 0; : : : ; 0| {z }

K+1 à §

�
= ( 0; : : : ; 0| {z }

K+3

):

�«ï ¯à®¢¥àª¨ ãá«®¢¨ï (A4) ¯®áâà®¨¬ ¬­®¦¥áâ¢® eU = fu 2 U : P1u = constg = fu 2 U : u� =
constg. � ­ è¥¬ á«ãç ¥ ãá«®¢¨¥ (A4) á®áâ®¨â ¨§ ¥¤¨­áâ¢¥­­®£® à ¢¥­áâ¢ 

Q1M(u) =

0
BB@
Q1 3
1 C(u� + u�)

Q2 3
1 C(u� + u�)
C(u� + u�)

O

1
CCA =

0
B@

0
...
0

9>=
>;

1
CA K+3

áâà®ª
;

ª®â®à®¥ ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­® [14], ¥á«¨ u� = 0. � ª¨¬ ®¡à §®¬, ¥á«¨ ¯®«®¦¨âì eU = fu 2
U : u� = 0g, â® ãá«®¢¨¥ (A4) ¢ë¯®«­ï¥âáï.

�®áâà®¨¬ ¬­®¦¥áâ¢® Bt. �® â¥®à¥¬¥ 1 Bt = f(u; t) 2 eU�R : Q0(M(u)+f(t)) = 0g. �®áª®«ìªã

Q0

0
BBBBBBBB@
M

0
BBBBBBBB@

u�
0
up
u1
...
uk

1
CCCCCCCCA
+

0
BBBBBB@

f�(t)
f�(t)
0
...
0

1
CCCCCCA

1
CCCCCCCCA
=

0
B@
0
...
0

1
CA() (Q2 1

0 �+�) eB(u�)� up +Q2 1
0 f�(t) + f�(t) = 0

¨

Q2 1
0 �+� = A�1

{��A
�1
{
�+A�1

{��A
�1
{
� = A�1

{��A
�1
{
; (19)

â®

Bt = f(u; t) 2 eU� R : A�1
{��A

�1
{
( eB(u�) + f�(t) + f�(t)) = up;

u� = 0; u� = H2
�; ui 2 H

2
� �H2

�; i = 1; : : : ;Kg: (20)

�«ï ¤®ª § â¥«ìáâ¢  (19) § ¬¥â¨¬, çâ®

�A�1
{
A{��+�A�1

{
�A{� = �A�1

{
(�A{ +�A{)� = O :

�âáî¤ 

�A�1
{
A{�� = �A{��A{� =) A�1

{��A
�1
{
A{�� = ��A{� =)

=) A�1
{��A

�1
{
� = ��A{A

�1
{�� = Q2 1

0 �:

�â ª, ¤®ª § ­ 

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 3. �ãáâì f 2 C1(R;L2 ),   (u0; 0) 2 B0 (20).
�®£¤  ¤«ï ­¥ª®â®à®£® t0 = t0(u0) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ~u = (u�; 0; p; w1 0; : : : ; wM 0;
w1 1; : : : ; w1n1�1; : : : ; wM 1; : : : ; wM nM�1) 2 C

1((�t0; t0);Bt) § ¤ ç¨ (2), (3), ï¢«ïîé¥¥áï ª¢ §¨áâ -

æ¨®­ à­®© âà ¥ªâ®à¨¥©.

� § ª«îç¥­¨¥  ¢â®à áç¨â ¥â á¢®¨¬ ¤®«£®¬ ¢ëà §¨âì ¡« £®¤ à­®áâì �.�.�áª®«ª®¢ã §  ¯®-
áâ ­®¢ªã § ¤ ç¨, �.�. �¢¨à¨¤îªã §  ¯®«¥§­ë¥ á®¢¥âë, �.�. �®à¨á®¢¨çã §  ¨­â¥à¥á ª ¤ ­­ë¬
¨áá«¥¤®¢ ­¨ï¬ ¨ ¯®¤¤¥à¦ªã.
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