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1. � áá¬®âà¨¬ ®¤­ã á¯¥æ¨ «ì­ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

@v

@t
=

@2v

@x2
; v = v(t; x); t 2 [0; 1]; x 2 [0; 2]: (1)

�¡®§­ ç¨¬ ç¥à¥§ G1 ¬­®¦¥áâ¢® (®¡« áâì) ¢ ¯«®áª®áâ¨ ¯¥à¥¬¥­­ëå (t; x), ®£à ­¨ç¥­­®¥ ¯àï¬ë¬¨
t = 0, t = 1, x = 0 ¨ ªà¨¢®© x = f(t),   ç¥à¥§ G2 | ¯àï¬ë¬¨ t = 0, x = 2 ¨ ªà¨¢®© x = f(t),
£¤¥ f(t) | § ¤ ­­ ï £« ¤ª ï ¬®­®â®­­® ¢®§à áâ îé ï ­  ®âà¥§ª¥ [0; 1] äã­ªæ¨ï, f(0) = 1,
f(1) = 2. �à®áâ¥©è ï ªà ¥¢ ï § ¤ ç  ¤«ï ®¡« áâ¨ á ¯®¤¢¨¦­®© £à ­¨æ¥© ([1] £«. 6, x 3) á®áâ®¨â ¢
­ å®¦¤¥­¨¨ äã­ªæ¨¨ v = v(t; x) ¢ G1, ª®â®à ï ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î, ­ ç «ì­®¬ã ãá«®¢¨î

v(0; x) = v0(x); x 2 [0; 1] (2)

¨ ªà ¥¢ë¬ ãá«®¢¨ï¬

v(t; 0) = v(t; f(t)) = 0; t 2 [0; 1]: (3)

�®âà¥¡ã¥¬ ¤®¯®«­¨â¥«ì­®, çâ®¡ë v(t; x) = 0 ­  G2.
�ã¤¥¬ à áá¬ âà¨¢ âì íâã § ¤ çã ¢ ¯à®áâà ­áâ¢¥ L2(0; 2) = L2 ¨ ¨áª âì ¥¥ ®¡®¡é¥­­®¥ à¥-

è¥­¨¥ [2]. �«ï íâ®£® ã¬­®¦¨¬ à ¢¥­áâ¢® (1) ­  ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ãî äã­ªæ¨î '(x)

á ­®á¨â¥«¥¬ ­  ¯à®¬¥¦ãâª¥ (0; 2) (' 2
0

C1) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® x ®â 0 ¤® 2. �à®¢¥¤ï á¯à ¢ 
¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, ¯®«ãç¨¬ à ¢¥­áâ¢®�

@v

@t
; '

�
= �

�
@v

@x
; '0

�
(4)

((f; ') { áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2), ª®â®à®¥ ¨ ®¯à¥¤¥«ï¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
(1). �®«®¦¨¬

Dt = fv(x) 2W 1
2 (0; 2); v(0) = v(f(t)) = 0; v(x) = 0; x 2 (f(t); 2]; t 2 [0; 1]g:

�  íâ®¬ ¬­®¦¥áâ¢¥ ®¯à¥¤¥«¨¬ ®¯¥à â®à A(t), ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã (A(t); ') = �(v0; '0) ¤«ï
«î¡®© äã­ªæ¨¨ ' 2

0

C1. �®£¤  § ¤ ç  (1){(3) á¢¥¤¥âáï ª  ¡áâà ªâ­®© § ¤ ç¥ �®è¨

dv

dt
= A(t)v; t 2 (0; 1]; v(0) = v0 (5)

¢ äã­ªæ¨®­ «ì­®¬ ¯à®áâà ­áâ¢¥ L2. �á®¡¥­­®áâìî íâ®© § ¤ ç¨ ï¢«ï¥âáï â®, çâ® Dt ­¥ ï¢«ï¥âáï
¯«®â­ë¬ ¢ L2 ¬­®¦¥áâ¢®¬ ¨ D� � Dt ¯à¨ � � t.

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (5) ¯®­¨¬ ¥âáï ­¥¯à¥àë¢­ ï ­  [0; 1] äã­ªæ¨ï v(t), ¤«ï ª®â®à®© äã­ª-
æ¨¨ v0(t), A(t)v(t) áãé¥áâ¢ãîâ ¨ ­¥¯à¥àë¢­ë ­  (0; 1], ¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï (5).

�®¤®¡­ ï § ¤ ç  ¢®§­¨ª ¥â ¯à¨ à áá¬®âà¥­¨¨ ¯à®æ¥áá  â ï­¨ï â®­ª®© ¯ «®çª¨ «ì¤ , à á¯®-
«®¦¥­­®© ¢ ­ ç «ì­ë© ¬®¬¥­â ­  ®âà¥§ª¥ [1; 2] ®á¨ Ox, ¥á«¨ äà®­â â ï­¨ï à á¯à®áâà ­ï¥âáï á
§ ¤ ­­®© áª®à®áâìî f 0(t) ¨ ¨¬¥¥â ­ã«¥¢ãî â¥¬¯¥à âãàã.
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� ª¨¬ ®¡à §®¬, ¡ã¤¥¬ ¨áª âì äã­ªæ¨î v = v(t; x) ¢ ¯àï¬®ã£®«ì­¨ª¥ [0; 1]� [0; 2], ª®â®à ï ­ 
G2 à ¢­  ­ã«î,   ­  ç áâ¨ £à ­¨æë G1 ã¤®¢«¥â¢®àï¥â ­ ç «ì­®¬ã ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ (2){(3).
�à¨ íâ®¬ ¡ã¤¥¬ áç¨â âì, çâ® v0(x) = 0 ­  [1; 2].

� ¤ ç  á ¯®¤¢¨¦­®© £à ­¨æ¥© â ª®£® ¢¨¤  à áá¬ âà¨¢ « áì ¢ [3], â ª¦¥ ®­  á¢®¤¨« áì ª
 ¡áâà ªâ­®© § ¤ ç¥ �®è¨ (5). �¤­ ª® ¢ [3] § ¤ ç  (5) à áá¬ âà¨¢ ¥âáï ¢ ¯à®áâà ­áâ¢ å, § ¢¨áï-
é¨å ®â t, ¨ ¯à¨ ¡®«¥¥ ¦¥áâª¨å ®£à ­¨ç¥­¨ïå ­  ®¯¥à â®à A(t) ¨ £« ¤ª®áâì £à ­¨æë ®¡« áâ¨. �
¤ ­­®© à ¡®â¥ § ¤ ç  á ¯®¤¢¨¦­®© £à ­¨æ¥© ¨áá«¥¤ã¥âáï ¨­ ç¥, á ¨á¯®«ì§®¢ ­¨¥¬ ¨­®© â¥®à¥¬ë
® à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (5), ª®â®à ï ãç¨âë¢ ¥â, çâ® ¬­®¦¥áâ¢  Dt ­¥ ï¢«ïîâáï ¯«®â­ë¬¨.

2. �¡áâà ªâ­ ï § ¤ ç  (5) ¨áá«¥¤®¢ ­  ¢ [4] ¬¥â®¤ ¬¨ â¥®à¨¨ ¯®«ã£àã¯¯. �à¨ ª ¦¤®¬ t 2
[0; 1] à áá¬®âà¨¬ ®¯¥à â®à-äã­ªæ¨î Tt(�) = exp[��A(t)], ®¡« ¤ îéãî á¢®©áâ¢ ¬¨

1� Tt(�) | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à ¨§ E ¢ Dt, (� > 0, E | ¡ ­ å®¢® ¯à®áâà ­áâ¢®,
¢ ª®â®à®¬ à áá¬ âà¨¢ ¥âáï § ¤ ç  (5));

2� Tt(�)Tt(s) = Tt(� + s);
3� lim

�!+0
Tt(�)v = v ¤«ï v 2 Dt;

4� Tt(�) ¤¨ää¥à¥­æ¨àã¥¬  ¯® � (� > 0) ¨ d

d�
Tt(�) = A(t)Tt(�);

5� Tt(�) ª®¬¬ãâ¨àã¥â á A(t) ­  Dt;
6� ¢ë¯®«­¥­ë ®æ¥­ª¨

kTt(�)k � c��� exp(���); kT 0t (�)k � c��� exp(���) (6)

¯à¨ ­¥ª®â®àëå � > 0, � � 0, � � 1.
�¯¥à â®à-äã­ªæ¨î Tt(�) ¡ã¤¥¬ ­ §ë¢ âì ¯®«ã£àã¯¯®©, ¯®à®¦¤¥­­®© ®¯¥à â®à®¬ A(t).
� [4] ãáâ ­®¢«¥­ 

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1� ¯à¨ ª ¦¤®¬ t 2 [0; 1] áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ë© ®¡à â­ë© ®¯¥à â®à A�1(t) ¨ D� � Dt

¯à¨ � � t;
2� ¯à¨ ª ¦¤®¬ t 2 [0; 1] áãé¥áâ¢ã¥â ¯®«ã£àã¯¯  exp[��A(t)], ¯®à®¦¤¥­­ ï ®¯¥à â®à®¬ A(t),

¨ ®æ¥­ª¨ (6) ¢ë¯®«­¥­ë ¯à¨ ­¥ª®â®àëå � > 0, �+ 1 � � < 2;
3� ¯à¨ t � � ¨ ­¥ª®â®à®¬ " 2 (��1; 1] ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  k[A(t)�A(�)]A�1(�)k � c(t��)",

kA�1(t)[A(t)�A(�)]vk � c(t� �)"kvk ¤«ï «î¡®£® v 2 D� ;
4� v0 2 D(A�(0)) ¯à¨ ­¥ª®â®à®¬ � 2 �min�2�; ��1

���

	
; 1
�
.

�®£¤  áãé¥áâ¢ã¥â ®¯à¥¤¥«¥­­ ï ¯à¨ 0 � � < t � 1 ®¯¥à â®à-äã­ªæ¨ï U(t; �) : E ! Dt,

­ §ë¢ ¥¬ ï à §à¥è îé¨¬ ®¯¥à â®à®¬ ¨ ®¡« ¤ îé ï á¢®©áâ¢ ¬¨

1� U(t; �) ­¥¯à¥àë¢­  ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå 0 � � < t � 1;
2� U(t; �) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ¯à¨ t > � ¨

@U(t; �)
@t

= A(t)U(t; �);

3� U(t; s)U(s; �) = U(t; �), 0 � � < s < t � 1;
4� ¢ë¯®«­¥­ë ®æ¥­ª¨ kU(t; �)k � c(t� �)��, kA(t)U(t; �)A�1(�)k � c(t� �)��.

�¥è¥­¨¥ § ¤ ç¨ (5) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ § ¤ ¥âáï ä®à¬ã«®© v(t) = U(t; 0)v0.

3. �®ª ¦¥¬ â¥¯¥àì, çâ® ¤«ï § ¤ ç¨ (1){(3) ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë. � ¬¥â¨¬, çâ® ¤«ï
£« ¤ª¨å äã­ªæ¨© v(x)

A(t)v(x) =

(
v00(x); 0 � x � f(t);

0; f(t) < x � 2;

[A(t)�A(�)]v(x) =

(
v00(x); x 2 [f(�); f(t)];

0; x 2 [0; f(�)) [ (f(t); 2]:
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� ®¯¥à â®à  A(t) áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ë© ®¡à â­ë© ®¯¥à â®à

A�1(t)g(t) =

8><
>:

xR
0

(x� s)g(s)ds� x

f(t)

f(t)R
0

[f(t)� s)]g(s)ds; 0 � x � f(t);

0; f(t) < x � 2:

�®íâ®¬ã ¯à¨ t � � [A(t)�A(�)]A�1(�)v = 0, A�1(t)[A(t)�A(�)]v = 0 ¨, á«¥¤®¢ â¥«ì­®, ¢ë¯®«­¥­ë
ãá«®¢¨ï 1� ¨ 3� â¥®à¥¬ë.

�¥è ï à¥§®«ì¢¥­â­®¥ ãà ¢­¥­¨¥ �v00+�v = w(x), v(0) = v(f(t)) = 0, v(x) = 0 ¤«ï x 2 [f(t); 2],
¯®«ãç¨¬

(�I �A(�))�1w(x) =
exp(x

p
�)

2
p
� sh(f(�)

p
�)

Z f(�)

0

w(s) sh[(f(�)� s)
p
�]ds�

� exp[(x� f(�))
p
�]

2
p
� sh(f(�)

p
�)

Z f(�)

0

w(s) sh(s
p
�)ds+

+
1

2
p
�

Z x

0
w(s) exp[(s� x)

p
�]ds+

1

2
p
�

Z f(�)

x

w(s) exp[(x� s)
p
�]ds

¤«ï x 2 [0; f(�)] ¨ [�I �A(�)]�1w(x) = 0 ¤«ï x 2 (f(�); 2].
�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  A(�) áãâì ª®à­¨ ãà ¢­¥­¨ï sh(f(�)

p
�) = 0 ¨ ­ ¨¡®«ìè¥¥

á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¥áâì � �2

f2(�)
. �æ¥­¨¢ ï â¥¯¥àì ¢ëà ¦¥­¨¥ ¤«ï à¥§®«ì¢¥­âë, ¯®«ãç¨¬ ­¥à -

¢¥­áâ¢®

k[�I �A(�)]�1k � c(1 + j�j)�1; Re� > � �2

f 2(�)
:

�®íâ®¬ã ®¯¥à â®à A(t) ¯à¨ ª ¦¤®¬ t ¯®à®¦¤ ¥â  ­ «¨â¨ç¥áªãî ¯®«ã£àã¯¯ã, ¨ ®æ¥­ª¨ (6) ¢ë-
¯®«­¥­ë á � = 0, � = 1. �®íâ®¬ã ¢ë¯®«­¥­® ¨ ãá«®¢¨¥ 2� â¥®à¥¬ë. � ª ª ª � = 0, � = 1, â®
¯®á«¥¤­¥¥ ãá«®¢¨¥ íâ®© â¥®à¥¬ë âà¥¡ã¥â, çâ®¡ë v0(x) 2 D(A�(0)) ¯à¨ � > 0. �¤­ ª® ¯®áª®«ì-
ªã ¯®«ã£àã¯¯  ï¢«ï¥âáï  ­ «¨â¨ç¥áª®©, â® á¢®©áâ¢® lim

�!+0
Tt(�)v = v ¢ë¯®«­¥­® ¤«ï «î¡®£® v.

�®íâ®¬ã ¤®áâ â®ç­®, çâ®¡ë v0(x) 2 L2(0; 1) ¨ v0(x) = 0 ¤«ï x 2 [1; 2].
�§ áª § ­­®£® ¢ëè¥ ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ (1){(3).

� ¬¥ç ­¨¥ 1. �á«¨ § ¤ ç  ­¥®¤­®à®¤­ ï á ¯à ¢®© ç áâìî F (t; x), â® ®­  à §à¥è¨¬  [4],
¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ ��¥«ì¤¥à  kF (t + �t; x) � F (t; x)kL2

� ct��j�tj� ¯à¨ ­¥ª®â®àëå � > 0,
� 2 [0; 1) ¨ F (t; x) = 0 ­  G2.

� ¬¥ç ­¨¥ 2. �à¨ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§®¢ « áì «¨èì ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ f(t), § -
¤ îé¥© £à ­¨æã à §¤¥«  ®¡« áâ¥© G1 ¨ G2.
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