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�������� ��� �������. II

�  ï à ¡®â  § ¢¥àè ¥â ¨áá«¥¤®¢ ¨ï,  ç âë¥ ¢ [1], £¤¥ ¡ë«¨ ¢ëï¢«¥ë ®¡à §ãîé¨¥ ¨
á®®â®è¥¨ï ®¡®¡é¥®© ¯®«®© «¨¥©®© £àã¯¯ë GL�(n;�), n � 2,  ¤ ¯à®¨§¢®«ìë¬ ¯®«ã«®-
ª «ìë¬ ª®«ìæ®¬ �. �¤¥áì, á®åà ïï ¯®àï¤®ª á«¥¤®¢ ¨ï ¯ãªâ®¢,   â ª¦¥ ã¬¥à æ¨© ä®à¬ã«
¨§ [1], ¡ã¤¥¬ ¤®ª §ë¢ âì ¯®«®âã á¨áâ¥¬ë á®®â®è¥¨© 1{6 ®â®á¨â¥«ì®  «ä ¢¨â  (5) ¨§  -
§¢ ®© à ¡®âë. �®ª § â¥«ìáâ¢ã ®á®¢®£® à¥§ã«ìâ â  ¯à¥¤¯®è«¥¬ âà¨ ¯ãªâ .

5. �á®¢ë¥ «¥¬¬ë

�  ¬®¦¥áâ¢¥ ¢á¥å á«®¢  «ä ¢¨â  (5) ¢¢¥¤¥¬ ®â®è¥¨ï
i
�
!, 1 � i < mn : W

i
�
! V â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  íâ¨ á«®¢  á¢ï§ ë á®®â®è¥¨¥¬ W = X � V , £¤¥ X | ¥ª®â®à®¥ á«®¢®, ¥
á®¤¥à¦ é¥¥ ¥¤¨ £® «ìë¥ ¢ëà ¦¥¨ï ¢¨¤  (rj), trj(�), r < j, ¤«ï ª®â®àëå r � i. �¢¥¤¥ë¥

®â®è¥¨ï
i
�
! ï¢«ïîâáï à¥ä«¥ªá¨¢ë¬¨ ¨ âà §¨â¨¢ë¬¨. �ãáâì ¤«ï ¨¤¥ªá  i, 1 � i < mn, Qi

®§ ç ¥â á®¢®ªã¯®áâì â¥å ®¬¥à®¢ t ¨§ I(mn), ¤«ï ª®â®àëå i 6= t � i. � áá¬®âà¨¬ ä®à¬ë Gi =Q
q2Qi

tiq(�q) ¨ Fi =
Q
q2Pi

tiq(�q), £¤¥ ¯®àï¤®ª á«¥¤®¢ ¨ï á®¬®¦¨â¥«¥© ¥áãé¥áâ¢¥¥ ( ¯®¬¨¬,

çâ® Pi = ft 2 I(mn) : i < t � ig). �á«¨ ¢ ä®à¬ å Gi ¨ Fi ¡ãª¢  tik(�k) ã«¥¢ ï, â® íâ® ¡ã¤¥¬
¯®¤ç¥àª¨¢ âì ª ª Gi(6= k) ¨ Fi(6= k). � «®£¨çë© á¬ëá« ¯à¨¤ ¥âáï ¨ § ¯¨áï¬ Gi(6= k; r),
Fi(6= k; r) ¨ â. ¤. � «¥¥, ä®à¬ã eGi =

Q
q2Qi

tiq(�q) ¡ã¤¥¬  §ë¢ âì �-á®¤¥à¦ é¥©áï ¢ ä®à¬¥ Gi,

¥á«¨ ¤«ï ¨å �q � �q ¨ �q = 0 ! �q = 0 ¯à¨ ¢á¥å q 2 Qi (¯®ïâ¨¥ �-á®¤¥à¦ é¥©áï ¢ Fi ä®à¬ëeFi ®ç¥¢¨¤ë¬ ®¡à §®¬ á®¤¥à¦¨âáï ¢ ¯à¨ïâ®¬ á®£« è¥¨¨). �¨¦¥ I(Gi), I(Fi) ¡ã¤ãâ ®§ ç âì
¤«¨ë ä®à¬ Gi ¨ Fi (â. ¥. ç¨á«  ¨å ¥ã«¥¢ëå ¡ãª¢) á®®â¢¥âáâ¢¥®.

�¥¬¬  1. �ãáâì § ¤   ä®à¬  Gi = tik(�k) � tir(�r) � � � � � tij(�j), £¤¥ I(Gi) � 1, ¨ ¢á¥ ¥¥

¡ãª¢ë ®â«¨çë ®â ã«ï, s; p; : : : ; q | ¯à®¨§¢®«ì ï ¯¥à¥áâ ®¢ª  ç¨á¥« k; r; : : : ; j. �®£¤  ¤«ï

¨å, ¯à¨¬¥ïï á®®â®è¥¨ï 2, 3a), 3c), 3d) ¨ 5, ¬®¦® ¢ë¯®«¨âì ¯à¥®¡à §®¢ ¨¥

Gi

i
�
! tis(

z}|{
�s ) � tip(

z}|{
�p ) � � � � � tiq(

z}|{
�q ) = eGi

(â. ¥. á®åà ïï ãá«®¢¨ï �-á®¤¥à¦¨¬®áâ¨, ¡ãª¢ë ¨§ Gi ¬®¦® ¯¥à¥áâ ¢«ïâì ª ª¨¬ ã£®¤®

®¡à §®¬).

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ á®®â®è¥¨© (áâàãªâãà®©) ¯¥à¥áâ ®¢®ç®áâ¨

tia(�) � tib(�) = tib(
z}|{
� ) � tia(

z}|{
� ); (18)

ï¢«ïîé¨åáï á«¥¤áâ¢¨ï¬¨ ®â ä¨£ãà¨à®¢ ¢è¨å ¢ ä®à¬ã«¨à®¢ª¥ á®®â®è¥¨©. �¥©áâ¢¨â¥«ì®,
¥á«¨ ®¡¥ ¡ãª¢ë tia(�), tib(�) ¤¨ £® «ìë, â® � � � � 0, ¨ ®¨ ¯¥à¥áâ ¢«ïîâáï ª ª tia(�)�tib(�) =
tib(�)�tia(�) á®£« á® á®®â®è¥¨î 5. �á«¨ ¦¥ ¤¨ £® «ì  â®«ìª® ®¤  ¨§ ¨å, â® ¯¥à¥áâ ®¢ª 
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(18) ®áãé¥áâ¢«ï¥âáï ¯à¨ ¯®¬®é¨ 2. � á«ãç ¥, ª®£¤  ®¡¥ tia(�), tib(�) ¥¤¨ £® «ìë, ¢ á¨«ã 3c),
3a), 3d) ¯®«ãç ¥âáï (18) ¢ ¢¨¤¥

tia(�) � tib(�) = tia(�) � [tib(
z}|{
� ) � tib(�)] � tia(

z}|{
� ) = [tia(�) � tib(

z}|{
� )] � tia(

z}|{
� ) =

= tib(
z}|{
� ) � [tia(�) � tia(

z}|{
� )] = tib(

z}|{
� ) � tia(

z}|{
� ): �

�¥¬¬  2. �«ï «î¡®© ¥ã«¥¢®© ª¢ §¨âà á¢¥ªæ¨¨ trq(�), r; q 6= i, á ¢ë¯®«¥ë¬ ¥à ¢¥-

áâ¢®¬ r > q ¯à¨ r < i ¨ ¯à®¨§¢®«ì®© ä®à¬ë Fi(6= r; q), ¨á¯®«ì§ãï á®®â®è¥¨ï 3a), 3c), 3d), 5
¨ 2, ¬®¦® ¢ë¯®«¨âì ¯à¥®¡à §®¢ ¨¥

V = Fi(6= r; q) � trq(�)
i
�
! eFi(6= r; q) � tiq(�); (6= r; q)

£¤¥ eFi(6= r; q) | ¥ª®â®à ï �-á®¤¥à¦ é ïáï ¢ Fi(6= r; q) ä®à¬ .

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨¤ãªæ¨¥© ¯® ç¨á«ã n = I(Fi(6=r; q)). �á«¨ n = 0, â® Fi(6=r; q) = 0,
¨ ¬®¦® ¯®«®¦¨âì eFi(6= r; q) = tiq(�) = 0, â. ¥. ¡ §  ¨¤ãªæ¨¨ ¤«ï (6= r; q) ¨¬¥¥â ¬¥áâ®.

�ãáâì n � 1 ¨ ¤«ï ä®à¬ Fi( 6= r; q) ¤«¨ë < n ¯à¥®¡à §®¢ ¨¥ (6= r; q) ¢ë¯®«¥®. �á¯®«ì§ãï
3c), ¯à¥¤áâ ¢¨¬ à áá¬ âà¨¢ ¥¬®¥ á«®¢® ¢ ¢¨¤¥

V = Fi(6= r; q; a) � [tia(�a) � trq(�)] = Fi(6= r; q; a) � tra(a) � trq(
z}|{
� ) � tiq(b) � tia(

z}|{
�a ) (=)

(§¤¥áì tia(�a) | ¯®á«¥¤ïï ¡ãª¢  Fi(6= r; q) ¨ a, b | ¥ª®â®àë¥ à ¤¨ª «ìë¥ í«¥¬¥âë).

� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  ¢ (=) p(i) = p(q). � ¤¨ ªà âª®áâ¨, ¨á¯®«ì§ãï ¢¬¥áâ®
i
�
!

§ ª �
! ¨ ¯à¨¬¥ïï á®®â®è¥¨ï 5, 2, ¡ã¤¥¬ ¨¬¥âì

V = [Fi(6= r; q; a) � tra(a) � trq(
z}|{
� ) � di(b)] � tia(

z}|{
�a )

�
! eFi(6= r; q; a) � tra(�) � trq(

z}|{
� ) � tia(

z}|{
�a ):

�á«¨ ¢ ¯®«ãç¥®© § ¯¨á¨ q > i, â® ¯à¨¬¥¥¨¥¬ ¨¤ãªæ¨®®£® ¯à¥¤¯®«®¦¥¨ï, «¥¬¬ë 1 ¨
á®®â®è¥¨© 5, 2 ¯à¥®¡à §®¢ ¨ï ¯à®¤®«¦ îâáï ¢ ¢¨¤¥

V
�
! [ eFi(6= r; q; a) � tra(�)] � trq(

z}|{
� ) � tia(

z}|{
�a )

�
! [ eFi(6= r; q; a) � tia(�)] � trq(

z}|{
� ) � tia(

z}|{
�a )

�
!

�
! tia(�) � eFi(6= r; q; a) � trq(

z}|{
� ) � tia(

z}|{
�a ) = tqa(�) � eFi(6= r; q; a) � trq(

z}|{
� ) � tia(

z}|{
�a )

�
!

�
! [ eFi(6= r; q; a) � trq(

z}|{
� )] � tia(

z}|{
�a )

�
! [ eFi(6= r; q; a) � tiq(�)] � tia(

z}|{
�a )

�
! eFi(6= r; q; a) � tia(

z}|{
�a ) =

= eFi(6= r; q) � tiq(0):

�á«¨ ¦¥ q < i, â® ¢ á®®â¢¥âáâ¢ãîé¨å ¬¥áâ å, ¨á¯®«ì§ãï 3d), 3a), ¨¤ãªæ¨®®¥ ¯à¥¤¯®«®¦¥¨¥,
  â ª¦¥ «¥¬¬ã 1, ¡ã¤¥¬ ¨¬¥âì

V
�
! eFi(6= r; q; a) � [tra(�) � trq(

z}|{
� )] � tia(

z}|{
�a ) = [ eFi(6= r; q; a) � trq(

z}|{
� )] � tra(�) � tia(

z}|{
�a )

�
!

�
! [ eFi(6= r; q; a) � tiq(�)] � tra(�) � tia(

z}|{
�a )

�
! tiq(�) � eFi(6= r; q; a) � tra(�) � tia(

z}|{
�a )

�
!

�
! [ eFi(6= r; q; a) � tra(�)] � tia(

z}|{
�a )

�
! eFi(6= r; q; a) � [tia(�)tia(

z}|{
�a )] = eFi(6= r; q; a) � tia(

z}|{
�a ) =

= eFi(6= r; q) � tiq(0):

�â ª, ¯à¥®¡à §®¢ ¨¥ ( 6= r; q) ¢ á«ãç ¥ p(i) = p(q) ¨¬¥¥â ¬¥áâ®.
�ãáâì â¥¯¥àì ¢ (=) p(i) 6= p(q) (â ª ¬®¦¥â ¡ëâì â®«ìª® ¯à¨ a = 0, á¬. ä®à¬ã«ë á®®â®è¥¨ï

3c)). �¤¥áì ¯à¨¬¥¥¨¥ ¨¤ãªæ¨®®£® ¯à¥¤¯®«®¦¥¨ï ¨ á®®â®è¥¨© 3a), 3d) ¯à¨¢¥¤¥â ª

V = [ eFi(6= r; q; a) � trq(
z}|{
� )] � tiq(b) � tia(

z}|{
�a )

�
! eFi(6= r; q; a) � [tiq(�) � tiq(b)] � tia(

z}|{
�a ) =

= eFi(6= r; q; a) � [tiq(�) � tia(
z}|{
�a )] = [ eFi(6= r; q; a) � tia(

z}|{
�a )] � tiq(�) = eFi(6= r; q) � tiq(�);
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â. ¥. ¯à¥®¡à §®¢ ¨¥ (6= r; q) ¨¬¥¥â ¬¥áâ® ¨ ¢ íâ®¬ á«ãç ¥. �®«ãç¥ ï ¢ ( 6= r; q) ä®à¬  eFi(6= r; q)
¡ã¤¥â �-á®¤¥à¦ é¥©áï ¢ Fi(6= r; q), ¯®áª®«ìªã ãá«®¢¨ï â ª®© á®¤¥à¦¨¬®áâ¨ ¡ë«¨ á®åà ¥ë ¯à¨
ª ¦¤®¬ è £¥ ¯à¥®¡à §®¢ ¨ï ¨ ¯à¨¬¥¥¨ïå ¨¤ãªæ¨®®£® ¯à¥¤¯®«®¦¥¨ï. �

�¥¬¬  3. �ãáâì § ¤   ä®à¬  Fi(6= r), r 2 Pi. �®£¤  ¤«ï «î¡®© ¥¤¨ £® «ì®© ¡ãª¢ë

tri(�), ¨á¯®«ì§ãï á®®â®è¥¨ï 1{3 ¨ 5, ¬®¦® ¢ë¯®«¨âì ¯à¥®¡à §®¢ ¨¥

V = Fi(6= r) � tri(�)
i
�
! eFi(6= r); (6= r)

£¤¥ eFi(6= r) | ¥ª®â®à ï ä®à¬ , �-á®¤¥à¦ é ïáï ¢ Fi(6= r).

�®ª § â¥«ìáâ¢®. �á«¨ ä®à¬  Fi(6= r) á®¤¥à¦¨â ¤¨ £® «ìë¥ ¡ãª¢ë, â®, ¯¥à¥áâ ¢«ïï ¥¥
á®¬®¦¨â¥«¨ â ª, çâ® ¤¨ £® «ìë¥ ¡ãª¢ë  å®¤ïâáï ¢¯¥à¥¤¨ ¢á¥å ¥¤¨ £® «ìëå á®¬®¦¨-
â¥«¥© (íâ® ¬®¦® á¤¥« âì ¯® «¥¬¬¥ 1), § â¥¬ ã¤ «¨¢ ¨å ¨§ § ¯¨á¨ ¯à¨ ¯®¬®é¨ á®®â®è¥¨ï 5,
ä®à¬ã Fi(6= r) ¢ (6= r) ¢á¥£¤  (¨ ¡¥§ ¯®â¥à¨ ®¡é®áâ¨) ¬®¦® áç¨â âì á®áâ ¢«¥®© â®«ìª® ¨§
¥¤¨ £® «ìëå ¡ãª¢.

� ®á®¢ã ¤®ª § â¥«ìáâ¢  á®¢  ¡ã¤¥â ¯®«®¦¥  ¨¤ãªæ¨ï ¯® ç¨á«ã n = I(Fi(6= r)) (� 0). �à¨
n = 0 ¨¬¥¥¬ Fi(6= r) = 0, ¨ §¤¥áì ¬®¦® ¯®«®¦¨âì eFi(6= r) = 0 | a íâ® ¡ §  ¨¤ãªæ¨¨.

�ãáâì n � 1 ¨ ¤«ï ¤«¨< n ¯à¥®¡à §®¢ ¨¥ (6= r) ¢ë¯®«¥®. �®ª ¦¥¬, çâ® ®® á¯à ¢¥¤«¨¢®
¨ ¤«ï ä®à¬ë Fi(6= r) ¤«¨ë n. �á¯®«ì§ãï á®®â®è¥¨ï (7), 2, 3d), 3a), «¥¬¬ã 2 (¤¢ ¦¤ë),  
â ª¦¥ ¨¤ãªæ¨®®¥ ¯à¥¤¯®«®¦¥¨¥, ¨¬¥¥¬

V = Fi(6= r) � tri(�) = Fi(6= r; q) � [tiq(�q) � tri(�)] = [Fi(6= r; q) � di(�)] � trq(�
z}|{
��q) � tri(

z}|{
� ) �

� tiq(
z}|{
�q )

�
! [ eFi(6= r; q) � trq(�

z}|{
��q)] � tri(

z}|{
� ) � tiq(

z}|{
�q )

�
! eFi(6= r; q) � [tiq(�) � tri(

z}|{
� )] � tiq(

z}|{
�q ) =

= [ eFi(6= r; q) � di(�)] � [trq(�) � tri(
z}|{
� )] � [tiq(�) � tiq(

z}|{
�q )]

�
! [ eFi(6= r; q) � tri(

z}|{
� )] � trq(�) �

� tiq(
z}|{
�q )

�
! [ eFi(6= r; q) � trq(�)] � tiq(

z}|{
�q )

�
! eFi(6= r; q) � [tiq(�) � tiq(

z}|{
�q )] = eFi(6= r; q) � tiq(

z}|{
�q ) =

= eFi(6= r):

�®¥çë¥ ç«¥ë ¯®«ãç¥®© æ¥¯®çª¨ ¯®ª §ë¢ îâ   ¯à ¢¨«ì®áâì ¯à¥®¡à §®¢ ¨ï (6= r).
� §¤¥áì ä®à¬  eFi(6= r) ï¢«ï¥âáï �-á®¤¥à¦ é¥©áï ¢ Fi(6= r), â. ª. ®¡  ãá«®¢¨ï �-á®¤¥à¦¨¬®áâ¨
¡ë«¨ á®¡«î¤¥ë ¯à¨ ¢á¥å ¯à¥®¡à §®¢ ¨ïå ¨ £ à â¨à®¢ ë ¯à¨ ¯à¨¬¥¥¨ïå ¨¤ãªæ¨®®£®
¯à¥¤¯®«®¦¥¨ï.

6. �à áä®à¬ æ¨®ë¥ ¯à¥®¡à §®¢ ¨ï

�â®â ¯ãªâ â ª¦¥ ï¢«ï¥âáï ¯®¤£®â®¢¨â¥«ìë¬ ¨ á®áâ ¢«ï¥â ®¤¨ ¨§ ®á®¢ëå ¬®¬¥â®¢ ¯à¨
¤®ª § â¥«ìáâ¢¥ £« ¢®£® ãâ¢¥à¦¤¥¨ï à ¡®âë. �¢¥¤¥¬ ä®à¬ë fi = Fi(6= s)�(is), s � i, 1 � i < mn

(ïá®, çâ® ¯à¨ s = i Fi( 6= s) | íâ® ®¡ëç ï ä®à¬  Fi). �¢¥¤¥ë¥ á«®¢  fi ¡ã¤¥¬  §ë¢ âì
£®à¨§®â «ìë¬¨ ä®à¬ ¬¨ áâã¯¥¨ i.

�¥®à¥¬  1 (âà áä®à¬ æ¨¨ ¡ãª¢). �ãáâì fi | ¯à®¨§¢®«ì ï ¥ã«¥¢ ï £®à¨§®â «ì ï

ä®à¬  áâã¯¥¨ i, 1 � i < mn, ¨ x ®§ ç ¥â «¨¡® ¤¨ £® «ìãî ¡ãª¢ã dk("), «¨¡® ¥¤¨ £®-

 «ìãî ª¢ §¨âà á¢¥ªæ¨î trj(�), ¤«ï ª®â®à®© ¯à¨ r < j áç¨â ¥âáï ¢ë¯®«¥ë¬ ãá«®¢¨¥

r � i. �«ï ¨å, ¯à¨¬¥ïï á®®â®è¥¨ï 1{6, ¬®¦® ¢ë¯®«¨âì ¯à¥®¡à §®¢ ¨¥

V = fi � x
i
�
! efi; (

i
�
!)

£¤¥ efi | ¥ª®â®à ï £®à¨§®â «ì ï ä®à¬  áâã¯¥¨ i.

�®ª § â¥«ìáâ¢®. � ª ¢ «¥¬¬¥ 3, ¨ §¤¥áì (¥ â¥àïï ®¡é®áâ¨) ¢á¥ ¡ãª¢ë ¯®¤ä®à¬ë Fi(6= s)
¨§ fi = Fi(6= s)� (is) ¡ã¤¥¬ áç¨â âì ¥¤¨ £® «ìë¬¨. �«ï ¯à®áâ®âë ¢áî¤ã ¨¦¥ ¯®¤ �

! ¨ §¤¥áì
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¡ã¤¥¬ ¯®¨¬ âì
i
�
!. �à¨¢®¤¨¬®¥ ¤®ª § â¥«ìáâ¢® ï¢«ï¥âáï ª®¬¡¨ â®àë¬ ¨ ®â®á¨â¥«ì® á«®¢ 

V = Fi(6= s) � (is) � x à §«¨ç ¥â á«¥¤ãîé¨¥ á«ãç ¨.

I. x = dk("). �á«¨ s = i, â® ¯à¥®¡à §®¢ ¨¥ (
i
�
!) ¯à¨ ¯®¬®é¨ á®®â®è¥¨ï 2 ¢ë¯®«ï¥âáï

ª ª V = Fi � x = x � eFi �
! eFi, ¨ ®® ¢ëè¥ ã¦¥ ¬®£®ªà â® ¨á¯®«ì§®¢ ®. �à¨ s > i, ¯à¨¬¥ïï

à §«®¦¥¨¥ (8) ¨ â®«ìª® çâ® à §®¡à ë© á«ãç © s = i, ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ä®à¬ã ª ª V =
Fi(6= s) � [(is) � x] = [Fi(6= s) � x] � (is) �

! eFi(6= s) � (is) = efi.
II. x = trj(�), s = i. �¤¥áì à áá¬ âà¨¢ ¥¬®¥ á«®¢® ¨¬¥¥â ¢¨¤ V = Fi � trj(�), ¨ ¤«ï ¥£®

¢®§¬®¦ë á«¥¤ãîé¨¥ ¯®¤á«ãç ¨.
a) r = i. �á«¨ j < i, â® ¢ á¨«ã «¥¬¬ë 1 V

�
! tij(

z}|{
� ) � eFi �

! eFi. �à¨ j > i, ¯à¨¬¥ïï «¥¬¬ã 1
¨ 3a), ¡ã¤¥¬ ¨¬¥âì V �

! eFi( 6= j) � [tij(�) � tij(�)] = eFi(6= j) � tij(�) = eFi.
b) r > i 6= j. �¤¥áì, ¨á¯®«ì§ãï «¥¬¬ã 1, 3b) ¨ (ã¦¥ à §®¡à ë©) ¯. I,  å®¤¨¬

V
�
! eFi( 6= r)�[tir(�)�trj(�)] = [ eFi(6= r)�dr(�)]�tij (�)�trj(

z}|{
� )�tir(�)

�
! eFi(6= r)�tij(�)�trj(

z}|{
� )�tir(�):

�á«¨ ¢ íâ®© § ¯¨á¨ j > i, â® ¯à¨¬¥¥¨¥¬ ¯. IIa), (16), 3a) ¨ «¥¬¬ë 2 ¯à¥®¡à §®¢ ¨ï ¯à®-
¤®«¦ îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

V
�
! eFi(6= r; j) � [tij(�) � trj(

z}|{
� )] � tir(�) = [ eFi(6= r; j) � trj(

z}|{
� )] � tij(�) � tir(�)

�
!

�
! eFi(6= r; j) � [tij(�) � tij(�)] � tir(�) = eFi(6= r; j) � tij(�) � tir(�) = eFi;

â. ¥. ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ä®à¬ã.
�á«¨ ¦¥ j < i, â®, ¨á¯®«ì§ãï ¯. IIa), ¡ã¤¥¬ ¨¬¥âì V

�
! [ eFi(6= r) � tij(�)] � trj(

z}|{
� ) � tir(�)

�
!

[ eFi(6= r) � trj(
z}|{
� )] � tir(�)

�
! � � �

�
! trj(

z}|{
� ) � eFi �

! eFi.
c) r > i = j. � íâ®¬ á«ãç ¥, ¯à¨¬¥ïï «¥¬¬ë 1, 2, ¯. I,   â ª¦¥ á®®â®è¥¨¥ 4,  ©¤¥¬

V
�
! eFi(6= r) � [tir(�) � tri(�)] = [ eFi(6= r) � dir(�; �)] � tri(�) �

�
tir(�)
(ir)

�
�
!

�
! [ eFi(6= r) � tri(�)] �

�
tir(�)
(ir)

�
�
! eFi(6= r) �

�
tir(�)
(ir)

�
= efi

( ¯®¬¨¬, çâ® dir(�; �) ®§ ç ¥â ¥ª®â®à®¥ á«®¢® ¢¨¤  di(�) � dr(�)).
d) r < i. �® ãá«®¢¨î â¥®à¥¬ë íâ®â á«ãç © à áá¬ âà¨¢ ¥âáï â®«ìª® ¯à¨ j < r, ¨ §¤¥áì ¨§

«¥¬¬ë 2, ¯. IIa) ¯®«ãç ¥âáï ã¦ ï ä®à¬  V = Fi�trj(�) = Fi(6= r; j)�trj(�)
�
! eFi(6= r; j)�tij(�)

�
!eFi(6= r; j) = eFi.

III. x = trj(�), s > i. � íâ®¬ á«ãç ¥ à áá¬ âà¨¢ ¥¬®¥ á«®¢® ¯à¨¬¥â ¢¨¤ V = Fi(6= s) � (is) �
trj(�). �¤¥áì ¢®§¬®¦ë â ª¨¥ ¯®¤á«ãç ¨.

a) fi; sg = fr; jg. �á«¨ r = i(! j = s), â®, ¯à¨¬¥ïï à §«®¦¥¨¥ (9), ¯. I,   â ª¦¥ «¥¬¬ã 3,
¡ã¤¥¬ ¨¬¥âì V = Fi(6= s)� [(is)� tis(�)] = [Fi(6= s)�dis(�; �)]� tsi(�)� (is)

�
! [ eFi(6= s)� tsi(�)]� (is)

�
!eFi(6= s) � (is) = efi. �á«¨ ¦¥ r = s(! j = i), â® à §«®¦¥¨¥ (10), ¯. I ¨ «¥¬¬  3 âà¥¡ã¥¬ãî ä®à¬ã

¤ îâ ¢ ¢¨¤¥

V = Fi(6= s) � [(is) � tsi(�)] = [Fi( 6= s) � dis(�; �)] � tsi(�) �
�
tis(�)
(is)

�
�
!

�
! [ eFi(6= s) � tsi(�)] �

�
tis(�)
(is)

�
�
! eFi(6= s) �

�
tis(�)
(is)

�
= efi:

b) ¬®¦¥áâ¢  fi; sg ¨ fr; jg ¯¥à¥á¥ª îâáï ¯® ®¤®¬ã í«¥¬¥âã. �á«¨ r = i(! j 6= s), â®
¯à¨¬¥¥¨¥ à §«®¦¥¨ï (11), ¯¯.I, IIb), IIa) ¤ ¥â

V = Fi(6= s) � [(is) � tij(�)] = [Fi( 6= s) � dis(�; �)] � tsj(�) � tij(�) � (is)
�
!

�
! [ eFi(6= s) � tsj(�)] � tij(�) � (is)

�
! [ eFi(6= s) � tij(�)] � (is)

�
! eFi(6= s) � (is) = efi:
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�á«¨ ¦¥ r = s(! j 6= i), â®, ¨á¯®«ì§ãï à §«®¦¥¨¥ (12), ¯¯. I, IIa), IIb), ¡ã¤¥¬ ¨¬¥âì

V = Fi(6= s) � [(is) � tsj(�)] = [Fi(6= s) � dis(�; �)] � tij(�) � tsj(�) � (is)
�
!

�
! [ eFi(6= s) � tij(�)] � tsj(�) � (is)

�
! [ eFi(6= s) � tsj(�)] � (is)

�
! eFi(6= s) � (is) = efi:

�ãáâì j = i(! r 6= s). �à¨¬¥ïï à §«®¦¥¨¥ (13), à §®¡à ë¥ ¯¯. I, IIb), IIc) ¨ «¥¬¬ã 1,
 å®¤¨¬

V = Fi(6= s) � [(is) � tri(�)] = [Fi(6= s) � dis(�; �)] � trs(�) � tri(�)(is)
�
!

�
! [ eFi(6= s) � trs(�)] � tri(�) � (is)

�
! [ eFi � tri(�)] � (is) �

! eFi � (is) �
! eFi(6= s) � tis(�) � (is):

�á«¨ ¢ ¯®«ãç¥®© § ¯¨á¨ � = 0, â® âà¥¡ã¥¬ ï ä®à¬  ã¦¥ ¯®«ãç¥ . � ¯à®â¨¢®¬ á«ãç ¥ ¯à¨¬¥-
¥¨¥ à §«®¦¥¨ï tis(�) � (is) = dis(�; �) � (is) � tsi(�) (®® á«¥¤ã¥â ¨§ (9) ¢§ïâ¨¥¬ ª¢ §¨®¡à â®£®
®â ®¡¥¨å ç áâ¥© ¨ ¯®á«¥¤ãîé¥£® ¯à¨¬¥¥¨ï 2) ¨ ¯¯. I, IIIa) ¤ ¥â

V
�
! [ eFi(6= s) � dis(�; �)] � (is) � tsi(�)

�
! [ eFi(6= s) � (is)] � tsi(�)

�
! eFi(6= s) �

�
tis(�)
(is)

�
= efi:

�áâ «®áì à §®¡à âì á«ãç ©, ª®£¤  j = s(! r 6= i). �¤¥áì   á®®â¢¥âáâ¢ãîé¨å ¬¥áâ å, ¨á¯®«ì-
§ãï à §«®¦¥¨¥ (14), ¯¯. I, IIb), IIc) ¨ á®®â®è¥¨¥ 3d), ¡ã¤¥¬ ¨¬¥âì

V = Fi(6= s) � [(is) � trs(�)] = [Fi(6= s) � dis(�; �)] � [tri(�) � trs(�)] � (is)
�
! [ eFi(6= s) � trs(�)] �

� tri(�) � (is)
�
! [ eFi(6= s) � tri(�)] � (is)

�
! eFi(6= s; r) �

�
tir(�)
(ir)

�
� (is):

� ¯¥à¢®¬ á«ãç ¥ á®¢  ¨¬¥¥¬ âà¥¡ã¥¬ãî ä®à¬ã V �
! [ eFi(6= s; r)� tir(�)]� (is) = eFi(6= s)� (is) = efi.

�â®à®© á«ãç © ¯à¨¢¥¤¥â ª
V

�
! eFi(6= s; r) � (ir) � (is):

�®ª ¦¥¬, çâ® ¯®á«¥¤¥¥ ¯à¥®¡à §®¢ ¨¥ ¬®¦® ¯à®¤®«¦¨âì ª ª V
�
! eFi(6= r) � (ir) = efi. �¥©-

áâ¢¨â¥«ì®, ¥á«¨ ¬ âà¨æ  (is) ¨¬¥¥â ¢¨¤ (i < s), â®, ¨á¯®«ì§ãï à¥§ã«ìâ âë (à §®¡à ëå) á«ãç -
¥¢ j = i(! r 6= s) ¨ r = i(! j 6= s), ¨§ IIIb) ¯à¨å®¤¨¬ ª V �

! [ eFi(6= s; r)�(ir)�tsi(�)]�tis(�)�tsi(�)
�
!

[ eFi(6= s; r) � (ir) � tis(�)] � tsi(�)
�
! eFi(6= s; r) � (ir) � tsi(�)

�
! eFi(6= s; r) � (ir) = efi. �«ãç ©, ª®£¤  (is)

¨¬¥¥â ¢¨¤ (s > i), â®ç® â ª ¦¥ ¯à¨¢®¤¨â ª V
�
! eFi(6= r) � (ir) = efi.

c) fi; sg\fr; jg = ;. �á¯®«ì§ãï à §«®¦¥¨¥ (15), ¯. I ¨ á®®â¢¥âáâ¢ãîé¨¥ á«ãç ¨ ¨§ ¯. II, ¡ã¤¥¬
¨¬¥âì

V = Fi(6= s) � [(is) � trj(�)] = [Fi(6= s) � dis(�; �)] � trj(�) � tri(�) � trs(�) � tsj(�) � tij(�) � (is)
�
!

�
! [ eFi(6= s) � trj(�)] � tri(�) � trs(�) � tsj(�) � tij(�) � (is)

�
! [ eFi(6= s) � tri(�)] � trs(�) � tsj(�) � tij(�) �

� (is) �
! [ eFi(6= s) � trs(�)] � tsj(�) � tij(�) � (is)

�
! [ eFi(6= s) � tsj(�)] � tij(�) � (is)

�
!

�
! [ eFi(6= s) � tij(�)] � (is)

�
! eFi(6= s) � (is) = efi:

�â ª, ¢® ¢á¥å á«ãç ïå ¯à¥®¡à §®¢ ¨¥ (
i
�
!) ¯à¨ ¯®¬®é¨ á®®â®è¥¨© 1{6 ¤¥©áâ¢¨â¥«ì® ¢ë-

¯®«ï¥âáï.

7. �à¥¤áâ ¢¨¬®áâì ¢ áâ ¤ àâ®¬ ¢¨¤¥

�à¥¤«®¦¥ë© §¤¥áì ¬¥â®¤ ¨á¯®«ì§ã¥â áâ ¤ àâë¥ (ª ®¨ç¥áª¨¥) ä®à¬ë í«¥¬¥â®¢ £àã¯-
¯ë GL�(n;�). �å ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. �«ï ¨¤¥ªá®¢ i, 1 � i < mn,  àï¤ã á ä®à¬ ¬¨
fi à áá¬®âà¨¬ ¢¥àâ¨ª «ìë¥ ä®à¬ë gi =

Q
q2Pi

tqi(�q) (áâã¯¥¨ i). � ª ç¥áâ¢¥ áâ ¤ àâëå ä®à¬

¢ GL�(n;�) ®¡êï¢«ï¥¬ ¢á¥¢®§¬®¦ë¥ ª®¬¡¨ æ¨¨  «ä ¢¨â  (5) ¢¨¤ 

g1 � g2 � � � � � gmn�1 � d1("1) � d2("2) � � � � � dmn("mn) � fmn�1 � � � � � f2 � f1: (sf)
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�ç¥¢¨¤®, ¯à¥¤áâ ¢«¥¨¥ ¬ âà¨æ ¨§ GL�(n;�) ¢ ¢¨¤¥ (sf) (¢®®¡é¥ £®¢®àï) ¥ ®¤®§ ç®. � íâ®¬
¯ãªâ¥ ¯®ª ¦¥¬, çâ® ¢áïª®¥ á«®¢®  «ä ¢¨â  (5) ¬®¦® ¯à¥®¡à §®¢ âì ª áâ ¤ àâ®¬ã ¢¨¤ã (sf),
¨á¯®«ì§ãï á®®â®è¥¨ï 1{6.

� áá¬®âà¨¬ á ç «  ¯®¤ «ä ¢¨â

tij(�); � 2 �r(i);r(j); 1 � j < i � mn; i � j; dk("); " 2 ��k; 1 � k � mn;

 «ä ¢¨â  (5). � íâ®¬ ¯®¤ «ä ¢¨â¥ ¢¢®¤¨¬ ®â®è¥¨ï �
!
i
, 1 � i < mn : W �

!
i
V â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  íâ¨ á«®¢  á¢ï§ ë á®®â®è¥¨¥¬ W = V �Y , £¤¥ Y | ¥ª®â®à®¥ á«®¢®, ¥ á®¤¥à¦ -
é¥¥ ¥¤¨ £® «ìë¥ ª¢ §¨âà á¢¥ªæ¨¨ ¢¨¤  tpq(�), p > q, q � i. �â®è¥¨ï �

!
i
â ª¦¥ ï¢«ïîâáï

à¥ä«¥ªá¨¢ë¬¨ ¨ âà §¨â¨¢ë¬¨.
� «ì¥©è¨¥ à ááã¦¤¥¨ï ¨á¯®«ì§ãîâ ¯à¥®¡à §®¢ ¨ï

trj(�) � gi(6= j; r) �
!
i
tri(�) � egi(6= j; r); r > j > i; (r > j > i)

£¤¥ egi(6= j; r) | ¥ª®â®à ï ¢¥àâ¨ª «ì ï ä®à¬  áâã¯¥¨ i (íâ® ¯à¥®¡à §®¢ ¨¥ á«¥¤ã¥â ¨§ 3c),
3a), 3d) ¨ 5, 2, (16)) ¨

trj(�) � gi(6= j) �
!
i
egi(6= j); r > j > i (19)

(egi(6= j) | â ª¦¥ ¥ª®â®à ï ¢¥àâ¨ª «ì ï ä®à¬  áâã¯¥¨ i, íâ® ¯à¥®¡à §®¢ ¨¥ á«¥¤ã¥â ¨§
3c), 3d), 3a), (16) ¨ ¯à¥®¡à §®¢ ¨ï (r > j > i)). �à¥®¡à §®¢ ¨¥ (r > j > i), ª ª ¢ «¥¬¬¥
2, ®¡®á®¢ë¢ ¥âáï ¨¤ãªæ¨¥© ¯® ç¨á«ã I (gi(6= j; r)) ¨ ¯à¨¬¥¥¨¥¬ ãª § ëå â ¬ á®®â®è¥-
¨©. �à¥®¡à §®¢ ¨¥ ¦¥ (19) «¥£ª® á«¥¤ã¥â ¨§ (r > j > i) ¨ ®â¬¥ç¥ëå á®®â®è¥¨© «¥¢ë¬¨
à ááã¦¤¥¨ï¬¨ ¨§ «¥¬¬ë 3. �â¨ ¯®¢â®àïîé¨¥áï (¤ã «ìë¥) ¯®¤à®¡®áâ¨ ®¯ãáª ¥¬.

�¥®à¥¬  2. �ãáâì § ¤   ¢¥àâ¨ª «ì ï ä®à¬  gi =
Q
q2Pi

tqi(�q) áâã¯¥¨ i, 1 � i < mn, y

®§ ç ¥â «¨¡® ¤¨ £® «ìãî ¡ãª¢ã dk("), «¨¡® ¦¥ ¥¤¨ £® «ìãî ª¢ §¨âà á¢¥ªæ¨î trj(�),
r > j � i. �®£¤  ¤«ï ¨å, ¯à¨¬¥ïï á®®â®è¥¨ï 2, (16), 3a), 3b), 5 ¨ (19), ¬®¦® ¢ë¯®«¨âì

¯à¥®¡à §®¢ ¨¥

V = y � gi
�
!
i
egi; ( �!

i
)

£¤¥ egi | ¥ª®â®à ï ¢¥àâ¨ª «ì ï ä®à¬  áâã¯¥¨ i.

�®ª § â¥«ìáâ¢®. �¤¥áì, ¯®¨¬ ï ¯®¤ �
! ®â®è¥¨ï �

!
i
, ¢®§¬®¦ë á«¥¤ãîé¨¥ á«ãç ¨.

a) �á«¨ y ¤¨ £® «ì , â® ¯à¥®¡à §®¢ ¨¥ ( �!
i
) ®áãé¥áâ¢«ï¥âáï ¯à¨ ¯®¬®é¨ á®®â®è¥¨ï 2.

b) y = trj(�), j = i. �á¯®«ì§ãï á®®â®è¥¨ï (áâàãªâãà®©) ¯¥à¥áâ ®¢®ç®áâ¨ (16) ¨ 3a),

âà¥¡ã¥¬ãî ä®à¬ã ¯®«ãç ¥¬ ¢ ¢¨¤¥ V = [tri(�) � tri(
z}|{
�r )] � egi(6= r) = tri(�) � egi(6= r) = egi.

c) y = tri(�), j > i. � íâ®¬ á«ãç ¥ ¯à¨¬¥¥¨¥ á®®â®è¥¨© (16), 3b), 2, ¯à¥®¡à §®¢ ¨ï (19),
  â ª¦¥ à §®¡à ®£® ¢ ¯. b) ¤ áâ

V = [trj(�) � tji(
z}|{
�j )] � egi( 6= j) = dj(�) � [tri(

z}|{
��j ) � tji(

z}|{
�j ) � trj(

z}|{
� ) � egi(6= j)] �

! tri(
z}|{
��j ) �

� tji(
z}|{
�j ) � [trj(

z}|{
� ) � egi(6= j)] �

! tri(
z}|{
��j ) � [tji(

z}|{
�j ) � egi(6= j)] = tri(

z}|{
��j ) � egi = egj : �

�¥à¥å®¤¨¬ ª ¢®¯à®áã ® áâ ¤ àâ®¬ áâà®¥¨¨ í«¥¬¥â®¢ £àã¯¯ë GL�(n;�). �ãáâì s(W ) ®§ -
ç ¥â ®¤ã (¥ ¢ ¦® ª ªãî) ¨§ áâ ¤ àâëå ä®à¬ á«®¢  W  «ä ¢¨â  (5).

�¥®à¥¬  3. �áïª®¥ á«®¢® W  «ä ¢¨â  (5) ¯à¨¬¥¥¨¥¬ á®®â®è¥¨© 1{6 ¬®¦® ¯à¨¢¥áâ¨

ª áâ ¤ àâ®¬ã ¢¨¤ã s(W ).
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�®ª § â¥«ìáâ¢®. �¥ â¥àïï ®¡é®áâ¨, § ¤ ®¥ á«®¢® ¬®¦® áç¨â âì ¯à¥¤áâ ¢«¥ë¬ ¢
¢¨¤¥

W
1
�
! f1 �X;

£¤¥ f1 | ¥ª®â®à ï (£®à¨§®â «ì ï) ä®à¬  áâã¯¥¨ 1,   X | á®®â¢¥âáâ¢ãîé¥¥ ¥© ¤®¯®«¥¨¥.
�ãáâì X = x � eX, â. ¥. x | ¯¥à¢ ï ¥ã«¥¢ ï ¡ãª¢  ¤®¯®«¥¨ï X. �à¨¬¥¥¨¥ ª áâëªã f1 � x

âà áä®à¬ æ¨®®© â¥®à¥¬ë 1 ¯à¨¢®¤¨â ª W
1
�
! f1 � eX, â. ¥. íâ®© ®¯¥à æ¨¥© á®ªà é¥  ¤«¨ 

¤®¯®«¥¨ï X. �à®¨§¢¥¤ï íâ¨ á®ªà é¥¨ï ¥áª®«ìª® à §, ¯à¨å®¤¨¬ ª § ¯¨á¨ W
1
�
! f1, â. ¥. ª

¯à¥¤áâ ¢«¥¨î ¢¨¤ 
W = X1 � f1;

£¤¥ á®£« á® ®¯à¥¤¥«¥¨î
1
�
! X1 ¥ á®¤¥à¦¨â ¥¤¨ £® «ìë¥ ¡ãª¢ë t1k(�), k > 1. �®áâã¯ ï

â®ç® â ª¨¬ ¦¥ ®¡à §®¬ á á®¬®¦¨â¥«¥¬ X1, ¨§ ¥£® ¢ë¤¥«ï¥¬ ä®à¬ã f2 (áâã¯¥¨ 2):

W = X2 � f2 � f1;

£¤¥ X2 | ¥ª®â®à®¥ á«®¢®, ¥ á®¤¥à¦ é¥¥ ¥¤¨ £® «ìë¥ ª¢ §¨âà á¢¥ªæ¨¨ ¢¨¤  tkr(�), k < r,
k � 2 ¨ â. ¤. �¯¨á ë© ¯à®æ¥áá ®âé¥¯«¥¨ï ä®à¬   (mn� 1)-¬ è £¥ ¤ ¥â

W = Xmn�1 � fmn�1 � � � � � f2 � f1;

£¤¥ á®¬®¦¨â¥«ì Xmn�1 á®áâ®¨â â®«ìª® ¨§ ¤¨ £® «ìëå ¡ãª¢ ¨ ª¢ §¨âà á¢¥ªæ¨¨ ¢¨¤  trk(�),
r > k.

� §«®¦¨¬ ¤ «¥¥ á«®¢® Xmn�1   á®¬®¦¨â¥«¨. �¥ ã¬ «ïï ®¡é®áâ¨ ¥£® ¬®¦® áç¨â âì
¯à¥¤áâ ¢«¥ë¬ ª ª

Xmn�1
�
!
1
Y � g1;

£¤¥ g1 | ¥ª®â®à ï ¢¥àâ¨ª «ì ï ä®à¬  áâã¯¥¨ 1, a Y | á®®â¢¥âáâ¢ãîé¥¥ ¥© ¤®¯®«¥¨¥.
�ãáâì Y = eY � y (â. ¥. y | ¯®á«¥¤ïï ¥ã«¥¢ ï ¡ãª¢  Y ). �à¨¬¥ïï ª áâëªã y � g1 â¥®à¥¬ã 2,
¡ã¤¥¬ ¨¬¥âì Xmn�1

�
!
1

eY � (y � g1)
�
!
1

eY � g1, â. ¥. íâ¨¬ ¤¥©áâ¢¨¥¬ ¤®¡¨¢ ¥¬áï ã¬¥ìè¥¨ï ¤«¨ë

¤®¯®«¥¨ï Y . �à®¤®«¦ ï íâ® á®ªà é¥¨¥, ç¥à¥§ ª®¥ç®¥ ç¨á«® è £®¢ ¯à¨å®¤¨¬ ª § ¯¨á¨
Xmn�1

�
!
1
g1. � íâ® ¯® ®¯à¥¤¥«¥¨î �

!
1
®§ ç ¥â, çâ® Xmn�1 = g1 � Y1, £¤¥ Y1 | ¥ª®â®à®¥ á«®¢®,

¥ á®¤¥à¦ é¥¥ ¥¤¨ £® «ìë¥ ª¢ §¨âà á¢¥ªæ¨¨ ¢¨¤  tr1(�), r > 1. �à¨¬¥ïï ª ¤®¯®«¥¨î Y1
®¯¨á ãî ¯à®æ¥¤ãàã ¥é¥ à §, ¢ë¤¥«ï¥¬ ¨§ ¥£® ä®à¬ã g2, â. ¥. ¡ã¤¥¬ ¨¬¥âì Xmn�1 = g1 �g2 �Y2,
£¤¥ Y2 ¥ á®¤¥à¦¨â ¥¤¨ £® «ìë¥ ª¢ §¨âà á¢¥ªæ¨¨ ¢¨¤  trk(�), r > k, k � 2, ¨ â. ¤. �¯¨á ë©
¯à®æ¥áá ®âé¥¯«¥¨ï ä®à¬   (mn � 1)-¬ è £¥ ¯à¨¢¥¤¥â ª Xmn�1 = g1 � g2 � � � � � gmn�1 � D, £¤¥
á«®¢® D ã¦¥ á®áâ®¨â â®«ìª® ¨§ ¤¨ £® «ìëå ¡ãª¢. �® á®®â®è¥¨ï¬¨ 1 «¥£ª® ¯à¥¤áâ ¢«ï¥âáï
¢ ¢¨¤¥ d1("1) � d2("2) � � � � � dmn("mn).

� ª¨¬ ®¡à §®¬, ¯à¨¬¥¥¨¥ á®®â®è¥¨© 1{6 ª § ¤ ®¬ã á«®¢ãW (¢  ¤«¥¦ é¥¬ ¯®àï¤ª¥)
¤¥©áâ¢¨â¥«ì® ¯à¨¢®¤¨â ¥£® ª ¢¨¤ã W = g1 � g2 � � � � � gmn�1 �D � fmn�1 � � � � � f2 � f1 = s(W ), £¤¥
D = d1("1) � d2("2) � � � � � dmn("mn).

8. �á®¢®© à¥§ã«ìâ â

� âà¨æã a = (aij) ¨§ M(n;�)  §®¢¥¬ à ¤¨ª «ì®©, ¥á«¨ ¤«ï ¥¥ aij 2 J ¯à¨ ¢á¥å i, j.
�ç¥¢¨¤®, á¨¬¢®« (is) ¡ã¤¥â à ¤¨ª «ìë¬ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  s = i. � «¥¥,
áâ ¤ àâ®¥ ¯à¥¤áâ ¢«¥¨¥ s(W ) ¡ã¤¥¬  §ë¢ âì à ¤¨ª «ìë¬, ¥á«¨ à ¤¨ª «ìë ¢á¥ ¥£® ¡ãª¢ë.
�â ¤ àâë¥ ¦¥ § ¯¨á¨ ¢¨¤ 

g1 � g2 � � � � � gn�1 � dm("1) � � � � � dmn("n) � F n�1 � � � � � F 2 � F 1;

£¤¥ gk = t(k+1)m;km(�k+1) � � � � � tnm;km(�n), F k = tkm;(k+1)m(�k+1) � � � � � tkm;nm(�n), "k 2 ��k,
k = 1; : : : ; n � 1,  §®¢¥¬ ¯à¨¢¥¤¥ë¬¨ áâ ¤ àâë¬¨ ä®à¬ ¬¨. �¨¦¥ s�(W ) ¡ã¤¥â ®§ ç âì
¯à¨¢¥¤¥ãî áâ ¤ àâãî ä®à¬ã á«®¢  W (¤®¯ãáª îé¥£® â ªãî § ¯¨áì).
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�¥¬¬  4. �ãáâì § ¤ ë à áè¨à¥ë¥ âà¥ã£®«ìë¥ ¬ âà¨æë x = (xij)i�j ¨ y = (yij)i<j ¨§
M(n;�). �®£¤  ¤«ï ¨å

x � y � 0! x � y � 0

(§¤¥áì � ®§ ç ¥â áà ¢¥¨¥ ¯® ¬®¤ã«î M(n; J)).

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¯®á«¥¤®¢ â¥«ì®£® à áá¬®âà¥¨ï áâ®«¡æ®¢ ¬ âà¨æë z = x � y,
í«¥¬¥âë ª®â®à®© ¯à¥¤áâ ¢«ïîâáï ä®à¬ã« ¬¨ zk1 � xk1, 1 � k � mn, zij � xij +

P
1�k<j

xikykj ¯à¨

1 < j � i ¨ zij � yij +
P

1�k�i
xikykj ¯à¨ i < j. �

�ä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â à ¡®âë.

�¥®à¥¬  4. �¡®¡é¥ ï ¯®« ï «¨¥© ï £àã¯¯  GL�(n;�), n � 2,  ¤ ¯®«ã«®ª «ìë¬ ª®«ì-

æ®¬ � ¢ ®¡à §ãîé¨å (5) ¯à¥¤áâ ¢«ï¥âáï á®®â®è¥¨ï¬¨ 1{ 6.

�®ª § â¥«ìáâ¢®. �ãáâì W = 0 | ¯à®¨§¢®«ì®¥ á®®â®è¥¨¥ £àã¯¯ë GL�(n;�) ¢  «ä ¢¨â¥
(5). �à¨¬¥ïï ª W â¥®à¥¬ã 3, ¯à¥¤áâ ¢¨¬ ¥£® ¢ ¢¨¤¥

s(W ) = g1 � � � � � gmn�1 �D � fmn�1 � � � � � f1 = 0; (20)

£¤¥ D = d1("1) � � � � � dmn("mn) | ¥ª®â®à®¥ ¤¨ £® «ì®¥ á«®¢®.
�®ª ¦¥¬, çâ® à ¢¥áâ¢® (20) ¢®§¬®¦® â®«ìª® ¯à¨ ãá«®¢¨¨ à ¤¨ª «ì®áâ¨ ä®à¬ë s(W ).

�à¨¬¥¥¨¥ ª (âà¥ã£®«ìë¬) á®¬®¦¨â¥«ï¬ x = g1 � � � � � gmn�1 �D ¨ y = fmn�1 � � � � � f1 «¥¬¬ë
4 ¤ ¥â g1 � � � � � gmn�1 �D � fmn�1 � � � � � f1 � 0.

� ©¬¥¬áï á ç «  ¯¥à¢ë¬ ¨§ íâ¨å áà ¢¥¨©. �ãáâì gi =
Q
q2Pi

tqi(�qi) ¨D = diag(�1; �2; : : : ; �mn)

| ¥£® ¤¨ £® «ìë© á®¬®¦¨â¥«ì ¢ à áè¨à¥®© ä®à¬¥. �¥£ª® ¯à®¢¥à¨âì, çâ® í«¥¬¥âë ¬ -

âà¨æë x = (xij) ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ xkk =
z}|{
�k ¨ xqi =

z}|{
�qi +

z}|{
�qi

z}|{
�i (1 � k � mn,

1 � i < q � mn). �®á«¥¤¥¥ ¢¢¨¤ã x � 0 ¢®§¬®¦® â®«ìª® ¯à¨ �k � �qi � 0 (k, q, i ¯à®¡¥£ îâ
ãª § ë¥ § ç¥¨ï). �à ¢¥¨ï �k � 0 ¢ á¢®î ®ç¥à¥¤ì ¢«¥ªãâ §  á®¡®© "k � 0, 1 � k � mn.

�¥à¥å®¤¨¬ â¥¯¥àì ª á®¬®¦¨â¥«î y = fmn�1 � � � � � f1 � 0. �®áª®«ìªã §¤¥áì ¯¥à¢ë¥ áâà®ª¨
y ¨ á®¬®¦¨â¥«ï f1 áà ¢¨¬ë, ¨¬¥¥¬ f1 � 0. �®ªà é¥¨¥ ®¡¥¨å ç áâ¥© y � 0 (á¯à ¢ )   f1
¤ áâ fmn�1 � � � � � f2 � 0, çâ®   «®£¨çë¬ ®¡à §®¬ ¢«¥ç¥â §  á®¡®© f2 � 0 ¨ â. ¤. �  (mn� 2)-¬
è £¥ ¯à¨å®¤¨¬ ª fmn�2 � fmn�1 � 0. �ãáâì â¥¯¥àì fi = Fi � (is) (1 � i < mn) | ¯à®¨§¢®«ìë©
á®¬®¦¨â¥«ì ¨§ y. �á«¨ ¤®¯ãáâ¨âì, çâ® s > i, â® íâ® ¡ã¤¥â ®§ ç âì áà ¢¨¬®áâì ¯®§¨æ¨¨ hi; ii
ä®à¬ë y á í«¥¬¥â®¬ �ei. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® y á¢®¨ á®¬®¦¨â¥«¨ fi
¬®¦¥â á®¤¥à¦ âì â®«ìª® ¢ ¢¨¤¥ fi = Fi =

Q
q2Pi

tiq(�iq). �âáî¤  ã¦¥ ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ãîâ

áà ¢¥¨ï �iq � yiq � 0 ¯à¨ ¢á¥å 1 � i < q � mn. �â ª, á®®â®è¥¨¥ (20) ¢®§¬®¦® â®«ìª®
â®£¤ , ª®£¤  ®® ¨¬¥¥â ¢¨¤

s(W ) = g1 � � � � � gmn�1 �D � Fmn�1 � � � � � F1 = 0 (21)

¨ ª®£¤  s(W ) à ¤¨ª «ì .
�®ª ¦¥¬, çâ® ä®à¬ã s(W ) ¨§ (21) (¯à¨ ¯®¬®é¨ á®®â®è¥¨© 1{5) ¬®¦® ¯à¥®¡à §®¢ âì ª

¯à¨¢¥¤¥®¬ã ¢¨¤ã. � áá¬®âà¨¬ ¤«ï ¯à®¨§¢®«ì®£® k, 1 � k < n, ®âà¥§®ª eF k = Fkm � Fkm�1 �
� � � � F(k�1)m+1 ¨§ (21). �ãáâì Fi | ¯à®¨§¢®«ìë© á®¬®¦¨â¥«ì eF k ¨ q 2 Pi. �à®¨§¢¥¤ï § ¬¥ë
tiq(�iq) = dk(�iq) ¯à¨ p(q) = k ¨ tiq(�iq) = tmk;mp(q)(�iq) ¢ á«ãç ¥ p(q) > k (¢¢¨¤ã á®â®è¥¨ï
5), ¯à¨¬¥ïï § â¥¬ 1 ¨ 3a), ¯à¥¤áâ ¢¨¬ ¥£® ¢ ¢¨¤¥ Fi = dkm(�) � tkm;(k+1)m(�) � � � � � tkm;nm(�).
�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ eF k ¨ á®¡¨à ï ¨å ¯à¨ ¯®¬®é¨ á®®â®è¥¨ï ¯¥à¥áâ ®¢®ç®áâ¨
tkm;rm(�) � tkm;sm(�) = tkm;sm(�) � tkm;rm(�), r 6= s (®® á«¥¤ã¥â ¨§ 3c)), ¨ 3a), 2, 1, ¤«ï íâ®£®
®âà¥§ª  ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥

eF k = dkm(�k) � tkm;(k+1)m(�k+1) � � � � � tkm;nm(�n) = dkm(�k) � F k:

40



� çâ® ª á ¥âáï ¥¯®«®£® ®âà¥§ª  Fmn�1 �Fmn�2 � � � � �F(n�1)m+1 ¨§ (21), â® ® á®®â®è¥¨ï¬¨ 5
¨ 1a) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ dmn(�). � «®£¨ç® ¤®ª §ë¢ îâáï ¨ ¯à¥¤áâ ¢«¥¨ï

egk = g(k�1)m+1 � � � � � gkm = gk � dkm(�k) (1 � k < n); g(n�1)m+1 � � � � � gnm�1 = dmn(�)

¯à¨ ¯®¬®é¨ á®®â®è¥¨© 1, 2, 3a), 3c), 5. �®¤áâ ¢«ïï  ©¤¥ë¥ ¢ëà ¦¥¨ï ¢ (21) ¨ ¯à¨¬¥ïï
1, 2, ¤¥©áâ¢¨â¥«ì® ¯à¨å®¤¨¬ ª

s�(W ) = g1 � � � � � gn�1 �D1 � F n�1 � � � � � F 1 = 0; (22)

£¤¥ D1 = dm("1) � d2m("2) � � � � � dnm("n).
�à¨ ¨áâ®«ª®¢ ¨¨ s�(W ) ¨§ (22) ª ª ¥à áè¨à¥®© (â. ¥. ®¡ëç®©) ¬ âà¨æë ¨§ GL�(n;�) ¥¥

¯¥à¢®© áâà®ª®© ¡ã¤¥â
h"1; �2 + "1�2; : : : ; �n + "1�ni;

¨ ®  à ¢  ã«î. �âáî¤  ¯®«ãç ¥¬ "1 = �2 = � � � = �n = 0. � «®£¨çë¥ à ááã¦¤¥¨ï ®â®-
á¨â¥«ì® ¯¥à¢®£® áâ®«¡æ  s�(W ) ¯®ª §ë¢ îâ   à ¢¥áâ¢® ã«î ¨ ¢á¥å  à£ã¬¥â®¢ ä®à¬ë g1.
�®£¤  (22) ¯à¨¬¥â ¢¨¤

s�(W ) = g2 � � � � � gn�1 �D2 � F n�1 � � � � � F 2 = 0;

£¤¥ D2 = d2m("2) � � � � � dnm("n). �âáî¤  â®ç® â ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç ¥¬ à ¢¥áâ¢® ã«î ¢á¥å
 à£ã¬¥â®¢ ä®à¬ g2, F 2 ¨ "2 = 0 ¨ â. ¤. �¯¨á ë© ¯à®æ¥áá  ã«ïæ¨¨   (n � 1)-¬ è £¥ ¤ áâ
à ¢¥áâ¢® ã«î â ª¦¥  à£ã¬¥â®¢ ä®à¬ gn�1, F n�1 ¨ "n�1 = "n = 0.

�â ª, à ¢¥áâ¢® (22) ¢®§¬®¦® â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¥£® ä®à¬  s�(W ) £à ¬¬ â¨ç¥áª¨
ã«¥¢ ï. �â® ¨ ®§ ç ¥â ¢ë¢®¤¨¬®áâì § ¤ ®£® á®®â®è¥¨ï W = 0 ¨§ á®®â®è¥¨© 1{ 6.

�â¬¥â¨¬, çâ® ¢ ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  ®á®¢®© â¥®à¥¬ë 4 á®®â®è¥¨ï 6 ¡ë«¨ ¨á¯®«ì-
§®¢ ë â®«ìª®   â¥å ®¬¥à å i, 1 � i < mn, ¤«ï ª®â®àëå j�ij = 2 (â. ¥. â®£¤ , ª®£¤  áà¥¤¨
â¥« ¢ëç¥â®¢ ª®«ìæ  � ¢áâà¥ç ¥âáï ¯®«¥ GF (2) ¨§ ¤¢ãå í«¥¬¥â®¢). �®íâ®¬ã ¢ á«ãç ïå, ª®£¤ 
j�ij � 3 ¯à¨ ¢á¥å 1 � i � m, ®á®¢®© à¥§ã«ìâ â ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢  â ª¨¬ ®¡à §®¬.

�¥®à¥¬  5. �¡®¡é¥ ï ¯®« ï «¨¥© ï £àã¯¯  GL�(n;�), n � 2,  ¤ ¯®«ã«®ª «ìë¬ ª®«ì-

æ®¬ �, ¢á¥ â¥«  ¢ëç¥â®¢ ª®â®à®£® á®¤¥à¦ â ¥ ¬¥¥¥ âà¥å í«¥¬¥â®¢, ¢ ®¡à §ãîé¨å (5)
§ ¤ ¥âáï á®®â®è¥¨ï¬¨ 1{5.

� § ª«îç¥¨¥  ¢â®à ¨áªà¥¥ ¡« £®¤ à¨â �.�. �®¬ ®¢áª®£® ¨ �.�.� §ãà®¢  §  ¯®«¥§ë¥ ®¡-
áã¦¤¥¨ï. � ¢ëà ¦ ¥â ¯à¨§ â¥«ì®áâì â ª¦¥ à¥æ¥§¥âã §  æ¥ë¥ à¥ª®¬¥¤ æ¨¨ ¯® ãáâà -
¥¨î ¥¤®áâ âª®¢ ¯à¨ ¨§«®¦¥¨¨.
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