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1. �¢¥¤¥¨¥

�¥®à¨¥â¨à®¢ ë¬ £à ä®¬ (¤ «¥¥: £à ä®¬)  §ë¢ ¥âáï ¯ à  G = (V; �), £¤¥ � | á¨¬¬¥-
âà¨ç®¥ ¨  â¨à¥ä«¥ªá¨¢®¥ ®â®è¥¨¥   ¬®¦¥áâ¢¥ ¢¥àè¨ V . �â¥¯¥ìî ¢¥àè¨ë v ¢ ¥-
®à¨¥â¨à®¢ ®¬ £à ä¥ ¡ã¤¥¬  §ë¢ âì ç¨á«® ¢¥àè¨, á¬¥¦ëå á v, ¨ ®¡®§ ç âì d(v). � ¡®à
ç¨á¥«, ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¢¥àè¨ £à ä  G,  §ë¢ îâ áâ¥¯¥ë¬ ¬®¦¥áâ¢®¬,   ¢¥ªâ®à,
á®áâ ¢«¥ë© ¨§ áâ¥¯¥¥© ¢¥àè¨ £à ä  ¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï, | ¢¥ªâ®à®¬ áâ¥¯¥¥©. �®¢®àïâ,
çâ® £à ä ï¢«ï¥âáï à¥ «¨§ æ¨¥© á¢®¥£® ¢¥ªâ®à  áâ¥¯¥¥©. �à ä, ï¢«ïîé¨©áï ¥¤¨áâ¢¥®© à¥-
 «¨§ æ¨¥© á¢®¥£® ¢¥ªâ®à  áâ¥¯¥¥©,  §ë¢ îâ ã¨£à ä®¬. �à ä, ¢á¥ ¢¥àè¨ë ª®â®à®£® ¨¬¥îâ
®¤¨ ª®¢ãî áâ¥¯¥ì p,  §ë¢ îâ ®¤®à®¤ë¬ ¨«¨ à¥£ã«ïàë¬ £à ä®¬ ¯®àï¤ª  p. �¤¥áì ¨ ¤ «¥¥
®¯à¥¤¥«¥¨ï ¤ îâáï ¯® [1].

�®¤£à ä®¬ £à ä G = (V; �)  §ë¢ ¥âáï ¯ à G0 = (V 0; �0), £¤¥ V 0 � V ¨ �0 = (V 0�V 0)\�. �«®-
¦¥¨¥¬ £à ä  G1 = (V1; �1) ¢ £à ä G2 = (V2; �2)  §ë¢ ¥âáï â ª®¥ ¢§ ¨¬® ®¤®§ ç®¥ ®â®¡à -
¦¥¨¥ f : V1 ! V2, çâ® ¤«ï «î¡ëå u; v 2 V1 ¢ë¯®«ï¥âáï ãá«®¢¨¥ ((u; v)2�1)) ((f(u); f(v))2�2).

� §®¢¥¬ £à ä G3 = (V3; �3) k-à áè¨à¥¨¥¬ £à ä  G = (V; �), ¥á«¨ £à ä G ¢«®¦¨¬ ¢ ª ¦¤ë©
¯®¤£à ä £à ä  G3, ¯®«ãç îé¨©áï ã¤ «¥¨¥¬ «î¡ëå ¥£® k ¢¥àè¨ ¨ ¢á¥å á¢ï§ ëå á ¨¬¨
à¥¡¥à. �à ä Gt = (Vt; at)  §ë¢ ¥âáï âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬ £à ä  G = (V; a), ¥á«¨ £à ä
Gt ¯®«ãç ¥âáï ¨§ £à ä  G ¤®¡ ¢«¥¨¥¬ k ¢¥àè¨ ¨ á®¥¤¨¥¨¥¬ ¨å á® ¢á¥¬¨ ¢¥àè¨ ¬¨ £à ä 
G ¨ ¤àã£ á ¤àã£®¬, â. ¥. £à ä Gt ¥áâì á®¥¤¨¥¨¥ £à ä  G ¨ ¯®«®£® £à ä  Kk = (Vk; Vk � Vk).
�ç¥¢¨¤®, âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ £à ä  ï¢«ï¥âáï ¨ ¥£® k-à áè¨à¥¨¥¬, ¯à¨ç¥¬ jVtj = jV j+k.

�à ä G� = (V �; ��)  §ë¢ ¥âáï ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬ £à ä  G = (V; �), ¥á«¨ ¢ë¯®«-
ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) G� ï¢«ï¥âáï k-à áè¨à¥¨¥¬ G;
2) jV �j = jV j+ k;
3) �� ¨¬¥¥â ¬¨¨¬ «ìãî ¬®é®áâì ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© 1) ¨ 2).
�ç¥¢¨¤ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  1. �î¡®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ á¢ï§®£® £à ä  ¥ á®¤¥à¦¨â ¢¥àè¨ á® áâ¥-

¯¥ìî ¨¦¥ (k + 1).

�¥¬¬  2. �ãáâì  ¨¡®«ìè ï ¨§ áâ¥¯¥¥© ¢¥àè¨ £à ä  G ¥áâì s ¨ ¢ â®ç®áâ¨ m ¢¥àè¨

¨¬¥îâ â ªãî áâ¥¯¥ì, â®£¤  ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä  G á®¤¥à¦¨â, ¯® ªà ©¥© ¬¥à¥,

(k +m) ¢¥àè¨ á® áâ¥¯¥ìî ¥ ¨¦¥ s.

�¥¬¬  3. �á«¨ ¬ ªá¨¬ «ì ï áâ¥¯¥ì ¢¥àè¨ë £à ä  G ¥áâì d, â® ¥£® ¬¨¨¬ «ì®¥ k-
à áè¨à¥¨¥ á®¤¥à¦¨â ¥ ¬¥¥¥ kd ¤®¯®«¨â¥«ìëå à¥¡¥à.

� ¤ ç  ®¯à¥¤¥«¥¨ï ¬¨¨¬ «ì®£® k-à áè¨à¥¨ï £à ä  ¢ ®¡é¥¬ á«ãç ¥ ï¢«ï¥âáï NP-¯®«®©
[2], ¯®íâ®¬ã ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á ¯®¨áª ª« áá®¢ £à ä®¢, ¤«ï ª®â®àëå ¬®¦®   «¨â¨ç¥áª¨
®¯à¥¤¥«¨âì ¢¨¤ ¬¨¨¬ «ìëå k-à áè¨à¥¨©. B [3] à áá¬ âà¨¢ ¥âáï £à ä ª ª ¬®¤¥«ì ¥ª®â®à®©
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â¥å¨ç¥áª®© á¨áâ¥¬ë. �¥àè¨ë £à äa| ¥¥ í«¥¬¥âë,   à¥¡à  | á¢ï§¨ ¬¥¦¤ã í«¥¬¥â ¬¨ á¨áâ¥-
¬ë. �âª § í«¥¬¥â  á¨áâ¥¬ë à áá¬ âà¨¢ ¥âáï ª ª ã¤ «¥¨¥ á®®â¢¥âáâ¢ãîé¥© í«¥¬¥âã ¢¥àè¨-
ë ¨ ¢á¥å ¨æ¨¤¥âëå ¥© à¥¡¥à. �à¨ â ª®© ¨â¥à¯à¥â æ¨¨ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä ,
¬®¤¥«¨àãîé¥£® ¥ª®â®àãî á¨áâ¥¬ã

P
, ï¢«ï¥âáï ¬®¤¥«ìî ®¯â¨¬ «ì®© k-®âª §®ãáâ®©ç¨¢®© à¥-

 «¨§ æ¨¨ (O-k-���) á¨áâ¥¬ë
P
. �¥©§ ¯à¥¤«®¦¨« O-k-��� ¤«ï ¥ª®â®àëå ª« áá®¢ £à ä®¢: ¤«ï

æ¥¯¨, æ¨ª«  ¨ ¯®¬¥ç¥®£® ¤¥à¥¢ . �¥¯ìî Pn  §ë¢ ¥âáï £à ä G = (V; �), £¤¥ V = fv1; v2; : : : ; vng
¨ � = f(vi; vj) : ji � jj = 1g; æ¨ª«®¬ Cn | £à ä G = (V; �), £¤¥ V = fv1; v2; : : : ; vng ¨
� = f(vi; vj) : ji � jj = 1g [ f(v1; vn); (vn; v1)g;   ¤¥à¥¢®¬  §ë¢ ¥âáï á¢ï§ë© £à ä ¡¥§ æ¨ª«®¢.
� ¤ ®© áâ âì¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï ¬¨¨¬ «ìë¥ k-à áè¨à¥¨ï (¤ «¥¥ ¡ã¤¥¬ £®¢®à¨âì:
à áè¨à¥¨¥, âà¨¢¨ «ì®¥ à áè¨à¥¨¥ ¨ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥, ¨¬¥ï ¢ ¢¨¤ã 1-à áè¨à¥¨¥,
âà¨¢¨ «ì®¥ 1-à áè¨à¥¨¥ ¨ ¬¨¨¬ «ì®¥ 1-à áè¨à¥¨¥ á®®â¢¥âáâ¢¥®) ¥®à¨¥â¨à®¢ ëå
£à ä®¢ ¡¥§ ¬¥â®ª.

�¥¬¬  4. �¤®à®¤ë© n-¢¥àè¨ë© £à ä ¯®àï¤ª  (n� 2), £¤¥ n ç¥â®¥, ï¢«ï¥âáï ã¨£à -

ä®¬.

�®ª § â¥«ìáâ¢®. �ãáâì G| ®¤®à®¤ë© n-¢¥àè¨ë© £à ä ¯®àï¤ª  (n�2),   G0 | ¤®¯®«-
¥¨¥ G ¤® ¯®«®£® £à ä . �à ä G0 ï¢«ï¥âáï ®¤®à®¤ë¬ n-¢¥àè¨ë¬ ¯®àï¤ª  1, ¥£® ¢¥ªâ®à
áâ¥¯¥¥© ¨¬¥¥â ¢¨¤ (1; 1; : : : ; 1). �ç¥¢¨¤®, â ª®© ¢¥ªâ®à áâ¥¯¥¥© ®¯à¥¤¥«ï¥â ã¨£à ä,   á«¥¤®-
¢ â¥«ì®, ã¨£à ä®¬ ï¢«ï¥âáï ¨ £à ä G.

�¡®§ ç¨¬ ®¤®à®¤ë© n-¢¥àè¨ë© ã¨£à ä áâ¥¯¥¨ (n� 2), n ç¥â®¥, ç¥à¥§ Rn;n�2.

�«¥¤áâ¢¨¥ 1. �«ï n = 2k + 1, k 2 N , ¢¥ªâ®à áâ¥¯¥¥© (n � 1; n � 2; : : : ; n � 2) ®¯à¥¤¥«ï¥â
n-¢¥àè¨ë© ã¨£à ä.

�«¥¤áâ¢¨¥ 2. �î¡®© n-¢¥àè¨ë© £à ä ¯à¨ n � 2 á® áâ¥¯¥ë¬ ¬®¦¥áâ¢®¬ (n� 1; n� 2)
ï¢«ï¥âáï ã¨£à ä®¬.

2. �¨¨¬ «ìë¥ à áè¨à¥¨ï ¯à¥¤¯®«ëå £à ä®¢

�¯à¥¤¥«¥¨¥ 1. � n-¢¥àè¨®¬ £à ä¥  §®¢¥¬ ¯®«®© ¢¥àè¨ã áâ¥¯¥¨ (n� 1). �à ä, ¢á¥
¢¥àè¨ë ª®â®à®£® ¯®«ë¥,  §ë¢ ¥âáï ¯®«ë¬ £à ä®¬. � §®¢¥¬ «î¡®© £à ä, ¨¬¥îé¨© ¯®«ë¥
¢¥àè¨ë, ¯à¥¤¯®«ë¬.

�â¢¥à¦¤¥¨¥. �¨á«® ¢á¥å ¥¨§®¬®àäëå ¥¯®¬¥ç¥ëå n-¢¥àè¨ëå ¯à¥¤¯®«ëå £à ä®¢
à ¢® ç¨á«ã ¢á¥å ¥¨§®¬®àäëå ¥¯®¬¥ç¥ëå (n� 1)-¢¥àè¨ëå £à ä®¢.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«ë© £à ä á®¤¥à¦¨â å®âï ¡ë ®¤ã ¯®«ãî ¢¥àè¨ã. � áá¬®âà¨¬
¢á¥ ¥¨§®¬®àäë¥ (n� 1)-¢¥àè¨ë¥ £à äë. � ¦¤®¬ã (n� 1)-¢¥àè¨®¬ã £à äã á®®â¢¥âáâ¢ã-
¥â ¥¤¨áâ¢¥ë© á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¯à¥¤¯®«ë© £à ä, ¯®«ãç îé¨©áï ¤®¡ ¢«¥¨¥¬
¯®«®© ¢¥àè¨ë. �  ®¡®à®â, ª ¦¤®¬ã ¯à¥¤¯®«®¬ã n-¢¥àè¨®¬ã £à äã á®®â¢¥âáâ¢ã¥â ¥¤¨-
áâ¢¥ë© á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  (n� 1)-¢¥àè¨ë© £à ä, ¯®«ãç îé¨©áï ã¤ «¥¨¥¬ «î-
¡®© ¯®«®© ¢¥àè¨ë. � á¨«ã ãáâ ®¢«¥®£® ¢§ ¨¬® ®¤®§ ç®£® á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ¢á¥¬¨
(n� 1)-¢¥àè¨ë¬¨ £à ä ¬¨ ¨ n-¢¥àè¨ë¬¨ ¯à¥¤¯®«ë¬¨ £à ä ¬¨ ¯®«ãç ¥¬ ¤®ª §ë¢ ¥¬®¥
ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  1. �â®á¨â¥«ì® ¯à¥¤¯®«ëå £à ä®¢ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

1. �à¨ ç¥â®¬ n «î¡®© n-¢¥àè¨ë© ¯à¥¤¯®«ë© £à ä ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®áâìî

¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ à áè¨à¥¨¥, ï¢«ïîé¥¥áï âà¨¢¨ «ìë¬.

2. �à¨ ¥ç¥â®¬ n ®áãé¥áâ¢«ïîâáï âà¨ ¢ à¨ â :
 ) ¯à¨ n � 3 áãé¥áâ¢ã¥â ®¤¨ ¨ â®«ìª® ®¤¨ n-¢¥àè¨ë© ¯à¥¤¯®«ë© £à ä Gnp1, ¤«ï

ª®â®à®£® âà¨¢¨ «ì®¥ 1-à áè¨à¥¨¥ ¥ ï¢«ï¥âáï ¬¨¨¬ «ìë¬, ¯à¨ íâ®¬ £à ä

Gnp1 ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ à áè¨à¥¨¥

¨ ®® á®¤¥à¦¨â (n� 1) ¤®¯®«¨â¥«ìëå à¥¡¥à;
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¡) ¯à¨ n � 5 áãé¥áâ¢ã¥â ®¤¨ ¨ â®«ìª® ®¤¨ n-¢¥àè¨ë© ¯à¥¤¯®«ë© £à ä Gnp2,

¨¬¥îé¨© ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå à áè¨à¥¨ï (®¤® ¨§ ª®â®àëå âà¨¢¨-

 «ì®¥);
¢) «î¡®© ¤àã£®© n-¢¥àè¨ë© ¯à¥¤¯®«ë© £à ä, ªà®¬¥ Gnp1 ¨ Gnp2, ¨¬¥¥â ¥¤¨áâ¢¥-

®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ à áè¨à¥¨¥, ª®â®à®¥ âà¨¢¨ «ì®.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ G ¯à¥¤¯®«ë© n-¢¥àè¨ë© £à ä,   ç¥à¥§ G� | ¥ª®-
â®à®¥ ¥£® ¬¨¨¬ «ì®¥ à áè¨à¥¨¥.

I. �ãáâì £à ä G� ¨¬¥¥â å®âï ¡ë ®¤ã ¯®«ãî ¢¥àè¨ã,  ¯à¨¬¥à v. �¤ «¥¨¥ â ª®© ¢¥àè¨ë
¯à¨¢®¤¨â ª ã¤ «¥¨î n à¥¡¥à, á«¥¤®¢ â¥«ì®, £à ä G� ®â«¨ç ¥âáï ®â G   n à¥¡¥à. � ç¨â, G��v
¨§®¬®àä¥ G. �«¥¤®¢ â¥«ì®, G� ¥áâì âà¨¢¨ «ì®¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ £à ä  G. � ª¨¬
®¡à §®¬, ¯®«ãç ¥¬, çâ® ¥á«¨ ¯à¥¤¯®«ë© £à ä G ¨¬¥¥â ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ G� á ¯®«®©
¢¥àè¨®©, â® G� ¥áâì âà¨¢¨ «ì®¥ à áè¨à¥¨¥, ¯à¨ç¥¬ ¤àã£¨å ¥¨§®¬®àäëå G� ¬¨¨¬ «ìëå
à áè¨à¥¨© á ¯®«ë¬¨ ¢¥àè¨ ¬¨ £à ä G ¨¬¥âì ¥ ¬®¦¥â.

II. �ãáâì G� ¥ ¨¬¥¥â ¯®«ëå ¢¥àè¨, â®£¤  ¬ ªá¨¬ «ì ï áâ¥¯¥ì ¥£® ¢¥àè¨ ¥áâì (n� 1).
�ãáâì ¢¥àè¨  v £à ä  G� ¨¬¥¥â áâ¥¯¥ì (n� 1). �¥àè¨  v á®¥¤¨¥  á® ¢á¥¬¨ ¢¥àè¨ ¬¨ G�,
ªà®¬¥ ®¤®©. �®£¤  ¢ £à ä¥ G��v ¬®¦¥â ¡ëâì ¥¤¨áâ¢¥ ï ¢¥àè¨  áâ¥¯¥¨ (n�1),   ¨¬¥®,
¢¥àè¨ , ¥ á¬¥¦ ï á v. �¡®§ ç¨¬ ¥¥ ç¥à¥§ u. �â ª, ã¤ «¥¨¥ ®¤®© ¨§ ¢¥àè¨ ¬¨¨¬ «ì®£®
à áè¨à¥¨ï G� ¯à¥¤¯®«®£® £à ä  G ¤ ¥â ¯à¥¤¯®«ë© £à ä á ¥¤¨áâ¢¥®© ¯®«®© ¢¥àè¨®©.
�ë¢®¤: ¥á«¨ G ¨¬¥¥â ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¡¥§ ¯®«ëå ¢¥àè¨, â® ¢ G ¥áâì â®«ìª® ®¤  ¯®«-
 ï ¢¥àè¨ . � £à ä¥ G� ¥á¬¥¦ë¥ ¢¥àè¨ë u ¨ v á¬¥¦ë á® ¢á¥¬¨ ®áâ «ìë¬¨ ¢¥àè¨ ¬¨,
áâ¥¯¥¨ ª®â®àëå ¥ ¢ëè¥ (n� 1). �®£¤  ã¤ «¥¨¥ «î¡®© ¢¥àè¨ë G�, ªà®¬¥ u ¨«¨ v,  ¯à¨¬¥à
u1, ¯à¨¢¥¤¥â ª ã¬¥ìè¥¨î áâ¥¯¥¨ ¢¥àè¨ u ¨ v ¢ £à ä¥ G�� u1   ¥¤¨¨æã. �«¥¤®¢ â¥«ì®, ¢
£à ä¥ G� áãé¥áâ¢ã¥â ¥é¥ ®¤  ¢¥àè¨  áâ¥¯¥¨ (n� 1) | ¢¥àè¨ , ¥ á¬¥¦ ï á u1. �®¢â®àïï
¯à¥¤ë¤ãé¥¥ à ááã¦¤¥¨¥ ®â®á¨â¥«ì® íâ®© ¢¥àè¨ë, ¯®«ãç¨¬, çâ® áâ¥¯¥ì u1 â®¦¥ ¤®«¦ 
¡ëâì (n � 1). �¤ ª® ¬ë ¯à®¨§¢®«ì® ¢ë¡à «¨ ¢¥àè¨ã u1. � ç¨â, áâ¥¯¥ì «î¡®© ¢¥àè¨ë
£à ä  G� ¥áâì (n� 1). �â ª, £à ä G, ¯à® ª®â®àë© ¨§¢¥áâ®, çâ® ® ¨¬¥¥â â®«ìª® ®¤ã ¯®«ãî
¢¥àè¨ã, ¬®¦¥â ¨¬¥âì ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¡¥§ ¯®«ëå ¢¥àè¨, ¨ ¥á«¨ ® ¨¬¥¥â â ª®¥ ¬¨-
¨¬ «ì®¥ à áè¨à¥¨¥, â® ¨¬ ï¢«ï¥âáï ®¤®à®¤ë© £à ä ¯®àï¤ª  (n� 1). �à¨ ç¥â®¬ n ç¨á«®
(n� 1)(n+1) ¥ç¥â® ¨ ¢ á¨«ã â¥®à¥¬ë ® ¥®¡å®¤¨¬®© ç¥â®áâ¨ áã¬¬ë áâ¥¯¥¥© ¢¥àè¨ £à ä 
¯®«ãç ¥¬, çâ® ¯à¨ ç¥â®¬ n ¨ ¤«ï ª ª®£® ¯à¥¤¯®«®£® n-¢¥àè¨®£® £à ä  ¥«ì§ï ¯®áâà®¨âì
¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¡¥§ ¯®«ëå ¢¥àè¨, á«¥¤®¢ â¥«ì®, ¥¤¨áâ¢¥®¥ ¥£® ¬¨¨¬ «ì®¥
à áè¨à¥¨¥ âà¨¢¨ «ì®. �â® ¤®ª §ë¢ ¥â ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�â ª, n ¥ç¥â®¥, ¢¥ªâ®à áâ¥¯¥¥© £à ä  G� ¥áâì (n� 1; : : : ; n� 1) ¨ ¢ á¨«ã «¥¬¬ë 4 G� |
ã¨£à ä. �¤ «¥¨¥ «î¡®© ¥£® ¢¥àè¨ë ¤ ¥â £à ä á ¢¥ªâ®à®¬ áâ¥¯¥¥© (n� 1; n� 2; : : : ; n� 2) ¨
ç¨á«®¬ à¥¡¥à,   (n � 1) ¬¥ìè¨¬, ç¥¬ ¢ G�. � ¤àã£®© áâ®à®ë, £à ä G� ®â«¨ç ¥âáï ®â £à ä 
G ¥ ¬¥¥¥, ç¥¬   (n� 1) («¥¬¬  3), ¨ ¥ ¡®«¥¥, ç¥¬   n à¥¡¥à. � áá¬®âà¨¬ ª ¦¤ë© ¨§ íâ¨å
á«ãç ¥¢.

1. �ãáâì G ®â«¨ç ¥âáï ®â G�   (n � 1) à¥¡à®. �®£¤  ¢¥ªâ®à áâ¥¯¥¥© £à ä  G ¤®«¦¥
¨¬¥âì ¢¨¤ (n � 1; n � 2; : : : ; n � 2). �® á«¥¤áâ¢¨î 1 ¨§ «¥¬¬ë 4 G | ã¨£à ä. �â ª, ¥á«¨ ¨
áãé¥áâ¢ã¥â ¯à¥¤¯®«ë© £à ä, ¨¬¥îé¨© ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ á ç¨á«®¬ ¤®¯®«¨â¥«ìëå
à¥¡¥à, ¬¥ìè¨¬, ç¥¬ ã âà¨¢¨ «ì®£® à áè¨à¥¨ï, â® íâ®â £à ä ¨¬¥¥â ¢¥ªâ®à áâ¥¯¥¥© (n � 1,
n � 2; : : : ; n � 2),   ¥£® ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¨¬¥¥â (n � 1) ¤®¯®«¨â¥«ì®¥ à¥¡à® ¨ ¢¥ªâ®à
áâ¥¯¥¥© (n � 1; : : : ; n � 1). �®á«¥¤¨© ¢¥ªâ®à áâ¥¯¥¥© ¯® «¥¬¬¥ 4 ®¯à¥¤¥«ï¥â ã¨£à ä, ¨ ã¤ -
«¥¨¥ «î¡®© ¥£® ¢¥àè¨ë ¯à¨¢®¤¨â ª ã¨£à äã á ¢¥ªâ®à®¬ áâ¥¯¥¥© (n � 1; n � 2; : : : ; n � 2).
�«¥¤®¢ â¥«ì®, íâ®â ¢¥ªâ®à áâ¥¯¥¥© ®¯à¥¤¥«ï¥â £à ä Gp1, çâ® ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥ 2 )
â¥®à¥¬ë.

2. �ãáâì G ®â«¨ç ¥âáï ®â G�   n à¥¡¥à. �®£¤  ¢¥ªâ®à áâ¥¯¥¥© £à ä  G ¤®«¦¥ ¨¬¥âì ¢¨¤
(n�1; n�2; : : : ; n�2; n�3; n�3) ¯à¨ n > 3 ¨«¨ (n�1; n�2; : : : ; n�2; n�4) ¯à¨ n > 4. �¤ «¥¨¥
«î¡®© ¢¥àè¨ë £à ä  G� ¤ ¥â £à ä Gnp1. �«¥¤®¢ â¥«ì®, â ª®© ¨ â®«ìª® â ª®© £à ä áà¥¤¨
¢á¥å £à ä®¢ á à áá¬ âà¨¢ ¥¬ë¬¨ ¢¥ªâ®à ¬¨ áâ¥¯¥¥©, ª®â®àë© ¢ª« ¤ë¢ ¥âáï ¢ £à ä Gnp1, ¡ã-
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¤¥â ¨¬¥âì G� á¢®¨¬ ¬¨¨¬ «ìë¬ à áè¨à¥¨¥¬. �¯à¥¤¥«¨¬, áª®«ìª® â ª¨å £à ä®¢ áãé¥áâ¢ã-
¥â. �á¥ ¢¥àè¨ë £à ä  G� ¨¬¥îâ áâ¥¯¥ì (n � 1) ¨ ¬®£ãâ ¡ëâì à §¡¨âë   ¯ àë ¥á¬¥¦ëå
¢¥àè¨, á¬¥¦ëå á® ¢á¥¬¨ ®áâ «ìë¬¨. �¤ «¥¨¥ ®¤®© ¨§ ¢¥àè¨ ¯ àë ¤ ¥â £à ä Gnp1, ¢ ª®-
â®à®¬ ®áâ ¢è ïáï ¢¥àè¨  ¯ àë ï¢«ï¥âáï ¯®«®©. �¤ «ïï íâã ¢¥àè¨ã, ¯®«ãç ¥¬ ®¤®à®¤ë©
(n � 1)-¢¥àè¨ë© £à ä G1 ¯®àï¤ª  (n � 3). �®«ãî ¢¥àè¨ã ¬®¦® ¤®¡ ¢¨âì ¥¤¨áâ¢¥ë¬
á¯®á®¡®¬, ¯®íâ®¬ã ç¨á«® ¥¨§®¬®àäëå £à ä®¢ á ãª § ë¬ ¢¥ªâ®à®¬ áâ¥¯¥¥©, ¤«ï ª®â®àëå
G� ï¢«ï¥âáï ¬¨¨¬ «ìë¬ à áè¨à¥¨¥¬, ¥áâì ç¨á«® ¥¨§®¬®àäëå £à ä®¢, ª®â®àë¥ ¬®¦®
¯®«ãç¨âì ã¤ «¥¨¥¬ ®¤®£® à¥¡à  £à ä  G1, á«¥¤®¢ â¥«ì®, ¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì, áª®«ìª®
¥¨§®¬®àäëå £à ä®¢ ¬®¦® ¯®«ãç¨âì ã¤ «¥¨¥¬ ®¤®£® à¥¡à  £à ä  G1. � áá¬®âà¨¬ ¯ àë
¥á¬¥¦ëå ¢¥àè¨. �¤ «¨¬ à¥¡à®, ¨æ¨¤¥â®¥ ®¤®© ¨§ ¢¥àè¨ ¥ª®â®à®© ¯ àë. �ç¥¢¨¤®,
â ª¨¬ ®¡à §®¬ ¯®«ãç¨¬ ¥¤¨áâ¢¥ë© á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  £à ä Gnp2 á ¢¥ªâ®à®¬ áâ¥-
¯¥¥© (n� 1; n� 2; : : : ; n� 2; n� 3; n� 3) (®âáî¤  ¯®«ãç ¥âáï ®£à ¨ç¥¨¥ n > 3 ¢ ä®à¬ã«¨à®¢ª¥
¯. 2¡) â¥®à¥¬ë), ¤«ï ª®â®à®£® G� ¨ ¡ã¤¥â ï¢«ïâìáï à áè¨à¥¨¥¬.

�â® ¤®ª §ë¢ ¥â á ãç¥â®¬ ¯. I ãâ¢¥à¦¤¥¨ï 2¡) ¨ 2¢) â¥®à¥¬ë.

� ¬¥ç ¨¥. �§ â¥®à¥¬ë ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â  «£®à¨â¬ ¯®áâà®¥¨ï ¢á¥å ¬¨¨¬ «ìëå
à áè¨à¥¨© ¤«ï «î¡®£® ¯à¥¤¯®«®£® £à ä . �¯à¥¤¥«¨¬ ¥£® á«®¦®áâì. �ãáâì § ¤  ¥ª®â®àë©
n-¢¥àè¨ë© £à ä. �â®¡ë ®¯à¥¤¥«¨âì, ï¢«ï¥âáï «¨ ® ¯à¥¤¯®«ë¬, âà¥¡ã¥âáï O(n2) ¤¥©áâ¢¨©.
� «¥¥ ¤«ï ¥ç¥â®£® n ã¦® ®¯à¥¤¥«¨âì, ¥ ï¢«ï¥âáï «¨ £à ä £à ä®¬ â¨¯  Gnp1 ¨«¨ Gnp2. �â®
¯®âà¥¡ã¥â â ª¦¥ ¯®àï¤ª  O(n2) ¤¥©áâ¢¨©. � ª¨¬ ®¡à §®¬, ®¡é ï á«®¦®áâì  «£®à¨â¬  ¥áâì
O(n2).

�¯à¥¤¥«¥¨¥ 2. �¢¥§¤ë¬ £à ä®¬  §ë¢ ¥âáï ¤¥à¥¢® á ®¤®© ¯®«®© ¢¥àè¨®©.

�«¥¤áâ¢¨¥ 1. �¤¨áâ¢¥ë¬ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ìë¬ à áè¨à¥¨¥¬
§¢¥§¤®£® £à ä  á ç¨á«®¬ ¢¥àè¨ ¡®«ìè¨¬ âà¥å ï¢«ï¥âáï ¥£® âà¨¢¨ «ì®¥ à áè¨à¥¨¥.

�«¥¤áâ¢¨¥ 2. � ¨¬¥ìè¨© (¯® ç¨á«ã ¢¥àè¨ ¨ à¥¡¥à) £à ä Gnp1 ¨§ ¯. 2 ) â¥®à¥¬ë ¥áâì æ¥¯ì
P3,   ¥¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ | æ¨ª« C4.

�«¥¤áâ¢¨¥ 3. � ¨¬¥ìè¨© £à ä (¯® ç¨á«ã ¢¥àè¨ ¨ à¥¡¥à) Gnp2 ¯. 2¡) â¥®à¥¬ë | ¯ïâ¨¢¥à-
è¨ë© £à ä á ¢¥ªâ®à®¬ áâ¥¯¥¥© (4; 3; 3; 2; 2), ª®â®àë© ï¢«ï¥âáï ã¨£à ä®¬.

�«¥¤áâ¢¨¥ 4. �à ä Gnp1 (¯à¨ ¥ç¥â®¬ n) ¨ ¯®«ë© £à ä | ¥¤¨áâ¢¥ë¥ n-¢¥àè¨ë¥
¯à¥¤¯®«ë¥ £à äë, ¬¨¨¬ «ìë¥ à áè¨à¥¨ï ¤®¯®«¥¨© ª®â®àëå ï¢«ïîâáï ¤®¯®«¥¨ï¬¨ ¨å
¬¨¨¬ «ìëå à áè¨à¥¨©, â. ¥. (G�

np1)
0 = (G0

np1)
�.

�®ª § â¥«ìáâ¢®. �ãáâì G | ¯à¥¤¯®«ë© £à ä, G� | ¥£® ¬¨¨¬ «ì®¥ à áè¨à¥¨¥, G0 |
¤®¯®«¥¨¥ G,   G0� | ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ G0. �ãáâì ç¨á«® à¥¡¥à £à ä  G à ¢® m, â®£¤ 
¥£® ¤®¯®«¥¨¥ á®¤¥à¦¨â (n(n�1)

2
�m) à¥¡¥à. �¨¨¬ «ì®¥ à áè¨à¥¨¥ £à ä  G ®â«¨ç ¥âáï ®â

G «¨¡®   (n�1), «¨¡®   n à¥¡¥à. �®£¤  ç¨á«® à¥¡¥à £à ä  G�0 ¥áâì «¨¡®
�n(n+1)

2
�m�(n�1)

�
=�n(n�1)

2
�m+1

�
, «¨¡®

�n(n�1)
2

�m
�
. � ¯¥à¢®¬ á«ãç ¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¤®¯®«¥¨ï ¤®«¦®

®â«¨ç âìáï â®«ìª®   ®¤® à¥¡à®, çâ® ¢®§¬®¦® «¨èì ¤«ï £à ä  Gnp1, â. ª. «î¡ ï ¥£® ç áâì,
®â«¨ç ï ®â ¥£® á ¬®£®, á®¤¥à¦¨â å®âï ¡ë ®¤ã ¢¥àè¨ã áâ¥¯¥¨, ¡®«ìè¥© ¥¤¨¨æë. �® ¢â®à®¬
á«ãç ¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¤®¯®«¥¨ï á®¤¥à¦¨â áâ®«ìª® ¦¥ à¥¡¥à, áª®«ìª® ¨ ¤®¯®«¥¨¥,
çâ® ¢®§¬®¦® â®«ìª® ¤«ï ã«ì£à ä , ª®â®àë© ï¢«ï¥âáï ¤®¯®«¥¨¥¬ ¯®«®£® £à ä .

3. �¨¨¬ «ìë¥ k-à áè¨à¥¨ï ¯à¥¤¯®«ëå £à ä®¢

�¥¬¬  5. �¨¨¬ «ì®¥ k-à áè¨à¥¨¥ «î¡®£® ¯à¥¤¯®«®£® n-¢¥àè¨®£® £à ä  «¨¡® á®¤¥à-
¦¨â ¯®«ãî ¢¥àè¨ã, «¨¡® ¥ á®¤¥à¦¨â ¢¥àè¨ á® áâ¥¯¥ìî, ¡®«¥¥ ç¥¬   ¥¤¨¨æã ®â«¨ç -

îé¥©áï ®â ¯®«®©.
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¯à¥¤¯®«®£® £à ä  ¬®¦¥â á®¤¥à-
¦ âì ¯®«ãî ¢¥àè¨ã ( ¯à., ¤«ï ¯®«®£® £à ä ). �ãáâì £à ä G� ï¢«ï¥âáï ¬¨¨¬ «ìë¬ k-
à áè¨à¥¨¥¬ ¥ª®â®à®£® n-¢¥àè¨®£® £à ä , ¯à¨ç¥¬  ¨¡®«ìè ï ¨§ áâ¥¯¥¥© ¢¥àè¨ ¥áâì
(n+ k � 2). �®ª ¦¥¬, çâ® ¢ G� ¥ ¬®¦¥â ¡ëâì ¢¥àè¨ á® áâ¥¯¥ìî ¨¦¥ (n+ k � 2).

�ãáâì íâ® ¥ â ª ¨ áâ¥¯¥ì ®¤®© ¨§ ¢¥àè¨ £à ä  G�,  ¯à¨¬¥à v, ¨¦¥ (n+k�2). � G� ¥â
¯®«ëå ¢¥àè¨, § ç¨â, ¢ ¤®¯®«¥¨¨ G�0 £à ä  G� ¥â ¨§®«¨à®¢ ëå ¢¥àè¨. �®ª ¦¥¬, çâ®
ª ª¨¬ ¡ë ¨ ¡ë« £à ä G�, ¢á¥£¤  ¬®¦® ¢ë¡à âì k ¢¥àè¨ â ª, çâ®¡ë ¢ ¯®«ãç¨¢è¥¬áï ¯®á«¥
¨å ã¤ «¥¨ï ¯®¤£à ä¥ ¥ ¡ë«® ¯®«®© ¢¥àè¨ë,   á«¥¤®¢ â¥«ì®, ¢ á®®â¢¥âáâ¢ãîé¥¬ ¯®¤£à ä¥
¤®¯®«¥¨ï ¥ ¡ë«® ¨§®«¨à®¢ ëå ¢¥àè¨.

�ãáâì G�0 á®¤¥à¦¨â m ª®¬¯®¥â á¢ï§®áâ¨ S1; : : : ; Sm á ç¨á«®¬ ¢¥àè¨ n1; : : : ; nm. �¨á«®
¢¥àè¨ ¢ â®© ª®¬¯®¥â¥, ¢ ª®â®à®©  å®¤¨âáï ¢¥àè¨  v, ¡®«ìè¥ 2. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨,
¡ã¤¥¬ áç¨â âì, çâ® íâ® ª®¬¯®¥â  S1. �ã¤¥¬ ¢ë¡¨à âì ¢¥àè¨ë ¯® á«¥¤ãîé¨¬ ¯à ¢¨« ¬:

1. eá«¨ áãé¥áâ¢ã¥â i = 2; : : : ;m : ni � k, â® ã¤ «ï¥¬ ¢á¥ ¢¥àè¨ë ª®¬¯®¥âë Si,
k := k � ni;

2. eá«¨ áãé¥áâ¢ã¥â i = 2; : : : ;m : ni � 3, â® ã¤ «ï¥¬ minfni � 2; kg ¢¥àè¨ ª®¬¯®¥âë Si

â ª, çâ®¡ë ¥  àãè¨âì ¥¥ á¢ï§®áâ¨, k := maxfk � (ni � 2); 0g;
3. eá«¨ k = 0, â® �����;
4. eá«¨ ¡ë«  ¯à®¢¥¤¥  à¥¤ãªæ¨ï ¯® ®¤®¬ã ¨§ ¯à ¢¨« 1{2, â® ¯¥à¥å®¤   è £ 1, ¨ ç¥

�����.

�¥âàã¤® ¢¨¤¥âì, çâ® ¤¥©áâ¢¨ï  «£®à¨â¬  ¥ ¯à¨¢®¤ïâ ª ¯®ï¢«¥¨î ¨§®«¨à®¢ ëå ¢¥àè¨.
�§  «£®à¨â¬  ¬®¦® ¢ë©â¨ ¢ ®¤®¬ ¨§ ¤¢ãå á«ãç ¥¢. �á«¨ ¢ëå®¤ ¯à®¨§¢¥¤¥ ¯® ãá«®¢¨î k = 0,
â® ã¤ «¥ë¥   è £¥ 1 ¨ 2  «£®à¨â¬  k ¢¥àè¨ ¯à¨¢®¤ïâ ª ¯®¤£à äã, ª®â®àë© ¥ ï¢«ï¥âáï
¯à¥¤¯®«ë¬, ¨ ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ¯à¥¤¯®«®¦¥¨¥¬. �ãáâì ®ª § «®áì, çâ® ¥â ª®¬¯®¥â,
¤«ï ª®â®àëå ¢ë¯®«ï«®áì ¡ë ®¤® ¨§ ãá«®¢¨© 1{2. �®£¤  «¨¡® k = 1, «¨¡® ¢á¥ ª®¬¯®¥âë,
ªà®¬¥ S1, ã¤ «¥ë. �¤ «ï¥¬ k ¢¥àè¨ ª®¬¯®¥âë S1 â ª, çâ®¡ë ¥  àãè¨âì ¥¥ á¢ï§®áâ¨.
� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¯®¤£à ä £à ä  G�0 ¡¥§ ¨§®«¨à®¢ ëå ¢¥àè¨, á«¥¤®¢ â¥«ì®, á®®â-
¢¥âáâ¢ãîé¨© ¯®¤£à ä £à ä  G� ¥ á®¤¥à¦¨â ¯®«ëå, â. ¥. ¥ ï¢«ï¥âáï ¯à¥¤¯®«ë¬ £à ä®¬,
çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® â®¬, çâ® £à ä G� ï¢«ï¥âáï ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬
¯à¥¤¯®«®£® £à ä .

�«¥¤áâ¢¨¥ 1. (n + k)-¢¥àè¨ë© £à ä G� ¡¥§ ¯®«ëå ¢¥àè¨, ® á ¢¥àè¨®©, áâ¥¯¥ì ª®-
â®à®© ®â«¨ç ¥âáï ®â áâ¥¯¥¨ ¯®«®© ¢¥àè¨ë ¡®«¥¥ ç¥¬   ¥¤¨¨æã, ¥ ¬®¦¥â ï¢«ïâìáï k-
à áè¨à¥¨¥¬ ¨ª ª®£® ¯à¥¤¯®«®£® £à ä .

�«¥¤áâ¢¨¥ 2. �¨¨¬ «ì®¥ k-à áè¨à¥¨¥ «î¡®£® ¯à¥¤¯®«®£® n-¢¥àè¨®£® £à ä  ï¢«ï-
¥âáï «¨¡® ¯à¥¤¯®«ë¬ £à ä®¬, «¨¡® ®¤®à®¤ë¬ £à ä®¬ ¯®àï¤ª  (n+ k � 2).

�ç¥¢¨¤®© ï¢«ï¥âáï

�¥¬¬  6. �á«¨ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¥ª®â®à®£® (¥ ®¡ï§ â¥«ì® ¯à¥¤¯®«®£®) £à ä 
G á®¤¥à¦¨â ¯®«ãî ¢¥àè¨ã, â® ®® ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ ¥ª®â®à®£® ¬¨¨-

¬ «ì®£® (k � 1)-à áè¨à¥¨ï £à ä  G.

�¥¬¬  7. �à ä Gnp2 ¥ ï¢«ï¥âáï ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬ ¨ª ª®£® ¯à¥¤¯®«®£® £à -

ä  ¨ ¯à¨ ª ª®¬  âãà «ì®¬ k.

�®ª § â¥«ìáâ¢®. �ãáâì Gnp2 ï¢«ï¥âáï ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬ ¥ª®â®à®£® ¯à¥¤¯®«-
®£® £à ä  G. � ª ¡ë«® ¯®ª § ® ¢ «¥¬¬¥ 5, ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ «î¡®£® ¯à¥¤¯®«®£®
£à ä  «¨¡® á®¤¥à¦¨â ¯®«ãî ¢¥àè¨ã ¨ ¢ á¨«ã «¥¬¬ë 6 ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬
¬¨¨¬ «ì®£® (k � 1)-à áè¨à¥¨ï £à ä  G, «¨¡® ï¢«ï¥âáï ®¤®à®¤ë¬ £à ä®¬ Rm;m�2. �à ä
Gnp2 á®¤¥à¦¨â ¥¤¨áâ¢¥ãî ¯®«ãî ¢¥àè¨ã, ® ¯®¤£à ä, ¯®«ãç îé¨©áï ¯®á«¥ ¥¥ ã¤ «¥¨ï,
¥ ï¢«ï¥âáï ¨ ¯à¥¤¯®«ë¬, ¨ ®¤®à®¤ë¬.
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�¥¬¬  8. �«ï ç¥â®£® n ®¤®à®¤ë© n-¢¥àè¨ë© £à ä Rn;n�2 ¯®àï¤ª  (n�2) ¨¬¥¥â ¥¤¨-

áâ¢¥®¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥, ï¢«ïîé¥¥áï âà¨¢¨ «ìë¬, ¯à¨ç¥¬ íâ® ¬¨¨¬ «ì®¥ à á-

è¨à¥¨¥ ¥áâì £à ä G(n+1)p1.

�®ª § â¥«ìáâ¢®. �ãáâì G� | ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ £à ä  Rn;n�2. �á«¨ ¢ G� ¥áâì ¯®«-
 ï ¢¥àè¨ , â® G� ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ ¢ á¨«ã «¥¬¬ë 6.

�ãáâì G� | ¥ª®â®à®¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ £à ä  Rn;n�2 ¡¥§ ¯®«ëå ¢¥àè¨. �®£¤ 
áâ¥¯¥ì «î¡®© ¢¥àè¨ë G� «¨¡® (n � 2), «¨¡® (n � 1), ¯à¨ç¥¬, â. ª. n ç¥â®¥, ¨¬¥¥âáï å®âï ¡ë
®¤  ¢¥àè¨  áâ¥¯¥¨ (n � 2). �¤ ª® ®âª § «î¡®© á¬¥¦®© á ¥© ¢¥àè¨ë ¯à¨¢¥¤¥â ª £à äã
á ¢¥àè¨®© áâ¥¯¥¨ (n � 3), çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® â®¬, çâ® £à ä G� ï¢«ï¥âáï
¬¨¨¬ «ìë¬ à áè¨à¥¨¥¬ £à ä  Rn;n�2.

�«¥¤áâ¢¨¥. � ª ª ª ¯à¨ ç¥â®¬ n £à ä R�

n;n�2 = G(n+1)p1 ¨ G�

(n�1)p1 = Rn;n�2, â®

G�k
np1 =

(
G(n+k)p1 ¯à¨ k ç¥â®¬;

Rn+k;n+k�2 ¯à¨ k ¥ç¥â®¬
¨ R�k

n;n�2 =

(
G(n+k)p1 ¯à¨ k ¥ç¥â®¬;

Rn+k;n+k�2 ¯à¨ k ç¥â®¬;

£¤¥ G� ®¡®§ ç ¥â ¥¤¨áâ¢¥®¥ ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ £à ä  G,   G�k | ¥¤¨áâ¢¥®¥ ¬¨-
¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä  G.

�¥¬¬  9. �¨¨¬ «ìë¥ k-à áè¨à¥¨ï «î¡®£® ¯à¥¤¯®«®£® £à ä  ¯à¨ ç¥â®¬ k ¥áâì ¬¨-

¨¬ «ìë¥ à áè¨à¥¨ï ¢á¥å ¥£® ¬¨¨¬ «ìëå (k � 1)-à áè¨à¥¨©, ¯à¨ç¥¬ íâ¨ ¬¨¨¬ «ìë¥

à áè¨à¥¨ï ¥¤¨áâ¢¥ë á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¨ ï¢«ïîâáï âà¨¢¨ «ìë¬¨ à áè¨à¥-

¨ï¬¨.

�®ª § â¥«ìáâ¢®. �ãáâì G�k { ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ n-¢¥àè¨®£® ¯à¥¤¯®«®£® £à ä 
G. �á«¨ ¢ G�k ¥áâì ¯®« ï ¢¥àè¨ , â® ¤®ª § â¥«ìáâ¢® â®£®, çâ® ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¥áâì
âà¨¢¨ «ì®¥ à áè¨à¥¨¥ ¬¨¨¬ «ì®£® (k�1)-à áè¨à¥¨ï, á«¥¤ã¥â ¨§ «¥¬¬ë 6 ¨ ãâ¢¥à¦¤¥¨©
® ¬¨¨¬ «ìëå k-à áè¨à¥¨ïå £à ä®¢ Gnp1 ¨ Gnp2.

�ãáâì ¢ G�k ¥â ¯®«®© ¢¥àè¨ë, â®£¤  G�k ¢ á¨«ã «¥¬¬ë 5 ¥áâì ®¤®à®¤ë© (n + k)-
¢¥àè¨ë© £à ä ¯®àï¤ª  (n + k � 2). � á¨«ã â¥®à¥¬ë ® ¥®¡å®¤¨¬®© ç¥â®áâ¨ áã¬¬ áâ¥¯¥¥©
¢¥àè¨ «î¡®£® £à ä  ¨ ç¥â®áâ¨ k ¯®«ãç ¥¬, çâ® n â®¦¥ ç¥â®.

�á¥ ¢¥àè¨ë £à ä  G�k ®¡à §ãîâ ¯ àë, â ª çâ® ¢¥àè¨ë ®¤®© ¯ àë ¥á¬¥¦ë ¤àã£ á
¤àã£®¬, ® á¬¥¦ë á® ¢á¥¬¨ ®áâ «ìë¬¨ ¢¥àè¨ ¬¨. �¤ «¨¬ k=2 â ª¨å ¯ à ¢¥àè¨. �¤ «¥¨¥
®¤®© ¯ àë ¢¥àè¨ ¯à¨¢®¤¨â ª ã¬¥ìè¥¨î áâ¥¯¥¥© ¢á¥å ®áâ «ìëå ¢¥àè¨   ¤¢ , á«¥¤®¢ -
â¥«ì®, ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®¤®à®¤ë© n-¢¥àè¨ë© £à ä ¯®àï¤ª  (n � 2). �â ª, ®¤¨ ¨§
¯®¤£à ä®¢ £à ä  G�k, ¯®«ãç¥ë© ã¤ «¥¨¥¬ ¥£® k ¢¥àè¨, ¥ ï¢«ï¥âáï ¯à¥¤¯®«ë¬ £à ä®¬,
¨ ¯®íâ®¬ã ¨ª ª®© ¯à¥¤¯®«ë© £à ä G ¯à¨ ç¥â®¬ k ¥ ¨¬¥¥â ¬¨¨¬ «ìëå k-à áè¨à¥¨© ¡¥§
¯®«ëå ¢¥àè¨. C«¥¤®¢ â¥«ì®, «î¡®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä  G ï¢«ï¥âáï âà¨¢¨ «ì-
ë¬ à áè¨à¥¨¥¬ ¥£® ¬¨¨¬ «ì®£® (k � 1)-à áè¨à¥¨ï.

�«¥¤áâ¢¨¥. �î¡®© ¯à¥¤¯®«ë© £à ä ¯à¨ ç¥â®¬ k ¨¬¥¥â áâ®«ìª® ¦¥ ¥¨§®¬®àäëå ¬¨¨-
¬ «ìëå k-à áè¨à¥¨©, áª®«ìª® ¨ ¥¨§®¬®àäëå ¬¨¨¬ «ìëå (k � 1)-à áè¨à¥¨©.

�¥¬¬  10. �¨¨¬ «ì®¥ k-à áè¨à¥¨¥ «î¡®£® ¯à¥¤¯®«®£® n-¢¥àè¨®£® £à ä  á ç¥âë¬
ç¨á«®¬ ¢¥àè¨ ¥áâì ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¥£® ¬¨¨¬ «ì®£® (k � 1)-à áè¨à¥¨ï, ¯à¨ç¥¬
®® ¥¤¨áâ¢¥® á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¨ ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬.

�®ª § â¥«ìáâ¢®. �à¨ ç¥â®¬ k ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥áâì á«¥¤áâ¢¨¥ «¥¬¬ë 9. �ãáâì k ¥-
ç¥â®. �®£¤  ç¨á«® ¢¥àè¨ ¬¨¨¬ «ì®£® k-à áè¨à¥¨ï ¥ç¥â®, á«¥¤®¢ â¥«ì®, ¥ áãé¥áâ¢ã¥â
®¤®à®¤®£® (n + k)-¢¥àè¨®£® £à ä  ¯®àï¤ª  (n + k � 2), ¯®íâ®¬ã «î¡®¥ ¬¨¨¬ «ì®¥ k-
à áè¨à¥¨¥ £à ä  ¨§ ãá«®¢¨ï â¥®à¥¬ë ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ ¥£® ¬¨¨¬ «ì®£®
(k � 1)-à áè¨à¥¨ï.
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�«¥¤áâ¢¨¥. �î¡®© ¯à¥¤¯®«ë© £à ä á ç¥âë¬ ç¨á«®¬ ¢¥àè¨ ¯à¨ «î¡®¬ k ¨¬¥¥â ¥¤¨-
áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥, ª®â®à®¥ ï¢«ï¥âáï ¥£® âà¨-
¢¨ «ìë¬ k-à áè¨à¥¨¥¬.

�®ª § â¥«ìáâ¢®. �à¨ k = 1 ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ «î¡®£® ¯à¥¤¯®«®£® £à ä  G á ç¥â-
ë¬ ç¨á«®¬ ¢¥àè¨ ¢ á¨«ã â¥®à¥¬ë 1 ¥áâì âà¨¢¨ «ì®¥ à áè¨à¥¨¥. �â¢¥à¦¤¥¨¥ á«¥¤áâ¢¨ï
¤®ª §ë¢ ¥âáï ¯® ¨¤ãªæ¨¨.

�¥¬¬  11. �à¨ ¥ç¥â®¬ n ¤«ï «î¡®£® n-¢¥àè¨®£® £à ä  G, ï¢«ïîé¥£®áï ç áâìî £à ä 

Gnp1, áãé¥áâ¢ã¥â ¥ç¥â®¥ ç¨á«® k1 â ª®¥, çâ® á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

 ) ¤«ï «î¡®£® k < k1 £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥, ï¢«ïîé¥¥áï
âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬;

¡) £à ä G ¨¬¥¥â ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå k1-à áè¨à¥¨ï: âà¨¢¨ «ì®¥ k1-à áè¨-
à¥¨¥ ¨ £à ä Rn+k1;n+k1�2;

¢) £à ä G ¨¬¥¥â ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå (k1+1)-à áè¨à¥¨ï, ª ¦¤®¥ ¨§ ª®â®àëå

ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ ®¤®£® ¨§ ¤¢ãå ¥¨§®¬®àäëå ¬¨¨¬ «ìëå k1-
à áè¨à¥¨©;

£) ¤«ï «î¡®£® ¥ç¥â®£® k > k1 £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬ 

¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ | ®¤®à®¤ë© £à ä Rn+k;n+k�2;
¤) ¤«ï «î¡®£® ç¥â®£® k > k1+1 £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬ 

¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ | âà¨¢¨ «ì®¥ à áè¨à¥¨¥ £à ä  Rn+k;n+k�2.

�®ª § â¥«ìáâ¢®. �ãáâì n-¢¥àè¨ë© £à äG ám à¥¡à ¬¨ ¯à¨ ¥ç¥â®¬ n ï¢«ï¥âáï ç áâìî
£à ä  Gnp1 ¨ ®â«¨ç ¥âáï ®â ¥£®   m0 à¥¡¥à. �ç¥¢¨¤®, ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä 
Gnp1 ï¢«ï¥âáï k-à áè¨à¥¨¥¬ £à ä  G, ¨ ¥á«¨ ®® ¥ ï¢«ï¥âáï ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬
£à ä  G, â® â ª®¢ë¬ ï¢«ï¥âáï âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ £à ä  G. �¯à¥¤¥«¨¬ ç¨á«® à¥¡¥à ¢
¬¨¨¬ «ì®¬ k-à áè¨à¥¨¨ £à ä  Gnp1 ¨ âà¨¢¨ «ì®¬ k-à áè¨à¥¨¨ £à ä  G.

�®áª®«ìªã ¯à¨ ç¥â®¬ k ¢áïª®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¯à¥¤¯®«®£® £à ä  ¢ á¨«ã
«¥¬¬ë 9 ¢á¥£¤  ¥áâì ¬¨¨¬ «ì®¥ à áè¨à¥¨¥ ¢á¥å ¥£® ¥¨§®¬®àäëå ¬¨¨¬ «ìëå (k � 1)-
à áè¨à¥¨©, â® ¤®áâ â®ç® à áá¬®âà¥âì ¥ç¥âë¥ § ç¥¨ï k, ¤®ª § ¢ ãâ¢¥à¦¤¥¨ï  ), ¡) ¨ £).
�ãªâë ¢) ¨ ¤) á«¥¤ãîâ ¨§ ¡) ¨ £).

�¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä  Gnp1 ¯à¨ ¥ç¥â®¬ k ¯® á«¥¤áâ¢¨î ¨§ «¥¬¬ë 8 ¥áâì £à ä
Rn+k;n+k�2. �®£¤  ç¨á«® à¥¡¥à ¬¨¨¬ «ì®£® k-à áè¨à¥¨ï £à ä  Gnp1 ¥áâì (n + k)(n + k �
2)=2,   ç¨á«® à¥¡¥à âà¨¢¨ «ì®£® k-à áè¨à¥¨ï £à ä  G ¥áâì nk + (k � 1)k=2 + m, £¤¥ m =
[(n�1)(n�2)+n�1]=2�n�m0 = (n2�2n+1)=2�m0. �¯à¥¤¥«¨¬ à §®áâì ¬¥¦¤ã ç¨á«®¬ à¥¡¥à
íâ¨å £à ä®¢: m0 � k+1

2
. �à¨à ¢¨¢ ï ª ã«î,  å®¤¨¬ k1 = 2m0 � 1. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬,

çâ® ¯à¨ k < k1 ¬¥ìè¥¥ ç¨á«® à¥¡¥à ¨¬¥¥â âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ £à ä  G, ¯à¨ k > k1 + 1
¬¥ìè¥¥ ç¨á«® à¥¡¥à ¨¬¥¥â ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ £à ä  Gnp1,   ¯à¨ k = k1 ¨ ¯à¨ k = k1+1
ç¨á«® à¥¡¥à ¢ íâ¨å £à ä å ®¤¨ ª®¢®.

�«¥¤áâ¢¨¥ 1. �«ï «î¡®£® £à ä , ï¢«ïîé¥£®áï ç áâìî £à ä  Gnp1, áãé¥áâ¢ã¥â ¥ç¥â®¥ ç¨-
á«® k â ª®¥, çâ® £à ä G ¨¬¥¥â ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå k ¨ (k+1)-à áè¨à¥¨ï, ¯à¨ ¢á¥å
®áâ «ìëå § ç¥¨ïå k £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥
k-à áè¨à¥¨¥.

�«¥¤áâ¢¨¥ 2. �«ï «î¡®£® k áãé¥áâ¢ãîâ ¯à¥¤¯®«ë¥ £à äë, ¨¬¥îé¨¥ à®¢® ¤¢  ¥¨§®-
¬®àäëå ¬¨¨¬ «ìëå k-à áè¨à¥¨ï.

�«¥¤áâ¢¨¥ 3. �«ï «î¡®£® k ¨ ¥ç¥â®£® n â ª¨å, çâ® n2� 4n+2 � k, ¢á¥£¤  ¬®¦® ãª § âì
¯à¥¤¯®«ë© £à ä, ¨¬¥îé¨© ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå k-à áè¨à¥¨ï.

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 11 á«¥¤ã¥â, çâ® áà¥¤¨ ¢á¥å n-¢¥àè¨ëå ¯à¥¤¯®«ëå £à ä®¢
â®«ìª® £à ä, ï¢«ïîé¨©áï ç áâìî £à ä  Gnp1, ¬®¦¥â ¨¬¥âì ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå
k-à áè¨à¥¨ï, ¯à¨ç¥¬ â®«ìª® ¯à¨ k = 2m0 � 1 ¨ k = 2m0 + 1, £¤¥ m0 | à §¨æ  ¢ ç¨á«¥ à¥¡¥à
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£à ä®¢ G ¨ Gnp1. �¨á«® à¥¡¥à £à ä  Gnp1 ¥áâì (n�1+(n�1)(n�3)=2). � ªá¨¬ «ì®¥ § ç¥¨¥
m0 ¡ã¤¥â ¤®áâ¨£ãâ®, ¥á«¨ G | §¢¥§¤ë© £à ä, ç¨á«® à¥¡¥à ª®â®à®£® ¥áâì (n � 1). �®£¤  0 �
m0 � (n � 1)(n � 3)=2, ®âªã¤  ¯®«ãç ¥¬ ¥à ¢¥áâ¢®, ª®â®à®¬ã ¤®«¦ë ã¤®¢«¥â¢®àïâì ç¨á« 
n ¨ k, çâ®¡ë ¬®¦® ¡ë«® ¯®áâà®¨âì £à ä á âà¥¡ã¥¬ë¬ á¢®©áâ¢®¬ k � (n � 1)(n � 3) � 1 ¨«¨
n2 � 4n+ 2 � k.

�¥®à¥¬  2. �â®á¨â¥«ì® ¯à¥¤¯®«ëå £à ä®¢ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

1. �à¨ ç¥â®¬ n ¨ «î¡®¬  âãà «ì®¬ k ª ¦¤ë© n-¢¥àè¨ë© ¯à¥¤¯®«ë© £à ä ¨¬¥¥â

¥¤¨áâ¢¥®¥ á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥, ï¢«ïîé¥¥áï
âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬.

2. �à¨ ¥ç¥â®¬ n
 ) ¨ ¯à¨ ç¥â®¬ k ç¨á«® ¬¨¨¬ «ìëå k-à áè¨à¥¨© ¯à¥¤¯®«®£® £à ä  ¢ â®ç®áâ¨

à ¢® ç¨á«ã ¥¨§®¬®àäëå ¬¨¨¬ «ìëå (k � 1)-à áè¨à¥¨©, ¯à¨ç¥¬ ª ¦¤®¥ ¨§

¬¨¨¬ «ìëå k-à áè¨à¥¨© ¥áâì âà¨¢¨ «ì®¥ à áè¨à¥¨¥ ¬¨¨¬ «ì®£® (k� 1)-
à áè¨à¥¨ï;

¡) ¨ ¯à¨ ¥ç¥â®¬ k
i) ¥á«¨ ¯à¥¤¯®«ë© £à ä G ï¢«ï¥âáï ç áâìî £à ä  Gnp1 ¨ ®â«¨ç ¥âáï ®â ¥-

£®   m à¥¡¥à, â® ¯à¨ k < 2m � 1 £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ á â®ç®-

áâìî ¤® ¨§®¬®àä¨§¬  ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥, ï¢«ïîé¥¥áï âà¨¢¨ «ìë¬
k-à áè¨à¥¨¥¬; ¯à¨ k = 2m�1 £à ä G ¨¬¥¥â ¤¢  á â®ç®áâìî ¤® ¨§®¬®àä¨§-

¬  ¬¨¨¬ «ìëå k-à áè¨à¥¨ï: âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ ¨ £à ä Rn+k;n+k�2;
¯à¨ k > 2m � 1 £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ |

£à ä Rn+k;n+k�2;
ii) «î¡®© ¤àã£®© ¯à¥¤¯®«ë© £à ä G ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¬¨¨¬ «ì®¥ k-à áè¨-

à¥¨¥, ï¢«ïîé¥¥áï âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬.

�®ª § â¥«ìáâ¢®. �¥¬¬  10 ¨ á«¥¤áâ¢¨¥ ¨§ ¥¥ ¤ îâ ¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 1. �¥¬-
¬  9 ¨ á«¥¤áâ¢¨¥ ¨§ ¥¥ ¤ îâ ¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 2 ). �¥¬¬  11 ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥-
¨ï i) ¯. 2¡). �áâ¨®áâì ãâ¢¥à¦¤¥¨ï ii) ¯. 2¡) á«¥¤ã¥â ¨§ â®£®, çâ® ¥á«¨ ¯à¥¤¯®«ë© £à ä G ¥
ï¢«ï¥âáï ç áâìî £à ä  Gnp1, â® £à ä Rn+k;n+k�2 ¨ ¯à¨ ª ª¨å k ¥ ï¢«ï¥âáï ¥£® ¬¨¨¬ «ìë¬
k-à áè¨à¥¨¥¬, á«¥¤®¢ â¥«ì®, «î¡®¥ ¥£® ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ á®¤¥à¦¨â ¯®«ãî ¢¥àè¨-
ã, â. ¥. ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ ¥£® ¬¨¨¬ «ì®£® (k�1)-à áè¨à¥¨ï,   § ç¨â, ®®
ï¢«ï¥âáï ¨ âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬, ¯à¨ç¥¬ íâ® ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¥¤¨áâ¢¥® á
â®ç®áâìî ¤® ¨§®¬®àä¨§¬ .

� ¬¥ç ¨¥. �§ â¥®à¥¬ á«¥¤ã¥â  «£®à¨â¬ ¯®áâà®¥¨ï ¢á¥å ¬¨¨¬ «ìëå k-à áè¨à¥¨© «î-
¡®£® ¯à¥¤¯®«®£® £à ä . �æ¥¨¬ ¥£® á«®¦®áâì. �ãáâì G | n-¢¥àè¨ë© £à ä. �à¨ ç¥â®¬
n ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¥áâì âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥, ª®â®à®¥ ¬®¦® ¯®áâà®¨âì § 
O(n2 + k2) ¤¥©áâ¢¨©. �ãáâì n ¥ç¥â®. � íâ®¬ á«ãç ¥ âà¥¡ã¥âáï ®¯à¥¤¥«¨âì, ï¢«ï¥âáï «¨ £à ä
G ç áâìî £à ä  Gnp1 ¨«¨ ¥â. �à ä Gnp1 ¨¬¥¥â ¥¤¨áâ¢¥ãî ¯®«ãî ¢¥àè¨ã, ã¤ «¥¨¥ ª®-
â®à®© ¯à¨¢®¤¨â ª ®¤®à®¤®¬ã ¯®¤£à äã Rn�1;n�3, á«¥¤®¢ â¥«ì®, ¢«®¦¥¨¥ ¢®§¬®¦®, â®«ìª®
¥á«¨ £à ä G â ª¦¥ ¨¬¥¥â ¥¤¨áâ¢¥ãî ¯®«ãî ¢¥àè¨ã. �à¨ íâ®¬ £à ä G ¡ã¤¥â ç áâìî £à -
ä  Gnp1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® ¯®¤£à ä G1, ¯®«ãç îé¨©áï ¨§ G ã¤ «¥¨¥¬ ¯®«®©
¢¥àè¨ë, ï¢«ï¥âáï ç áâìî ®¤®à®¤®£® £à ä  Rn�1;n�3. � áá¬®âà¨¬ ¤®¯®«¥¨ï £à ä®¢ G0

1 ¨
Rn�1;1 ¢ ä®à¬¥ G1 ¨ Rn�1;n�3 á®®â¢¥âáâ¢¥®. �à ä G1 ¢«®¦�̈¬ ¢ Rn�1;n�3 â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  Rn�1;1 ¢«®¦�̈¬ ¢ G0

1. �ç¥¢¨¤®, £à ä Rn�1;1 ¢«®¦�̈¬ ¢ G0

1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¢ £à ä¥ G0

1 ¥áâì á®¢¥àè¥®¥ ¯ à®á®ç¥â ¨¥. � ¯®¬®éìî,  ¯à¨¬¥à,  «£®à¨â¬  �¤¬®¤á  íâ®
¬®¦® ¯à®¢¥à¨âì §  O(n3) ¤¥©áâ¢¨©. � ª¨¬ ®¡à §®¬, ®¡é ï á«®¦®áâì  «£®à¨â¬  ¯®áâà®¥¨ï
¬¨¨¬ «ìëå k-à áè¨à¥¨© ¤«ï n-¢¥àè¨®£® ¯à¥¤¯®«®£® £à ä  ®¯à¥¤¥«ï¥âáï á«®¦®áâìî
 «£®à¨â¬  ¯à®¢¥àª¨  «¨ç¨ï á®¢¥àè¥®£® ¯ à®á®ç¥â ¨ï ¢ £à ä¥ ¨ á®áâ ¢«ï¥â O(n3+ k2) ¯à¨
¨á¯®«ì§®¢ ¨¨ ¤«ï íâ®© æ¥«¨  «£®à¨â¬  �¤¬®¤á . �®«¥¥ íää¥ªâ¨¢ë¥  «£®à¨â¬ë � à¨¢  ¨
� àâ¨ª  ¤ ¤ãâ ®æ¥ªã O(n5=2 + k2) [4].
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�«¥¤áâ¢¨¥. �¨á«® ¤®¯®«¨â¥«ìëå à¥¡¥à ¬¨¨¬ «ì®£® k-à áè¨à¥¨ï ¯à¥¤¯®«®£® £à ä 
G ¥áâì

�
nk+ k(k�1)

2

�
, ¥á«¨ £à ä G ¥ ï¢«ï¥âáï ç áâìî £à ä  Gnp1, ¨

�
nk+ k(k�1)

2
�max(0;

�
k�2m

2

�
)
�
,

¥á«¨ £à ä G ï¢«ï¥âáï ç áâìî £à ä  Gnp1 ¨ ®â«¨ç ¥âáï ®â ¥£®   m à¥¡¥à.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 2, ¥á«¨ ¯à¥¤¯®«ë© n-¢¥àè¨ë© £à ä G ¥ ï¢«ï¥âáï ç áâìî
£à ä  Gnp1, G ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ | âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥.
�ç¥¢¨¤®, âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ ï¢«ï¥âáï âà¨¢¨ «ìë¬ à áè¨à¥¨¥¬ âà¨¢¨ «ì®£® (k�1)-
à áè¨à¥¨ï. �®áª®«ìªã ª ¦¤®¥ ¯®á«¥¤ãîé¥¥ âà¨¢¨ «ì®¥ à áè¨à¥¨¥ ¯®«ãç ¥âáï ¤®¡ ¢«¥¨-
¥¬ ®¤®© ¯®«®© ¢¥àè¨ë, â® ç¨á«® ¤®¯®«¨â¥«ìëå à¥¡¥à ¢ âà¨¢¨ «ì®¬ k-à áè¨à¥¨¨ ¥áâì
kP

i=1
(n+ i� 1) = nk + k(k�1)

2
.

�ãáâì ¯à¥¤¯®«ë© n-¢¥àè¨ë© £à ä G ï¢«ï¥âáï ç áâìî £à ä  Gnp1 ¨ ®â«¨ç ¥âáï ®â ¥£®
  m à¥¡¥à. �®£¤  ¯® â¥®à¥¬¥ 2 «î¡®¥ ¥£® ¬¨¨¬ «ì®¥ k-à áè¨à¥¨¥ ¯à¨ k < 2m � 1 ï¢«ï-
¥âáï âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬ ¨ ç¨á«® à¥¡¥à ®¯à¥¤¥«ï¥âáï ¯® ¯à¥¤ë¤ãé¥¬ã á«ãç î, â. ¥.�
nk + k(k�1)

2

�
. Oç¥¢¨¤®, ä®à¬ã«  ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¯à¨ k = 2m� 1, å®âï £à ä G ¨¬¥¥â

ã¦¥ ¤¢  ¥¨§®¬®àäëå ¬¨¨¬ «ìëå k-à áè¨à¥¨ï. �à¨ k � 2m ¢ § ¢¨á¨¬®áâ¨ ®â ç¥â®áâ¨
¨«¨ ¥ç¥â®áâ¨ k £à ä G ¨¬¥¥â ¬¨¨¬ «ìë¬ k-à áè¨à¥¨¥¬ «¨¡® £à ä G(n+k)p1, «¨¡® £à ä
Rn+k;n+k�2. �®¦® § ¬¥â¨âì, çâ® ¥á«¨ âà¨¢¨ «ì®¥ k-à áè¨à¥¨¥ ®â«¨ç ¥âáï ®â âà¨¢¨ «ì®£®
(k� 1)-à áè¨à¥¨ï   (n+ k� 1) à¥¡à®, â. ¥. ¯à¨ ã¢¥«¨ç¥¨¨ k   ¥¤¨¨æã à §¨æ  ¬¥¦¤ã ¨¬¨
ã¢¥«¨ç¨¢ ¥âáï â ª¦¥   ¥¤¨¨æã, â® ¯à¨ k � 2m ¯à¨ ã¢¥«¨ç¥¨¨ k   ¥¤¨¨æã ç¨á«® ¤®¯®«-
¨â¥«ìëå à¥¡¥à ¬¨¨¬ «ì®£® k-à áè¨à¥¨ï ¢®§à áâ ¥â   ¥¤¨¨æã â®«ìª® ¯à¨ ç¥â®¬ k (á¬.
¯. 2 ) â¥®à¥¬ë 2). � ç¨â, á ª ¦¤ë¬ ç¥âë¬ k ¯®á«¥ k = 2m à §¨æ  ¢ ç¨á«¥ à¥¡¥à ¬¥¦¤ã ¬¨-
¨¬ «ìë¬ k-à áè¨à¥¨¥¬ ¨ âà¨¢¨ «ìë¬ k-à áè¨à¥¨¥¬ £à ä  G ã¢¥«¨ç¨¢ ¥âáï   ¥¤¨¨æã.
�âã ¨¤¥î § ¯¨è¥¬ ¢ ¢¨¤¥

�
nk + k(k�1)

2
�
�
k�2m

2

��
. �¡ê¥¤¨ïï á«ãç ¨ ¤«ï k < 2m ¨ k � 2m,

¯®«ãç¨¬ ¨áª®¬ãî ä®à¬ã«ã.
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