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�ãáâì L ¨ M | ª¢ ¤à â­ë¥ ¬ âà¨æë ¯®àï¤ª  n. �¨­¥©­ãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

L _u =Mu+ f (0.1)

¡ã¤¥¬ ­ §ë¢ âì á¨áâ¥¬®© «¥®­âì¥¢áª®£® â¨¯ , ¥á«¨ detL = 0,   detM 6= 0. � §¢ ­¨¥ ®¡ãá«®¢«¥-
­® â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå á¨áâ¥¬  (0.1) ¬®¤¥«¨àã¥â
¬¥¦®âà á«¥¢ãî íª®­®¬¨ªã \§ âà âë{¢ë¯ãáª" á ãç¥â®¬ § ¯ á®¢ [1]. � á ¨­â¥à¥áã¥â ç¨á«¥­­®¥
à¥è¥­¨¥ § ¤ ç¨ �®è¨

u(0) = u0 (0.2)

¤«ï á¨áâ¥¬ë (0.1).
�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ã¦¥ á¥©ç á áãé¥áâ¢ãîâ ç¨á«¥­­ë¥  «£®à¨â¬ë à¥è¥­¨ï á¨áâ¥¬ ¢¨-

¤  (0.1), à¥ «¨§®¢ ­­ë¥ ¢ ¢¨¤¥ ¯à®£à ¬¬­®£® ¯à®¤ãªâ  ¤«ï �� ��� [2]. �¤­ ª® ®­¨ ®ç¥­ì á«®¦-
­ë ¨ âàã¤­®¤®áâã¯­ë. �ãé¥áâ¢ãîé¨¥ ¤®áâ â®ç­® ¯à®áâë¥ ¨ ­ ¤¥¦­ë¥  «£®à¨â¬ë [3] ¯à¨£®¤­ë
â®«ìª® ¢ á«ãç ¥ detL 6= 0. � è ¯®¤å®¤ ®á­®¢ ­ ­  à¥§ã«ìâ â å ¤«ï ®â­®á¨â¥«ì­® p-à ¤¨ «ì­ëå
®¯¥à â®à®¢ ¨ ¯®à®¦¤ ¥¬ëå ¨¬¨ ¢ëà®¦¤¥­­ëå á¨«ì­® ­¥¯à¥àë¢­ëå ¯®«ã£àã¯¯. �á­®¢ë íâ®©
â¥®à¨¨ ¡ë«¨ § «®¦¥­ë ¢ [4],   § â¥¬ à §¢¨âë ¢ [5], [6].

� áâ âì¥ áâà®¨âáï ç¨á«¥­­ë©  «£®à¨â¬ ¤«ï à¥è¥­¨ï § ¤ ç¨ (0.1), (0.2), ª®â®àë© ¨á¯®«ì§ã-
¥âáï ¤«ï ¨§ãç¥­¨ï ¯à¨¬¥à  �¥®­âì¥¢  ¨§ [1].

�á¥ à áá¬®âà¥­¨ï ¡ã¤ãâ ¯à®¢®¤¨âìáï ¢ ¢¥é¥áâ¢¥­­ëå ¯à®áâà ­áâ¢ å, ­® ¯à¨ ¨§ãç¥­¨¨ á¯¥ª-
âà «ì­ëå ¢®¯à®á®¢ ¢¢®¤¨âáï ¨å ¥áâ¥áâ¢¥­­ ï ª®¬¯«¥ªá¨ä¨ª æ¨ï. �á¥ ª®­âãàë ®£à ­¨ç¨¢ îâ
®¡« áâ¨, «¥¦ é¨¥ á«¥¢  ¯à¨ ¤¢¨¦¥­¨¨ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �¨¬¢®«ë I ¨ O ®¡®§­ ç îâ
á®®â¢¥âáâ¢¥­­® ¥¤¨­¨ç­ë© ¨ ­ã«¥¢®© ®¯¥à â®àë, ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ª®â®àëå ïá­ë ¨§ ª®­â¥ª-
áâ .

1. �­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨

�«¥¤ãï [7], à áá¬®âà¨¬ L-à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢®

�L(M) = f� 2 C : det(�L�M) 6= 0g

¨ L-á¯¥ªâà �L(M) = C n �L(M) ¬ âà¨æë M . �¥âàã¤­® ¯®ª § âì [7], çâ® «¨¡® �L(M) = ;, «¨¡®
L-á¯¥ªâà ¬ âà¨æë M á®áâ®¨â ¨§ ª®­¥ç­®£® ¬­®¦¥áâ¢  â®ç¥ª. �à®¬¥ â®£®, § ¬¥â¨¬, çâ® ¬­®¦¥-
áâ¢  �L(M) ¨ �L(M) ­¥ ¨§¬¥­ïîâáï ¯à¨ ¯¥à¥å®¤¥ ª ¤àã£¨¬ ¡ §¨á ¬. �®íâ®¬ã ¨§«®¦¥­¨¥ ã¤®¡­®
¢¥áâ¨ ­  ï§ëª¥ â¥®à¨¨ «¨­¥©­ëå ®¯¥à â®à®¢.

�ãáâì U ¨ F | ª®­¥ç­®¬¥à­ë¥ «¨­¥ «ë, U = F = Rn ; «¨­¥©­ë¥ ®¯¥à â®àë L;M : U! F.

�¯à¥¤¥«¥­¨¥ 1.1. �¯¥à â®à M ­ §ë¢ ¥âáï L-à¥£ã«ïà­ë¬, ¥á«¨ �L(M) 6= ;.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, è¨äà

PD02-1.1.-82.
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� ¬¥ç ­¨¥ 1.1. �¥âàã¤­® ¢¨¤¥âì, çâ® L-à¥£ã«ïà­ë© ®¯¥à â®à M ï¢«ï¥âáï (L; �)-®£à ­¨-
ç¥­­ë¬ ®¯¥à â®à®¬, ¯à¨ç¥¬ â®çª  1 ï¢«ï¥âáï ­¥áãé¥áâ¢¥­­®© ®á®¡®© â®çª®© L-à¥§®«ì¢¥­âë
�L � M ®¯¥à â®à  M [7]. �®íâ®¬ã ®¯¥à â®à M ¡ã¤¥â á¨«ì­® (L; p)-à ¤¨ «ì­ë¬, £¤¥ ç¨á«®
p 2 f0g [ N ãª §ë¢ ¥â ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M [5]. �à¨ íâ®¬
ãáâà ­¨¬ ï ®á®¡ ï â®çª  áç¨â ¥âáï ¯®«îá®¬ ¯®àï¤ª  ­ã«ì.

� ¬¥ç ­¨¥ 1.2. �á«¨ ¢ á¨áâ¥¬¥ (0.1) detM = 0 ¨ ®¯¥à â®àM L-à¥£ã«ïà¥­, â® ¯®¤áâ ­®¢ª®©
u = e�tv, £¤¥ � 2 �L(M), á¨áâ¥¬ã (0.1) ­¥âàã¤­® ¯à¨¢¥áâ¨ ª á¨áâ¥¬¥ «¥®­âì¥¢áª®£® â¨¯ .

�¥¬¬  1.1 ([7]). �ãáâì ®¯¥à â®à M L-à¥£ã«ïà¥­. �®£¤  ¨­â¥£à «ë

P =
1
2�i

Z
�
RL

� (M)d�; Q =
1
2�i

Z
�
LL
�(M)d� (1.1)

§ ¤ îâ ¯à®¥ªâ®àë P : U! U, Q : F! F.

�¤¥áì § ¬ª­ãâë© ª®­âãà � � C ®£à ­¨ç¨¢ ¥â ®¡« áâì, á®¤¥à¦ éãî �L(M),   RL
� (M) = (�L�

M)�1L ¨ LL
�(M) = L(�L �M)�1 ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® ¯à ¢®© ¨ «¥¢®© L-à¥§®«ì¢¥­â ¬¨

®¯¥à â®à  M .
�®«®¦¨¬ kerP = U0, ImP = U1, kerQ = F0, ImQ = F1. �¥à¥§ Lk (Mk) ®¡®§­ ç¨¬ áã¦¥­¨¥

®¯¥à â®à  L (M) ­  Uk, k = 0; 1.

�¥®à¥¬  1.1 ([7]). �ãáâì ®¯¥à â®à M L-à¥£ã«ïà¥­. �®£¤ 

(i) ®¯¥à â®àë Lk;Mk : Uk ! Fk, k = 0; 1;
(ii) áãé¥áâ¢ãîâ ®¯¥à â®àë M�1

0 : F0 ! U0, L�11 : F1 ! U1.

�ãáâì ¢¥ªâ®à f 2 F,   ®¯¥à â®à M L-à¥£ã«ïà¥­. � ª ­¥âàã¤­® ¢¨¤¥âì, ¬­®¦¥áâ¢®

Mf = fu 2 U : (I�Q)(Mu+ f) = 0g

®¡à §ã¥â  ää¨­­®¥ ¬­®£®®¡à §¨¥ ¢ ¯à®áâà ­áâ¢¥ U, ¯à¨ç¥¬

u 2Mf , u0 = �M�1
0 f 0;

£¤¥ u0 2 U0,   f 0 2 F0.

�¥®à¥¬  1.2 ([7]). �ãáâì ®¯¥à â®à M L-à¥£ã«ïà¥­, â®£¤  ¤«ï «î¡ëå ¢¥ªâ®à®¢ f 2 F ¨

u0 2Mf áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0:1), (0:2), ª®â®à®¥ ¨¬¥¥â ¢¨¤

u(t) = �M�1
0 f 0 + U tu0 +

Z t

0

Rsfds; t 2 R:

�¤¥áì

U t =
1
2�i

Z
�

RL
� (M)e�td�; Rt =

1
2�i

Z
�

(�L�M)�1e�td�; (1.2)

  ª®­âãà � � C â ª®© ¦¥, ª ª ¢ «¥¬¬¥ 1:1.

� ¬¥ç ­¨¥ 1.3. �¥¬¥©áâ¢® fU t : t 2 Rg ®¡à §ã¥â  ­ «¨â¨ç¥áªãî £àã¯¯ã á ¥¤¨­¨æ¥© U 0 = P .
�à®¥ªâ®à Q ¡ã¤¥â ¥¤¨­¨æ¥© ¤«ï ¤àã£®©  ­ «¨â¨ç¥áª®© £àã¯¯ë

F t =
1
2�i

Z
�

LL
�(M)e�td�; (1.3)

ª®â®à ï ¯®­ ¤®¡¨âáï ¢ ¤ «ì­¥©è¥¬.

� ¬¥ç ­¨¥ 1.4. � ª ­¥âàã¤­® ã¡¥¤¨âìáï, à¥è¥­¨¥ u(t) 2Mf ¯à¨ ¢á¥å t 2 R. �®íâ®¬ã ¬­®-
¦¥áâ¢® Mf ­®á¨â ­ §¢ ­¨¥ ä §®¢®£® ¯à®áâà ­áâ¢  á¨áâ¥¬ë (0.1) [7].

� ¤ «ì­¥©è¥¬ ¯®âà¥¡ã¥âáï ®¤¨­ à¥§ã«ìâ â ¨§ â¥®à¨¨ ¬ âà¨æ [8].
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�¯à¥¤¥«¥­¨¥ 1.2. � âà¨ç­ë© ¯ãç®ª �L�M ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬, ¥á«¨ áãé¥áâ¢ã¥â ç¨-
á«® � 2 C â ª®¥, çâ® det(�L�M) 6= 0.

�¥®à¥¬  1.3. �ãáâì ¬ âà¨ç­ë© ¯ãç®ª �L �M à¥£ã«ïà¥­. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ­¥-

®á®¡¥­­ë¥ ¬ âà¨æë A ¨ B ¯®àï¤ª  n, çâ®

A(�L�M)B = diagfNn1 ; Nn2 ; : : : ; Nnk ; �Il� Slg;

£¤¥ N� = �G� � I�, G� | ¦®à¤ ­®¢  ª«¥âª  ¯®àï¤ª  �, n1 + n2 + � � � + nk + l = n, � 2 C .

� ¬¥ç ­¨¥ 1.5. � ª ­¥âàã¤­® ¢¨¤¥âì, ¯ãç®ª �L�M à¥£ã«ïà¥­ â®ç­® â®£¤ , ª®£¤  ®¯¥à â®à
M L-à¥£ã«ïà¥­.

2. �«£®à¨â¬ à¥è¥­¨ï § ¤ ç¨ �®è¨

�ãáâì U ¨ F | ª®­¥ç­®¬¥à­ë¥ «¨­¥ «ë, dimU = dimF; ®¯¥à â®àë L;M : U ! F, ¯à¨ç¥¬
®¯¥à â®à M L-à¥£ã«ïà¥­. �ãáâì â®çª¨ �q 2 �L(M), q = 0; 1; : : : ; p. �¯¥à â®à-äã­ªæ¨¨

RL
(�;p)(M) =

pY
q=0

RL
�q
(M); LL

(�;p)(M) =
pY

q=0

LL
�q
(M)

­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® ¯à ¢®© p-à¥§®«ì¢¥­â®© ¨ «¥¢®© p-à¥§®«ì¢¥­â®© ®¯¥à â®à  M ®â-
­®á¨â¥«ì­® ®¯¥à â®à  L (¯®-¤àã£®¬ã, ¯à ¢®© (L; p)-à¥§®«ì¢¥­â®© ¨ «¥¢®© (L; p)-à¥§®«ì¢¥­â®©
®¯¥à â®à  M).

�¥®à¥¬  2.1 ([5]). �ãáâì â®çª¨ �q; �q 2 �L(M), q = 0; 1; : : : ; p. �®£¤  ImRL
(�;p)(M) =

ImRL
(�;p)(M), ImLL

(�;p)(M) = ImLL
(�;p)(M).

� ¯®¬­¨¬, çâ® ¢ á«ãç ¥ L-à¥£ã«ïà­®áâ¨ ®¯¥à â®à  M ¢ â®çª¥ 1 ¬®¦¥â ¡ëâì â®«ìª® ¯®«îá
¯®àï¤ª  p 2 f0g [ N L-à¥§®«ì¢¥­âë ®¯¥à â®à  M .

�¥®à¥¬  2.2. �ãáâì p | ¯®àï¤®ª ¯®«îá  L-à¥§®«ì¢¥­âë ®¯¥à â®à  M ¢ â®çª¥ 1. �®£¤ 

(i) kerRL
(�;p)(M)� ImRL

(�;p)(M) = U;
(ii) kerLL

(�;p)(M)� ImLL
(�;p)(M) = F.

�®ª § â¥«ìáâ¢®. (i) � á¨«ã â¥®à¥¬ë 2.1 ¤®ª § â¥«ìáâ¢® ¤®áâ â®ç­® ¯à®¢¥áâ¨ ¤«ï ­¥ª®â®-
à®£® ç¨á«  � 2 �L(M). �§ â¥®à¥¬ë 1.3 ¯®«ãç ¥¬

(RL
�(M))p+1 = BfOn1 ;On2 ; : : : ;Onk ; (�Il� Sl)

�(p+1)gB�1:

�âáî¤ 

dimker(RL
�(M))p+1 = dimkerRL

(�;p)(M) = n1 + n2 + � � �+ nk;

dimIm(RL
�(M))p+1 = dim ImRL

(�;p)(M) = l;

¯à¨ç¥¬ l + n1 + n2 + � � �+ nk = n.
(ii) �®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�®«®¦¨¬ kerRL
(�;p)(M) = U0, ImRL

(�;p)(M) = U1, kerLL
(�;p)(M) = F0, ImLL

(�;p)(M) = F1, £¤¥ p
| ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M . �¡®§­ ç¨¬ ç¥à¥§ Lk (Mk) áã¦¥­¨¥
®¯¥à â®à  L (M) ­  Uk, k = 0; 1.

�«¥¤áâ¢¨¥ 2.1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2.2. �®£¤ 
(i) ®¯¥à â®àë Lk;Mk : Uk ! Fk, k = 0; 1;
(ii) áãé¥áâ¢ãîâ ®¯¥à â®àë M�1

0 : F0 ! U0, L�11 : F1 ! U1.

48



�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ (i) á«¥¤ã¥â ¨§ ®ç¥¢¨¤­ëå á®®â­®è¥­¨© LRL
(�;p)(M) =

LL
(�;p)(M)L, MRL

(�;p)(M) = LL
(�;p)(M)M [6].

�«ï ¤®ª § â¥«ìáâ¢  (ii), ¯®«ì§ãïáì â¥®à¥¬®© 1.3, ¯à¥¤êï¢¨¬ ¢ ï¢­®¬ ¢¨¤¥ ®¯¥à â®àë M�1
0 =

B�1fIn1; In2; : : : ; Ink;O lgA
�1, L�11 = B�1fOn1 ;On2 ; : : : ;Onk ; IlgA

�1.

� ¬¥ç ­¨¥ 2.1. �®¢¯ ¤¥­¨¥ ¢ ®¡®§­ ç¥­¨ïå â¥®à¥¬ë 1.2 ¨ á«¥¤áâ¢¨ï 2.1 ­¥ á«ãç ©­®, çâ®
¡ã¤¥â ¯à®¤¥¬®­áâà¨à®¢ ­® ¢ ¤ «ì­¥©è¥¬.

�¥®à¥¬  2.3. �ãáâì p | ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M . �®£¤ 

(i) lim
k!1

(kRL
k (M))p+1 = P ; (2.1)

(ii) lim
k!1

(kLL
k (M))p+1 = Q; (2.2)

£¤¥ ¯à®¥ªâ®àë P ¨ Q ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (1:1).

�®ª § â¥«ìáâ¢®. (i) �¡®§­ ç¨¬ ç¥à¥§ Pl ª¢ ¤à â­ãî ¬ âà¨æã ¯®àï¤ª  n, ¢ ¯à ¢®¬ ­¨¦­¥¬
ã£«ã ª®â®à®© à á¯®«®¦¥­  ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  l,   ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë ­ã«î.
� á¨«ã â¥®à¥¬ë 1.3

B�1PB = diag
�
On1 ;On2 ; : : : ;Onk ;

1
2�i

Z
�

(�Il� Sl)�1d�
�
= Pl:

� ¤àã£®© áâ®à®­ë,

B�1(kRL
k (M))p+1B = B�1 diagfOn1 ;On2 ; : : : ;Onk ; (Il� k�1Sl)

�(p+1)gB = Pl:

�â¢¥à¦¤¥­¨¥ (ii) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

� ¬¥ç ­¨¥ 2.2. � ç¨á«¥­­ëå à áç¥â å ¢á¥£¤  ­¥®¡å®¤¨¬® §­ âì, á ª ª®£® ç¨á«  k 2 N ¬®¦-
­® ­ ç¨­ âì áç¨â âì ¯à¨¡«¨¦¥­­ë¥ ¯à®¥ªâ®àë P ¨ Q. � áá¬®âà¨¬ ¬­®£®ç«¥­ det(�L �M) =
a0�

n + a1�
n�1 + � � � + n. �®áª®«ìªã a0 = detL, ª®íää¨æ¨¥­â a1 á®áâ®¨â ¨§ á« £ ¥¬ëå, ª -

¦¤®¥ ¨§ ª®â®àëå ¥áâì ¯à®¨§¢¥¤¥­¨¥ ®¯à¥¤¥«¨â¥«ï ®¤­®£® ¨§ ¬¨­®à®¢ ¬ âà¨æë L ¯®àï¤ª  n� 1
­  ç¨á«®, : : : , ª®íää¨æ¨¥­â ak á®áâ®¨â ¨§ á« £ ¥¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå ¥áâì ¯à®¨§¢¥¤¥-
­¨¥ ®¯à¥¤¥«¨â¥«ï ®¤­®£® ¨§ ¬¨­®à®¢ ¬ âà¨æë L ¯®àï¤ª  n � k ­  ç¨á«®, : : : , ª®íää¨æ¨¥­â
an = det(�M), â® ¬­®£®ç«¥­ det(�L �M) ¨¬¥¥â ¯®àï¤®ª ­¥ ¡®«ìè¨©, ç¥¬ rankL. �â ª, ¯ãáâì
det(�L�M) = aq�

n�q + � � �+ an, £¤¥ aq 6= 0, q � rankL. �®£¤  ¯à¨

k >
1
jaqj

nX
k=q+1

jakj+ 1

­¥«ì§ï ®ª § âìáï ¤ ¦¥ ¢¡«¨§¨ â®çª¨ L-á¯¥ªâà  ®¯¥à â®à  M .

�¥®à¥¬  2.4. �ãáâì p | ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M . �®£¤ 

(i) lim
k!1

((L�
t

k(p+ 1)
M)�1L)k(p+1) = U t; (2.3)

(ii) lim
k!1

(L(L�
t

k(p+ 1)
M)�1)k(p+1) = F t; (2.4)

£¤¥ £àã¯¯ë fU t : t 2 Rg ¨ fF t : t 2 Rg ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (1:2) ¨ (1:3) á®®â¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢®. (i) �¡®§­ ç¨¬ ç¥à¥§ S ª¢ ¤à â­ãî ¬ âà¨æã ¯®àï¤ª  n, ¢ ¯à ¢®¬ ­¨¦­¥¬
ã£«ã ª®â®à®© ­ å®¤¨âáï ¬ âà¨æ  Sl,   ®áâ «ì­ë¥ í«¥¬¥­âë | ­ã«¨. �®£¤ 

B�1U tB = diag
�
On1 ;On2 ; : : : ;Onk ;

1
2�i

Z
�

(Il� Sl)
�1e�td�

�
= etS:
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� ¤àã£®© áâ®à®­ë,

B�1
��

L�
t

k(p+ 1)
M

��1
L

�k(p+1)

B = B�1 diag
�
On1 ;On2 ; : : : ;Onk ;

�
Il�

t

k(p+ 1)
Sl

��(p+1)�
B:

�âáî¤ 

lim
k!1

��
L�

t

k(p+ 1)
M

��1
L

�k(p+1)

=

= lim
k!1

B diag
�
On1 ;On2 ; : : : ;Onk ;

�
Il�

t

k(p+ 1)
Sl

��k(p+1)�
B�1 = BetSB�1 = U t:

�â¢¥à¦¤¥­¨¥ (ii) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

� ¬¥ç ­¨¥ 2.3. � ª ¦¥, ª ª ¨ ¢ § ¬¥ç ­¨¨ 2.2, à áá¬®âà¨¬ ¬­®£®ç«¥­

det(�(p+ 1)L� tM) = aqt
q�n�q(p+ 1)n�q + � � �+ tnan;

£¤¥ aq 6= 0, q � rankL. �®£¤  ¯à¨

k >

8>>>><
>>>>:

1
jaqj(p+ 1)n�q

nX
k=q+1

jakj(p+ 1)n�k + 1; ¥á«¨ jtj < 1;

1
jaqj jtjq(p+ 1)n�q

nX
k=q+1

jakj(p+ 1)n�kjtjk + 1; ¥á«¨ jtj � 1;

­¥«ì§ï ®ª § âìáï ¤ ¦¥ ¢¡«¨§¨ â®çª¨ L-á¯¥ªâà  ®¯¥à â®à  M .

�®ª § â¥«ìáâ¢  á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬  ­ «®£¨ç­ë ¤®ª § â¥«ìáâ¢ ¬ ¤¢ãå ¯à¥¤ë¤ãé¨å,
¯®íâ®¬ã ®­¨ ®¯ãáª îâáï.

�¥®à¥¬  2.5. �ãáâì p | ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M . �®£¤ 

lim
k!1

��
L�

t

k(p+ 1)
M

��1
L

�k(p+1)�1�
L�

t

k(p+ 1)
M

��1
= Rt; (2.5)

£¤¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ fRt : t 2 Rg ®¯à¥¤¥«¥­® ä®à¬ã«®© (1:2).

�¥®à¥¬  2.6. �ãáâì p | ¯®àï¤®ª ¯®«îá  ¢ â®çª¥ 1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M ¨ áã-

é¥áâ¢ã¥â ®¯¥à â®à M�1 : F! U. �®£¤ 

Z t

0

Rt�sds = lim
k!1

M�1

�
L

�
L�

t

k(p+ 1)
M

��1�k(p+1)

� lim
k!1

M�1(kLL
k (M))(p+1): (2.6)

� ¬¥ç ­¨¥ 2.4. �®áª®«ìªã ¯®àï¤®ª ¯®«îá  ¢ â®çª¥1 L-à¥§®«ì¢¥­âë ®¯¥à â®à  M ­¥ ¬®-
¦¥â ¡ëâì ¡®«ìè¥ dimU [7], â® ¢ ç¨á«¥­­ëå à áç¥â å ¯® ä®à¬ã« ¬ (2.1){(2.6) p ¬®¦­® § ¬¥­¨âì
­  n.

� ¬¥ç ­¨¥ 2.5. �à¨ ç¨á«¥­­ëå à áç¥â å ¯® ä®à¬ã« ¬ (2.5) ¨ (2.6) ­¥®¡å®¤¨¬® ãç¨âë¢ âì
§ ¬¥ç ­¨ï 2.1 ¨ 2.2.

�¥¯¥àì ¢á¥ £®â®¢® ¤«ï à¥è¥­¨ï § ¤ ç¨ (0.1), (0.2).

�¥®à¥¬  2.7. �ãáâì áãé¥áâ¢ã¥â ®¯¥à â®à M�1 : F ! U. �®£¤  ¤«ï «î¡®£® ¢¥ªâ®à  f 2 F
¨ «î¡®£® ¢¥ªâ®à  u0 2 U â ª®£®, çâ®

� lim
k!1

(In� (kRL
k (M))n+1)u0 = lim

k!1
M�1(In� (kLL

k (M))n+1)f; (2.7)
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áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0:1), (0:2), ª®â®à®¥ ¨¬¥¥â ¢¨¤

u(t) = lim
k!1

��
L�

t

k(n+ 1)
M

��1
L

�k(n+1)

u0 +

+ lim
k!1

M�1

�
L

�
L�

t

k(n+ 1)
M

��1�k(n+1)

f �M�1f: (2.8)

�®ª § â¥«ìáâ¢® ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ 2.3{2.6. �â¬¥â¨¬ «¨èì, çâ® (2.7) § ¤ ¥â
ä §®¢®¥ ¯à®áâà ­áâ¢® Mf á¨áâ¥¬ë (0.1),   ä®à¬ã«  (2.8) á®¢¯ ¤ ¥â á ä®à¬ã«®© â¥®à¥¬ë 1.2.

� ¬¥ç ­¨¥ 2.6. �®áª®«ìªã ¢á¥ ­ è¨ ¯®áâà®¥­¨ï ®á­®¢ ­ë ­  ä®à¬ã«¥

lim
k!1

�
1 +

t

k

�k

= et;

â® ®¦¨¤ âì ®æ¥­®ª áå®¤¨¬®áâ¨ «ãçè¨å, ç¥¬ const � k�1, ­¥ ¯à¨å®¤¨âáï. �¤­ ª® ¯à¨ à áç¥â¥
ª®­ªà¥â­ëå ¯à¨¬¥à®¢ â ª ï áå®¤¨¬®áâì ¢¯®«­¥ ã¤®¢«¥â¢®à¨â¥«ì­ .

3. �à¨¬¥à �¥®­âì¥¢ 

�ãáâì ¬ âà¨æë L ¨ M ¨¬¥îâ ¢¨¤

L =

2
664

7
20

1
20

21
200

1
100

103
200

8
25

0 0 0

3
775 ; M =

2
664

3
4

�1
5

�11
20

�7
25

10304189
11996000

�70836357
119960000

�4
15

�2
5

13
15

3
775 :

�á«¨ ¯¥à¥®¡®§­ ç¨âì L = B, M = I� A, â® ¬ âà¨æë B ¨ A ¯®çâ¨ á®¢¯ ¤ãâ á ¬ âà¨æ ¬¨ ¨§
ª« áá¨ç¥áª®£® ¯à¨¬¥à  [1]. �«®¢® \¯®çâ¨" ®§­ ç ¥â, çâ® í«¥¬¥­âë m22 ¨ m23 ¯®¤®¡à ­ë á¯¥æ¨-
 «ì­® á æ¥«ìî ã¯à®áâ¨âì ¢ëç¨á«¥­¨ï ¨ ®â«¨ç îâáï ®â ¯à¨¢¥¤¥­­ëå ¢ ¯à¨¬¥à¥ ç¨á¥« 22

25
¨ �3

5
­ 

¢¥«¨ç¨­ë

m22 =
22
25
�
�252291
11996000

; m23 =
�3
5
�

1139643
119960000

: (3.1)

� ©¤¥¬ L-á¯¥ªâà ®¯¥à â®à  M �L(M) = f0; 2; 2; 7g. �¬¥­­® ¤«ï â®£®, çâ®¡ë â®çª¨ L-á¯¥ªâà 
®¯¥à â®à  M ¡ë«¨ à æ¨®­ «ì­ë¬¨ ç¨á« ¬¨, á¤¥« ­ë ¯®¯à ¢ª¨ (3.1). �®çª¨ L-á¯¥ªâà  ®¯¥à -
â®à  M ¢ ¨áå®¤­®¬ ¯à¨¬¥à¥ ¨àà æ¨®­ «ì­ë ¨ ®â«¨ç îâáï ®â ­ ©¤¥­­ëå çãâì ¡®«ìè¥, ç¥¬ ­ 
®¤­ã á®âãî. �â ª, ®¯¥à â®à M L-à¥£ã«ïà¥­.

� ©¤¥¬ ä §®¢®¥ ¯à®áâà ­áâ¢® á¨áâ¥¬ë (0.1)

Mf = fu 2 U : 4u1 + 6u2 = 13u3 + 15f3g:

�ë« ¯à®¢¥¤¥­ à áç¥â ¤«ï § ¤ ç¨ (0.1), (0.2) ¯® â¥®à¥¬ ¬ 1.2 ¨ 2.6.

� ¬¥ç ­¨¥ 3.1. � ­ áâ®ïé¥¥ ¢à¥¬ï ¯® ¯à¥¤«®¦¥­­®¬ã  «£®à¨â¬ã  ¢â®à ¬¨ à §à ¡®â ­
¯à®£à ¬¬­ë© ¯à®¤ãªâ ¤«ï à áç¥â  íª®­®¬¨ª¨ ª®¬¬ã­ «ì­®£® å®§ï©áâ¢  ¬ «ëå £®à®¤®¢. �¢-
â®àë ¢ëà ¦ îâ ¡« £®¤ à­®áâì £« ¢¥  ¤¬¨­¨áâà æ¨¨ £. �¬ ­¦¥«¨­áª  �.�. �®à¡ã­®¢ã §  ¯à¥-
¤®áâ ¢«¥­­ãî ¢®§¬®¦­®áâì à¥ «¨§®¢ âì â¥®à¥â¨ç¥áª¨¥ à¥§ã«ìâ âë ­  ¯à ªâ¨ª¥.
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