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� áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨­ â �, �, r (0 � � � �, 0 � � � 2�, 0 � r � a) ¯®áâà®¥­ë ¨
¯à®¨­â¥£à¨à®¢ ­ë à §à¥è îé¨¥ ãà ¢­¥­¨ï â¥®à¨¨ ã¯àã£®áâ¨ ¤«ï è à  ®â­®á¨â¥«ì­® ¯¥à¥¬¥-
é¥­¨©.

� ­ áâ®ïé¥¬ã ¬®¬¥­âã ¨¬¥¥âáï ­¥áª®«ìª® â®ç­ëå à¥è¥­¨© ªà ¥¢ëå § ¤ ç ¤«ï á«ãç ¥¢ ®á¥-
á¨¬¬¥âà¨ç­®© ¤¥ä®à¬ æ¨¨ è à , ­¥ª®â®àë¥ ¨§ íâ¨å § ¤ ç,   â ª¦¥ ®¡§®à áãé¥áâ¢ãîé¨å ¢
íâ®¬ ­ ¯à ¢«¥­¨¨ à ¡®â ¯à¨¢¥¤¥­ ¢ [1]. � íâ®© ¦¥ ¬®­®£à ä¨¨ ¯à¨ ­¥ª®â®àëå ¯à¥¤¯®«®¦¥­¨ïå
áâà®¨âáï à¥è¥­¨¥ ¤«ï ­¥á¨¬¬¥âà¨ç­®© ¤¥ä®à¬ æ¨¨ è à , ­® ®­® ­¥ ¬®¦¥â áç¨â âìáï ®¡é¨¬ à¥-
è¥­¨¥¬, â. ª. ¢ ­¥¬ ¯à¨áãâáâ¢ãîâ \«¨è­¨¥" ¯®áâ®ï­­ë¥, ª®â®àë¥ ¯à¥¤« £ ¥âáï áç¨â âì à ¢­ë¬¨
­ã«î. � ª¨å «¨¡® ®¡®á­®¢ ­¨© íâ®£® ­¥ ¤ ¥âáï, á«¥¤®¢ â¥«ì­®, ª®­áâ ­â ¬ ¬®¦­® ¯à¨¤ ¢ âì ¨
¤àã£¨¥ §­ ç¥­¨ï. �®§­¨ª ¥â ¢®¯à®á ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨. �ãé¥áâ¢¥­­ëå
à¥§ã«ìâ â®¢ ¢ ¡®«¥¥ ¯®§¤­¨å à ¡®â å íâ®£® ­ ¯à ¢«¥­¨ï, ­  ­ è ¢§£«ï¤, ­¥ ¤®áâ¨£­ãâ®.

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­® ®¡é¥¥ à¥è¥­¨¥ ¤«ï á¯«®è­®£® ¨«¨ ¯®«®£® è à , ¯®ª § ­®, ª ª
¤®áâà ¨¢ âì íâ® à¥è¥­¨¥ ¤«ï á¥£¬¥­â , ­¥ á®¤¥à¦ é¥£® ¯®«îá®¢, ¤«ï â¥« , ®£à ­¨ç¥­­®£® ¤¢ã¬ï
¯ à ««¥«ï¬¨ ¨ ¬¥à¨¤¨ ­ ¬¨.

1. �®áâà®¥­¨¥ à §à¥è îé¨å ãà ¢­¥­¨©. � ª ç¥áâ¢¥ ¨áå®¤­ëå ¨á¯®«ì§ã¥¬ á®®â­®è¥­¨ï,
¯à¨¢¥¤¥­­ë¥ ¢ [2] ¯à¨ ­ã«¥¢ëå §­ ç¥­¨ïå ®¡ê¥¬­ëå á¨«:
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�¤¥áì u, v, w | ¯¥à¥¬¥é¥­¨ï â®ç¥ª è à  ¢¤®«ì ¬¥à¨¤¨ ­ , ¯ à ««¥«¨ ¨ ¢ ­ ¯à ¢«¥­¨¨ ®â
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�à ¢­¥­¨¥ ®â­®á¨â¥«ì­® � ¬®¦­® ¯®«ãç¨âì, ¯®¤¥©áâ¢®¢ ¢ ­  ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë
(1) ®¯¥à â®à®¬ 1
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( ) ¨ ¯à®áã¬¬¨à®¢ ¢ § â¥¬ íâ¨ ãà ¢­¥­¨ï, ¢ ¨â®£¥ r2� = 0, £¤¥ r2 | ®¯¥à â®à � ¯« á 

¢ áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨­ â:
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� ¯®¬®éìî á®®â­®è¥­¨© (3) ¨áª«îç¨¬ ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (1) ª®¬¯®­¥­âë ¢à é¥­¨ï,
§ â¥¬ ¨§¡ ¢¨¬áï, ¨á¯®«ì§ãï ¢ëà ¦¥­¨ï ¤«ï � ¨ ¥¥ ¯à®¨§¢®¤­®© ¯® r, ®â ¯¥à¥¬¥é¥­¨© u ¨ v, â®£¤ �
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� ¨â®£¥ ¨¬¥¥¬ á¨áâ¥¬ã à §à¥è îé¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® �, u, v, w ¨ ãá«®¢¨¥ (2), á¢ï-
§ë¢ îé¥¥ ¨å à¥è¥­¨ï.

2. �¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©. �é¥âáï ¯¥à¨®¤¨ç¥áª®¥ ¯® ª®®à¤¨­ â¥ � à¥è¥­¨¥ ãª -
§ ­­®© á¨áâ¥¬ë ãà ¢­¥­¨©. �¥ ­ àãè ï ®¡é­®áâ¨ ¯®áâ ­®¢ª¨, ¬®¦­® áç¨â âì
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(4)

�®£¤  ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ àï¤®¢ (4) ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©
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�à®¬¥ â®£®, ¨§ á®®â­®è¥­¨ï (2) á«¥¤ã¥â
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m
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vm = 0: (6)

�«ï à¥è¥­¨ï ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (5) ¨á¯®«ì§ã¥¬ ¬¥â®¤¨ªã, ¯à¨¢¥¤¥­­ãî ¢ [3].
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�à¥¤¯®« £ ¥âáï, çâ®

�m =
1X
n=0

Amn (�)Bn (r):

�®¤áâ ¢«ï¥¬ íâ® ¢ëà ¦¥­¨¥ ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (5) ¨ âà¥¡ã¥¬, çâ®¡ë äã­ªæ¨ï Bn (r)
ã¤®¢«¥â¢®àï«  ãà ¢­¥­¨î

1
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@Bn
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�
= n (n+ 1) :

�®£¤  ®â­®á¨â¥«ì­® äã­ªæ¨¨ Amn (�) ¯®«ãç ¥¬ ãà ¢­¥­¨¥

1
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�
dAmn

d�
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�
+
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n (n+ 1)�

m2

sin2 �

�
Amn = 0; (7)

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤ ([4], á. 1029) Amn = LmnP
m
n (cos�) + NmnQ

m
n (cos�), £¤¥

Pm
n (cos�), Qm

n (cos�) | ¯à¨á®¥¤¨­¥­­ë¥ äã­ªæ¨¨ �¥¦ ­¤à  (è à®¢ë¥ äã­ªæ¨¨).
�¡é¥¥ à¥è¥­¨¥ ¯à¥¤ë¤ãé¥£® ãà ¢­¥­¨ï ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ Bn = C1nr

n +C2nr
�(n+1).

�ç¥¢¨¤­®,

�m =
1X
n=0

�
C1nr

n + C2nr
�(n+1)

�
[LmnP

m
n (cos�) +NmnQ

m
n (cos�)] :

�¤¥áì C1n, C2n, Lmn, Nmn | ¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï.
�á«¨ ¨§ãç ¥¬ ï ®¡« áâì á®¤¥à¦¨â å®âï ¡ë ®¤¨­ ¨§ ¯®«îá®¢, â® á«¥¤ã¥â ¯®«®¦¨âì Nmn = 0,

¨­ ç¥ à¥è¥­¨¥ ¢ ¯®«îá å ­¥®£à ­¨ç¥­­® ¢®§à áâ ¥â. �á«¨ ®¡« áâì ­¥ á®¤¥à¦¨â ¯®«îá®¢ áä¥àë,
â® Nmn 6= 0, ¨ ¨á¯®«ì§ã¥âáï ¯à¨ ¢ë¯®«­¥­¨¨ £à ­¨ç­ëå ãá«®¢¨©. �à¨ à áá¬®âà¥­¨¨ á¯«®è­®£®
è à  ¯à¨å®¤¨âáï áç¨â âì C2n = 0, ¤«ï ¯®«®£® è à  C2n 6= 0.

�®áª®«ìªã ¢ ¤ «ì­¥©è¥¬ à áá¬ âà¨¢ ¥âáï áä¥à¨ç¥áª¨© à¥§¥à¢ã à ¢ ¢¨¤¥ ¯®«®£® è à , ®£à -
­¨ç¥­­®¥ ¢ ¯®«îá å à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (5) ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬
®¡à §®¬:
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(8)

�¥è¥­¨¥ ¢â®à®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (5) ¨é¥âáï ¢ ¢¨¤¥

wm =
1
2

1X
n=0

wmn (r)P
m
n (cos�): (9)
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n�1 +C4
mnr

�(n+2):
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�¥®à¥¬ . �ã­¤ ¬¥­â «ì­®© á¨áâ¥¬®© à¥è¥­¨© ãà ¢­¥­¨ï

�
1

sin�
@

@�

�
sin�

@

@�

�
+ n (n+ 1)�

m2 + 1 + 2m cos�
sin2 �

�
� = 0 (11)

¯à¨ n > 0, m � n ï¢«ï¥âáï ¯ à  äã­ªæ¨©

�1 =
dPm

n (cos�)
d�

�
m

sin�
Pm
n (cos�) ; �2 =

dQm
n (cos�)
d�

�
m

sin�
Qm
n (cos�) :

�®ª § â¥«ìáâ¢®. �¨ää¥à¥­æ¨àã¥¬ á«¥¤ãîé¥¥ ¨§ ãà ¢­¥­¨ï (7) â®¦¤¥áâ¢®

1
sin�

d

d�

�
sin�

dPm
n (cos�)
d�

�
+
�
n (n+ 1)�

m2

sin2 �

�
Pm
n (cos�) � 0; (�)

â®£¤ 

d3Pm
n (cos�)
d�3

+ ctg�
d2Pm

n (cos�)
d�2

+
�
n (n+ 1)�

m2

sin2 �

�
dPm

n (cos�)
d�

�

�
1

sin2 �
dPm

n (cos�)
d�

+
2m2 cos�
sin3 �

Pm
n (cos�) � 0: (12)

�®á«¥ ¯®¤áâ ­®¢ª¨ äã­ªæ¨¨ �1 ¨ ¥¥ ¯à®¨§¢®¤­ëå ¢ ãà ¢­¥­¨¥ (11) ¨ ã¯à®é¥­¨© á ¨á¯®«ì§®¢ -
­¨¥¬ â®¦¤¥áâ¢ (�) ¨ (12), ã¡¥¦¤ ¥¬áï, çâ® íâ® ãà ¢­¥­¨¥ ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­®.

�«¥¤®¢ â¥«ì­®, �1 | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï.
�®áª®«ìªã ¨á¯®«ì§ã¥¬ë¥ ¢ å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ä®à¬ã«ë ¤«ï äã­ªæ¨¨ Pm

n (cos�)
¨¤¥­â¨ç­ë ä®à¬ã« ¬ ¤«ï Qm

n (cos�), äã­ªæ¨ï �2 â ª¦¥ ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (11).
�ëç¨á«¨¬ ¢à®­áª¨ ­ íâ¨å äã­ªæ¨©:
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��
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d�

�

�

�
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m(m+ cos�)
sin2 �

�
Pm
n (cos�)

�
=

= n(n+ 1)
�
Pm
n (cos�)

dQm
n (cos�)
d�

�Qm
n (cos�)

dPm
n (cos�)
d�

�
:

�®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¢ ®¡« áâ¨ � 2 (0; �) ­¥ à ¢­® ­ã«î ¯à¨ n > 0 ¢ á¨«ã «¨­¥©­®© ­¥§ ¢¨-
á¨¬®áâ¨ äã­ªæ¨© Pm

n (cos�) ¨ Qm
n (cos�). �«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ �1, �2 «¨­¥©­® ­¥§ ¢¨á¨¬ë

¢ ãª § ­­®© ®¡« áâ¨.

�¥è¥­¨¥ ¯¥à¢®£® ¨§ ãà ¢­¥­¨© á¨áâ¥¬ë (10) ¨é¥¬ ¢ ¢¨¤¥

um + vm =
1
2

1X
n=0

gmn (r)
�
dPm

n (cos�)
d�

�
m

sin�
Pm
n (cos�)

�
; (13)

¨§ ¤®ª § ­­®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­â gmn ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬�
d

dr

�
r2
dgmn
dr

�
� n (n+ 1) gmn

�
= 2 [r�mn � wmn] :

�ãáâì gmn (r) = g®¤mn (r) + gçmn (r), ¬®¦­® ¯®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥

g®¤mn (r) = C5
mnr

n + C6
mnr

�(n+1); (14)
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gçmn =
[n+ 1 + 4 (1� �)]
(n+ 1) (2n+ 3)

C1
mnr

n+1 �
[n� 4 (1� �)]
n (2n� 1)

C2
mnr

�n +
C3
mn

n
rn�1 �

C4
mn

(n+ 1)
r�(n+2):

�à¥¤áâ ¢«ïï à¥è¥­¨¥ ¢â®à®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (10) ¢ ¢¨¤¥

um � vm =
1

2 (1� 2�)

1X
n=0

emn (r)
�
dPm

n (cos�)
d�

+
m

sin�
Pm
n (cos�)

�
(15)

¨ ¨á¯®«ì§ãï ¤®ª § ­­ãî â¥®à¥¬ã, ãáâ ­ ¢«¨¢ ¥¬, çâ® ª®íää¨æ¨¥­â emn ®¯à¥¤¥«ï¥âáï â¥¬ ¦¥
ãà ¢­¥­¨¥¬, çâ® ¨ gmn, â®£¤  emn (r) = e®¤mn (r) + eçmn (r), ¯à¨ç¥¬ e®¤mn (r) = C7

mnr
n + C8

mnr
�(n+1),

eçmn (r) = gçmn (r).
�ëç¨á«ïï áã¬¬ã ¨ à §­®áâì ¢ëà ¦¥­¨© (13) ¨ (15), ®¯à¥¤¥«ï¥¬

um =
1
4

�
[g®¤mn(r) + e®¤mn(r) + 2gçmn(r)]

dPm
n (cos�)
d�

�

� [g®¤mn(r)� e®¤mn(r)]
m

sin�
Pm
n (cos�)

�
;

vm =
1
4

�
[g®¤mn(r)� e®¤mn(r)]

dPm
n (cos�)
d�

�

� [g®¤mn(r) + e®¤mn(r) + 2gçmn(r)]
m

sin�
Pm
n (cos�)

�
:

(16)

�®¤áâ ¢«ïï ¢ëà ¦¥­¨ï (8), (9), (16) ¢ á®®â­®è¥­¨¥ (6), ¨¬¥¥¬

� 2 (1� 2�) r�mnP
m
n (cos�) =

1
r

d

dr

�
r2wmn

�
Pm
n (cos�) +

+
1
2
[g®¤mn + e®¤mn + 2gçmn]

1
sin�

d

d�

�
dPm

n (cos�)
d�

sin�
�
�

�
1
2
[g®¤mn � e®¤mn]

m

sin�
dPm

n (cos�)
d�

+
1
2
[g®¤mn � e®¤mn]

m

sin�
dPm

n (cos�)
d�

�

�
1
2
[g®¤mn + e®¤mn + 2gçmn]

m2

sin2 �
Pm
n (cos�)

¨«¨

�2 (1� 2�) r�mnP
m
n (cos�) =

�
1
r

d

dr

�
r2wmn

�
�
1
2
[g®¤mn + e®¤mn + 2gçmn]n (n+ 1)

�
Pm
n (cos�) :

�¡¥¦¤ ¥¬áï, çâ® ®­® ¢ë¯®«­ï¥âáï ¯à¨ ãá«®¢¨¨

g®¤mn (r) + e®¤mn (r) � 0;

â. ¥. ¯à¨ C7
mn = �C5

mn, C
8
mn = �C6

mn. � ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥­ë §­ ç¥­¨ï "«¨è­¨å" ¯®áâ®-
ï­­ëå ¨­â¥£à¨à®¢ ­¨ï, ¯®ï¢¨¢è¨åáï ¢ à¥§ã«ìâ â¥ ¤®¯®«­¨â¥«ì­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à¨
¯®«ãç¥­¨¨ ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® �. �â ª,

um =
1
2

�
gçmn (r)

dPm
n (cos�)
d�

� g®¤mn (r)
m

sin�
Pm
n (cos�)

�
;

vm =
1
2

�
g®¤mn (r)

dPm
n (cos�)
d�

� gçmn (r)
m

sin�
Pm
n (cos�)

�
:

�¥à¥¬¥é¥­¨ï â®ç¥ª è à  § ¢¨áïâ ®â è¥áâ¨ ¯®áâ®ï­­ëå ¨­â¥£à¨à®¢ ­¨ï C1
mn � C6

mn, ¨å ¤®áâ -
â®ç­® ¤«ï ¢ë¯®«­¥­¨ï ªà ¥¢ëå ãá«®¢¨© ­  ¢­¥è­¥© ¨ ¢­ãâà¥­­¥© ¯®¢¥àå­®áâïå è à .
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� á«ãç ¥ ®á¥á¨¬¬¥âà¨ç­®© ¤¥ä®à¬ æ¨¨ è à  m = 0, v � 0,

� =
1X
n=0

�0Pn (cos�) ; �0 = C1
0nr

n + C2
0nr

�(n+1);

w = �
1

2 (1� 2�)

1X
n=0

w0n (r)Pn (cos�);

w0n =
(n� 2 + 4�)
(2n+ 3)

C1
0nr

n+1 +
(n+ 3� 4�)
(2n� 1)

C2
0nr

�n + C3
0nr

n�1 + C4
0nr

�(n+2):

�¥à¥¬¥é¥­¨¥ u ¢ë£®¤­¥¥ ¢ëç¨á«ïâì ­¥¯®áà¥¤áâ¢¥­­® ¨§ á®®â­®è¥­¨ï (2):

1
sin�

@

@�
(u sin�) = r� �

1
r

@

@r
(r2w) =

=
1

2(1� 2�)

1X
n=0

�
2(1 � 2�)[C1

0nr
n+1 + C2

0nr
�n] +

(n� 2 + 4)(n+ 3)
(2n+ 3)

C1
0nr

n+1 �

�
(n+ 3� 4�)(n� 2)

(2n� 1)
C2
0nr

�n + C3
0n(n+ 1)rn�1 � C4

0nnr
�(n+2)

�
Pn(cos�) =

=
1

2(1� 2�)

1X
n=0

�
n(n+ 5� 4�)
(2n+ 3)

C1
0nr

n+1 + C3
0n(n+ 1)rn�1 �

�
(n� 4 + 4�)
(2n� 1)n

C2
0nr

�n � C4
0nnr

�(n+2)

�
Pn(cos�):

�áâ ¥âáï ¯à®¨­â¥£à¨à®¢ âì ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥. �®áª®«ìªã

1
sin�

d

d�

�
dPn(cos�)

d�
sin�

�
+ n(n+ 1)Pn(cos�) = 0;

u = �
1

2(1� 2�)

1X
n=0

�
(n+ 5� 4�)

(2n+ 3)(n+ 1)
C1
0nr

n+1 +
C3
0n

n
rn�1 �

�
(n� 4 + 4�)
(2n� 1)n

C2
0nr

�n �
C4
0n

(n+ 1)
r�(n+2)

�
dPn(cos�)

d�
+
K(r)
sin�

;

K (r) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï.
�ã­ªæ¨ï u ¡ã¤¥â ®£à ­¨ç¥­­®© ¢ ¯®«îá å, ¥á«¨ K (r) � 0. �â ª, ¯à¨ m = 0

u = �
1

2(1� 2�)

1X
n=0

�
(n+ 5� 4�)

(2n+ 3)(n+ 1)
C1
0nr

n+1 +
C3
0n

n
rn�1 �

�
(n� 4 + 4�)
(2n� 1)n

C2
0nr

�n �
C4
0n

(n+ 1)
r�(n+2)

�
dPn(cos�)

d�
:

�â® ¦¥ ¢ëà ¦¥­¨¥ ¤«ï u ¯®«ãç ¥âáï ¨§ ¯¥à¢®£® á®®â­®è¥­¨ï (16) ¯à¨ ãá«®¢¨ïå C5
0n = C6

0n =
C7
0n = C8

0n = 0. �¥à¥¬¥é¥­¨ï â®ç¥ª è à  § ¢¨áïâ ®â ç¥âëà¥å ¯®áâ®ï­­ëå ¨­â¥£à¨à®¢ ­¨ï C1
mn�

C4
mn, ­® ¨ £à ­¨ç­ëå ãá«®¢¨© ­  áä¥à¨ç¥áª¨å ¯®¢¥àå­®áâïå ¯à¨ ®á¥á¨¬¬¥âà¨ç­®© ¤¥ä®à¬ æ¨¨

â®¦¥ ç¥âëà¥.
�áâ ¥âáï à áá¬®âà¥âì ¯®á«¥¤­¨© á«ãç © m = n = 0. �®áª®«ìªã P 0

0 (cos�) = P0 (cos�) = 1,
¨¬¥¥¬

� = C1
00 + C2

00r
�1;

w = �
1

2 (1� 2�)

�
�
2 (1� 2�)

3
C1
00r � (3� 4�)C2

00 + C3
00r
�1 + C4

00r
�2

�
:
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�®¤áâ ¢«ï¥¬ íâ¨ ¢ëà ¦¥­¨ï ¢ ãá«®¢¨¥ (2):

C1
00 + C2

00r
�1 = �

1
2 (1� 2�)

�
� 2 (1� 2�)C1

00 � 2 (3� 4�)C2
00r
�1+C3

00r
�2 +

1
sin�

@

@�
(u00 sin�)

�
:

�¥âàã¤­® § ¬¥â¨âì, çâ® ®£à ­¨ç¥­­®¥ ¢ ®¡®¨å ¯®«îá å à¥è¥­¨¥ à¥ «¨§ã¥âáï â®«ìª® ¯à¨ u00 � 0,
C2
00 = C3

00 = 0. � ª¨¬ ®¡à §®¬,

� =
1X
n=0

nX
m=0

�mn (r)P
m
n (cos�) cosm�;

w = �
1

2 (1� 2�)

1X
n=0

nX
m=0

wmn (r)P
m
n (cos�) cosm�;

u = �
1

2 (1� 2�)

1X
n=1

nX
m=0

�
gçmn (r)

dPm
n (cos�)
d�

� g®¤mn (r)
m

sin�
Pm
n (cos�)

�
;

v = �
1

2 (1� 2�)

1X
n=1

nX
m=1

�
g®¤mn (r)

dPm
n (cos�)
d�

� gçmn (r)
m

sin�
Pm
n (cos�)

�
;

£¤¥ �00 = C1
00, w00 = � 2(1�2�)

3
C1
00r+C

4
00r
�2, ®áâ «ì­ë¥ ª®íää¨æ¨¥­âë ®¯à¥¤¥«¥­ë á®®â­®è¥­¨ï¬¨

(8), (9), (14).
�â¬¥â¨¬, çâ® ¢â®à ï ¨§ áã¬¬ ï¢«ï¥âáï ª®­¥ç­®©, ¯®áª®«ìªã ¯à¨ m > n Pm

n (cos�) � 0.
� ¯àï¦¥­¨ï ¢ è à¥ ®¯à¥¤¥«ïîâáï ¨§ á®®â­®è¥­¨© § ª®­  �ãª 

�rr = �� + 2�
@w

@r
; ��� = �� +

2�
r

�
@u

@�
+ w

�
;

��� = �� +
2�
r

�
1

sin�
@v

@�
+ w + u ctg �

�
; ��r =

�

r

�
r2

@

@r

�
u

r

�
+
@w

@�

�
;

��r =
�

r

�
1

sin�
@w

@�
+ r2

@

@r

�
v

r

��
; ��� =

�

r

�
1

sin�
@u

@�
+
@v

@�
� v ctg�

�
:

�®áª®«ìªã ¢ ¯à¨¢¥¤¥­­®¬ ¢ëè¥ ¯à¨¬¥à¥ à¥ «¨§ã¥âáï ®á¥á¨¬¬¥âà¨ç­ ï ¤¥ä®à¬ æ¨ï è à ,
¢ëà ¦¥­¨ï ¤«ï ­ ¯àï¦¥­¨© ¯à¨¢¥¤¥¬ â®«ìª® ¤«ï íâ®£® á«ãç ï.

�rr = �
E

2 (1 + �) (1� 2�)

�
�
2 (1 + �)

3
C1
00 � 2C4

00r
�3 +

+
1X
n=1

�
n (n� 1)� 2 (1 + �)

(2n+ 3)
C1
0nr

n+ (n� 1)C3
0nr

n�2 �

�
(n+ 1) (n+ 2)� 2 (1 + �)

(2n� 1)
C2
0nr

�(n+1) � (n+ 2)C4
0nr

�(n+3)

�
Pn (cos�)

�
;

��r = �
E

2 (1 + �) (1� 2�)

1X
n=1

�
(n+ 3) (n� 1) + 2 (1 + �)

(n+ 1) (2n+ 3)
C1
0nr

n+
(n� 1)

n
C3
0nr

n�2 +

+
(n+ 2) (n� 2) + 2 (1 + �)

n (2n� 1)
C2
0nr

�(n+1) +
(n+ 2)
(n+ 1)

C4
0nr

�(n+3)

�
dPn (cos�)

d�
;

��� =
E

2 (1 + �) (1� 2�)

�
2 (1 + �)

3
C1
00 � C4

00r
�3 +

+
1X
n=1

��
n (n+ 4) + 2 (1 + �)

(2n+ 3)
C1
0nr

n +nC3
0nr

n�2 �

�
(n+ 1) (n� 3) + 2 (1 + �)

(2n� 1)
C2
0nr

�(n+1) � (n+ 1)C4
00nr

�(n+3)

�
Pn (cos�) +
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+
�
n+ 1 + 4 (1� �)
(n+ 1) (2n+ 3)

C1
0nr

n +
1
n
C3
mnr

n�2 �

�
n� 4 (1� �)
n (2n� 1)

C2
0nr

�(n+1) �
1

(n+ 1)
C4
0nr

�(n+3)

�
dPn (cos�)

d�
ctg �

��
;

��� = �
E

2 (1 + �) (1� 2�)

�
�
2 (1 + �)

3
C1
00 +C4

00r
�3+

+
1X
n=1

��
n� 2� 2� (2n+ 1)

(2n+ 3)
C1
0nr

n+ C3
0nr

n�2 +

+
(n+ 3� 2� (2n+ 1))

(2n� 1)
C2
0nr

�(n+1) + C4
0nr

�(n+3)

�
Pn (cos�) +

+
�
n+ 1 + 4 (1� �)
(n+ 1) (2n+ 3)

C1
0nr

n +
1
n
C3
0nr

n�2 �

�
n� 4 (1� �)
n (2n� 1)

C2
0nr

�(n+1) �
1

(n+ 1)
C4
0nr

�(n+3)

�
dPn (cos�)

d�
ctg �

��
:

3. �à¨¬¥à. � à, ¢­¥è­¨© à ¤¨ãá ª®â®à®£® a, ¢­ãâà¥­­¨© | b, § ¯®«­¥­ ¦¨¤ª®áâìî ã¤¥«ì-
­®£® ¢¥á  
 ¨ ¯®ª®¨âáï ­  ®¯®à¥, ¯à¥¤áâ ¢«ïîé¥© á®¡®© «¨­¨î � = �1, r = a. �¥ ªæ¨ï ®¯®àë
­ ¯à ¢«¥­  ¢¤®«ì à ¤¨ãá  è à  ª ¥£® æ¥­âàã. �®£¤  ªà ¥¢ë¥ ãá«®¢¨ï ­  ¢­ãâà¥­­¥© ¯®¢¥àå­®áâ¨
è à  ¨¬¥îâ ¢¨¤

�rr (�; b) = b
 (1� cos�) = b
 [1� P1 (cos�)] ; ��r (�; b) = 0:

�  ¢­¥è­¥© ¯®¢¥àå­®áâ¨ è à  ¤®«¦­ë ¢ë¯®«­ïâìáï ãá«®¢¨ï

�rr (�; a) =
2
3




sin�1 cos�1

b3

a2
� (�� �1) ; ��r (�; a) = 0;

§¤¥áì � (�� �1) | ¤¥«ìâ -äã­ªæ¨ï �¨à ª . �¥âàã¤­® ¯à®¢¥à¨âì, çâ® á¨«ë à¥ ªæ¨¨ ®¯®àë ª®¬-
¯¥­á¨àãîâ ¤¥©áâ¢¨¥ ¢¥á  ¦¨¤ª®áâ¨.

�â®¡ë ¨áª«îç¨âì á¬¥é¥­¨¥ è à  ª ª â¢¥à¤®£® æ¥«®£®, ¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï ãá«®¢¨ï

w (�1; a) = 0: (17)

�à¥¡ã¥âáï ã§­ âì, ª ª ¨§¬¥­¨âáï ä®à¬  è à  ¯®á«¥ § ¯®«­¥­¨ï ¥£® ¦¨¤ª®áâìî.
�®á«¥ ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ �¨à ª  ¢ ¢¨¤¥ ä®à¬ «ì­®£® à §«®¦¥­¨ï [4]:

� (�� �1) =
sin�1

2

1X
n=0

(2n+ 1)Pn (cos�1)Pn (cos�) ; (18)

¨ ¢ë¯®«­¥­¨ï ªà ¥¢ëå ãá«®¢¨© ¤«ï ­ ¯àï¦¥­¨© ¯à¨å®¤¨¬ ª ®â¤¥«ì­®© ¤«ï ª ¦¤®£® n á¨áâ¥-
¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¯®áâ®ï­­ëå ¨­â¥£à¨à®¢ ­¨ï. �à¨ n = 0
¤«ï ¢ë¯®«­¥­¨ï £à ­¨ç­ëå ãá«®¢¨© ¤®áâ â®ç­® ¤¢ãå ¯®áâ®ï­­ëå ¨­â¥£à¨à®¢ ­¨ï, â. ª. ¤«ï ��r
ªà ¥¢ë¥ ãá«®¢¨ï ¢ë¯®«­ïîâáï â®¦¤¥áâ¢¥­­® ­  ®¡¥¨å ¯®¢¥àå­®áâïå è à . �â ª,

C1
00 = �

(1� 2�)
cos�1




E

(a+ 3b cos�1) b3

(a3 � b3)
;

C4
00 =

(1 + �) (1� 2�)
3 cos�1




E

ab4

(a3 � b3)

�
b2 + 3a2 cos�1

�
:

�«ï á«ãç ï n = 1 ª®­áâ ­â  C3
01 ¯à¨áãâáâ¢ã¥â â®«ìª® ¢ á®®â­®è¥­¨ïå ¤«ï ¯¥à¥¬¥é¥­¨©, á«¥-

¤®¢ â¥«ì­®, ¢ ä®à¬ã«ë ¤«ï ­ ¯àï¦¥­¨© ¢å®¤ïâ âà¨ ¯®áâ®ï­­ë¥. �® ¯à¨ ¢ë¯®«­¥­¨¨ £à ­¨ç­ëå
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ãá«®¢¨© ¢ëïá­ï¥âáï, çâ® ¨§ ç¥âëà¥å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¯®áâ®ï­­ëå ®¤­® ï¢«ï¥âáï «¨­¥©-
­®© ª®¬¡¨­ æ¨¥© ®áâ «ì­ëå, íâ® ¯®§¢®«ï¥â ¯®«ãç¨âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¤«ï ¯®áâ®ï­­ëå

C1
01 = �

5 (1� 2�)2

3 (1� �)



E

b3 (a+ b)
(a4 + a3b+ a2b2 + ab3 + b4)

;

C2
01 = �

(1 + �) (1� 2�)
3 (1� �)


b3

E
;

C4
01 = �

2 (1 + �) (1� 2�)2

9 (1� �)



E

b5a2 (a2 + ab+ b2)
(a4 + a3b+ a2b2 + ab3 + b4)

:

�«ï ®áâ «ì­ëå n §­ ç¥­¨ï ¯®áâ®ï­­ëå ­¥ ¯à¨¢®¤ïâáï ¢¢¨¤ã ¨å £à®¬®§¤ª®áâ¨.
�§ £à ­¨ç­®£® ãá«®¢¨ï (17) ­ å®¤¨âáï C3

01. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ä®à¬ã«ã

w =
1
3
C1
00

�
r � a

cos�
cos�1

�
�

1
2 (1� 2�)

C4
00

�
r�2 � a�2

cos�
cos�1

�
�

�
1

10 (1� 2�)

�
� (1� 4�)C1

01

�
r2 � a2

�
+ 20 (1� �)C2

02

�
r�1 � a�1

�
+ 5C4

01

�
r�3 � a�3

��
P1 (cos�)�

�
1

2 (1� 2�)

1X
n=2

�
(n� 2 + 4�)
(2n+ 3)

C1
0n

�
rn+1Pn (cos�)�

cos�
cos�1

an+1Pn (cos�1)
�
+

+
(n+ 3� 4�)
(2n� 1)

C2
0n

�
r�nPn (cos�)�

cos�
cos�1

a�nPn (cos�1)
�
+

+ C3
0n

�
rn�1Pn (cos�)�

cos�
cos�1

an�1Pn (cos�1)
�
+

+C4
0n

�
r�(n+2)Pn (cos�)�

cos�
cos�1

a�(n+2)Pn (cos�1)
��

; (19)

ª®â®à ï ¤ ¥â ¢®§¬®¦­®áâì ®¯à¥¤¥«¨âì à ¤¨ «ì­ë¥ á¬¥é¥­¨ï ª ª â®ç¥ª ¯®¢¥àå­®áâ¥©, ®£à ­¨-
ç¨¢ îé¨å à¥§¥à¢ã à, â ª ¨ ¢­ãâà¥­­¨å ¥£® â®ç¥ª, â. ¥. ¯®«ãç¨âì ¨§¬¥­¥­­ãî ¢¥á®¬ ¦¨¤ª®áâ¨
ä®à¬ã à¥§¥à¢ã à .

�á«¨ áç¨â âì àï¤ (18) áå®¤ïé¨¬áï ¢® ¢á¥å â®çª å ¨áá«¥¤ã¥¬®© ®¡« áâ¨, ªà®¬¥ � = �1, â® àï¤
(19) áå®¤¨âáï ¢® ¢á¥å â®çª å ®¡« áâ¨ � 2 (0; �). �¥©áâ¢¨â¥«ì­®, áã¬¬  àï¤  ¯à¨ � = �1 à ¢­  a,
çâ® á«¥¤ã¥â ¨§ (17). �å®¤¨¬®áâì ¢ ®áâ «ì­ëå â®çª å ®¡« áâ¨ á«¥¤ã¥â ¨§ ¯à¨§­ ª  �¡¥«ï, â. ª.
®¡é¨© ç«¥­ àï¤  (19) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢¥¤¥­¨¥ n-£® ç«¥­  àï¤  (17) ¨ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨, ã¡ë¢ îé¥© ¡ëáâà¥¥, ç¥¬ f1=ng.
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