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� [1] ¢¢¥¤¥­ë ¨ ¨áá«¥¤®¢ ­ë ®¯¥à â®à­ë¥ ¨¤¥ «ë â¨¯  ¨¤¥ «®¢ �.�.�¨ª®«ìáª®£® [2], ­ 
®á­®¢¥ â¥®à¨¨ íâ¨å ¨¤¥ «®¢ ¯®áâà®¥­ ¯à¥¤á¨¬¢®«, ­ ©¤¥­® ª ­®­¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¨ ¯®«ã-
ç¥­ë ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï äà¥¤£®«ì¬®¢®áâ¨ ®¯¥à â®à®¢ ¨§ ¡ ­ å®¢®©  «£¥¡àë, ¯®à®¦¤¥­­®©
á¨­£ã«ïà­ë¬ ¨­â¥£à «ì­ë¬ ®¯¥à â®à®¬ �®è¨ á ®¡é¨¬¨ à §àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ Lp-
¯à®áâà ­áâ¢¥ ­  ®ªàã¦­®áâ¨. � ç áâ­®áâ¨, ¢ [1] à áá¬ âà¨¢ îâáï ®¯¥à â®àë á ¯à®¨§¢®«ì­ë¬¨
áãé¥áâ¢¥­­® ®£à ­¨ç¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �§¢¥áâ­®, çâ® ®¯¥à â®àë ¤¨áªà¥â­®© á¢¥àâª¨ á
áã¬¬¨àã¥¬ë¬¨ ï¤à ¬¨ ¨¬¥îâ ­¥¯à¥àë¢­ë© ­  ®ªàã¦­®áâ¨ á¨¬¢®« ([3], á. 59). � ¤ ­­®© à ¡®â¥
¨áá«¥¤ãîâáï ®¯¥à â®àë ¤¨áªà¥â­®© á¢¥àâª¨ á ï¤à ¬¨ ¨§ §­ ç¨â¥«ì­® ¡®«¥¥ è¨à®ª®£® ª« áá ,
á¨¬¢®«ë ª®â®àëå ¬®£ãâ ¡ëâì ¯à®¨§¢®«ì­ë¬¨ áãé¥áâ¢¥­­® ®£à ­¨ç¥­­ë¬¨ äã­ªæ¨ï¬¨. �«ï ¡ -
­ å®¢ëå  «£¥¡à â ª¨å ®¯¥à â®à®¢ á® áâ ¡¨«¨§¨àãîé¨¬¨áï ­  ¡¥áª®­¥ç­®áâ¨ ª®íää¨æ¨¥­â ¬¨
¯®«ãç¥­ë  ­ «®£¨ à¥§ã«ìâ â®¢ ¨§ [1] ¢ á«ãç ¥ p = 2.

1. �¥à¥§ C , Z ¨ Z+ ®¡®§­ ç¨¬ ¬­®¦¥áâ¢  ¢á¥å ª®¬¯«¥ªá­ëå, æ¥«ëå ¨ ­¥®âà¨æ â¥«ì­ëå æ¥«ëå
ç¨á¥« á®®â¢¥âáâ¢¥­­®. �¢¥¤¥¬ ­  ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ T = ft 2 C : jtj = 1g áâ ­¤ àâ­ãî ­®à-
¬¨à®¢ ­­ãî ¬¥àã �¥¡¥£ ,   ­  Z| áâ ­¤ àâ­ãî  â®¬ à­ãî ¬¥àã, çâ® ¯®§¢®«¨â à áá¬ âà¨¢ âì
¯à®áâà ­áâ¢  Lp(T), Lp(Z), £¤¥ 1 � p � 1. � ¯®¬­¨¬, çâ® L1(T) � Lp2(T) � Lp1(T) � L1(T),
L1(Z) � Lp2(Z) � Lp1(Z) � L1(Z), £¤¥ 1 � p1 � p2 � 1. �¥à¥§ L (X ) ¡ã¤¥¬ ®¡®§­ ç âì ¡ ­ -
å®¢ã  «£¥¡àã ¢á¥å «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥
X ,   ç¥à¥§ K (X ) | ¨¤¥ « ª®¬¯ ªâ­ëå ®¯¥à â®à®¢. �àã¯¯ã ®¡à â¨¬ëå í«¥¬¥­â®¢ ¡ ­ å®¢®©
 «£¥¡àë U ¡ã¤¥¬ ®¡®§­ ç âì G(U). �®¤ «£¥¡à  V  «£¥¡àë W ­ §ë¢ ¥âáï ­ ¯®«­¥­­®©, ¥á«¨
G(W) \ V = G(V).

�ãáâì F : L2(T) �! L2(Z) | ¨§®¬®àä¨§¬ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢, ®¯à¥¤¥«ï¥¬ë© ¯à¥®¡à -
§®¢ ­¨¥¬ �ãàì¥. �§¢¥áâ­® [4], çâ® ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ ' ¨§ F(L1(T)) ¢ ¯à®áâà ­áâ¢¥
L2(Z) ª®àà¥ªâ­® ®¯à¥¤¥«¥­ ¨ ®£à ­¨ç¥­ ®¯¥à â®à ®¤­®¬¥à­®© ¤¨áªà¥â­®© á¢¥àâª¨ C':

(C'(f))(l) =
X
k2Z

'(l � k)f(k); f 2 L2(Z):

�â¬¥â¨¬, çâ® ¬­®¦¥áâ¢® F(L1(T)) ¤®áâ â®ç­® ®¡è¨à­®. �¥©áâ¢¨â¥«ì­®, áãé¥áâ¢ã¥â, ­ ¯à¨¬¥à,
â ª ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï � à«¥¬ ­  f , çâ® F(f) ­¥ «¥¦¨â ­¨ ¢ ª ª®¬ ¯à®áâà ­áâ¢¥ Lp(Z)
¯à¨ p < 2 ([5], á. 160). �ãáâì

C(eZ) = f' 2 L1(Z) : 9'� = lim
n!�1

j'(n)j < +1g:

�ãáâì ¤® ª®­æ  íâ®£® ¯ã­ªâ  
 | § ¬ª­ãâ ï ¯®¤ «£¥¡à  ¡ ­ å®¢®©  «£¥¡àë L1(T). �¡®§­ ç¨¬
ç¥à¥§ U(C(eZ);F(
)) § ¬ª­ãâãî ¯®¤ «£¥¡àã L(L2(Z)), ¯®à®¦¤¥­­ãî ®¯¥à â®à ¬¨ ¤¨áªà¥â­®©
á¢¥àâª¨ á ï¤à ¬¨ ¨§ F(
) ¨ ª®íää¨æ¨¥­â ¬¨ ¨§ C(eZ). �¥à¥§ Com(U) ¡ã¤¥¬ ®¡®§­ ç âì ª®¬-
¬ãâ â®à­ë© ¨¤¥ «  «£¥¡àë U , â. ¥. § ¬ª­ãâë© ¤¢ãáâ®à®­­¨© ¨¤¥ «, ¯®à®¦¤¥­­ë© ¢á¥¬¨ ª®¬-
¬ãâ â®à ¬¨ AB � BA, £¤¥ A;B 2 U . �ãáâì 
 � 
 | ¯àï¬ ï áã¬¬  ¡ ­ å®¢ëå  «£¥¡à á ­®à-
¬®© k('; )k = maxfk'k; k kg, P+(2 L(L2(Z))) | ®¯¥à â®à ã¬­®¦¥­¨ï ­  å à ªâ¥à¨áâ¨ç¥áªãî
äã­ªæ¨î ¬­®¦¥áâ¢  Z+, P� = I � P+.
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�¥®à¥¬  1. �î¡®© ®¯¥à â®à F ¨§ U(C(eZ);F(
)) ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

F = CF('+)P
+ +CF('

�

)P
� +K;

£¤¥ '+; '� 2 
 ¨ K 2 Com(U(C(eZ);F(
))). �®¯®áâ ¢«¥­¨¥ F 7! ('+; '�) ®¯à¥¤¥«ï¥â ¯à¥¤á¨¬¢®«

| í¯¨¬®àä¨§¬ ¡ ­ å®¢ëå  «£¥¡à

�
 : U(C(eZ);F(
)) �! 
� 
;

ï¤à® ª®â®à®£® á®¢¯ ¤ ¥â á ¨¤¥ «®¬ Com(U(C(eZ);F(
))).
�â®¡ë áä®à¬ã«¨à®¢ âì ªà¨â¥à¨© ¯à¨­ ¤«¥¦­®áâ¨ ¯à®¨§¢®«ì­®£® ®¯¥à â®à  ¨§  «£¥¡àë

U(C(eZ);F(
)) ¨¤¥ «ã Com(U(C(eZ);F(
))), ­¥®¡å®¤¨¬® ­ ¯®¬­¨âì àï¤ ä ªâ®¢ (­ ¯à., [6], £«. IX).
�ãáâì H1(T)(� L1(T)) | ¯à®áâà ­áâ¢® � à¤¨ ¢á¥å â ª¨å äã­ªæ¨© ­  T, ª®â®àë¥ ¤®¯ãáª îâ
 ­ «¨â¨ç¥áª®¥ ¨ ®£à ­¨ç¥­­®¥ ¯à®¤®«¦¥­¨¥ ¢ ªàã£ D = ft 2 C : jtj < 1g; B(� H1(T)) | ¬­®-
¦¥áâ¢® ¢­ãâà¥­­¨å äã­ªæ¨© ­  T. �«£¥¡à®© �ã£« á  ­ §ë¢ ¥âáï ¯à®¨§¢®«ì­ ï á®¤¥à¦ é ï
H1(T) § ¬ª­ãâ ï ¯®¤ «£¥¡à   «£¥¡àë L1(T). � á¨«ã â¥®à¥¬ë � ­£{� àè ««  ¯à®¨§¢®«ì­ ï
 «£¥¡à  �ã£« á  A ¯®à®¦¤¥­  ¬­®¦¥áâ¢®¬ H1(T) [BA, £¤¥ BA = B\G(A). �«£¥¡à®© � à á®­ 
 «£¥¡àë �ã£« á  A ­ §ë¢ ¥âáï  «£¥¡à  QA = A\A, £¤¥ ç¥àâ  ®§­ ç ¥â ¯¥à¥å®¤ ª ª®¬¯«¥ªá­®¬ã
á®¯àï¦¥­¨î. �«¥¤ãï [1], ¤«ï ¯à®¨§¢®«ì­®© ¯®¤ «£¥¡àë M  «£¥¡àë L1(T) ç¥à¥§ D(M) ®¡®§­ -
ç¨¬ ¯¥à¥á¥ç¥­¨¥ ¢á¥å â ª¨å  «£¥¡à �ã£« á  A, ¤«ï ª®â®àëå M � QA, ¨ ®â¬¥â¨¬, çâ® D(M) |
 «£¥¡à  �ã£« á  ¨ D(QA) = A ¤«ï «î¡®©  «£¥¡àë �ã£« á  A.

�¥®à¥¬  2. �«ï F ¨§ U(C(eZ);F(
)) á«¥¤ãîé¨¥ ãá«®¢¨ï à ¢­®á¨«ì­ë:
(a) F 2 Com(U(C(eZ);F(
)));
(b) inf

b2F(BD(
))
k(P�Cb)Fk = 0; inf

b2F(BD(
))
k(P+Cb)Fk = 0;

(c) inf
b2F(BD(
))

kF (CbP
+)k = 0; inf

b2F(BD(
))
kF (CbP

�)k = 0:

�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ äà¥¤£®«ì¬®¢®áâ¨ ®¯¥à â®à®¢ ¨§  «£¥¡àë U(C(eZ);F(
)) á®¤¥à¦¨â
�¥®à¥¬  3. �ãáâì F 2 U(C(eZ);F(L1(T))). �á«¨ F äà¥¤£®«ì¬®¢, â® �
(F ) = ('+; '�) 2

G(L1(T) � L1(T)), â. ¥.

ess inf
t2T

fj'+(t)jg > 0; ess inf
t2T

fj'�(t)jg > 0: (1)

�á«¨, ªà®¬¥ â®£®, F 2 U(C(eZ;F(
)) ¨  «£¥¡à  
 ­ ¯®«­¥­  ¢ L1(T), â® �
(F ) 2 G(
� 
).

2.�ãáâì C(T) |  «£¥¡à  ¢á¥å ­¥¯à¥àë¢­ëå ­  T äã­ªæ¨©, VMO(T) | ¯à®áâà ­áâ¢® äã­ªæ¨©
­  T á ¨áç¥§ îé¥© áà¥¤­¥© ®áæ¨««ïæ¨¥©,

QC(T) = (C(T) +H1(T)) \ (C(T) +H1(T)) = VMO(T) \ L1(T)

| C�- «£¥¡à  ª¢ §¨­¥¯à¥àë¢­ëå äã­ªæ¨© ­  T ([6], á. 374; [7], á. 817). �®à®è® ¨§¢¥áâ­®, çâ®
QC(T) | ¬ ªá¨¬ «ì­ ï § ¬ª­ãâ ï ¯®¤ «£¥¡à  L1(T), ¢á¥ äã­ªæ¨¨ ¨§ ª®â®à®© ª®¬¬ãâ¨àãîâ á
á¨­£ã«ïà­ë¬ ¨­â¥£à «ì­ë¬ ®¯¥à â®à®¬ �®è¨ á â®ç­®áâìî ¤® ª®¬¯ ªâ­®£® á« £ ¥¬®£® (­ ¯à.,
[8], á. 56). �âáî¤  ­¥âàã¤­® ¢ë¢¥áâ¨ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬ . �á«¨ C(T) � 
 � QC(T), â®

Com(U(C(eZ);F(
))) = K(L2(Z)):

� «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®  «£¥¡à  
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î «¥¬¬ë.
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� áá¬®âà¨¬ f 2 QC(T), 0 < r < 1. �ãáâì Tr = ft 2 C : jtj = rg, ef | ¯à®¤®«¦¥­¨¥ äã­ªæ¨¨ f
­  D , fr | ®£à ­¨ç¥­¨¥ ef ­  Tr ¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

ess inf
t2T

fjf(t)jg > 0:

�®£¤  áãé¥áâ¢ã¥â â ª®¥ ç¨á«® r0, çâ® fr0(t) 6= 0 ¯à¨ t 2 Tr0 , ¨ ¨­¤¥ªá äã­ªæ¨¨ f ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬ ®¡à §®¬:

ind(f) =
1
2�

�arg(fr0):

�§¢¥áâ­® [7], çâ® ¤ ­­®¥ ®¯à¥¤¥«¥­¨¥ ¨­¤¥ªá  ª¢ §¨­¥¯à¥àë¢­®© äã­ªæ¨¨ ª®àà¥ªâ­®.

�¥®à¥¬  4. �ãáâì F 2 U(C(eZ);F(
)), �
(F ) = ('+; '�). �«ï â®£® çâ®¡ë ®¯¥à â®à F ¡ë«

äà¥¤£®«ì¬®¢ë¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï (1). �á«¨ ®¯¥à â®à F

äà¥¤£®«ì¬®¢, â® ¥£® ¨­¤¥ªá ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

ind(F ) = � ind('+'�1� ):

�¨â¥à âãà 
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