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1. �¢¥¤¥­¨¥ ¨ ä®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢

�ãáâì � = f�ng
1
n=0 | ¢®§à áâ îé ï ª +1 ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®âà¨æ â¥«ì­ëå ç¨á¥«,

�(�) = lim
n!1

lnn=�n,   S(�) | ª« áá æ¥«ëå ( ¡á®«îâ­® áå®¤ïé¨åáï ¢ C ) àï¤®¢ �¨à¨å«¥

F (�) =
1X
n=0

ane
s�n ; s = � + it; (1)

ª®â®àë¥ ­¥ ï¢«ïîâáï íªá¯®­¥­æ¨ «ì­ë¬¨ ¯®«¨­®¬ ¬¨. �«ï àï¤  (1) ¯®«®¦¨¬ M(�; F ) =
supfjF (� + it)j : t 2 Rg ¨ ¯ãáâì �(�; F ) = maxfjanje��n : n � 0g | ¬ ªá¨¬ «ì­ë© ç«¥­,  
�(�; F ) = maxfn � 0 : janje��n = �(�; F )g | æ¥­âà «ì­ë© ¨­¤¥ªá íâ®£® àï¤ .

�¥®à¥¬  A ([1]; á¬. â ª¦¥ [2], á. 184). �ãáâì A 2 (0;+1). �á«¨ �(�) < A, â® ¤«ï ª ¦¤®£®

æ¥«®£® àï¤  �¨à¨å«¥ F 2 S(�) ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

M(�; F ) = o(�(� +A;F )); � ! +1:

� ¤àã£®© áâ®à®­ë, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  B ([3]). �ãáâì A 2 (0;+1). �á«¨ �(�) > A, â® áãé¥áâ¢ã¥â æ¥«ë© àï¤ �¨à¨å«¥

F 2 S(�), ¤«ï ª®â®à®£®

lim
�!+1

M(�; F )
�(� +A;F )

= +1:

� á«¥¤ãîé¥© â¥®à¥¬¥ ¤®áâ â®ç­®áâì ãá«®¢¨ï á«¥¤ã¥â ¨§ â¥®à¥¬ë A.

�¥®à¥¬  C ([3]). �ãáâì B 2 (1;+1). �«ï â®£® çâ®¡ë ¤«ï ª ¦¤®£® æ¥«®£® àï¤  �¨à¨å«¥

F 2 S(�) ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

M(�; F ) < �(B�;F ); � � �0(F );

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë �(�) < +1.

� áá¬®âà¨¬ «î¡ãî ¯®«®¦¨â¥«ì­ãî ­  (�1;+1) äã­ªæ¨î h. � á¢ï§¨ á ¯à¨¢¥¤¥­­ë¬¨ à¥-
§ã«ìâ â ¬¨ ¢®§­¨ª ¥â á«¥¤ãîé ï § ¤ ç : ãáâ ­®¢¨âì ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ­ 

¯®á«¥¤®¢ â¥«ì­®áâì �, ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ á®®â­®è¥­¨ï

M(�; F ) = o(�(� + h(�); F )); � ! +1; (2)

¤«ï ª ¦¤®£® àï¤  �¨à¨å«¥ F 2 S(�).
�¥è¥­¨î íâ®© § ¤ ç¨ ¯®á¢ïé¥­  ¤ ­­ ï à ¡®â .
�®«®¦¨¬

A(h) = lim
�!+1

h(�):

�¥®à¥¬  1. �ãáâì A(h) = +1.
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(i) �á«¨ �(�) < +1, â® ¤«ï ª ¦¤®£® æ¥«®£® àï¤  �¨à¨å«¥ F 2 S(�) ¢ë¯®«­ï¥âáï á®®â­®-

è¥­¨¥ (2).
(ii) �á«¨ �(�) = +1, â® áãé¥áâ¢ã¥â æ¥«ë© àï¤ �¨à¨å«¥ F 2 S(�), ¤«ï ª®â®à®£®

lim
�!+1

M(�; F )
�(� + h(�); F )

= +1: (3)

�¥®à¥¬  2. �ãáâì A(h) 2 (0;+1) ¨ supf� : h(�) < A(h)g = +1.

(i) �á«¨ �(�) < A(h), â® ¤«ï ª ¦¤®£® æ¥«®£® àï¤  �¨à¨å«¥ F 2 S(�) ¢ë¯®«­ï¥âáï á®®â­®-

è¥­¨¥ (2).
(ii) �á«¨ �(�) � A(h), â® áãé¥áâ¢ã¥â æ¥«ë© àï¤ �¨à¨å«¥ F 2 S(�), ¤«ï ª®â®à®£® ¢¥à­®

á®®â­®è¥­¨¥ (3).

�¥®à¥¬  3. �ãáâì A(h) 2 [0;+1) ¨ supf� : h(�) < A(h)g < +1.

(i) �á«¨
1P
n=0

expf�A(h)�ng < +1, â® ¤«ï ª ¦¤®£® æ¥«®£® àï¤  �¨à¨å«¥ F 2 S(�) ¢ë¯®«­ï-

¥âáï á®®â­®è¥­¨¥ (2).

(ii) �á«¨
1P
n=0

expf�A(h)�ng = +1, â® áãé¥áâ¢ã¥â æ¥«ë© àï¤ �¨à¨å«¥ F 2 S(�), ¤«ï ª®â®-

à®£® ¢¥à­® á®®â­®è¥­¨¥ (3).

�á«¨ A(h) = 0, â® ­¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâ¨ � â ª®©, çâ® ¤«ï ª ¦¤®£® æ¥«®£® àï¤ 
�¨à¨å«¥ F 2 S(�) ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (2). � ª®© ¢ë¢®¤ ¬®¦­® á¤¥« âì ¨§ á«¥¤ãîé¥£®
ãâ¢¥à¦¤¥­¨ï, ï¢«ïîé¥£®áï ®ç¥¢¨¤­ë¬ á«¥¤áâ¢¨¥¬ ãâ¢¥à¦¤¥­¨ï (ii) â¥®à¥¬ë 3.

�¥®à¥¬  4. �ãáâì A(h) = 0. �«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � áãé¥áâ¢ã¥â æ¥«ë© àï¤

�¨à¨å«¥ F 2 S(�), ã¤®¢«¥â¢®àïîé¨© á®®â­®è¥­¨î (3).

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

� ¯à¨¢¥¤¥­­®© ­¨¦¥ «¥¬¬¥ 1, ª®â®à®© ¢®á¯®«ì§ã¥¬áï ¯à¨ ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à¦¤¥­¨© (ii)
¢ â¥®à¥¬ å 1{3, ­¥ ¯à¥¤¯®« £ ¥âáï, ¢®®¡é¥ £®¢®àï, æ¥«®áâ­®áâì àï¤  �¨à¨å«¥ (1).

�¥¬¬  1. �ãáâì B 2 (�1;+1]. �á«¨ ¤«ï àï¤  �¨à¨å«¥ (1) áãé¥áâ¢ã¥â â ª ï ¢®§à áâ -

îé ï ¯®á«¥¤®¢ â¥«ì­®áâì fnkg
1
k=0 ­¥®âà¨æ â¥«ì­ëå æ¥«ëå ç¨á¥«, çâ®

an = 0 (n < n0); ank 6= 0 (k � 0);

{k :=
ln jank j � ln jank+1

j

�nk+1
� �nk

" B (k ! +1);

janj � jank je
{k(�nk��n) (n 2 (nk; nk+1); k � 0);

â® ¤«ï ¢á¥å � 2 (�1; B) ®¯à¥¤¥«¥­ë ¬ ªá¨¬ «ì­ë© ç«¥­ �(�; F ) ¨ æ¥­âà «ì­ë© ¨­¤¥ªá �(�; F )
íâ®£® àï¤  ¨, ¡®«¥¥ â®£®, ¢¥à­ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï: 1) �(�; F ) = n0, ¥á«¨ � < {0;
2) �(�; F ) = nk+1, ¥á«¨ � 2 [{k;{k+1) ¨ k � 0; 3) �(�; F ) = jan0 je

��n0 , ¥á«¨ � < {0;
4) �(�; F ) = jank+1

je��nk+1 , ¥á«¨ � 2 [{k;{k+1) ¨ k � 0.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ãâ¢¥à¦¤¥­¨ï 3) ¨ 4) á«¥¤ãîâ ¨§ ãâ¢¥à¦¤¥­¨©
1) ¨ 2). �®ª ¦¥¬ 1) ¨ 2).

�ãáâì {�1 2 (�1;{0). �ç¨â ¥¬, çâ® � 2 [{k;{k+1) ¨ k � �1.
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�á«¨ n 2 (np; np+1] ¨ p � k + 1, â®

janje
��n

jank+1
je��nk+1

�
janp je

{p(�np��n)e��n

jank+1
je��nk+1

=
janp+1

je{p�np+1e�{p�ne��n

jank+1
je��nk+1

=

= e�(�n��nk+1
)e{p(�np+1

��n)
pY

i=k+1

jani+1
j

jani j
=

= e�(�n��nk+1
)e{p(�np+1

��n)
pY

i=k+1

1

e{i(�ni+1
��ni )

�

�
e�(�n��nk+1

)e{p(�np+1
��n)

e{k+1(�np��nk+1
)e{p(�np+1

��np )
�

e�(�n��nk+1
)

e{k+1(�n��nk+1
)
< 1;

â. ¥. �(�; F ) � nk+1, ¥á«¨ k � 0, ¨ �(�; F ) = n0, ¥á«¨ � < {0.
�á«¨ ¦¥ n 2 [np; np+1), p � k ¨ k � 0, â®

janje
��n

jank+1
je��nk+1

�
janp je

{p(�np��n)e��n

jank+1
je��nk+1

=
e{p(�np��n)

e�(�nk+1
��n)

kY
i=p

jani j

jani+1
j
=

=
e{p(�np��n)

e�(�nk+1
��n)

kY
i=p

e{i(�ni+1
��ni ) �

e{k(�np��n)

e�(�nk+1
��n)

kY
i=p

e{k(�ni+1
��ni ) =

e{k(�nk+1
��n)

e�(�nk+1
��n)

� 1;

â. ¥. �(�; F ) � nk+1. � ª¨¬ ®¡à §®¬, �(�; F ) = nk+1, ¥á«¨ � 2 [{k;{k+1) ¨ k � 0.

�¥¬¬  2 ([4]). �§ ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �, ¤«ï ª®â®à®© �(�) > A > 0, ¬®¦­® ¢ë-

¤¥«¨âì â ªãî ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì �� = f��kg
1
k=0, çâ® ln p � A��p + 1 ¤«ï ¢á¥å p � 1 ¨

ln pj � A��pj ¤«ï ­¥ª®â®à®© ¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fpjg
1
j=0 ­ âãà «ì­ëå ç¨á¥«.

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�â¢¥à¦¤¥­¨¥ (i) â¥®à¥¬ë 1 á«¥¤ã¥â, ®ç¥¢¨¤­®, ¨§ â¥®à¥¬ë A. �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ (ii).
�ãáâì �(�) = +1. �®£¤ , ª ª «¥£ª® ¢¨¤¥âì,

1X
n=0

e�c�n = +1 8c > 0: (4)

�¥ ã¬¥­ìè ï ®¡é­®áâ¨, áç¨â ¥¬, çâ® h(�) " +1, � ! +1. �®«®¦¨¬ {0 = 0 ¨ {k+1 =
{k + h({k) (k � 0). �®£¤  {k " +1, k !1.

�® ã¦¥ ®¯à¥¤¥«¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f{kg
1
k=0 ¯®áâà®¨¬ æ¥«®ç¨á«¥­­ë¥ ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ fmkg
1
k=0 ¨ fnkg

1
k=0 á«¥¤ãîé¨¬ ®¡à §®¬. �®«®¦¨¬ m0 = n0 = 0, m1 = n1 = 1, m2 = n2 = 2

¨ ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥ª®â®à®£® p � 2 ã¦¥ ®¯à¥¤¥«¥­ë m0 � n0 < m1 � n1 < � � � < mp � np.
�ãáâì â®£¤ 

mp+1 = minfm � np : (p+ 1)2pe(h({p�2)+h({p�1))�np � eh({p�2)�mg;

np+1 = min
�
m � mp+1 :

mX
n=mp+1

e�h({p�1)�n � p

�
:

� ¬¥â¨¬, çâ® ¢®§¬®¦­®áâì ®¯à¥¤¥«¥­¨ï np+1 á«¥¤ã¥â ¨§ (4).
�ãáâì k � 0 ¨

a0 = an0 = 1; ank+1
=

kY
j=0

e�{j(�j+1��j); an = 0 (n 2 (nk;mk+1)); (5)

an = anke
{k(�nk��n) (n 2 [mk+1; nk+1)): (6)
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� áá¬®âà¨¬ àï¤ �¨à¨å«¥ (1) á ®¯à¥¤¥«¥­­ë¬¨ â ª ª®íää¨æ¨¥­â ¬¨ an ¨ ¯®ª ¦¥¬, çâ® ®­ æ¥«ë©
¨ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (3). � ¬¥â¨¬, çâ®

F (s) =
1X
p=0

npX
n=mp

ane
s�n : (7)

�®£« á­® «¥¬¬¥ 1

�({k; F ) = ank+1
e{k�nk+1 = anke

{k�nk � anpe
{k�np (k � 0; p � 0):

�®íâ®¬ã, ãç¨âë¢ ï (6), ¨¬¥¥¬

np+1X
n=mp+1

ane
{k�n =

np+1X
n=mp+1

anpe
{p(�np��n)e{k�n � �({k; F )

np+1X
n=mp+1

e�{k�npe{p(�np��n)e{k�n =

= �({k; F )
np+1X

n=mp+1

e�({p�{k)(�n��np ) (k � 0; p � 0): (8)

� «¥¥ § ¬¥â¨¬ (á¬. ®¯à¥¤¥«¥­¨¥ np+1), çâ®

np+1X
n=mp+1

e�h({p�1)�n � p+ 1 (p � 1):

�ç¨âë¢ ï íâ® ­¥à ¢¥­áâ¢®,   â ª¦¥ ¢®á¯®«ì§®¢ ¢è¨áì (8) ¨ ®¯à¥¤¥«¥­¨¥¬ mp+1, ¤«ï ¢á¥å k � 0
¯®«ãç ¥¬ á«¥¤ãîéãî ®æ¥­ªã ®áâ âª  àï¤  (7) ¢ â®çª¥ {k:

[�({k; F )]
�1
X

p�k+2

np+1X
n=mp+1

ane
{k�n �

X
p�k+2

np+1X
n=mp+1

e�({p�{k)(�n��np) =

=
X

p�k+2

e({p�{k)�np
np+1X

n=mp+1

e�({p�{p�1)�n

e({p�1�{k)�n
�
X

p�k+2

e({p�{k)�np

e({p�1�{k)�mp+1

np+1X
n=mp+1

e�h({p�1)�n �

�
X

p�k+2

e({p�{p�2)�np

e({p�1�{p�2)�mp+1

(p+ 1) =
X

p�k+2

e(h({p�2)+h({p�1))�np

eh({p�2)�mp+1

(p+ 1) �

�
X

p�k+2

1
2p

=
1

2k+1
< +1:

�âáî¤  á«¥¤ã¥â, çâ® àï¤ (7) áå®¤¨âáï  ¡á®«îâ­® ¢ C , ¯®íâ®¬ã F 2 S(�).
�à®¬¥ íâ®£®, ¤«ï ¢á¥å k � 0, ¢®á¯®«ì§®¢ ¢è¨áì (6) ¨ ®¯à¥¤¥«¥­¨¥¬ nk+2, ¨¬¥¥¬

M({k; F ) �
nk+2X

n=mk+2

ane
{k�n = ank+1

e{k+1�nk+1

nk+2X
n=mk+2

e�({k+1�{k)�n =

= �({k+1; F )
nk+2X

n=mk+2

e�h({k)�n � �({k + h({k); F )(k + 1);

â. ¥. ¢ë¯®«­¥­® (3). �
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4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

�á«¨ �(�) < A(h), â®, ä¨ªá¨àãï «î¡®¥ ç¨á«® A 2 (�(�); A(h)) ¨ ¯à¨¬¥­ïï â¥®à¥¬ã A, «¥£ª®
¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ (i). �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ (ii).

�ãáâì �(�) � A(h). � ª ª ª S(��) � S(�) (¥á«¨ �� | ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ �), â® á®£« á­® «¥¬¬¥ 2 ¬®¦¥¬ áç¨â âì, çâ® �(�) = A(h). � ¯à®â¨¢­®¬ á«ãç ¥ ¢¬¥áâ®
¯®á«¥¤®¢ â¥«ì­®áâ¨ � à áá¬ âà¨¢ ¥¬ ¥¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ��, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨-
ï¬ «¥¬¬ë 2 ¯à¨ A = A(h).

� «¥¥, á®£« á­® à ¢¥­áâ¢ã supf� : h(�) < A(h)g = +1 ­ ©¤¥¬ â ªãî ¢®§à áâ îéãî ª
+1 ¯®á«¥¤®¢ â¥«ì­®áâì f{kg

1
k=0 ¯®«®¦¨â¥«ì­ëå ç¨á¥«, çâ® ¤«ï ª ¦¤®£® k � 0 ¢ë¯®«­ïîâáï

­¥à ¢¥­áâ¢ 

h({k) < A(h); {k + 4A(h) < {k+1: (9)

�® ¯®á«¥¤®¢ â¥«ì­®áâ¨ f{kg
1
k=0 ®¯à¥¤¥«¨¬ ¢®§à áâ îé¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì-

­ëå æ¥«ëå ç¨á¥« fmkg
1
k=0 ¨ fnkg

1
k=0 â ª, çâ®¡ë ¨¬¥«¨ ¬¥áâ® á®®â­®è¥­¨ï

n0 = 0; mk = [nk=2]; m1 > 2; �mk+1
> 2�nk ; (10)

lnnk+1 � h({k)�nk+1
� k; lnmk � 2A(h)�mk

; (11)

£¤¥ k | «î¡®¥ ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®. �®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢®§¬®¦­® ¢ á¨«ã à ¢¥­áâ¢ 
�(�) = A(h).

�¯à¥¤¥«¨¬ an ¤«ï ª ¦¤®£® n � 0 á®£« á­® à ¢¥­áâ¢ ¬ (5) ¨ (6). � áá¬®âà¨¬ àï¤ �¨à¨å«¥ F
á â ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ an (¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (7)) ¨ ¯®ª ¦¥¬, çâ® ®­ ï¢«ï¥âáï
¨áª®¬ë¬.

�à¨ «î¡®¬ k � 0 á®£« á­® (8){(11) ¯®«ãç¨¬

[�({k; F )]
�1
X

p�k+1

np+1X
n=mp+1

ane
{k�n �

X
p�k+1

np+1X
n=mp+1

e�({p�{k)(�n��np) �

�
X

p�k+1

np+1 �mp+1 + 1

e({p�{k)(�mp+1
��np )

�
X

p�k+1

2mp+1

e4(p�k)A(h)�mp+1
=2
�

�
X

p�k+1

2mp+1

e4(p�k) lnmp+1=4
= 2

X
p�k+1

1

mp�k�1
p+1

� 2
X

p�k+1

1
2p�k�1

= 4 < +1:

� ª¨¬ ®¡à §®¬, F | æ¥«ë© àï¤ �¨à¨å«¥, â. ¥. F 2 S(�).
� «¥¥ ¨§ (9) ¢¨¤¨¬, çâ® {k + h({k) 2 [{k;{k+1). �®íâ®¬ã ¯® «¥¬¬¥ 1

�({k + h({k); F ) = ank+1
e({k+h({k))�nk+1 :

�«¥¤®¢ â¥«ì­®, ãç¨âë¢ ï (6), (5), (10) ¨ (11), ¨¬¥¥¬

M({k; F ) �
nk+1�1X
n=mk+1

ane
{k�n =

nk+1�1X
n=mk+1

anke
{k(�nk��n)e{k�n = (nk+1 �mk+1)anke

{k�nk =

= (nk+1 �mk+1)ank+1
e{k�nk+1 = �({k + h({k); F )e

ln(nk+1�mk+1)�h({k)�nk+1 �

� �({k + h({k); F )e
lnnk+1�h({k)�nk+1

�ln 2 � �({k + h({k); F )e
k�ln 2;

®âªã¤  ¨ á«¥¤ã¥â (3). �
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5. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 3

�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ (i). � ä¨ªá¨àã¥¬ " > 0. �®áª®«ìªã
1P
n=0

expf�A(h)�ng < +1, â® ¯à¨
ª ¦¤®¬ â ª®¬ " ®¯à¥¤¥«¥­® æ¥«®¥ ç¨á«®

N(") = min
�
N � 1 :

1X
n=N

expf�A(h)�ng < "

�
:

� áá¬®âà¨¬ «î¡®© æ¥«ë© àï¤ �¨à¨å«¥ F 2 S(�) ¢¨¤  (1). �â®â àï¤ á®£« á­® ®¯à¥¤¥«¥-
­¨î ª« áá  S(�) ­¥ ï¢«ï¥âáï íªá¯®­¥­æ¨ «ì­ë¬ ¯®«¨­®¬®¬, ¯®íâ®¬ã, ª ª ¨§¢¥áâ­®, 
(�) :=
ln�(�; F )=� ! +1, 0 < � ! +1. �«¥¤®¢ â¥«ì­®,

N(")�1X
n=0

janje
��n � �(0; F )

N(")�1X
n=0

e��n � �(0; F )N(")e��N(") =

= �(0; F )N(")(�(�; F ))�N(")=
(�) � "�(�; F ); � � �1("): (12)

� ª ª ª supf� : h(�) < A(h)g < +1, â® h(�) � A(h), � � �2. �®íâ®¬ã ¤«ï ¢á¥å � � �3(") =
maxf�1("); �2g á®£« á­® (12) ¨ ®¯à¥¤¥«¥­¨î N(") ¨¬¥¥¬

M(�; F ) �
N(")�1X
n=0

janje
��n +

1X
n=N(")

janje
��n �

� "�(�; F ) +
1X

n=N(")

janje
(�+h(�))�ne�A(h)�n �

� "�(�; F ) + "�(� + h(�); F ) � 2"�(� + h(�); F ):

�âáî¤  ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ " ¯®«ãç ¥¬ (2).

�®ª ¦¥¬ (ii). �ãáâì
1P
n=0

expf�A(h)�ng = +1. �®£¤ , ¯®« £ ï n0 = 0, ¢¨¤¨¬, çâ® ¤«ï ª ¦¤®£®

k � 0 ®¯à¥¤¥«¥­®

nk+1 = min
�
N � nk + 1 :

NX
n=nk

e�A(h)�n�1 � k

�
:

� ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® {0 � 0 ¨ ¤«ï ¢á¥å p � 1 ¯®«®¦¨¬ {2p�1 = {2p�2 + h({2p�2),

{2p = min
�
� � {2p�1 + 1 : h(�) � A(h) +

1
�n2p+2

;
n2p+2

e(��{2p�2)(�n2p+1��n2p )
�

1
2p

�
:

�á­®, çâ® {k " +1, k !1.
�ãáâì a0 = an0 = 1 ¨ ¤«ï ª ¦¤®£® k � 0

ank+1
=

kY
j=0

e�{j(�j+1��j ); an = anke
{k(�nk��n) (n 2 (nk; nk+1)): (13)

� áá¬®âà¨¬ àï¤ �¨à¨å«¥ (1) á ®¯à¥¤¥«¥­­ë¬¨ â ª ª®íää¨æ¨¥­â ¬¨ an ¨ ¯®ª ¦¥¬, çâ® ®­ ï¢«ï-
¥âáï ¨áª®¬ë¬.

�­ ç «¥ ¨§ «¥¬¬ë 1 ¨ (13) ¯®«ãç¨¬

�({k; F ) = anke
{k�nk = ank+1

e{k�nk+1 > ank+1+1e
{k�nk+1+1 > ank+1+2e

{k�nk+1+2 > � � � (14)
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� «¥¥, ¤«ï «î¡®£® k � 0, ¢®á¯®«ì§®¢ ¢è¨áì (14), (13) ¨ ®¯à¥¤¥«¥­¨¥¬ {2p, ¨¬¥¥¬

X
n�n2k+2+1

ane
{2k�n =

X
p�k+1

n2p+2X
n=n2p+1

ane
{2k�n �

�
X

p�k+1

n2p+2an2p+1e
{2k�n2p+1 =

X
p�k+1

n2p+2an2pe
{2p(�n2p��n2p+1)e{2k�n2p+1 =

=
X

p�k+1

an2pe
{2k�n2p

n2p+2

e({2p�{2k)(�n2p+1��n2p )
� �({2k; F )

X
p�k+1

n2p+2

e({2p�{2p�2)(�n2p+1��n2p )
�

� �({2k; F )
X

p�k+1

1
2p

= �({2k; F )
1
2k

< +1:

�âáî¤  á«¥¤ã¥â, çâ® F | æ¥«ë© àï¤ �¨à¨å«¥, ¯®íâ®¬ã F 2 S(�).
�®ª ¦¥¬, çâ® ¤«ï íâ®£® àï¤  ¢ë¯®«­ï¥âáï (3). �¥©áâ¢¨â¥«ì­®, ¨§ ®¯à¥¤¥«¥­¨© {2k+1, {2k ¨

n2k+2 ¤«ï ¢á¥å k � 0 ¯®«ãç¨¬

M({2k; F ) �
n2k+2X

n=n2k+1

ane
{2k�n =

n2k+2X
n=n2k+1

a2k+1e
{2k+1(�n2k+1

��n)e{2k�n =

= a2k+1e
{2k+1�n2k+1

n2k+2X
n=n2k+1

e�h({2k)�n �

� �({2k+1; F )
n2k+2X

n=n2k+1

exp
�
�

�
A(h) +

1
�n2k+2

�
�n

�
�

� �({2k+1; F )
n2k+2X

n=n2k+1

e�A(h)�n�1 � �({2k+1; F )(2k + 1) = �({2k + h({2k); F )(2k + 1);

®âªã¤  ¨ á«¥¤ã¥â (3). �

� ¬¥ç ­¨¥. �à¨ ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à¦¤¥­¨ï (ii) ­¥ ¯®«ì§®¢ «¨áì ãá«®¢¨¥¬ supf� : h(�) <
A(h)g < +1, ¯®áª®«ìªã ¢ á«ãç ¥ A(h) > 0 ®­® ¨§«¨è­¥,   ¢ á«ãç ¥ A(h) = 0 | § ¢¥¤®¬®
¢ë¯®«­¥­®.
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