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�¥á¦¨¬ îé¨¥ ¨ ¯«îá-®¯¥à â®àë ®âà ¦ îâ á¯¥æ¨ä¨ªã ¯à®áâà ­áâ¢ á ¨­¤¥ä¨­¨â­®© ¬¥-
âà¨ª®© (J -¯à®áâà ­áâ¢) [1]. � ¤ ­­®© áâ âì¥ ¢¢®¤ïâáï ¨ ¨§ãç îâáï  ­ «®£¨ ­¥á¦¨¬ îé¨å ¨
¯«îá-®¯¥à â®à®¢ ¢  «£¥¡à å �¥©¬ ­ . �®¤à®¡­¥¥ á  «£¥¡à ¬¨ �¥©¬ ­  ¬®¦­® ¯®§­ ª®¬¨âìáï,
­ ¯à¨¬¥à, ¢ ([2]; [3], £«. VI). �á¯®«ì§®¢ ­­ë© §¤¥áì á¯®á®¡ ¢ë¤¥«¥­¨ï  ­ «®£®¢ ¯«îá-¢¥ªâ®à®¢
®â«¨ç ¥âáï ®â ¯®¤å®¤ , ¯à¥¤«®¦¥­­®£® ¢ [4].

�¥ª®â®àë¥ ®¡é¨¥ á¢®©áâ¢ 

�ãáâì M |  «£¥¡à  �¥©¬ ­  ¢ ª®¬¯«¥ªá­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H á® áª «ïà­ë¬
¯à®¨§¢¥¤¥­¨¥¬ (�; �). �¡®§­ ç¨¬ ç¥à¥§ Z æ¥­âà  «£¥¡àë M,   ç¥à¥§ Zpr | ¬­®¦¥áâ¢® ¢á¥å (®à-
â®£®­ «ì­ëå) ¯à®¥ªâ®à®¢ ¨§ Z. �® ¬­®¦¥áâ¢¥ ¢á¥å ­¥®âà¨æ â¥«ì­ëå æ¥­âà «ì­ëå ®¯¥à â®à®¢
(:= Z+) ¢¢¥¤¥¬ ç áâ¨ç­ë© ¯®àï¤®ª Z1 � Z2, ¥á«¨ (Z1x; x) � (Z2x; x) 8x 2 H. �«ï Z1, Z2 ¨§
Z+ ­ ©¤¥âáï ¯à®¥ªâ®à E 2 Zpr â ª®©, çâ® Z1E � Z2E ¨ Z2(I � E) � Z1(I � E). �®«®¦¨¬
Z1 ^ Z2 := Z1E + Z2(I �E) ¨ Z1 _ Z2 := Z2E + Z1(I �E).

�§¢¥áâ­® ãâ¢¥à¦¤¥­¨¥, ª®â®à®¥ ¨­®£¤  ­ §ë¢ îâ â¥®à¥¬®© �¨¦ì¥. �áïª ï ¢®§à áâ îé ï
®£à ­¨ç¥­­ ï á¢¥àåã á¥âì ®£à ­¨ç¥­­ëå á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢ á¨«ì­® áå®¤¨âáï ª ­¥-
ª®â®à®¬ã á ¬®á®¯àï¦¥­­®¬ã ®¯¥à â®àã. �à¥¤¥«ì­ë© ®¯¥à â®à ¥áâì â®ç­ ï ¢¥àå­ïï £à ­ì ¢®§-
à áâ îé¥© á¥â¨ ®¯¥à â®à®¢.

�ãáâì P+; P� := I � P+ | ®àâ®¯à®¥ªâ®àë ¢ M â ª¨¥, çâ® æ¥­âà «ì­ë¥ ­®á¨â¥«¨ [2] ¯à®¥ª-
â®à®¢ P+, P� à ¢­ë I. �¯à¥¤¥«¨¬ ª ­®­¨ç¥áªãî á¨¬¬¥âà¨î J := P+�P� ¨ § ä¨ªá¨àã¥¬ ¨­¤¥-
ä¨­¨â­ãî ¬¥âà¨ªã [x; y] := (Jx; y), x; y 2 H. �¯¥à â®à V 2 B(H) ­ §ë¢ ¥âáï ¯«îá-®¯¥à â®à®¬,
¥á«¨ [V x; V x] � 0 ¢áïª¨© à §, ª®£¤  [x; x] � 0, x 2 H. � [1] ¯«îá-®¯¥à â®à V ­ §ë¢ ¥âáï áâà®£¨¬,
¥á«¨ inff[V x; V x] : [x; x] = 1g > 0, ¨ ­¥áâà®£¨¬ ¢ ¯à®â¨¢­®¬ á«ãç ¥. �¥à¥§ A# ®¡®§­ ç¨¬ ®¯¥à -
â®à, á®¯àï¦¥­­ë© ª A 2 B(H) ®â­®á¨â¥«ì­® [�; �], â. ¥. [Ax; y] = [x;A#y]. �ç¥¢¨¤­®, A# = JA�J .
�¯à¥¤¥«¨¬ ­®á¨â¥«ì ¢¥ªâ®à  x 2 H ª ª ­ ¨¬¥­ìè¨© ¯à®¥ªâ®à Qx ¨§ Z, ¤«ï ª®â®à®£® x = Qxx.

�¥¬¬  1. �á«¨ [x; x] > 0, â® áãé¥áâ¢ã¥â ­ ¨¡®«ìè¨© ¯à®¥ªâ®à := Q+x 2 Z, Q+x 6= 0,
â ª®©, çâ® [qx; x] > 0 ¤«ï «î¡®£® q 2 Zpr, q 6= 0, q � Q+x.

�®ª § â¥«ìáâ¢®. �ãáâì [x; x] > 0. �¢¥¤¥¬ ¬­®¦¥áâ¢® Z� := fp 2 Zpr : [px; x] < 0, p � Qxg.
�á«¨ Z� = ;, â® ¯®«®¦¨¬ �xP := 0. �á«¨ Z� ­¥ ¯ãáâ®, â® ¢ë¡¥à¥¬ «î¡®¥ ¬ ªá¨¬ «ì­®¥ ¯®
¢ª«îç¥­¨î á¥¬¥©áâ¢® ¯®¯ à­® ®àâ®£®­ «ì­ëå ¯à®¥ªâ®à®¢ fPig ¨§ Z�. �ç¥¢¨¤­®, P

i
Pi < Qx.

�®«®¦¨¬ �xP :=
P
Pi. �®£¤  ¤«ï «î¡®£® q 2 Zpr, q � Qx � (�xP ), ¨¬¥¥¬ [qx; x] � 0.

�¢¥¤¥¬ ¬­®¦¥áâ¢® Z0 := fp 2 Zpr : [px; x] = 0, p � Qx��x Pg. �â¬¥â¨¬ 0 2 Z0. �ë¡¥à¥¬ ¢ Z0

¬ ªá¨¬ «ì­®¥ á¥¬¥©áâ¢® fQjg � Z0 ¯®¯ à­® ®àâ®£®­ «ì­ëx ¯à®¥ªâ®à®¢ ¨ ¯®«®¦¨¬ 0xP :=
P
Qj.

�ç¥¢¨¤­®, Q := Qx ��x P �0x P 6= 0 ¨

[rx; x] > 0 8r 2 Zpr (0 6= r � Q): (1)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨,

£à ­â òE00-1.0-172.
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�­®¦¥áâ¢® ¢á¥å ¯à®¥ªâ®à®¢, ã¤®¢«¥â¢®àïîé¨å (1), ®¡à §ã¥â ­ ¯à ¢«¥­¨¥. C«¥¤®¢ â¥«ì­®, ¯®
â¥®à¥¬¥ �¨¦ì¥ áãé¥áâ¢ã¥â ­ ¨¡®«ìè¨© æ¥­âà «ì­ë© ¯à®¥ªâ®à (®¡®§­ ç¨¬ ¥£® ç¥à¥§ Q+x) á®
á¢®©áâ¢®¬ (1).

�­ «®£¨ç­® «¥¬¬¥ 1 ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �á«¨ [x; x] < 0, â® áãé¥áâ¢ã¥â ­ ¨¡®«ìè¨© ¯à®¥ªâ®à := Q�x 2 Zpr, Q�x 6= 0,
â ª®©, çâ® [qx; x] < 0 ¤«ï «î¡®£® 0 6= q 2 Zpr, q � Q�x.

�¥¬¬  3. �á«¨ x 2 H, x 6= 0, â® áãé¥áâ¢ãîâ ­ ¨¡®«ìè¨¥ (­¥ª®â®àë¥, ¢®§¬®¦­®,
­ã«¥¢ë¥) ¯à®¥ªâ®àë Q+x (Q�x, Q0x) ¨§ Zpr â ª¨¥, çâ® Qx = Q+x +Q�x +Q0x ¨

[qx; x] > 0 ([qx; x] < 0; [qx; x] = 0) 8q 2 Zpr; q 6= 0; q � Q+x (Q�x; Q0x):

�®ª § â¥«ìáâ¢®. �á«¨ å®âï ¡ë ¤«ï ®¤­®£® p 2 Zpr ¨¬¥¥â ¬¥áâ® [px; x] > 0, â® ¢ á¨«ã
«¥¬¬ë 1 F := fQ 2 Zpr : Q � Qx 8q 2 Zpr, 0 6= q � Q, [qx; x] > 0g 6= ;. � ¨¡®«ìè¨© í«¥¬¥­â ¨§
F ®¡®§­ ç¨¬ ç¥à¥§ Q+x. �á«¨ F = ;, â® ¯®«®¦¨¬ Q+x := 0.

�á«¨ å®âï ¡ë ¤«ï ®¤­®£® ­¥­ã«¥¢®£® p 2 Zpr ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® [px; x] < 0, â®  ­ «®£¨ç­®
­ å®¤¨¬ Q�x 6= 0. � ¯à®â¨¢­®¬ á«ãç ¥ Q�x := 0. � ª¨¬ ®¡à §®¬, Q0x = Qx �Q+x �Q�x.

�¥¬¬  3, ª ª ®â¬¥ç¥­® à¥æ¥­§¥­â®¬, ¥áâì ­¥ çâ® ¨­®¥, ª ª ãâ¢¥à¦¤¥­¨¥ ® à §«®¦¥­¨¨ § àï¤ 
­  ¯à®¥ªâ®à å  ¡¥«¥¢®©  «£¥¡àë �¥©¬ ­ .

�¥ªâ®à x 2 H, x 6= 0, ­ §®¢¥¬ JZ-¯®«®¦¨â¥«ì­ë¬ (-­¥®âà¨æ â¥«ì­ë¬, -®âà¨æ â¥«ì­ë¬,
-­¥¯®«®¦¨â¥«ì­ë¬, -­¥©âà «ì­ë¬), ¥á«¨ Qx = Q+x (Q�x = 0, Qx = Q�x, Q+x = 0, Qx =
Q0x á®®â¢¥âáâ¢¥­­®). �¨¦¥ ç¥à¥§ �++, �+, ���, �� ¨ �0 ¡ã¤¥¬ ®¡®§­ ç âì ¬­®¦¥áâ¢® ¢á¥å
JZ-¯®«®¦¨â¥«ì­ëå (-­¥®âà¨æ â¥«ì­ëå, -®âà¨æ â¥«ì­ëå, -­¥¯®«®¦¨â¥«ì­ëå, -­¥©âà «ì­ëå) ¢¥ª-
â®à®¢. �â¬¥â¨¬, ¯ãáâì T 2 Z, 0 ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ç¨á«®¬ T , ¨ x 2 H JZ-¯®«®¦¨â¥«ì­ë©
(-­¥®âà¨æ â¥«ì­ë©, -®âà¨æ â¥«ì­ë©, -­¥¯®«®¦¨â¥«ì­ë©, -­¥©âà «ì­ë©), â®£¤  ¢¥ªâ®à Tx
JZ-¯®«®¦¨â¥«ì­ë© (-­¥®âà¨æ â¥«ì­ë©, -®âà¨æ â¥«ì­ë©, -­¥¯®«®¦¨â¥«ì­ë©, -­¥©âà «ì­ë© á®-
®â¢¥âáâ¢¥­­®).

� ¬¥â¨¬, çâ® 1) ¢áïª¨© JZ-¯®«®¦¨â¥«ì­ë© ¢¥ªâ®à x ï¢«ï¥âáï ¨ ¯®«®¦¨â¥«ì­ë¬
([x; x] > 0), ­® ®¡à â­®¥ ­¥¢¥à­®; 2) ¥á«¨ M = B(H), â® ¢¢¥¤¥­­ë¥ ¢ëè¥ ®¯à¥¤¥«¥­¨ï á®¢¯ -
¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ [1] ®¯à¥¤¥«¥­¨ï¬¨ ¯®«®¦¨â¥«ì­ëå, ®âà¨æ â¥«ì­ëå ¨ ­¥©âà «ì­ëå
¢¥ªâ®à®¢.

�¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à V 2 M ­ §®¢¥¬ JZ -¯«îá-®¯¥à â®à®¬, ¥á«¨ V �+ � �+; ­¥á¦¨-
¬ îé¨¬, ¥á«¨ [V x; V x] � [x; x] 8x 2 H.

�ãáâì V ( 6= 0) | JZ-¯«îá-®¯¥à â®à. �¢¥¤¥¬ ¬­®¦¥áâ¢®

� := fZ 2 Z+ : [Zx; x] � [V x; V x] 8x 2 �+g:
�®áª®«ìªã 0 2 �, â® � 6= ;. �«ï Z 2 � ¨ ¢á¥å x 2 P+H, x 6= 0, ¨¬¥¥¬

kZ1=2xk2 = [Zx; x] � [V x; V x] = (JV x; V x) � kV P+k2kxk2: (2)

�§ (2) § ª«îç ¥¬ kZ1=2P+k � kV P+k. �ç¨âë¢ ï, çâ® æ¥­âà «ì­ë© ­®á¨â¥«ì P+ à ¢¥­ I, ¨¬¥¥¬
kZ1=2k = kZ1=2P+k. �®íâ®¬ã kZk = kZ1=2P+k2 � kV P+k2. �á­®, çâ® Z1 _ Z2 2 � ¤«ï «î¡ëå
Z1; Z2 2 �. � ª¨¬ ®¡à §®¬, � á ¢¢¥¤¥­­ë¬ ¯®àï¤ª®¬ ®¡à §ã¥â ®£à ­¨ç¥­­ãî á¢¥àåã ­ ¯à ¢«¥­-
­®áâì. �® â¥®à¥¬¥ �¨¦ì¥ áãé¥áâ¢ã¥â â®ç­ ï ¢¥àå­ïï £à ­ì := 	V ¬­®¦¥áâ¢  � ¨ Z áå®¤¨âáï
¢ á¨«ì­®© â®¯®«®£¨¨ ¯® ­ ¯à ¢«¥­¨î ª 	V . �â® ®§­ ç ¥â, çâ® [	V x; x] � [V x; V x] 8x 2 �+, â. ¥.
	V 2 � ï¢«ï¥âáï ­ ¨¡®«ìè¨¬ í«¥¬¥­â®¬ ¢ �.

�¯à¥¤¥«¥­¨¥ 2. JZ-¯«îá-®¯¥à â®à V ­ §®¢¥¬

1) à ¢­®¬¥à­® áâà®£¨¬, ¥á«¨ áãé¥áâ¢ã¥â ç¨á«® � > 0 â ª®¥, çâ® [V x; V x] � �[x; x] ¤«ï ¢á¥å
x 2 H;

2) áâà®£¨¬, ¥á«¨ áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® [V x; V x] � �[x; x] ¤«ï ¢á¥å x 2 �++;
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3) ¯®«ãáâà®£¨¬, ¥á«¨ ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¯à®¥ªâ®à E" 2 Zpr â ª®©, çâ®
[V x; V x] � "[x; x] ¤«ï ­¥ª®â®àëå x 2 �++, E"x = x ¨ ¤«ï «î¡®£® ­¥­ã«¥¢®£® ¯à®¥ªâ®à 
E1 2 Z áãé¥áâ¢ãîâ ­¥­ã«¥¢®© ¯à®¥ªâ®à E2 � E1, E2 2 Z, ¨ ç¨á«® � > 0 â ª¨¥, çâ®
[V x; V x] � �[x; x] 8x 2 �++, E2x = x;

4) ­¥áâà®£¨¬, ¥á«¨ ¤«ï «î¡®£® " > 0 ¨ «î¡®£® (0 6=) E 2 Zpr áãé¥áâ¢ã¥â â ª®© x 2 �++,
çâ® Qx � E ¨ [V x; V x] � "[x; x].

�â¬¥â¨¬, çâ® ¢áïª¨© à ¢­®¬¥à­® áâà®£¨© ®¯¥à â®à ï¢«ï¥âáï ¨ áâà®£¨¬. �« ááë áâà®£¨å,
¯®«ãáâà®£¨å ¨ ­¥áâà®£¨å JZ -¯«îá-®¯¥à â®à®¢ ­¥ ¯¥à¥á¥ª îâáï.

� á«ãç ¥M = B(H)
1) ­ è¥ ®¯à¥¤¥«¥­¨¥ áâà®£®£® ¨ à ¢­®¬¥à­® áâà®£®£® JZ-¯«îá-®¯¥à â®à  á®¢¯ ¤ îâ;
2) ª« ááë ­¥áâà®£¨å ®¯¥à â®à®¢ ¢ ­ è¥¬ á¬ëá«¥ ¨ ¢ á¬ëá«¥ [1] â ª¦¥ á®¢¯ ¤ îâ.

�¯à ¢¥¤«¨¢® ¯à®áâ®¥

�à¥¤«®¦¥­¨¥ 1. �«ï â®£® çâ®¡ë ®¯¥à â®à V 2 B(H) (V 2 M) ¡ë« áâà®£¨¬ ¯«îá-®¯¥-
à â®à®¬ ¢ H á ¨­¤¥ä¨­¨â­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ [�; �] (¡ë« à ¢­®¬¥à­® áâà®£¨¬ JZ-¯«îá-®¯¥à -
â®à®¬), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «¨ ç¨á«® � > 0 ¨ ®¯¥à â®à C 2 B(H)
(C 2M), kCk � 1, â ª¨¥, çâ® C(P+V + �P�) = P�V + �P+.

�áïª¨© ¯«îá-®¯¥à â®à ¨§ M ï¢«ï¥âáï ¨ JZ-¯«îá-®¯¥à â®à®¬, ­® ®¡à â­®¥ ­¥¢¥à­®. �¥¬ ­¥
¬¥­¥¥, ­¨¦¥ ã¢¨¤¨¬, çâ® JZ-¯«îá-®¯¥à â®àë ­ á«¥¤ãîâ ¬­®£¨¥ á¢®©áâ¢  ¯«îá-®¯¥à â®à®¢ ¢
J-¯à®áâà ­áâ¢ å. � á¢ï§¨ á® áª § ­­ë¬ ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á á«¥¤áâ¢¨¥, ª®â®à®¥ í«¥¬¥­â à­®
¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥­¨ï 2.

�«¥¤áâ¢¨¥ 1. JZ-¯«îá-®¯¥à â®à V à ¢­®¬¥à­® áâà®£¨© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  V (2M)
| áâà®£¨© ¯«îá-®¯¥à â®à ¢ H c [�; �].

�ãáâì V | JZ-¯«îá-®¯¥à â®à ¨ ¯ãáâì CV |­ ¨¬¥­ìè¨© æ¥­âà «ì­ë© ¯à®¥ªâ®à á® á¢®©áâ¢®¬
V CV = V . �¢¥¤¥¬ ¬­®¦¥áâ¢®

� := fZ 2 Z+ : CV Z = Z; [V x; V x] � kZV xk2 8x 2 �+g:
�®áª®«ìªã 0 2 �, â® � 6= ;. � ª ª ª j[V x; V x]j � kV xk2 8x 2 H, â® Z � CV 8Z 2 �. �à®¬¥ â®£®,
ïá­®, çâ® Z1 _ Z2 2 � ¤«ï «î¡ëå Z1; Z2 2 �. � ª¨¬ ®¡à §®¬, � á ¢¢¥¤¥­­ë¬ ¯®àï¤ª®¬ ®¡à §ã¥â
­ ¯à ¢«¥­­®áâì. �® â¥®à¥¬¥ �¨¦ì¥ áãé¥áâ¢ã¥â â®ç­ ï ¢¥àå­ïï £à ­ì := ZV

f ¬­®¦¥áâ¢  � ¨ Z
áå®¤¨âáï ¢ á¨«ì­®© â®¯®«®£¨¨ ¯® ­ ¯à ¢«¥­¨î ª ZV

f . �â® ®§­ ç ¥â, çâ® [V x; V x] � kZV
f V xk2

8x 2 �+. �ç¥¢¨¤­®, ZV
f | ­ ¨¡®«ìè¨© í«¥¬¥­â ¢ �.

�¯à¥¤¥«¥­¨¥ 3. 1) JZ-¯«îá-®¯¥à â®à V ­ §®¢¥¬ ä®ªãá¨àãîé¨¬ (áà. ®¯à¥¤¥«¥­¨¥ 4.22 [1],
á. 154), ¥á«¨ áãé¥áâ¢ã¥â ª®­áâ ­â  
 > 0 â ª ï, çâ® ZV

f � 
I.
2) JZ-¯«îá-®¯¥à â®à V ­ §ë¢ ¥âáï ¯®«ãä®ªãá¨àãîé¨¬, ¥á«¨

(ZV
f x; x) > 0 8x 2 H; x 6= 0 ¨ inff(ZV

f x; x) : kxk = 1g = 0:

�ãáâì â¥¯¥àì W 2 M | ­¥á¦¨¬ îé¨© ®¯¥à â®à: [Wx;Wx] � [x; x] 8x 2 H. �«ï «î¡®£®
x 2 H ¨¬¥¥¬

kWk2kxk2 + kxk2 � kWk2kxk2 � [x; x] � [Wx;Wx]� [x; x] � 0: (3)

�¢¥¤¥¬ ¬­®¦¥áâ¢®

�0 := fZ 2 Z+ : [Wx;Wx] � [x; x] + kZxk2 8x 2 Hg:
�¡¥¦¤ ¥¬áï, çâ® �0, ­ ¤¥«¥­­®¥ ¯®àï¤ª®¬ �, ï¢«ï¥âáï ­ ¯à ¢«¥­¨¥¬. �á¯®«ì§ãï (3), ¯®«ãç -
¥¬, çâ® ¤«ï «î¡®£® Z 2 �0 á¯à ¢¥¤«¨¢  ®æ¥­ª  kZxk2 � (kWk2 + 1)kxk2 ) kZk � pkWk2 + 1.

9



�«¥¤®¢ â¥«ì­®, Z � (
pkWk2 + 1)I. �­®¢ì ¨á¯®«ì§ãï â¥®à¥¬ã �¨¦ì¥, ã¡¥¦¤ ¥¬áï, çâ® ¢ �0 áãé¥-

áâ¢ã¥â ­ ¨¡®«ìè¨© í«¥¬¥­â (:= ZW
r ) ¨ Z áå®¤ïâáï ¯® ­ ¯à ¢«¥­¨î ª ZW

r ¢ á¨«ì­®© â®¯®«®£¨¨.
�«¥¤®¢ â¥«ì­®,

[Wx;Wx] � [x; x] + kZW
r xk2 8x 2 H: (4)

�¯à¥¤¥«¥­¨¥ 4. 1) �¥á¦¨¬ îé¨© ®¯¥à â®à W ­ §ë¢ ¥âáï à ¢­®¬¥à­® à áâï£¨¢ îé¨¬
(áà. ®¯à¥¤¥«¥­¨¥ 4.23 [1], á. 154), ¥á«¨ áãé¥áâ¢ã¥â ª®­áâ ­â  � > 0 â ª ï, çâ® ZW

r � �I.
2) JZ-¯«îá-®¯¥à â®à W ­ §ë¢ ¥âáï ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨¬, ¥á«¨ ¢ë¯®«­ï¥âáï ­¥-

à ¢¥­áâ¢® (4), £¤¥

(ZW
r x; x) > 0 8x 2 H; x 6= 0 ¨ inff(ZW

r x; x) : kxk = 1g = 0:

� ¬¥ç ­¨¥ 1. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �¡®§­ ç¨¬ ç¥à¥§ E ®àâ®£®­ «ì­ë© ¯à®¥ªâ®à
­  ­ã«¥¢®¥ ¯®¤¯à®áâà ­áâ¢® ®¯¥à â®à  	V . �ç¥¢¨¤­®, áã¦¥­¨¥ V ­  EH ï¢«ï¥âáï ­¥áâà®£¨¬
JZE -¯«îá-®¯¥à â®à®¬. �á«¨ á¯¥ªâà áã¦¥­¨ï 	

V ­  (I�E)H ®â¤¥«¥­ ®â ­ã«ï, â® áã¦¥­¨¥ V=(I�
E)H ¥áâì áâà®£¨© JZI�E -¯«îá-®¯¥à â®à; ¥á«¨ ­¥â, â® V=(I � E)H | ¯®«ãáâà®£¨© JZI�E -¯«îá-
®¯¥à â®à.

�ãáâì â¥¯¥àì B 2 B(H), JB � 0. �­®¢ì, ª ª ¨ ¢ëè¥, ¢¢¥¤¥¬ ¬­®¦¥áâ¢® �B := fZ 2 Z+ :
[Bx; x] � kZxk2 8x 2 Hg. �­®¦¥áâ¢® �B ï¢«ï¥âáï ­ ¯à ¢«¥­¨¥¬. �á«¨ Z 2 �B, â® Z � kBk1=2I.
�¡®§­ ç¨¬ ç¥à¥§ ZB ­ ¨¡®«ìè¨© í«¥¬¥­â ¢ �B. �ã¤¥¬ ¯¨á âì B >=J 0, ¥á«¨ [ZBx; x] > 0 8x 6= 0
¨ inff[ZBx; x] : kxk = 1g = 0.

�á­®¢­ë¥ à¥§ã«ìâ âë

�áî¤ã ­¨¦¥ ¯à®áâà ­áâ¢® H ¡ã¤¥¬ áç¨â âì á¥¯ à ¡¥«ì­ë¬. �­ ç «¥ ¯à¨¢¥¤¥¬ ­¥®¡å®¤¨-
¬ë¥ á¢¥¤¥­¨ï ® à §«®¦¥­¨¨ á¥¯ à ¡¥«ì­®£® ¯à®áâà ­áâ¢  H ¯® ª®«ìæã Z ¢ ¯àï¬®© ¨­â¥£à «
£¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢ H =

R
T

Ht d� ¢ á¬ëá«¥ â¥®à¥¬ë 1 ([3], á. 579). �¤¥áì T | ª®¬¯ ªâ

¬ ªá¨¬ «ì­ëå ¨¤¥ «®¢  «£¥¡àë Z ¨ � | ª®­¥ç­ ï ¬¥à  ­  T . � ¦¤®¬ã ¢¥ªâ®àã  2 H á®®â-
¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ á â®ç­®áâìî ¤® ¯®çâ¨ ¢áî¤ã (¯. ¢.) ¯® ¬¥à¥ � á¥¬¥©áâ¢® ¢¥ªâ®à®¢ ( t),
 t 2 Ht. �à¨ íâ®¬ ( ; �) =

R
T

( t; �t)t d�, §¤¥áì (�; �)t | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ Ht.

�î¡®© ®¯¥à â®à B 2 M à áª« ¤ë¢ ¥âáï ¢ ¯àï¬®© ¨­â¥£à « ®¯¥à â®à®¢ B =
R
T

Bt d� ([3],

á. 577), £¤¥ Bt | ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢ Ht (¡ã¤¥¬ ¯¨á âì B = (Bt)). � ç áâ­®áâ¨, J =
R
T

Jt d�,

Jt | á¨¬¬¥âà¨ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ Ht. � ¬¥â¨¬, çâ® A;B 2M ¢«¥ç¥â (BA)t = BtAt

¨ A� = (A�
t ) ¯. ¢. �á«¨ Qx | ­®á¨â¥«ì ¢¥ªâ®à  x 2 H, â® áãé¥áâ¢ã¥â ¨§¬¥à¨¬®¥ ¯®¤¬­®¦¥áâ¢®

Tx � T â ª®¥, çâ® (Qx)t = It, t 2 Tx, ¨ (Qx)t = 0t, t 2 T n Tx, ¯. ¢. �¤¥áì It, 0t | ¥¤¨­¨æ  ¨ ­ã«ì ¢
Ht.

�¢¥¤¥¬ ¢ Ht ¨­¤¥ä¨­¨â­ãî ¬¥âà¨ªã [�; �]t := (Jt�; �)t. �®£¤  ¬®¦¥¬ á«¥¤ãîé¨¬ ®¡à §®¬ ®å -
à ªâ¥à¨§®¢ âì ¬­®¦¥áâ¢  �0, �+ ¨ �++, ���: �0 = fx 2 H : [xt; xt]t = 0 ¯. ¢. ¯® ¬¥à¥ �g,
�+ = fx 2 H : [xt; xt]t � 0 ¯. ¢. ¯® ¬¥à¥ �g, �++ = fx 2 H : [xt; xt]t > 0 ¯. ¢. ¯® ¬¥à¥ � ­  Txg,
��� = fx 2 H : [xt; xt]t < 0 ¯. ¢. ¯® ¬¥à¥ � ­  Txg.

�®áâ â®ç­® í«¥¬¥­â à­® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �¯¥à â®à V = (Vt) 2 M ï¢«ï¥âáï JZ-¯«îá-®¯¥à â®à®¬ (-­¥á¦¨¬ îé¨¬) â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¯¥à â®àë Vt ¢ Ht | ¯«îá-®¯¥à â®àë (­¥á¦¨¬ îé¨¥) ¯. ¢.

�á«¨ ®¯¥à â®à V = (Vt) 2 M à ¢­®¬¥à­® (¯®«ãà ¢­®¬¥à­®) à áâï£¨¢ îé¨©, â® Vt ¢ Ht

à ¢­®¬¥à­® à áâï£¨¢ îé¨¥ ¯. ¢.
�á«¨ ®¯¥à â®à V = (Vt) 2M ä®ªãá¨àãîé¨© (¯®«ãä®ªãá¨àãîé¨©), â® Vt ¢ Ht ä®ªãá¨àãîé¨¥

¯. ¢.

�®«®¦¨¬ ¤«ï ¯à®áâ®âë [x; y]t := [xt; yt]t 8x = (xt), y = (yt) 2 H.
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�¥¬¬  4. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �®£¤  ¤«ï ¢á¥å y 2 ��� ¨ z 2 �++ ­  ft 2 T :
[y; y]t[z; z]t 6= 0g

[V y; V y]t
[y; y]t

� [V z; V z]t
[z; z]t

¯. ¢.

�®ª § â¥«ìáâ¢®. �®¤¨ä¨æ¨àã¥¬ à ááã¦¤¥­¨ï ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1.35 ([1], £«. I),
ª®â®à ï á®®â¢¥âáâ¢ã¥â ­ è¥© «¥¬¬¥ ¢ á«ãç ¥ M = B(H). �®¦­® áç¨â âì, çâ® [y; y]t = �1 ¨
[z; z]t = 1 ¯à¨ «î¡®¬ t. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¯®«®¦­®¥: �[V y0; V y0]t > [V z0; V z0]t ¤«ï ­¥ª®â®-
àëå y0, z0 ­  ¬­®¦¥áâ¢¥ T1 ­¥­ã«¥¢®© � ¬¥àë. �  T1 à áá¬®âà¨¬ ¢¥ªâ®à-äã­ªæ¨î

t! x0t := "ty
0
t + z0t ;

£¤¥ "t (j"tj = 1) | ¯®ª  ­¥¨§¢¥áâ­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï. �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ®

[x0t ; x
0
t ]t = 2Re("t[y

0
t ; z

0
t ]t); [Vtx

0
t ; Vtx

0
t ]t < 2Re("t[Vty

0
t ; Vtz

0
t ]t):

�®áª®«ìªã "t = ei�t , £¤¥ �t 2 [0; 2�), â® ¢á¥£¤  ¬®¦­® ¢ë¡à âì  à£ã¬¥­â �t â ª, çâ®¡ë

Re("t[y
0
t ; z

0
t ]t) = 0; Re("t[Vty

0
t ; Vtz

0
t ]t) � 0:

�à®¤®«¦¨¬ äã­ªæ¨î "t ­  T , ¯®« £ ï "t := 1 ¤«ï t 2 T nT1. �à®¤®«¦¨¬ â ª¦¥ ¢¥ªâ®à-äã­ªæ¨î
x0t ­  T , ¯®« £ ï x

0
t := 0 ¤«ï t 2 T nT1. �à®¤®«¦¥­¨¥ ®¡®§­ ç¨¬ ç¥à¥§ x0 := (x0t ). �® ¯®áâà®¥­¨î

[V x0; V x0] < 0, çâ® ­¥¢®§¬®¦­® ¯® ¯à¥¤¯®«®¦¥­¨î ®¡ ®¯¥à â®à¥ V .

�ãáâì V | JZ-¯«îá-®¯¥à â®à. �¢¥¤¥¬ ¬­®¦¥áâ¢®

�� := fZ 2 Z : [Zy; y] � [V y; V y] 8y 2 ��g:
�«ï Z = (z(t)It) 2 �� ¨ y = (yt) 2 P�H, kytk = 1, ¯® «¥¬¬¥ 4 ¨¬¥¥¬

kV P�k2[y; y]t = �kV P�k2kyk2t � �[Vtyt; Vtyt] � z(t) � 	V (t) (� kV P+k2):
� ª¨¬ ®¡à §®¬, ¢ �� áãé¥áâ¢ã¥â ­ ¨¡®«ìè¨© í«¥¬¥­â := �V ¨ �V � 	V .

� ¬¥ç ­¨¥ 2. �ãáâì V = (Vt) | JZ-¯«îá-®¯¥à â®à. �®£¤  [V x; V x] � [Zx; x] 8x 2 H, ¥á«¨
Z 2 Z+ ¨ �V

+ := maxf0;�V g � Z � 	V .

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 4 ¨ «î¡®© ¨§¬¥à¨¬®© äã­ªæ¨¥©
f(t) : 	V (t) � f(t) � �V

+(t). � â¥¬ ¯®«®¦¨âì Z := (f(t)It). �

�â¬¥â¨¬, çâ® Z = 	V |­ ¨¡®«ìè¨© (  Z = �V
+ ­ ¨¬¥­ìè¨©) ­¥®âà¨æ â¥«ì­ë© æ¥­âà «ì­ë©

®¯¥à â®à, ¤«ï ª®â®à®£® ¢ë¯®«­¥­® § ¬¥ç ­¨¥ 2.

�«¥¤áâ¢¨¥ 2. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �®£¤  1) V à ¢­®¬¥à­® áâà®£¨© , (	V )�1

áãé¥áâ¢ã¥â ¨ ®£à ­¨ç¥­ ¨ 	V � k�V
+kI; 2) V áâà®£¨© , (	V )�1 áãé¥áâ¢ã¥â ¨ ®£à ­¨ç¥­; 3) V

¯®«ãáâà®£¨© , (	V x; x) > 0 8x 2 H n f0g ¨ 	V ­¥ ®¡à â¨¬; 4) V ­¥áâà®£¨© , 	V = 0.

�®ª § â¥«ìáâ¢®. �à¨ ¤®ª § â¥«ìáâ¢¥ ã¤®¡­¥¥ ¤¥©áâ¢®¢ âì äã­ªæ¨ï¬¨. �¨¦¥ ¡ã¤¥¬ áç¨-
â âì, çâ® 	V = (�V (t)It) ¨ �V

+ = (�V+ (t)It). �¡®§­ ç¨¬ ç¥à¥§ �V1 (�V1) áãé¥áâ¢¥­­ãî ¢¥àå­îî
(= k	V k) (­¨¦­îî) £à ­ì äã­ªæ¨¨ �(t). �­ «®£¨ç­ë¥ ®¡®§­ ç¥­¨ï ¢¢¥¤¥¬ ¤«ï �V+ . �®ª ¦¥¬,
­ ¯à¨¬¥à, 1).

�ãáâì V | à ¢­®¬¥à­® áâà®£¨© JZ-¯«îá-®¯¥à â®à ¨ ¤«ï ­¥ª®â®à®£® c > 0 ¢ë¯®«­¥­® ­¥à -
¢¥­áâ¢® [V x; V x] � c[x; x] 8x 2 H. �®£¤  ®ç¥¢¨¤­®

�V1 = supf� : [V x; V x] � �[x; x]; x 2 Hg > 0:

�¥à ¢¥­áâ¢® �V1 � �V1 á«¥¤ã¥â ¨§ «¥¬¬ë 4, ®¯à¥¤¥«¥­¨ï äã­ªæ¨© �V (t), �V+ (t) ¨ ­¥à ¢¥­áâ¢ 
�V (t) � c � �V+ (t).
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�¡à â­®, ¯ãáâì �V1 > 0 ¨ �V1 � �V1. �ë¡¥à¥¬ «î¡®¥ c > 0 â ª®¥, çâ® �V1 � c � �V1. �®£¤  ¢
á¨«ã «¥¬¬ë 4 ¤«ï ¢á¥å y 2 ��� ¨ z 2 �++ ­  ft 2 T : [y; y]t[z; z]t 6= 0g

[V y; V y]t
[y; y]t

� c � [V z; V z]t
[z; z]t

¯. ¢.

�«¥¤®¢ â¥«ì­®, [V x; V x]t � c[x; x]t ¯. ¢. ¤«ï ¢á¥å x 2 H. �â® ®§­ ç ¥â, çâ® [V x; V x] � c[x; x] ¤«ï
¢á¥å x 2 H.

�¡®§­ ç¨¬ ç¥à¥§ Z++ ¬­®¦¥áâ¢® ¢á¥å ¯®«®¦¨â¥«ì­ëå ®¯¥à â®à®¢ ¨§ Z, ¨¬¥îé¨å ®£à ­¨-
ç¥­­ë© ®¡à â­ë©.

�¥®à¥¬  2. JZ -¯«îá-®¯¥à â®à V áâà®£¨© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â Z 2
Z++ â ª®©, çâ® ®¯¥à â®à W := ZV ­¥á¦¨¬ îé¨©.

�®ª § â¥«ìáâ¢®. �ãáâì V | áâà®£¨© JZ-¯«îá-®¯¥à â®à. � á¨«ã ãá«®¢¨ï 2) á«¥¤áâ¢¨ï 2
¨¬¥¥¬ (	V )�1=2 = ((�V )�1=2(t)It) 2 Z. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï (�V (t))�1=2 ¯. ¢. ®£à ­¨ç¥­ .
�®«®¦¨¬ W = (	V )�1=2V . �®£¤  W 2M ¨

[Wtxt;Wtxt]t = (�V (t))�1[Vtxt; Vtxt]t � [xt; xt]t:

�® â¥®à¥¬¥ 1 ®¯¥à â®à W ­¥á¦¨¬ îé¨©.
�¡à â­®. �ãáâì V | JZ-¯«îá-®¯¥à â®à ¨ W = ZV ­¥á¦¨¬ îé¨©. �®áª®«ìªã Z ­¥®âà¨æ -

â¥«ì­ë© ¨ æ¥­âà «ì­ë©, â® Z = (f(t)It), £¤¥ f(t) > 0 ¯. ¢. (áãé¥áâ¢¥­­ ï ¢¥àå­ïï £à ­ì äã­ªæ¨¨
f á®¢¯ ¤ ¥â á kZk). �§ ®£à ­¨ç¥­­®© ®¡à â¨¬®áâ¨ Z á«¥¤ã¥â, çâ® áãé¥áâ¢¥­­ ï ­¨¦­ïï £à ­ì
äã­ªæ¨¨ f áâà®£® ¡®«ìè¥ ­ã«ï (= kZ�1k). � «¥¥

[xt; xt]t � [Wtxt;Wtxt]t = f 2(t)[Vtxt; Vtxt]t:

�â® ¢«¥ç¥â 0 < kZk�2 � f�2(t) � �V (t) ¯. ¢. �«¥¤®¢ â¥«ì­®, �V1 > 0. �® ãá«®¢¨î 2) á«¥¤áâ¢¨ï 2
V áâà®£¨©.

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨© ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 3. � á¥¯ à ¡¥«ì­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ ®¯¥à â®à V ¯®«ãä®ªãá¨àãîé¨©
(¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨©) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ZV

f =
�
g(t)It

�
(ZV

r =
�
g(t)It

�
), £¤¥

äã­ªæ¨ï g(t) > 0 ¯. ¢. ¨ áãé¥áâ¢¥­­ ï ­¨¦­ïï £à ­ì g(t) à ¢­  ­ã«î.

�«¥¤ãîé ï â¥®à¥¬  ¯® áãé¥áâ¢ã ï¢«ï¥âáï ¯¥à¥ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë 4.24 ([1], £«. II) á
 ­ «®£¨ç­ë¬ ¤®ª § â¥«ìáâ¢®¬.

�¥®à¥¬  3. �«ï JZ-¯«îá-®¯¥à â®à  V á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
a) V ª®«¨­¥ à¥­ ­¥ª®â®à®¬ã à ¢­®¬¥à­® à áâï£¨¢ îé¥¬ã ®¯¥à â®àã;
¡) V | ä®ªãá¨àãîé¨© à ¢­®¬¥à­® áâà®£¨© JZ -¯«îá-®¯¥à â®à;
¢) 	V � �I � �V

+ ¤«ï ­¥ª®â®à®£® � > 0;
£) áãé¥áâ¢ã¥â ç¨á«® �0 > 0 â ª®¥, çâ® V #V � �0I >>

J 0:

�® ®¯à¥¤¥«¥­¨î A >>J 0 ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â 
 > 0 â ª®¥, çâ® [Ax; x] � 
kxk2 8x 2 H.

1. �®«ãáâà®£¨¥ ®¯¥à â®àë ¢ H

�¥®à¥¬  4. �ãáâì V | JZ-¯«îá-®¯¥à â®à ¨ Z 2 Z++. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ -
«¥­â­ë:

a) V #V � Z�2 >>J 0;
¡) ZV | à ¢­®¬¥à­® à áâï£¨¢ îé¨© ®¯¥à â®à;
¢) 	V � Z�2 + 
I > Z�2 � 
I � �V

+ ¤«ï ­¥ª®â®à®£® 
 > 0.

12



�®ª § â¥«ìáâ¢® ¢ æ¥«®¬ á«¥¤ã¥â ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4.24 ([1], £«. II).
 ) ) ¡). �ãáâì V #V � Z�2 >>J 0, â. e. ¤«ï ­¥ª®â®à®£® 
 > 0 [(V #V � Z�2)x; x] � 
kxk2

8x 2 H. �âáî¤  [V x; V x] � [Z�2x; x] + 
kxk2 8x 2 H. �®«®¦¨¬ W := ZV ¨ x = Zy. �®£¤ 

[Wy;Wy] = [V Zy; V Zy] � [Z�2Zy;Zy] + 
kZ�1yk2 � [y; y] + 
kZk�2kyk2 8y 2 H:
�â ª, W = ZV | à ¢­®¬¥à­® à áâï£¨¢ îé¨© ®¯¥à â®à.

¡) ) ¢). �ãáâì [ZV x;ZV x] � [x; x] + 
kxk2 ¤«ï «î¡®£® x 2 H ¨ ­¥ª®â®à®£® 
 > 0. �ãáâì x =
Z�1y. �®£¤  [V y; V y] � [Z�1y; Z�1y] + 
kZk�2kyk2 ¤«ï ¢á¥å y 2 H. �«¥¤®¢ â¥«ì­®, [Vtyt; Vtyt] �
z�2(t)[yt; yt] + 
kZ�2k kytk2 ¯.¢.

�ãáâì x = (xt) 2 �++, [xt; xt] = 1 ¨ y = (yt) 2 ���, [yt; yt] = �1. �®£¤  ¯®«ãç ¥¬
�V (t) = inf

[xt;xt]=1
[Vtxt; Vtxt] � inf

[xt;xt]=1
fz�2(t) + 
kZ�2k kxtk2g �

� z�2(t) + 
kZ�2k (
 > 0)

¨

�V (t) = sup
[xt;xt]=�1

f�[Vtxt; Vtxt]g �

� sup
[xt;xt]=�1

fz�2(t)� 
kZ�2k kxtk2g � z�2(t)� 
kZ�2k:

�ç¨âë¢ ï, çâ® z�2(t) � 1
kZ2k

¯. ¢., ¯®¤¡¥à¥¬ 0 < 
1 < 
 â ª, çâ®¡ë z�2(t) � 
1kZ�2k > 0 ¯. ¢.
� ª®­¥æ ¯®«ãç ¥¬

�V (t) � z�2(t) + 
1kZ�2k > z�2(t)� 
1kZ�2k > �V+ (t) := maxf0; �V (t)g:
¢) )  ). �§ ¢) ¨ § ¬¥ç ­¨ï 2 á«¥¤ã¥â, çâ®

[Vtxt; Vtxt] � z�2(t)[xt; xt] + 
[xt; xt]; [Vtxt; Vtxt] � z�2(t)[xt; xt]� 
[xt; xt];

[Vtxt; Vtxt] � z�2(t)[xt; xt]

¯. ¢. 8x 2 H, â. ¥.

[(V #V � (Z�2 + 
))x; x] � 0; [(V #V � (Z�2 � 
))x; x] � 0;

[(V #V � Z�2)x; x] � 0: (5)

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ®  ) ­¥ ¢ë¯®«­¥­®. � á¨«ã (5) ¨¬¥¥¬ V �JV � JZ�2 � 0. � á¨«ã
¯à¥¤¯®«®¦¥­¨ï áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � H, kxnk = 1, â ª ï, çâ®

((V �JV � JZ�2)xn; xn)! 0: (6)

�âáî¤  (V �JV � JZ�2)1=2xn ! 0. �® â®£¤  (V �JV � JZ�2)xn ! 0.
�¡¥¤¨¬áï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì xn = (xn(t)) ¬®¦¥â á®áâ®ïâì â®«ìª® ¨§ ¤¥ä¨­¨â­ëå ¢¥ª-

â®à®¢. �¯à¥¤¥«¨¬ ®¯¥à â®à I+n = (I+nt ) ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã:

I+nt = I; ¥á«¨ [xn(t); xn(t)] � 0; I+nt = 0; ¥á«¨ [xn(t); xn(t)] < 0;

¨
I+nt =

q
1 + 1=nP+

t +
q
1� 1=nP�

t ; ª®£¤  [xn(t); xn(t)] = 0:

�â¬¥â¨¬, çâ® ¢ ¯®á«¥¤­¥¬ á«ãç ¥ kI+nt xn(t)k = kxn(t)k.
�®  ­ «®£¨¨ ®¯à¥¤¥«¨¬ ®¯¥à â®à I�nt = (I�nt ):

I�nt = 0; ¥á«¨ [xn(t); xn(t)] � 0; I�nt = I; ¥á«¨ [xn(t); xn(t)] < 0:

�¯à¥¤¥«¨¬ ¥é¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¥ªâ®à®¢ x+n := I+nxn, x�n := I�nxn ¨ x0n := x+n + x�n.
�® ¯®áâà®¥­¨î kx0nk = kxnk (= 1). (�â® ®§­ ç ¥â, çâ® ¤«ï ¡¥áª®­¥ç­®£® ç¨á«  ­®¬¥à®¢ ¨«¨
kx+nk2 � 1=2, ¨«¨ kx�nk2 � 1=2.) �à®¬¥ â®£®, ®¯ïâì ¦¥ ¯® ¯®áâà®¥­¨î kxn � x0+nk ! 0, ¥á«¨
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n!1. �â® ®§­ ç ¥â, çâ® ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ x0n á®®â­®è¥­¨¥ (6) â ª¦¥ ¢ë¯®«­¥­®. �§ (6),
¯à¨¬¥­¥­®£® ª x0n, á«¥¤ã¥â

((V �
t JtVt � JtZ

�2
t )xn(t)

0; xn(t)
0)! 0 ¯. ¢.;

ª®£¤  n!1. � ª¨¬ ®¡à §®¬, (V �
t JtVt�JtZ�2

t )x0n ! 0, ª®£¤  n!1 ¯. ¢. ¯® ¬¥à¥ �. �â® ®§­ ç ¥â,
çâ® (V �JV � JZ�2)x�n ! 0, ¥á«¨ n ! 1. �ë¡¥à¥¬ ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¥© (x+n), (x�n) â ªãî
¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, ã ª®â®à®© ¤«¨­  ª ¦¤®£® ¨§ ¢¥ªâ®à®¢ ­¥ ¬¥­ìè¥ 1=

p
2. �¥ ®£à ­¨ç¨¢ ï

®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® ¢ë¡à ­­ ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì á®áâ®¨â ¨§ ¢á¥å ¢¥ªâ®à®¢ ¨«¨
¯®á«¥¤®¢ â¥«ì­®áâ¥© (x+n) ¨«¨ (x�n). � §¤¥«¨¬ ª ¦¤ë© ¢¥ªâ®à ¢ë¡à ­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨
­  ¥£® ¤«¨­ã ¨ ¢­®¢ì ¯®«ãç¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ®¡®§­ ç¨¬ ç¥à¥§ (xn). �® ¯®áâà®¥­¨î ¤«ï
­¥¥ ¢ë¯®«­¥­® (6), ¨ ¯®á«¥¤®¢ â¥«ì­®áâì á®áâ®¨â ¨§ ¤¥ä¨­¨â­ëå ¢¥ªâ®à®¢.

1) �á«¨ ¢á¥ xn 2 �++, â® ¢ á¨«ã (5) ¨¬¥¥¬
((V �JV � JZ�2)xn; xn) � ((V �JV � JZ�2 � 
J)xn; xn) � 0:

�ç¨âë¢ ï (6), ¯®«ãç ¥¬ (V �JV � JZ�2 � 
J)xn ! 0. �® â®£¤  Jxn ! 0, çâ® ­¥¢®§¬®¦­®.
2) �á«¨ ¢á¥ xn 2 ���, â® á­®¢  ¢ á¨«ã (5) ¨¬¥¥¬

((V �JV � JZ�2)xn; xn) � ((V �JV � JZ�2 + 
J)xn; xn) � 0:

�â® ¢«¥ç¥â (V �JV � JZ�2 + 
J)xn ! 0 ¨ á­®¢  Jxn ! 0, çâ® ®¯ïâì ­¥¢®§¬®¦­®. �â ª, ¯à¥¤¯®-
«®¦¥­¨¥ ­¥¢¥à­®. �«¥¤®¢ â¥«ì­®, ¢) ¢«¥ç¥â  ). �

�¥®à¥¬  5. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
1) V á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ¨§ Z++ à ¢­®¬¥à­® à áâï£¨¢ îé¨©;
2) V | ä®ªãá¨àãîé¨© áâà®£¨© JZ-¯«îá-®¯¥à â®à.

�®ª § â¥«ìáâ¢®. 1)) 2). �ãáâì Z 2 Z++ â ª®©, çâ®W := ZV à ¢­®¬¥à­® à áâï£¨¢ îé¨©.
�®£¤  ¢ á¨«ã â¥®à¥¬ë 4 ®¯¥à â®à V áâà®£¨©. �¬¥¥¬ [Wx;Wx] � [x; x] + �kxk2 8x 2 H ¨ ¤«ï
­¥ª®â®à®£® � > 0.

�ãáâì â¥¯¥àì x 2 �+ ¨ y = Zx. �®£¤ 

[V y; V y] = [Wx;Wx] � �kxk2 = �kZ�1yk2 � �kZk�2kyk2 � �kZk�2kV k�2kV yk2:
�çâ¥¬ â¥¯¥àì, çâ® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï Z ¨¬¥¥¬ Z�+ = �+. � ª¨¬ ®¡à §®¬, V | ä®ªãá¨àãîé¨©
áâà®£¨© ®¯¥à â®à.

2) ) 1). �ãáâì V | ä®ªãá¨àãîé¨© áâà®£¨© JZ-¯«îá-®¯¥à â®à: [V x; V x] � 
kV xk (x 2 �+).
�¢¥¤¥¬ ®¯¥à â®à S" := (1� ")P+ + P� ¨ ¯ãáâì V" = S"V . �«ï ¢á¥å t 2 T , x 2 �+ ¨ ¤®áâ â®ç­®£®
¬ «®£® " > 0 ¨¬¥¥¬

[V"x; V"x]t = [(V � "P+V )x; (V � "P+V )x]t = [V x; V x]t +

+ ("2 � 2")[P+V x; P+V x]t � (
 + "2 � 2")kV xk2t � (
 + "2 � 2")kV"xk2t : (7)

�®á«¥¤­¥¥ ®§­ ç ¥â, çâ® V" | ä®ªãá¨àãîé¨© ®¯¥à â®à.
�¡®§­ ç¨¬ ç¥à¥§ T0 ¬­®¦¥áâ¢® ¢á¥å t 2 T â ª¨å, çâ® �V (t) > 0. � ­¥à ¢¥­áâ¢¥ (7) ¤®ª § ­®,

çâ® [V"x; V"x]t � [V x; V x]t ¤«ï ¢á¥å t 2 T ¨ ¤®áâ â®ç­® ¬ «ëå " > 0. �®íâ®¬ã ¯. ¢. ¤«ï t 2 T0
¨¬¥¥¬

(0 <) �V (t) � �V"(t) � �V"(t) � �V (t):

�ãáâì â¥¯¥àì x = (xt) 2 �+ â ª®©, çâ® [xt; xt] = 1. �®£¤  ¨§ ®âà¨æ â¥«ì­®áâ¨ ç¨á«  "2 � " ¤«ï
¬ «ëå " > 0 ¨¬¥¥¬

[V"x; V"x] = [V x; V x] + ("2 � 2")[P+V x; P+V x] � (1� ")2[V x; V x]:

�®íâ®¬ã �V"(t) � (1 � ")2�V (t) < �V (t) ¤«ï ¢á¥å t. � ä¨ªá¨àã¥¬ " > 0 â ª, çâ®¡ë ¢ë¯®«­ï«®áì
­¥à ¢¥­áâ¢® 2"� "2 > 0. �®¤¢®¤ï ¨â®£, ¤«ï t 2 T0 ¨¬¥¥¬
�V (t)� �V (t) = �V (t)� (1� ")2�V (t) + (1� ")2�V (t)� �V (t) � (2"� "2)�V (t) � (2"� "2)�V1 > 0:
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�«ï â®ç¥ª t =2 T0 ¨¬¥¥¬ �V (t)� �V (t) � �V (t) � �V1:
�¡®§­ ç¨¬ 
 := (1=2)(2"� "2)�V1 ¨ ¯®«®¦¨¬ Z := (z(t)�1=2It), £¤¥ z(t) := (1=2)(�V (t) + �V+ (t)).

�ëè¥ ã¡¥¤¨«¨áì, çâ® ¤«ï ¤ ­­ëå 
 ¨ Z ¢ë¯®«­¥­® ãá«®¢¨¥ ¢) â¥®à¥¬ë 4. �à¨¬¥­¨¬ â¥¯¥àì
ãá«®¢¨¥ ¡) â¥®à¥¬ë 4.

�«¥¤áâ¢¨¥ 4. �ãáâì V | JZ-¯«îá-®¯¥à â®à, â®£¤ 
1) ¬­®¦¥áâ¢® KV ¢á¥å ®¯¥à â®à®¢ Z 2 Z++ â ª¨å, çâ® ZV à ¢­®¬¥à­® à áâï£¨¢ îé¨©,

®âªàëâ® ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨,
2) § ¬ëª ­¨¥ ¬­®¦¥áâ¢  KV á®¢¯ ¤ ¥â á ®¯¥à â®à ¬¨ Z 2 Z++ â ª¨¬¨, çâ® ZV | ­¥á¦¨-

¬ îé¨© ®¯¥à â®à.

�®ª § â¥«ìáâ¢®. 1) �ãáâì Z = (z(t)It) 2 Z++ â ª®©, çâ® ZV à ¢­®¬¥à­® à áâï£¨¢ îé¨©.
�® ãá«®¢¨î ¢) â¥®à¥¬ë 4 ¤«ï ­¥ª®â®à®£® 
 > 0 ¨¬¥¥¬ �V (t) � z�2(t) + 
 > z�2(t) � 
 � �V+(t)
¯. ¢. �® 
 > 0 ¯®¤¡¥à¥¬ "(
) > 0 â ª, çâ®¡ë ¤«ï «î¡®© ¨§¬¥à¨¬®© äã­ªæ¨¨ z0(t) â ª®©, çâ®
jz0(t) � z(t)j < "(
) ¯. ¢., ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® jz�2(t) � z�20 (t)j < 


2
¯. ¢. �®£¤  z�2(t) + 
 �

z�20 + 

2
� z�20 (t) � 


2
� z�2(t) � 
 ¯. ¢. � ª¨¬ ®¡à §®¬, ®âªàëâ ï ®ªà¥áâ­®áâì fZ0 2 M++ :

kz � z0k < "(
)g ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã KV .
2) �ãáâì â¥¯¥àì Z0 (2 Z+) | â®çª  ¯à¨ª®á­®¢¥­¨ï ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨ ¬­®¦¥áâ¢ 

KV . �¡¥¤¨¬áï, çâ® ®¯¥à â®à Z0 ¨¬¥¥â ®£à ­¨ç¥­­ë© ®¡à â­ë©. �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ¤«ï
«î¡®£® ®¯¥à â®à  Z = (z(t)It) 2 KV ¨¬¥¥¬ �V (t) � z�2(t) ¯. ¢., â® Z2(t) � 1

�V (t)
� 1

�V1
> 0.

�«¥¤®¢ â¥«ì­®, z20(t) � 1
�V1

. �®íâ®¬ã Z0 ¨¬¥¥â ®£à ­¨ç¥­­ë© ®¡à â­ë©. �ã­ªæ¨ï Z ! Z�1

­¥¯à¥àë¢­  ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨. �«¥¤®¢ â¥«ì­®, Z�2 | â®çª  ¯à¨ª®á­®¢¥­¨ï ¬­®¦¥áâ¢ 
K�2

V := fZ�2 : Z 2 KV g. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

�V (t) � z�20 (t) � �V+ (t); ¥á«¨ �V+ (t) > 0;

¨

�V (t) � z�20 (t) � kZk�2 > 0; ¥á«¨ �V+ (t) = 0:

� á¨«ã § ¬¥ç ­¨ï 2 ¨¬¥¥¬ [Vtxt; Vtxt] � z�20 (t)[xt; xt] ¯. ¢. ¤«ï ¢á¥å x 2 H. �®íâ®¬ã
[ZV x;ZV x] � [x; x], â. ¥. ZV | ­¥á¦¨¬ îé¨© ®¯¥à â®à.

�§ ãá«®¢¨ï ¢) â¥®à¥¬ë 4 í«¥¬¥­â à­® ¢ë¢®¤¨âáï

� ¬¥ç ­¨¥ 3. �­®¦¥áâ¢® KV ¨§ á«¥¤áâ¢¨ï 4 ®£à ­¨ç¥­® ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  �V1 > 0.

�§ â¥®à¥¬ 4, 5 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 5. �áïª¨© ä®ªãá¨àãîé¨© áâà®£¨© ®¯¥à â®à ¥áâì ¯àï¬ ï ª®­¥ç­ ï áã¬¬  JZ -
¯«îá-®¯¥à â®à®¢, áã¦¥­¨ï ª®â®àëå ­  á¢®¨ ­®á¨â¥«¨ ¥áâì à ¢­®¬¥à­® áâà®£¨¥ ä®ªãá¨àãîé¨¥
®¯¥à â®àë.

2. �®«ãä®ªãá¨àãîé¨¥ ®¯¥à â®àë ¢ H

�¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥­¨î ¯®«ãä®ªãá¨àãîé¨å ¨ ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨å ®¯¥à -
â®à®¢. �«¥¤ãîé ï â¥®à¥¬  ®¡ê¥¤¨­ï¥â â¥®à¥¬ë 4 ¨ 5. �­â¥à¥á­® ¯à¨ íâ®¬ ãç¥áâì c«¥¤áâ¢¨¥ 6.

�¥®à¥¬  6. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

i) V | c â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ¨§ Z++ ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨© ®¯¥à â®à;
ii) V | áâà®£¨© ¯®«ãä®ªãá¨àãîé¨© ®¯¥à â®à;
iii) 	V 2 Z++, 	V � �V

+ 2 Z+ n Z++ ¨ ((	V � �V
+)x; x) > 0 8x 2 H, x 6= 0;

iv) áãé¥áâ¢ã¥â ®¯¥à â®à Z 2 Z++ â ª®©, çâ® V #V � Z >=J 0.
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�®ª § â¥«ìáâ¢®. i) ) ii). �ãáâì Z 2 Z++ â ª®©, çâ® W := ZV ¯®«ãà ¢­®¬¥à­® à áâï£¨-
¢ îé¨©: [ZV x;ZV x] � [x; x] + kZW

r xk2 8x 2 H. �âáî¤  á«¥¤ã¥â, çâ® V áâà®£¨© ¨ [V x; V x] �
[Z�1x;Z�1x] + kZW

r Z�1xk2. � ª¨¬ ®¡à §®¬,

[V x; V x] � kZW
r Z

�1xk2 �




Z

W
r Z

�1

kV k V x






2

8x 2 �+:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ®§­ ç ¥â, çâ® ZV
f � ZW

r
Z�1

kV k
. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® V áâà®£¨© ä®ªã-

á¨àãîé¨©, â® ¢ á¨«ã â¥®à¥¬ë 5 ®¯¥à â®à V á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ¨§ Z++ à ¢­®¬¥à­®
à áâï£¨¢ îé¨©. �â® ¯à®â¨¢®à¥ç¨â i). �â ª, i) ¢«¥ç¥â ii).

ii) ) iii). �ãáâì V áâà®£¨© ¯®«ãä®ªãá¨àãîé¨©. � á¨«ã ãá«®¢¨ï 2) á«¥¤áâ¢¨ï 2 	V 2 Z++.
�ãáâì ZV

f = (z(t)It). �¡®§­ ç¨¬

Tn := ft 2 T : z(t) > 1=ng ¨ Hn :=
Z
Tn

Htd�t +
Z
TnTn

0d�t:

�® ¢ë¡®àã Tn áã¦¥­¨¥ V ­ Hn ï¢«ï¥âáï áâà®£¨¬ à ¢­®¬¥à­® à áâï£¨¢ îé¨¬. � á¨«ã â¥®à¥¬ë 4
¨¬¥¥¬ �V (t) � �V+ (t) > 
n ¯. ¢. ­  Tn ¤«ï ­¥ª®â®à®© ¯®áâ®ï­­®© 
n > 0. �® ¯®áª®«ìªã ZV

f >0, â®S
n
Tn = T ¨, á«¥¤®¢ â¥«ì­®, �V (t) � �V+ (t) > 0 ¯. ¢., â. ¥. ((	V � �V

+)x; x) > 0 8x 2 H. �á«¨

¯à¥¤¯®«®¦¨âì, çâ® áãé¥áâ¢ã¥â 
 > 0 â ª ï, çâ® �V (t) � �V+ (t) > 
 ¤«ï ¯®çâ¨ ¢á¥å t, â® ¢ á¨«ã
â¥®à¥¬ 4 ¨ 5 ®¯¥à â®à V ¤®«¦¥­ ¡ëâì áâà®£¨¬ ä®ªãá¨àãîé¨¬. �®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ii).
�â ª, áãé¥áâ¢¥­­ ï ­¨¦­ïï £à ­ì à §­®áâ¨ �V (t)� �V+(t) à ¢­  ­ã«î. �â® ®§­ ç ¥â, çâ®

	V � �V
+ 2 Z+ n Z++:

iii) ) iv). �ãáâì Z := (1=2(�V (t) + �V+(t))It). �¡¥¤¨¬áï, çâ® ®¯¥à â®à Z ¨áª®¬ë©. �® § -
¬¥ç ­¨î 2 ¨¬¥¥¬ [(V #V � Z)x; x] � 0 8x. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®
�V (t) � �V+ (t) > 0 8t 2 T . �ãáâì Tn ¨§ ii). �®£¤ 

T
n
Tn = ;. �¡®§­ ç¨¬ ç¥à¥§ Pn ®àâ®¯à®¥ªâ®à

­  ¯®¤¯à®áâà ­áâ¢® Hn (á¬. ii)). �«ï áã¦¥­¨ï V ­  Hn ¢ë¯®«­¥­® ãá«®¢¨¥ ¢) â¥®à¥¬ë 4. �®
ãá«®¢¨î  ) â¥®à¥¬ë 4 ¨¬¥¥¬

(V #V � Z)Pn >>J 0; [(V #V � Z)x; x] � 
nkxk2 8x 2 Hn:

�¡®§­ ç¨¬ A := V #V � Z ¨ ZA = (zA(t)It). �®£¤  zA(t) � 
n 8t 2 Tn. �«¥¤®¢ â¥«ì­®, ZA > 0.
�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ZA > 
I ¤«ï ­¥ª®â®à®£® 
 > 0, â® ¡ã¤¥¬ ¨¬¥âì V #V �Z >>J 0. � á¨«ã
â¥®à¥¬ë 4 íâ® ¯à®â¨¢®à¥ç¨â ¢ë¯®«­¥­¨î ãá«®¢¨ï iii).

iv) ) i). �ãáâì iv) ¢ë¯®«­¥­®. �¡®§­ ç¨¬ A := V #V � Z ¨ W := Z�1=2V . �§ ­¥à ¢¥­áâ¢ 
A >=J 0 á«¥¤ã¥â [Wx;Wx] � [x; x] + kZ�1=2ZAxk2 8x 2 H. �®£¤  ZW

r � Z�1=2ZA > 0. �à¥¤-
¯®«®¦¨¬ ­  ¢à¥¬ï, çâ® ¤«ï ­¥ª®â®à®£® � > 0 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ZW

r � �I. �® â¥®à¥¬¥ 4
¤®«¦­® ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® V #V �Z >>J 0. �®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ c iv). �«¥¤®¢ â¥«ì­®,
inff(ZW

r x; x) : kxk = 1g = 0.

�§ â¥®à¥¬ 4 ¨ 6 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 6. �ãáâì V | JZ-¯«îá-®¯¥à â®à. �®£¤  ­¥ áãé¥áâ¢ã¥â ®¯¥à â®à®¢ Z1; Z2 2 Z++

â ª¨å, çâ® Z1V à ¢­®¬¥à­® à áâï£¨¢ îé¨© ¨ ¢ â® ¦¥ ¢à¥¬ï Z2V ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ î-
é¨©.

�®£« á­® á«¥¤ãîé¥¬ã ¯à¥¤«®¦¥­¨î ¤«ï ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨å ®¯¥à â®à®¢ ­¥â
 ­ «®£  ãá«®¢¨ï 1) á«¥¤áâ¢¨ï 4.

�à¥¤«®¦¥­¨¥ 2. �ãáâì V | JZ-¯«îá-®¯¥à â®à á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï Z 2 Z++

¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨©. �«ï «î¡®£® � > 0 ­ ©¤¥âáï JZ-¯«îá-®¯¥à â®à V� á â®ç­®áâìî
¤® ¬­®¦¨â¥«ï ¨§ Z++ à ¢­®¬¥à­® à áâï£¨¢ îé¨© ¨ â ª®©, çâ® kV � V�k < �.
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�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ W := ZV . �«ï «î¡®£® x 2 H ¨¬¥¥¬ [Wx;Wx] � [x; x] +
kZW

r xk2. �ãáâì ZW
r = (z(t)It). �¢¥¤¥¬ ®¯¥à â®à I� := (I�(t)), £¤¥ I�(t) = It, ¥á«¨ z(t) � �, ¨

I�(t) :=
p
1 + �2P+

t +
p
1� �2P�

t , ¥á«¨ z(t) < �. �ãáâì T� := ft 2 T : z(t) < �g. �®«®¦¨¬ V� := V I�
¨ W� := ZV�. �®£¤  ¤«ï «î¡®£® x 2 H
[W�x;W�x] � [I�x; I�x] + kI�ZW

r xk2 �
�
Z
TnT�

[xt; xt]d�t +
Z
T�

[xt; xt]d�t +
Z
TnT�

z2(t)kxtk2d�t � [x; x] + �2kxk2:

�â ª, ®¯¥à â®à W� à ¢­®¬¥à­® à áâï£¨¢ îé¨©. �® ¯®áâà®¥­¨î V� | JZ-¯«îá-®¯¥à â®à ¨
kV �V�k � kV kkI � I�k. �«ï ¤®áâ â®ç­® ¬ «ëå � ¡ã¤¥¬ ¨¬¥âì kI � I�k < "

kV k
. �«¥¤®¢ â¥«ì­®, V�

| ¨áª®¬ë© ®¯¥à â®à.

�¥ ¢ ª ¦¤®©  «£¥¡à¥ M áãé¥áâ¢ãîâ ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨¥ JZ -¯«îá-®¯¥à â®àë.
� ¯à¨¬¥à, ®­¨ ­¥ áãé¥áâ¢ãîâ, ª®£¤  Z ¨¬¥¥â ª®­¥ç­ë© á¯¥ªâà. �â® á¢ï§ ­® á â¥¬, çâ® ¬¥à  �
ª ¦¤®© â®çª¨ á¯¥ªâà  ­¥­ã«¥¢ ï. �¥¬ ­¥ ¬¥­¥¥ á¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �á«¨ ¢ M ¨¬¥¥âáï å®âï ¡ë ®¤¨­ ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨© ®¯¥à â®à,
â® § ¬ëª ­¨¥ ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨ ¬­®¦¥áâ¢  ¢á¥å JZ-¯«îá-®¯¥à â®à®¢ á â®ç­®áâìî ¤®
¬­®¦¨â¥«ï ¨§ Z++ ¯®«ãà ¢­®¬¥à­® à áâï£¨¢ îé¨å á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ¢á¥å á â®ç­®-
áâìî ¤® ¬­®¦¨â¥«ï ¨§ Z++ ­¥á¦¨¬ îé¨å ®¯¥à â®à®¢.

�®ª § â¥«ìáâ¢®. �ãáâì V | JZ-¯«îá-®¯¥à â®à ¨ Z 2 Z++ â ª¨¥, çâ®W := ZV | ¯®«ãà ¢-
­®¬¥à­® à áâï£¨¢ îé¨© ®¯¥à â®à. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ZW

r < I. � ª
¢ ¯à¥¤«®¦¥­¨¨ 2, ®¯à¥¤¥«¨¬ æ¥­âà «ì­ë© ®¯¥à â®à In :=

p
I + ZW

r =nP
+ +

p
I � ZW

r =nP
�. �ç¥-

¢¨¤­®, kI � Ink � 1=n. �ãáâì â¥¯¥àì V0 | JZ -¯«îá-®¯¥à â®à ¨ Z0 2 Z++ â ª¨¥, çâ® W0 := Z0V0
| ­¥á¦¨¬ îé¨© ®¯¥à â®à. �¯à¥¤¥«¨¬ ®¯¥à â®à Wn := InW0. �®£¤  [Wnx;Wnx] � [Inx; Inx] =

[I2nx; x] = [x; x] +


ZWr

n
x


2. � ª¨¬ ®¡à §®¬, ¢ «î¡®© à ¢­®¬¥à­®© ®ªà¥áâ­®áâ¨ ®¯¥à â®à  V0

­ ©¤¥âáï JZ-¯«îá-®¯¥à â®à (Vn = InV0) á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï (Z0) ¨§ Z++ â ª®©, çâ®
kV0 � Vnk � kV0k kI � Ink � kV0k

n
.

�®áª®«ìªã ¢ ®¯à¥¤¥«¥­¨¨ à ¢­®¬¥à­® à áâï£¨¢ îé¨å ®¯¥à â®à®¢ V ¢ª«îç¥­¨¥ V 2 M ­¥
¨á¯®«ì§ã¥âáï, á¯à ¢¥¤«¨¢ ¯®«­ë©  ­ «®£ â¥®à¥¬ë 4.27 ([1], £«. II).

�¥®à¥¬  8. �­®¦¥áâ¢® à ¢­®¬¥à­® à áâï£¨¢ îé¨å ®¯¥à â®à®¢ ®âªàëâ® ¢ à ¢­®¬¥à­®©
®¯¥à â®à­®© â®¯®«®£¨¨ ¢  «£¥¡à¥ M ¨ ¥£® § ¬ëª ­¨¥ á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ¢á¥å ­¥á¦¨-
¬ îé¨å ®¯¥à â®à®¢.

� áá¬ âà¨¢ ï ¯®«ãáâà®£¨¥ ®¯¥à â®àë, ¯®«ãç¨¬ ­®¢®¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  9. i) �­®¦¥áâ¢® Và ¢á¥å JZ-¯«îá-®¯¥à â®à®¢, á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ¨§
Z++ á®¢¯ ¤ îé¨å á à ¢­®¬¥à­® à áâï£¨¢ îé¨¬¨ ®¯¥à â®à ¬¨, ®âªàëâ® ¢  «£¥¡à¥ M ¢ à ¢-
­®¬¥à­®© â®¯®«®£¨¨.

ii) � ¬ëª ­¨¥ Vp á®¤¥à¦¨â ¬­®¦¥áâ¢® ¢á¥å á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ¨§ Z++ ­¥á¦¨-
¬ îé¨å JZ-¯«îá-®¯¥à â®à®¢.

�®ª § â¥«ìáâ¢®. i) �ãáâì V 2 Vp. � á¨«ã â¥®à¥¬ë 4 áãé¥áâ¢ãîâ ç¨á«® � > 0 ¨ ®¯¥à â®à
Z 2 Z+ â ª¨¥, çâ® ((V �JV � JZ)x; x) � �kxk2 8x 2 H. �«ï «î¡®£® ®¯¥à â®à  V 0 2 M â ª®£®,
çâ® �0 := � � 2kV k kV 0 � V k � kV 0 � V k2 > 0, ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

((V 0�JV 0 � JZ)x; x) = ((V + V 0 � V )�J(V + V 0 � V )� JZ)x; x) �
� ((V �JV � JZ)x; x)� (2kV k kV 0 � V k+ kV 0 � V k)kxk2 � [x; x] + �0kxk2:

� á¨«ã â¥®à¥¬ë 4 ®¯¥à â®à V 0 á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï (=Z�1=2) ¨§ Z++ à ¢­®¬¥à­® à áâï-
£¨¢ îé¨©, â. ¥. V 0 2 Vp. �ã­ªâ i) ¤®ª § ­.

17



ii) �ãáâì V | JZ-¯«îá-®¯¥à â®à ¨ Z 2 Z++ â ª¨¥, çâ® W := ZV ­¥á¦¨¬ îé¨©. �¯à¥¤¥«¨¬
®¯¥à â®à I" :=

p
1 + "P+ +

p
1� "P�. �¯¥à â®à I" ï¢«ï¥âáï JZ-¯«îá-®¯¥à â®à®¬ ¨ ¢ë¯®«­¥­ 

®æ¥­ª  [WI"x;WI"x] � [I"x; I"x] = [x; x] + "kxk2. �®íâ®¬ã V I" c â®ç­®áâìî ¤® ¬­®¦¨â¥«ï Z
à ¢­®¬¥à­® à áâï£¨¢ îé¨©. �à¨ íâ®¬ kV I"�V k � kV k kI"�Ik ! 0, ¥á«¨ "! 0. �«¥¤®¢ â¥«ì­®,
V | ¯à¥¤¥« ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨§ Vp.

� ¬¥ç ­¨¥ 4. �ã«¥¢®© ®¯¥à â®à ¯à¨­ ¤«¥¦¨â § ¬ëª ­¨î Vp ¢ à ¢­®¬¥à­®© â®¯®«®£¨¨.
�¥©áâ¢¨â¥«ì­®, ¯ãáâì V 2 Vp. �®£¤  ¤«ï «î¡®£® n 2 N á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ (1=n)V 2 Vp.

�á­®, çâ® (1=n)V ! 0.
�­®£®ç¨á«¥­­ë¥ ¯à¨¬¥àë ¨§ãç¥­­ëå ¢ëè¥ ®¯¥à â®à®¢ ¯à¨¢¥¤¥­ë ¢ [5].
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